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PREFACE

The present volume is the proceedings of the international workshop
“Infinite Analysis 09: New Trends in Quantum Integrable Systems ”, held
at Kyoto University, July 27-31, 2009. About 110 participants gathered
from around the world, including Asia, Australia, Europe and US, and 21
invited talks as well as 22 posters were presented.

This workshop was planned in spirit as a continuation of the research
activities at Kyoto during the last 20 years. Before 2009, the most recent was
a series of workshops held in 2004 as the RIMS Research Project “Method
of Algebraic Analysis in Integrable Systems”. Five years have elapsed since
then, and many exciting new developments have emerged during the period.
We felt it was time to have an occasion for communicating some of these
latest achievements.

We hope that this volume serves as a useful guide to the current ad-
vances in integrable systems and related areas in mathematics and physics.

Last but not least, we wish to dedicate this book to Tetsuji Miwa on
the occasion of his 60th birthday.

Editors

Boris Feigin
Michio Jimbo
Masato Okado
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PROPERTIESOF LINEAR INTEGRAL EQUATIONSRELATED TO
THE SIX-VERTEX MODEL WITH DISORDER PARAMETER

HERMANN BOOS and FRANK GOHMANN

Fachbereich C — Physik, Bergische Universitat Wuppertal,
42097 Wuppertal, Germany

One of the key steps in recent work on the correlation functions of the XXZ chain was
to regularize the underlying six-vertex model by a disorder parameter a. For the regular-
ized model it was shown that all static correlation functions are polynomials in only two
functions. It was further shown that these two functions can be written as contour integrals
involving the solutions of a certain type of linear and non-linear integral equations. The
linear integral equations depend parametrically on a and generalize linear integral equa-
tions known from the study of the bulk thermodynamic properties of the model. In this
note we consider the generalized dressed charge and a generalized magnetization density.
We express the generalized dressed charge as a linear combination of two quotients of Q-
functions, the solutions of Baxter’s t-Q-equation. With this result we give a new proof of
a lemma on the asymptotics of the generalized magnetization density as a function of the
spectral parameter.

Keywords: Quantum spin chains; correlation functions.

1. Introduction

In our present understanding of the thermodynamics® and the finite temperature
correlation functions®*828 of the XXZ quantum spin chain certain complex valued
functions defined as solutions of linear or non-linear integral equations play an
important role. In first place we have to mention the so-called auxiliary function
a, satisfying the non-linear integral equation

_w_ C%K(}\_p)ln(l-&-a(m'())' @

Here J sets the energy scale of the spin chain, T is the temperature, and n controls
the anisotropy?. The bare energy e(A) and the kernel K(A) are defined as

e(A)=cth(A\) —cth(A+n), K(A)=cth(A—n)—cthA+n). )

In(a(AK)) = —2kn

aThe anisotropy parameter of the XXZ Hamiltonian is A = ch(n) and the quantum group parameter
q = e". For simplicity we shall assume throughout that Ren = 0 and 0 < Imn < 1/2. This means to
consider the XXZ chain in the critical regime.
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The integration contour C encircles the real axis at a distance slightly smaller
than y/2 = Imn /2. The twist parameter K is proportional to the magnetic field h,
K=h/2Tn.

The auxiliary function a determines the free energy per lattice site,

f(h,T) ———T/ M In(L+a(AK)), @)

of the spin chain and, hence, all its thermodynamic properties. This explains the
importance of a.
The magnetization, for instance, is defined as

of(h,T)
n (4)

It has a simple expression in terms of the logarithmic derivative of the auxiliary
function,

m(h,T)=—

o(A) = —TonIn(a(AK)), (5)
namely,
m(h,T) = "2 Je2m 1+a(Mk) ©
The function o satisfies the linear integral equation

ap KA —po(p)
c2m l1+a(pk) °

1 [ d\ e(—N)a(A)
I3

o(\) =1+ )

Its zero temperature limit
E) = lim o(\) ®

is called the dressed charge. It plays an important role in the calculation of the
asymptotics of correlation functions at T = 0. For the lack of any better name we
shall call o, and also an a-generalization of o to be considered below, the dressed
charge as well.

Another possibility of expressing the magnetization per lattice site (6) is by
means of a magnetization density G satisfying

du KA -WGH

GA) =e(—A - 9
N =e-N+ | oE el ©

Applying the “dressed function trick’ to (7) and (9) we obtain
m(h.T) = 1 dA  G(A) (10)

"2 Je2mi 14+a(AK)
The integrability of the XXZ chain manifests itself in the existence of com-
muting families of transfer matrices and Q-operators of the associated six-vertex
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model.> With an appropriate staggered choice of the horizontal spectral parame-
ters the partition function of the six-vertex model on a rectangular lattice approxi-
mates the partition function of the XXZ chain.® The approximation becomes exact
in the so-called Trotter limit, when the extension of the lattice in vertical direction
goes to infinity. By a modification of the boundary conditions in vertical direc-
tion we can also obtain an expression for the density matrix of a finite segment of
the spin chain.>® The column-to-column transfer matrix in this approach is called
the quantum transfer matrix. It satisfies a t-Q-equation as well, which becomes
a functional equation for the eigenvalues of the involved operators due to their
commutativity.

We denote the dominant eigenvalue of the quantum transfer matrix by
A(A|K). This eigenvalue alone determines the free energy in the thermodynamic
limit, when the horizontal extension of the lattice tends to infinity, f(h,T) =
—TInA(0|K). Let the corresponding Q-function be Q(A|k). Then A and Q sat-
isfy the t-Q-equation

AAK)Q(AK) =g a(M)QM —nlk) +q “d(A)QMA+nlK), (11)

where a(A) and d(A) are the pseudo vacuum eigenvalues of the diagonal entries
of the monodromy matrix associated with the quantum transfer matrix,

o shv+B) 2 L osha=B) 2
)\)_<sh()\+%—n)> ’ d(M_(sh(Aﬁm)) ’ (12)
and B =2Jsh(n)/T.

Using the Q-functions corresponding to the dominant eigenvalue the auxiliary
function a can be expressed as

0 *d(VNQMA+nlK)

) = 2R —nK)

(13)

In fact, the auxiliary function a is usually defined by (13), and afterwards it is
shown that a satisfies the non-linear integral equation (1) in the Trotter limit. To
be more precise, the Q-functions, the transfer matrix eigenvalue and the vacuum
expectation values depend implicitly on the Trotter number N. Hence, a as de-
fined in (13) depends on N. One can show® that it satisfies the non-linear integral

bFor a recent pedagogical review on quantum spin chains within the quantum transfer matrix approach
see Ref. 7, submitted to the same Festschrift volume for T. Miwa as this article.
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equation
Ina(A|K) = —2kn
i sh()\—%)sh()\+%+r])r'z du
shA+Bysha— B+l Je2m
Clearly this turns into (1) for N — oo, The integral equation (1) is the reason why
the function a is more useful for practical purposes than Q. It is hard to determine
Q, and Q has no simple Trotter limit. On the other hand, (1) determines a directly
in the Trotter limit and can be converted into a form that can be accurately solved
numerically.

Inserting (13) into (5) we obtain an expression for the dressed charge function
in terms of logarithmic derivatives of Q-functions.

_ .. 1 (Q(A-nk) Q’(MnIK))
oW =1+ (G~ Qi)
where the prime denotes the derivative with respect to K. For the function G de-
fined in (9) no such simple expression in terms of Q-functions is known.

Below we shall introduce generalizations of the functions o and G that depend
on additional parameters. For the generalized dressed charge we will derive a gen-
eralization of (15). This will be used in a derivation of the asymptotic behaviour

of the generalized magnetization density as a function of the spectral parameter.

KA = In(1+a(uk)). (14)

(15)

2. Linear integral equations

It was shown in Ref. 8 that all correlation functions of the XXZ chain regularized
by a disorder parameter a can be expressed in terms of two functions, the ratio of
eigenvalues

AAK+a)
and a function w with the essential part W(A, 1) that can be characterized in terms
of solutions of certain a-dependent linear integral equations.? A thorough under-
standing of these two functions is of fundamental importance for the further study
of the correlation functions of the XXZ chain and for the application of the lattice
results to quantum field theory in various scaling limits.3

We define the ‘measure’

dm(A)

(16)

B d
= 2rip(\) (1 + a(N[K))

17)
and the deformed kernel
Ka(A\) =g %cth(A—n) —g%cth(A+n). (18)
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Then, for v inside C the function G is, by definition, the solution of the integral
equation

G(A,v) =
g cth(A —v—1) — p(v) cth(A —v) + /C dm()Ka (A — G (,V).  (19)

Clearly G is a generalization of the magnetization density (9) that depends on an
additional spectral parameter and on the disorder parameter o. For simplicity we
keep the same notation also for the generalized function. G enters the definition
of W which, for v1,vz inside C, is defined as

W(vy,v2) = /dm (1,v2)(q%cth(u—v1—n) —p(vi)cth(u—v1)). (20)

Forv or vy, v, outside the contour, G and W are given by the analytic continuations
of the right and side of (19) or (20), respectively.

Lemma 2.1. Asymptotic behaviour of G and W as a functions of the spectral
parameters.

(1)
Rg;\rﬂmGO\7v) Rwﬂme(}\ v)=0. 21)
(i)
q°—p(v2)
Re|vllnlm W(vy,v2) = — Ty (22a)
9% —p(va)
REUZ@mW(V17V2) Trqa (22D)

Proof. We may choose the contour C as the rectangular contour of hight slightly
less than y and of width 2R depicted in figure 1. R must be sufficiently large to
include all Bethe roots. This is trivially possible for finite Trotter number, but also
in Trotter limit N — o.” Then the right hand side of (19) is holomorphic in A for
[ImA] < y/2. It follows that

lim GO) =q*—p(v)~(¢"~q %) [ mWGMY)=0.  (23)

ReA—

Here the the second equation will appear as lemma 2.3 below. We postpone the
proof, because it needs some preparation.

For the calculation of the asymptotics of G for large Rev we have to take into
account that G(A,v) as a function of A has pole at A = v with residue —p(v).



6 H.Boos & F. Gohmann

Hence, for v outside C,

G(\,v) =g %cth(A—v—n) —p(v)cth(A —Vv)

Ka(A —V)
m‘f'/dm WKa(A = W)G(W,v). (24)
Using that
_ qtegge -
M PV) = "g 0 dm,alVIK) =4 (25)

and setting g(A) = limy_.» G(A,Vv) we obtain from (24)

= /C dm(p)Ka (A — p)g(H)- (26)

Then g(A) =0, and (21) is proved.
A similar argument can be applied to prove (22b). For v, outside C we have

W(v1.v2) = [ dm(W)G(h.v2) (o cth(k—va—n) = p(v) (ki —v2))

T TraaK) (9% cth(va —v1—n) — p(va)cth(va —v1)) . (27)

Using the second equation (21) and (25) we obtain (22b).
For the proof of (22a) we note that

W(vi,vp) = /dm G(1,v2) (q° cth( — v1 — ) — p(v1) cth(u — 1))

G(Vl,Vz)
———= (28
1+ a(ve|k) (28)
if vy is outside C. Using (23) we conclude that
, A 9 *—p(v2)
vlllmmkP(vaz) o VIl'TmG(Vl’VZ) R (29)
Thus, (22a) follows by means of (21). |

Here a few comments are in order. For the correlation functions of the XXZ
chain,?8 it is actually not the function W but the closely related function w € which
is at the heart of the theory

w(V1,V2) = 2W(v1,v2)e°‘<"1“’2)+

4((14p(v1)p(v2))9(&) — p(v1)g(a &) — p(v2)g(aE)) (30)

“We follow here the notation of Ref. 3. In Ref. 2 a slightly different notation for cwwas used.
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whereg(§) = Agllp(é) with § =eV17V2 should be understood as in (2.10) of Ref. 3.

Using the explicit form of the function (§) = %% and the above lemma 2.1
one can see that
lim e ®M17V2)gy(vy,vp) =0,  lim e “V1V2gy(vy,vp) =0.

V1—to Vp—too

This is one of normalization conditions for w introduced in Ref. 8.

The asymptotics of G and W with respect to the first argument was derived in
Ref. 2. The reasoning there was also based on the second equation (23), which was
obtained rather indirectly by means of the reduction property of the density ma-
trix and a multiple integral representation for the six-vertex model with disorder
parameter. Below we shall present a more direct proof of it in lemma 2.3, based
on a representation of the generalized dressed charge in terms of Q-functions.

Perhaps the simplest proof of lemma 2.3 utilizes the symmetry28

W(vi,vza|K,0) = W(vo,vi| —K,—0). (31)

If we combine this with p(A |k, a) = p(A| — K, —a), then (22a) follows from (22b).
But (22a) inserted into (29) implies limy, . G(v1,v2) =0, and lemma 2.3 follows
with the first equation (23).

Still, this is a little indirect and unsatisfactory. Here we are going for a more
direct proof based upon the properties of the dressed charge function defined by

_1+/dm WKa(p—A). (32)

Lemma 2.2. Dressed charge in terms of Q-functions.
a _ _q—a
o(n) = LeA—N) —a @A +n)

@®(q*—q9) ’ 33
where
_ QM\x+a) _ ﬂ 1+a(Ak+a)
o =Tang w=( Lo )

Proof. We recall from the appendix of Ref. 2 that

_QAk+a)  V2sh(A—Aj(k+a))
N ="gmi LT a0y &5)

where the A j are the Bethe roots of the dominant eigenstate of the quantum transfer

matrix which are located inside the contour C. Due to the t-Q-equation (11)

9 %MA+n) | q"eA—n)—-q %@A+n)
N =" PN AT al k) (39)
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Here the first term on the right hand side is holomorphic inside C. Hence,

a —a _ [ H -
Lamo (@ ou—m—a-“gu+m)Kau—A) = [ Lokau—1). @0

The latter integral can be calculated. Note that

O +iT) = QA),  Ka(A+im0) = Ka(A) (38)
and
N/2
lim ) =b=, b= exp(i (Aj(K) = Aj(k+ a))) . (39)

=1

With the contours sketched in figure 1 it follows that

L shomkalu—2)

¢+c 21
_b+b™

dp o —a
= )1, 28 OWKa =R = ——— (0" —a %)

= a o0+ — g0 - + [ L aikau-n). (o)

Here we have used the periodicity (38) in the first equation, the fact that the inte-
gral is independent of R and the asymptotics (39) in the second equation, and the
fact that @is free of poles inside C in the third equation. Setting go = (b+b~1)/2
and combining (37) and (40) we obtain (33).

Im
Iy 7
7 v ¢ /
2 V27
|2‘ W
RN C Re
x X X X XX X X x x R
\ 3
N \y,
& 7y
rr C 2 A
I I3

Fig. 1. Contours used in the proofs of lemma 2.2 and lemma 2.3.
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It remains to show the second equation (34). It follows from
N/2

dA dA
./cﬁ In(1+a(7\|K)):—/C—)\a)\ln(l—&-a AlK)) Z)\ _B/2, (41)
and the proof is complete. O

Clearly (33) turns into (15) in the limit a — 0. Equipped with lemma 2.2 we
can now proceed with proving

Lemma 2.3. An identity for one-point functions.

g %-pv)
/Cdm()\)G()\,v) =g (42)

Proof. First of all applying the dressed function trick to (19) and (32) we obtain
/ dm(\)G(A,v) = / dm(A\)o(A) (g% cth(A —v—n) — p(v)cth(A —v)) . (43)
JC C

Then we insert (33) and (36) into the right hand side. It follows that

1
./cdm()\)GO"v) G )

[ 55 (o0 = T2 ) g-ectnn v ) piw)cinh - v)

cem 3y
- m (qatp(v +n)
+/|2+|4 ¢ 2ri 2 0 (4~ cth(A—v—1) — p(v) et —v>>>
B %' (44)
Here we have again referred to figure 1 in the second equation. O

3. Conclusions

We would like to conclude with three more remarks. First, all the above remains
valid if we consider a more general six-vertex model with a more general inhomo-
geneous choice of parameters in vertical direction. In that case the functions a(A)
and d(A) in (12) and also the driving term in (14) have to be modified as in Ref. 2.

Second, in Ref. 2 the calculation of the limit limy, .. ¥(v1,v2) was the only
point, where we had to resort to a multiple integral representation, when we
showed that the functions w as defined in Refs. 2 and 8 are identical. With the
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proof presented in this note the approach to the correlation functions of the XXZ
chain, based on the discovery of a hidden Grassmann symmetry, as developed in
Refs. 2,4,8 becomes logically independent of the multiple integral representation
that was also obtained in Ref. 2.

Third, the function ¢ used above to express o seems quite interesting and may
deserve further attention. Is it possible to express the solutions of other linear
integral equations in terms of @? And is there a useful integral equation for @
itself? We hope we can come back to these questions in the future.
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We discuss some fundamental properties of the XXZ spin chain, which are
important in the algebraic Bethe-ansatz derivation for the multiple-integral
representations of the spin-s XXZ correlation function with an arbitrary prod-
uct of elementary matrices.! For instance, we construct Hermitian conjugate
vectors in the massless regime and introduce the spin-s Hermitian elementary
matrices.

Keywords: Correlation functions; XXZ spin chains; algebraic Bethe ansatz;
quantum groups; multiple-integral representations.

1. Introduction

The correlation functions of the spin-1/2 XXZ spin chain have attracted
much interest in mathematical physics through the last two decades. One
of the most fundamental results is the exact derivation of their multiple-
integral representations. The multiple-integral representations of the XXZ
correlation functions were derived for the first time by making use of the
g-vertex operators through the affine quantum-group symmetry in the mas-
sive regime for the infinite lattice at zero temperature.?®> They were also
derived in the massless regime by solving the ¢-KZ equations.*® Making
use of algebraic Bethe-ansatz techniques such as scalar products,® 19 the
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multiple-integral representations were derived for the XXZ correlation func-
tions under a non-zero magnetic field.!! They were extended into those at
finite temperatures,'? and even for a large finite chain.'® Interestingly, they
are factorized in terms of single integrals.'* Furthermore, the asymptotic
expansion of a correlation function of the XXZ model has been systemat-
ically discussed.'® Thus, the exact study of the XXZ correlation functions
should play an important role not only in the mathematical physics of in-
tegrable models but also in many areas of theoretical physics.

The Hamiltonian of the spin-1/2 XXZ spin chain under the periodic
boundary conditions is given by

L
X X Y Y 7z 7
> (oo + o) ofiy + Aofolsy) - (1.1)
i=1

1
Hxxz = 3

Here 0f (a = X,Y, Z) are the Pauli matrices defined on the jth site and A

denotes the XXZ coupling. We define parameter ¢ by
A=(g+g1)2. (1:2)

We define 7 by ¢ = expn. In the massive regime: A > 1, we put n =
¢ with ¢ > 0. At A =1 (i.e. ¢ = 1) the Hamiltonian (1.1) gives the
antiferromagnetic Heisenberg (XXX) chain. In the massless regime: —1 <
A <1, we set n = i¢, and we have A = cos{ with 0 < ¢ < = for the
spin-1/2 XXZ spin chain (1.1). In the paper we consider a massless region:
0 < ¢ < 7/2s for the ground-state of the integrable spin-s XXZ spin chain.

Recently, the correlation functions and form factors of the integrable
higher-spin XXX and XXZ spin chains have been derived by the algebraic
Bethe-ansatz method."16-18 The solvable higher-spin generalizations of the
XXX and XXZ spin chains have been derived by the fusion method in
several references.!%2% In the region: 0 < ¢ < 7/2s, the spin-s ground-state
should be given by a set of string solutions.?%27 Furthermore, the critical
behavior should be given by the SU(2) WZWN model of level k = 2s with
central charge ¢ = 3s/(s + 1).242%740 For the integrable higher-spin XXZ
spin chain correlation functions have been discussed in the massive regime
by the method of g-vertex operators.4! 44

In the present paper we discuss several important points in the algebraic
Bethe-ansatz derivation of the correlation functions for the integrable spin-s
XXZ spin chain where s is an arbitrary integer or a half-integer.! In par-
ticular, we briefly discuss a rigorous derivation of the finite-sum expression
of correlation functions for the spin-s XXZ spin chain.
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The content of the paper consists of the following. In section 2 we formu-
late the R-matrices in the homogeneous and principal gradings, respectively.
They are related to each other by a similarity transformation. In section 3
we introduce the Hermitian elementary matrices and construct conjugate
basis vectors for the spin-s Hilbert space in the massless regime. In section
4 we construct fusion monodromy matrices. In section 5, we first present
formulas® for expressing the Hermitian elementary matrices in terms of
global operators. Then, we review the multiple-integral representations of
the spin-s XX7Z correlation function for an arbitrary product of elementary
matrices.! In section 6 we briefly sketch the derivation of the finite-sum
expression of correlation functions for the spin-s XXZ spin chain, which
leads to the multiple-integral representation in the thermodynamic limit.
Here the spin-1/2 case corresponds to eq. (5.6) of Ref. 11.

2. Symmetric and asymmetric R-matrices
2.1. R-matriz and the monodromy matriz of type (1,1%L)

Let us now define the R-matrix of the XXZ spin chain.” %!! For two-
dimensional vector spaces Vi and V5, we define Ri()\l — A2) acting on
Vi ® Va by

1 0 0 O
0 b(u) cT(u)0
=+ _ _ + ab _a,c b,d:
R=(A1 — A2) Z R¥(u)gq e “®e Oci(u) b(u) 0 |’
a,b,c,d=0,1
0 0 0 1
(2.1)
where u = A — Ay, b(u) = sinhu/sinh(u + 7) and c*t(u) =

exp(4u) sinh 7/ sinh(u + 7). We denote by e®? a unit matrix that has only
one nonzero element equal to 1 at entry (a,b) where a,b =0, 1.

The asymmetric R-matrix (2.1), R (u), is compatible with the homo-
geneous grading of Uq(sAlg).&18 We denote by R®) (u) or simply by R(u)
the symmetric R-matrix where ¢*(u) of (2.1) are replaced by c(u) =
sinh 7/ sinh(u+n).1® It is compatible with the affine quantum group U, (sAlg)
of the principal grading.?'® Hereafter, we denote them concisely by R(®) (u)
with w = + and p, where w = + and w = p in superscript show the homo-
geneous and the principal grading, respectively

Let s be an integer or a half-integer. We shall mainly consider the tensor
product Vl(ZS) ® Vjs,%s) of (2s + 1)-dimensional vector spaces Vj(ZS)
with parameters &, where L = 2sN;. Here N, denotes the lattice size of

the spin-s chain. In general, we may consider the tensor product VO(QSO) ®
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1/1(251) ®---@V %) with 25, +- - -+2s, = L, where Vj(zsj) have parameters
Aj or & for j = 1,2,...,7. For a given set of matrix elements A3 for
a,b=0,1,...,2s; and o, 3 = 0,1,...,2s;, we define operator A;; by

M= 3 A 6 1) 6 1) 6
a,b=1 «a,
Ij(islj+1) e® I]EQ_S]{Cfl) ® E;:,ﬂ(QSk) ® I]Ej_slkﬂ) Q- ® I’,(‘QST).
(2.2)
Here E;l’b (253) denote the elementary matrices in the spin-s; representation,
each of which has nonzero matrix element only at entry (a,b).

When so = £/2 and s; = - - - s, = s, we denote the type by (£, (25)®V+).
In particular, for s = 1/2, we denote it by (¢, 19L).

2.2. Gauge transformations

Let us introduce operators ®; with arbitrary parameters ¢; for j =
0,1,...,L as follows:

_ (10 _ 80) 10 ®(L—j)
<1>j_(0€¢j>m_l J ®<Oe¢j>®l 9, (2.3)

In terms of x i = ®;®P, we define a similarity transformation on the R-

matrix by
R;'(k = lechka_kl . (2.4)
Explicitly, the following two matrix elements are transformed.
21 12
(R;‘k> L = O el (R;<k)2l c(Aj, Ar)e~ @t (2.5)

Putting ¢; = Aj for j =0,1,...,L in eq. (2.3) we have
RE (N ) = Oue) ™ RisOg, M) Oan) ™ Gk =0,1,...,L).  (2.6)

Thus, the asymmetric R-matrices R, (A1, A2) are derived from the sym-
metric one through the gauge transformation x ;.

2.3. Monodromy matrices

Applying definition (2.2) for matrix elements R(u)% of a given R-matrix,
R (u) for w = + and p, we define R-matrices R§1]:))(Aj, i) = R§Z”)(Aj—kk)
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for integers j and k with 0 < j < k < L. For integers j,k and ¢ with
0 <j < k<< L, the R-matrices satisfy the Yang-Baxter equations

RUD (N = M) RS (N = MR (A — )

= Ry (O = MRS (0 = MRS () — M) (2.7)

Let us introduce notation for expressing products of R-matrices.
R =R . RYWRY,
Ry 1 = RUVRG - RYZ, (2.8)

n—1ln

Here R™ denote the R-matrix R = R (A, — \p) for a,b=1,2,...,n.
We now define the monodromy matrix of type (1,197 w), i.e. of type
(1,1%9L) with grading w. Expressing the symbol (1, 19%) briefly as (1, 1) in
superscript we define it by
1,1w
Te' 50 Qs {wite) = Rgy (Mo — wi) - Ry (Ao — w2) Ry (Ao — wy)
= RO RO B = R O {wg ) (29)
Here we have put A\; = w; for j = 1,2,..., L. They are arbitrary. We call

them inhomogeneous parameters. We express the operator-valued matrix
elements of the monodromy matrix as follows.

A(1+) (\; {w} ) B(1+) (\; {w} )
TOA) (O fug) = (A twste) Brag Oitwsdo) ) g 4
0,12L IE CO s {w;) DT (O {w; )

We also denote the operator-valued matrix elements by

[Té}l’éf)L()\; {w;j}r)]ap for a,b = 0,1. Here {w;} denotes the inhomoge-
neous parameters wi, ws, ..., wr. Hereafter we denote by {1;} n the set of
N numbers or parameters fiy, ..., un.

The monodromy matrix of principal grading, Té)ll’;f’ ,)L()\; {w;}1), is re-

lated to that of homogeneous grading via similarity transformation xo1..., =
by --- Dy, as follows.1®

1,1+ 1,1 1
T(g,lz...%,(A; {wj}L) = X012---LT0()12.Z.).)L(>‘; {wj}L)X()lQ...L

_ ( X2 AR O {0 XS, e%xlg...L?%);’??L(A;{wj}mx;;...L).
Xox12.-L O iy ), a2 DY s b )i .

In Ref.'® operator A1) () has been written as A*()).
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2.4. Operator R: Another form of the R-matriz

Let V4 and V3 be (2s+1)-dimensional vector spaces. We define permutation
operator II; o by

H1’2’U1®’l)2:’l]2®7)1, v €V, v €V5. (211)
In the spin-1/2 case, we define operator Rg’;ll(u) by
R%)H(U) =10, j+1 Rﬁf’})ﬂ(U) : (2.12)

3. The quantum group invariance
3.1. Quantum group Ugy(slz)

The quantum algebra U,(sl2) is an associative algebra over C generated by
X+ K* with the following relations:*> 47

KK'=KK'=1, KXTK'=g"X*,
K—-K!

Xt X =
[ ] i

(3.1)

The algebra Uy(sl) is also a Hopf algebra over C with comultiplication

AXT) =XT@l+KoXt, AX)=X"oK '+1X",
AK)=K®K, (3.2)

and antipode: S(K) = K=}, S(XT) = ~- KX+ S(X7) = - XK, and
coproduct: €(X*) =0 and e(K) = 1.

It is easy to see that the asymmetric R-matrix gives an intertwiner of
the spin-1/2 representation of Ug(sls):

R, (w)A(x) = 7o A(x)Rfy(u) for z=X* K. (3.3)

Here we remark that spectral parameter u is arbitrary and independent of
Xtor K

3.2. Temperley-Lieb algebra

Operators R]i] 4+1(u) are decomposed in terms of the generators of the
Temperley-Lieb algebra as follows.*8

R (u) =1 —bu)Us. (3.4)

J
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U;rs (Uj* s) satisfy the defining relations of the Temperley-Lieb algebra:4®
UFUS, U = UF,
UﬁlUiUi1 =UF, forj=0,1,...,L -2,
(Uji) =(q+q¢ YU forj=0,1,...,L—1,
UsUy = UFU; for |j—k| > 1. (3.5)
We remark that the asymmetric R-matrices R] +1(u) derived from the

symmetric R-matrix through the gauge transformation are related to the
1 49

Jones polynomial.
3.3. Basis vectors of spin-£/2 representation of Ugy(slz)

Let us introduce the g-integer for an integer n by [n], = (¢"—¢~™)/(¢—q 7).
We define the g-factorial [n],! for integers n by

[n]g! = [n]gn—1]g -~ [1g. (3.6)

For integers m and n satisfying m > n > 0 we define the g-binomial coeffi-
cients as follows

[m] S 0 I (3.7)

) BT TN

We now define the basis vectors of the (¢ 4 1)-dimensional irreducible
representation of Uy(slz), ||¢,n) for n = 0,1,...,¢ as follows. We define
1€, 0) by

[1€,0) = 10)1 @ [0)2 ® - -- @ |0) . (3.8)

Here |a); for o = 0,1 denote the basis vectors of the spin-1/2 representation
defined on the jth position in the tensor product. We define ||¢,n) for n > 1
and evaluate them as follows!®

Jem) = (A“D00) 160

- Z o 0y |0) qi1+i2+m+i"_an(n_l)/Q . (39)

1

1<i1 < <in <€

We define the conjugate vectors explicitly by the following:

—1
(,n]| = [ﬂ g e Z OloF -+ o g trFinntann=1)/2,

in
q 1<y < <in <€

(3.10)
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It is easy to show the normalization conditions:*® (¢,n]|[|¢,n) = 1. In the
massive regime where ¢ = expn with real 7, conjugate vectors (¢, n|| are
Hermitian conjugate to vectors ||, n).

3.4. Conjugate vectors

In order to construct Hermitian elementary matrices in the massless regime
where |¢| = 1, we now introduce another set of dual basis vectors. For a

given nonzero integer £ we define (¢, n|| for n =0,1,...,n, by

—1
Wl ¢ —(t14--+1 nl—n(n—
(t,n]| = <n> Z (Olof -0 ¢ (i1 +in) +nl—n(n—1)/2
1<i < <in <6

- (3.11)

They are conjugate to ||¢,n): (¢,m]||||¢,n) = 0m n . Here we have denoted
the binomial coefficients for integers ¢ and n with 0 < n </ as follows.

(ﬁ) - ﬁ (3.12)

We now introduce vectors ||¢, n) which are Hermitian conjugate to (¢, n]|
when |g| = 1 for positive integers ¢ with n = 0,1,...,£. Setting the norm

of ||¢,n) such that (¢,n||||¢,n) = 1, vectors ||{,n) are given by

Z ooy ‘O>q—(z’1+~~~+z‘n)+né—n(n—1)/2 [ﬁ] q—n(é—n) (ﬁ)
1<y << <0 q
(3.13)

-1

We have the following normalization condition:
2 -2

e = [2] (£ o

n

3.5. Hermitian elementary matrices
In the massless regime we define elementary matrices Emin(2s4) for m,n =
0,1,...,2s by

Emn(254) = |25, m) (25, n]|. (3.15)

In the massless regime where |¢| = 1, matrix ||¢,n)(¢,n|| is Hermitian:

P

(1€, n) (€, n||)T = ||¢,n){¢,n||. However, in order to define projection opera-
tors P such that PP = P, we have formulated vectors ||/, 7).




Algebraic aspects of the correlation functions 19

3.6. Projection operators

We define projection operators acting on the 1st to the /th tensor-product
spaces by

¢
¢
Pl =Y |1t (b, (3.16)
n=0
Let us now introduce another set of projection operators 151(2) ¢ as follows.
Z —_
(e
Py =3 lle mye mll. (3.17)
n=0

Projector ]51({),5 is idempotent: (}51(_?)_2)2 = ﬁl(,li),g. In the massless regime
where |¢| = 1, it is Hermitian: (ﬁff?’_z)T — P, From (3.16) and (3.17),
we show the following properties:
Pl(g)éﬁl(bé = Pl(g)é ) (3.18)
pO,pY =PV, (3.19)
In the tensor product of quantum spaces, V(zs) Q- ® Vjs,is), we define
1(228)L by

~(2s) (2s)
P Hst@ Dt (3.20)
Here we recall L = 2sNj.

The projection operators are also constructed by the fusion method. For
¢ > 2 we can construct projection operators inductively with respect to £

as follows.25:46

¢ -1 -1
P1(2-)--z = P1(2 e) 1321,5((5 - 1)77)P1(2...g),1 : (3.21)
The projection operator P1(2_)__ ¢ gives a g-analogue of the full symmetrizer
of the Young operators for the Hecke algebra.*6

4. Fusion construction

4.1. Higher-spin monodromy matriz of type (£, (2s5)®N:)

We now set the inhomogeneous parameters w; for j = 1,2,..., L, as N, sets

of complete 2s-strings.'® We define wEb )1)€+6 for 3=1,...,2s, as follows.
2s

Wi =& —(B—1n, for b=1,2.. . N, (4.1)
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We shall define the monodromy matrix of type (1, (25)®V+) associated with
homogeneous grading. We first define the massless monodromy matrix by

Tghiao N Qo {&dn,) = PG LRGSO w3 0) P
_ (AN {& ) N,) BEP (A {&G N, (4.2)
CCH (N {&}n.) D&V (N {&)N,)

Let us introduce a set of 2s-strings with small deviations from the set
of complete 2s-strings.

wéi?é,i)l)+g = gb - (ﬂ - 1)77 + 6,,,1()5) ) for b= 1a 27 e 7Nsa
and =1,2,...,2s. (4.3)

Here € is very small and rlgﬁ ) are generic parameters. We express the el-

ements of the monodromy matrix 7Y with inhomogeneous parameters
: (@516) ¢ -
given by w; for j =1,2,..., L as follows.

2s+;€ 2s+;€

(1,1+4) (2s5¢€)
T (A,{UJ }L): s+ € S+ €
012 L W DETIW

Here A§223+L5) (\) denotes A%HL (X {w§-23; NL).
AG Ol b = lim PG AGTHI O (™ ) PR ()
We define the massless monodromy matrix of type (£, (25)®V+) by
T35, = Plhaad Tot 5., O )T 2N, Gy — ) -+

~(1,2s S0
)T Qe = (€= 1)) POgygea, . (46)

4.2. Integrable spin-s Hamiltonians

We define the massless transfer matrix! of type (¢, (25)®™+) by

4
4,2s (¢, 2s 7(1,2s
200 = trve (TR 00) = Y altnl T 5 )

n=0

T =) T B (= (0= 1)) 1€, ), - (4.7)

It follows from the Yang-Baxter equations that the higher-spin transfer
matrices commute in the tensor product space Vl(QS) ® - ® VJSZS), which is

derived by applying projection operator Pf;s) 5, to Vl(l) ® - ® VL(l).
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The massless spin-s R-matrix B2 2™ (u) becomes the permutation

operator at u = 0: R(25 2 +)(0) = II;,2.45°0 Therefore, putting inhomo-
geneous parameters &, = 0 for p = 1,2,..., N,, we show that the trans-
fer matrix 2(12253\}9”()\) becomes the shift operator at A = 0. We derive
the massless spin-s XXZ Hamiltonian by the logarithmic derivative of the

massless spin-s transfer matrix.

~(2s 2s)

_Z d 11+1 U)

A=0,£;=0 i=1

2s d 2s,2s +
Hg(X)Z = alOgAgz N, )(/\)

5. Spin-£/2 massless XXZ correlation functions
5.1. Spin-s local operators in terms of global operators

In the massless regime, we can express the Hermitian elementary matrices
in terms of global operators as follows.! For m > n we have

—1 (i—1)¢

cmon(e+) _ (LN [0 ¢ 5(0) a+H o ph+)
B - <n) {m} {n] Pl T (A% + DU (wa)
q q a=1
X H DU (w (i—1)t+k) H BUH)( (Wei—1)e+k) H A (w W(i—1)e+k)
k=n+1 k=m+1
joq ¥4
« TT (09 + D)) B, (5.1)

a=10+1

For m < n we have

~m,n (£+) l 14 14 - =(0) ) (14) (14)
E; =) Lol 1] Bl TT A% + D% (we)
q q a=1

¢

XHD(H)(w(Fl)Hk H O(H) (i— 1e+k) H A(1+)(w(ifl)€+k)
k=1

k=m-+1 k=n-+1
{Ng ~
< [ (A% + DOy (w,) PO, . (5.2)
a=il+1

By the quantum inverse-scattering problem (QISP) of Ref. 10 the local
spin operators are expressed in terms of global operators and the transfer
matrices for the integrable spin-s XXX spin chain. However, it is not clear
how one can derive (5.1) and (5.2) by the QISP method even for ¢ = 1.
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5.2. Symbols for expressing sequences

Let us denote by (a;)m a sequence of numbers a; for j = 1,2,...,m, i.e.

(a‘j)m = (a17a27"' 7am)~

Definition 5.1. We say that a sequence (by),, is a subsequence of (a;)m
if (i) n <m, (ii) by € {a1,...,am} for k =1,2,...,n, (iii) for any pair of
integers j and k satisfying 1 < j < k < n, there exists a pair of integers
£(j) and £(k) such that a; = be(j)s ar = bex) and £(5) < L(k).

For a pair of sequences (a;)m, and (bg)n, we define the product
(a;)m#(bk)n by a sequence (¢;)m+rn such that ¢; = a; for j =1,2,---,m
and ¢j =bj for j=m+1,m+2,..., m+n.

5.3. Conjecture of the spin-s ground-state solution

Let us now introduce the conjecture that the ground state of the spin-s
case |wé25 +)) is given by N/2 sets of 2s-strings:

MY =y —(a—1/2)n+€ | fora=1,2,...,N;/2and o =1,2,...,2s.

(5.3)
Here we assume that string deviations eﬁf“) are very small when Ny is very
large.?! In terms of )\ga)7 the spin-s ground state in the homogeneous grad-
ing is given by!

Ns/2 2s
[p{2e D) = H H B {&}n.)]0). (5.4)

We denote by M the number of Bethe roots: M = 2s N, /2 = sNj.

According to analytic and numerical studies,?%:37-39,40

the following properties of string deviations e((la)s. For very large Ny, the
deviations are given by €. = i 65, where i denotes v/—1 and 6 are real.
Moreover, 58 — 587D S 0 for a = 1,2,...,2s — 1, and |5¢(1a)| > |5¢(1a+1)|
for o < s, while |5l(la)| < |5((la+l)| for o > s.

In the limit: Ny — oo, the density of string centers, piot(pt), is given by

we may assume

N
1 - 1
Prot () = — . 5.9
@) = § 2 S onntn ~ 60 (5:5)
For the homogeneous chain where £, = 0 for p = 1,2,..., N, we denote
the density of string centers by p(\).

1

2¢ cosh(mA/¢) (56)

p(A) =
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Let us introduce useful notation of the suffix of rapidities. For ra-
pidities /\Ef‘) = MAa,a) We define integers A by A = 2s(a — 1) + « for
a=1,2,...,N;/2 and for a = 1,2,...,25. We thus denote A, ) also
by Aa for A=1,2,...,5N;, and put A, ) in increasing order with respect
to A =2s(a—1)+asuch as A1 1) = A\, A\1,2) = A2, .-, A, /2,25) = Ash, -
In the ground state, rapidities Ag for A =1,2,..., M, are expressed by

Aos(a—1)a = fa — (@ —1/2)n + e (1<a< N2 1<a<2s). (5.7)

For A =2s(a— 1)+ a with 1 < a < 2s, integer a is given by a = [(A —
1)/2s] + 1, and integer « is given by a = A — 2s[(A —1)/2s].

For a real number x we define [z] by the greatest integer less than or
equal to . We define a(j) and «(j) for j =1,2,..., M as follows.

a(j) =[G —1)/2s]+1, aj) =j —2s[(j —1)/2s]. (5.8)

5.4. Correlation functions of the integrable spin-s XXZ
model on a long finite chain

We define the correlation function of the integrable spin-2s XXZ spin chain
for a given product of (2s + 1) x (2s + 1) elementary matrices such as

Eil 1 (284) L pimadm (254) ) the spin-s ground state, |1/192S +) ), as follows.

FEE ) (G ) = (20 T B 0 ) e D e ).
k=1
(5.9)
By formulas (5.1) and (5.2) we express the mth product of (2s+1) x (2s+
1) elementary matrices in terms of a 2smth product of 2 x 2 elementary
matrices with entries {¢;, e;} as follows.

2sm

i —~ iy, Jp (25 +) € ye 2s)
HEb C({iy. jo}) P 12 L Hek fep 12 L (5.10)

b=1

By making use of (5.1) and (5.2), C'({is, j»}) is given by

C({ik, jn}) = lf[l{( ) {Q:L qul} . (5.11)

Here €94(3—1)+3 and Elzs(b71)+5 (b=1,...,Ng; B =1,...,2s) are given by

) _ {1 (1<B<j) . 1 1<B8<1)
2s(b—1)+p3 0 (jb < ﬁ < 28) ) “25(b—1)+p 0 (Zb < ﬂ < 25) .
(5.12)
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We evaluate the spin-2s XXZ correlation function F2° " ({ix,Jk}) b

FE D (i i) = Clfins i) WD PG, x
2sm

% H e;jvﬁg P(2S)L|¢(25+ >/<wé2s+)|wé2s+)> . (5.13)

Let o be the set of j with ¢; =0, and o~ the set of j with e;» =1

={jie =0}, a ={j;=1} (5.14)

We denote by r and 7 the number of elements of the set a~ and a,
respectively. Due to charge conservation, we have

P47 =2sm. (5.15)

We denote by jmin and jmax the smallest element and the largest element
of a™, respectively. We also denote by j;mn and j;nax the smallest element
and the largest element of o™, respectively.

Recall that the ground state |’(/J(25 +)> has M Bethe roots with M = sN;.
Let ¢; (j € a7) and c (j € a™) be integers such that 1 < ¢; < M for

jea and 1< cj < M + j for j € a™. We define sequence (bg)2sm by

(bl,bg,...,bgsm) = (CI./ ,...,C;./ 7ijirn7"'7cjmax)' (516)

max min

/ / . . .
Here sequence (¢, ,...,C, ,Cjuny>---sCimae) 18 given by the composite

max min

sequence of c;- s in decreasing order with respect to suffix j, and ¢; s in in-
creasing order with respect to suffix j. We introduce the following symbols:

J
M M+] M M+-]m1n M+Jmax

o(x)als)-x- IRONPIRLPY

jeas \¢=1/ jeat \ /=1 =1 1 =1
min Jmax

Cimax = C , = Cc,
(5.17)

Cimin =
J

Recall that a(j) are defined in (5.8). We define 8(j) by

BG) =7 =25 —1)/2s] (1<j<M). (5.18)
For £,k =1,2,...,2sm, we define the (£, k) element of M 25" ((b;)25m) by

(M (B)2em)),
—517[ M,k (bg > M)

- {%m,m) P, = W™ +0/2)/(Naprot (Hagw))) (be < M)
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Here, continuous variable p, which is the argument of density piot(p), is
evaluated at fi4(s,), one of the “string centers” p, of 2s-strings (5.7).

We can rigorously derive a concise expression of correlation functions of
the spin-s XXZ spin chain in the massless region: 0 < ¢ < 7/2s for a large
finite chain. Introducing ¢(A) = sinh A we have

M M+j
FE D i, o} = Cltin i h) 11 (Z) [T | 32 | detar®™ (boam)

jea~ \¢=1/ jeat \ /=1
—1 2 2 2
Tea- (THZ 00w, — w4 ) TR o0, - w®))
[Ti<k<e<2sm (Ao, — Ao, +1)

icar (THZ o0 ™ = 000 - ™))

x(=1)

X

+ O(1/Ns) .
2s 2s
H1§k<€§2sm ‘P(wz(ﬂ )~ wé ))

(5.20)

We remark that we derive (5.20) sending e to zero. Before taking the limit,
inhomogeneous parameters w;s are generic due to small parameter €, and
the sums over variables ¢; in (5.20) are restricted up to M for all j.

5.5. Multiple-integral representations of spin-s XXZ
correlation function for arbitrary matriz elements

In the thermodynamic limit: Ny — oo, rapidities Ay, with b, defined in
(5.16), correspond to integral variables A, for ¢ = 1,2,...,2sm. For 1 <
by < M they are given by the Bethe roots of 2s-strings (5.7), while for
by > M they are given by complete 2s-strings w,(fs) defined by (4.1).

We define a(A;) by a();) =« for an integer v with 1 <y < 2s,if A; is
related to integral variable p1; by A\; = p; — (y—1/2)n, or if A; takes a value
close to w,(fs) with (k) = ~, where w,(fs) are part of complete 2s-strings
(4.1). Here, variables p; correspond to “string centers” of variables \;.

We define the (j, k) element of matrix S = S ((Aj)gsm; (w]@”)zsm) by

Sik=pAj — w,(fs) +1/2)d(a(N;), B(k)), for jk=1,2,...,2sm.
(5.21)
Here 6(a, 3) denotes the Kronecker delta, and we recall (5.18) for G(k).

Let I'; be a small contour rotating counterclockwise around A = w]@s).
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(2s)

Since detS has simple poles at A = w; with residue 1/27i, we have

oo+1€e o0 —1€
/ detS((Ak)2sm)dA1 :/ detS((Ak)zsm)d)\l—}{ detS((Ak)2sm)dAr.

—oo+1e —00—1€ I

(5.22)

For sets o~ and a™ with relation (5.16), we define integral variables S\j for
J € a” and )\; for j € a™, respectively, by the following;:

SRS VR VD VI N 0 VINUUND o (5.23)

Imaz Imin

Thus, from expression (5.20) of the correlation function in terms of a finite
sum, we derive the multiple-integral representation as follows.

2 . . .
F Y Qi) = Cinsdn})
co+1i€e oo—ié;—o—ie co+1i€e oo—ié;+ie
X / _|_...+/ B d\1--- / _|_...+/ N d)\T/
—oo+1ie —00—1i(s+i€ —oo+1ie —00—1i(s+i€
co—1€ oofid.fie co—1€ oofiCstie
x / +---+/ ~ Az - - / +---+/ | dhasm
—00—1€ —00—1(s—i€ —00—1€ —00—1(s—1€
Q({(ﬁj7 Gj}; Alyeens )\Qsm) detS(Al, ey )\Qsm) . (524)

Here CNS =2s—-1)¢, 7= r +1, and Q({ej,e;—};)\l, ..oy Aagm) 1is given by
Q({Ejv 6;’}; )\17 cee >\2sm)
s sm 2s
Mhea (THZ ey — w4 I 00y — ™)
[Tickcrcosm PN = A + 1+ €0r)

X’ 2s 2sm X’ 2s
ear (230 — 0™ = I oV — wf™))
(2s) wé2s))

(5.25)
H1<k<e<zsm e(wy,

In the denominator we set €x ¢ = i€ for Im(Ag — A¢) > 0 and € ¢ = —ie for
Im(A—A¢) <0, where € is infinitesimally small: |e| < 1. Here, Im(a+ib) =
b for real numbers a and b. Here, for a®, we recall (5.14).

We evaluate a();) in (5.24), replacing paths (—oo —i(y — 1){ £ i€, 00 —
i(y—1)¢ tie) by (—oo —i(y—1/2)¢,00 —i(y—1/2)¢) for vy =1,2,...,2s,
respectively. The integrals over A; for j > 7 do not change when € — (/2.

Thus, correlation functions (5.9) are expressed in the form of a single
term of multiple integrals (5.24).
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We can derive the symmetric expression for the multiple-integral repre-
sentations of the spin-s correlation function F? 5+)({ik, jr}) as follows.!

F39 ({ig, ji}) = C{iv, jo})
y 1 I sinh® (w (& — &)/¢)
H1§a<5§2s sinh™ (3 — &) 1<k<I<m Hf; Hi; sinh(§e — & + (r = J)n)

T/ co+ie oco—i(2s—1)(+ie
x> (sgno)H/ +-~-+/ o

0ES25m /[ (Sm)2* =1 —oo+ie —oo0—i(2s—1)(+ie
2sm co—ie oco—i(2s—1)(—ie
T
j=r' 41 —oo—ie —oo0—i(2s—1)(—1e

ﬁ [T5%, T155 sinh(X; — & + An)

X Q({EJ; EJ}, Aa’l; ey >\o'(28m))) Hg;l COSh(TI‘(/,Lj — &))/C)

j=1
:25m>

2s
X W H H Sinh(ﬂ-(l"'Qs(afl)Jr'y - U2s(b71)+"/)/C) :

y=11<b<a<m

(5.26)

Here A; are given by \; = p; — (8(4) —1/2)n for j =1,...,2sm.
It is straightforward to take the homogeneous limit: £ — 0. Here (sgn o)
denotes the sign of permutation o € Sagp/(Sm)?.

6. Derivation of finite-sum expression of spin-s XXZ
correlation functions with arbitrary entries

6.1. Fundamental commutation relations

We now discuss briefly the derivation of (5.20), which expresses the spin-s
XXZ correlation functions with arbitrary entries in terms of the product of
finite sums over the Bethe roots.

Let X be the set of integers 1,2,..., N, ie. ¥y = {1,2,..., N}. Recall
definition (5.14) of a® and that of integers ¢; and c;. For a given set of

’ . ’
¢j,¢;, we introduce A; and A; by

A :{b;lngM—t—Qsm,b;zféck,c;~C fork < j},
A, = {1 <b< M+2sm, b+#cyfork < j,b+#cfork <j}. (6.1)
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We define sets a;t and c(a;t) as follows.
aj_:{k;k<j,k6a_}, a;f:{k;k<j,k6a+}, (6.2)
clog) ={aikeoas}, claf)={c;keal}. (6.3)
We have
Aj = Sarg2em \ (o) Uc(e))) s Aj = Sargaem \ (clojyy) Ue(a))) .
Let us denote by ¢ the number of ¢; (j € a™) and c; (j € a™) such

that ¢;, c;- < M, for a given set of ¢; and c;. We express (5.17) as follows.

2sm M M+j

DS IRPRNINDRE (6.4)

t=r {cjv,c;}t jea— \¢i=1/ jea+ c_;:1

Here the sum over {c;, c;}t denotes the sums over ¢; and c;» such that the
number of c; < M is fixed by t — r.
Suppose that A, for a« =1,2,..., M give a set of solutions of the Bethe

ansatz equations in the spin-1/2 case with w; = w§-23; © forj=1,2,...,L.!
Here w; are inhomogeneous parameters. We set rapidities Ayr4; by
Mg =wj = w9 j=1,2,...,2m. (6.5)

We can show the fundamental commutation relations as follows.!!

M
(0] (H C’()\a)> T, oQmg1) T, o (Ans2sm)
a=1

2sm
= Z Z G{c%c;}(/\l?"' 7/\M+25m)<0| H C()\k),
t=r {Cj,C;}t keAgsm_,_l({cj,C;_})

where d(X; {w{**9},) and Gie,e3((Aa)ry2sm) are given by

L
d(X; {w](CQS;e)}L) _ H b(\ — w](cQs;e))7
k=1
Lol = Au +m)

b=1;e A
G{cj’c;}()\17"'7AM-‘r25m): H e J )\ )\
jeat Hb:l,bGAjJrl SD( b~ (,;)

M4+75—-1
oy [ithe, #0e =20 +1)
< T | dOes {wi? ) ——5—
: 1M e, — M)
jea— b=1,bc A, 7
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6.2. Finite-sum expression of correlation functions for a
finite chain

We introduce disjoint subsets of o™, onJr and 0‘1+<7 as follows.
af={jijeat,1<c, <M}, af={jjca,c,>M}. (6.7)
We define sets c(a™), c(ah) and c(aj;) as follows.
cla”)={cr; kea }, clal)={c; ke at}, clak)={c; ke ak}.

We define a sequence (I;.C)t by a subsequence of (by)a2sm such that by < M
for k =1,2,...,t. We denote sequence (by)2sm and (l;c)t as sets by b and
5;, respectively, i.e. b = {b1,ba,...,basm } and 5; = {bl, . ,gt}. Here we
note by = ¢(a”) U ¢(a *). We define sequence (by.)2sm—¢ by a subsequence
of (bg)2sm such that b > M for k =1,2,...,2sm — t. We denote it as a
set by by, ;. Here we note by,,, , = c(af).

We define sets Z and K by Z = X\ l;t and K = Yogp \ b;smft,
respectively. We define a sequence (z(c))amr—: by putting the elements of Z
in increasing order: z(1) < z(2) < -+ < z(M — t) where Z = {z(i);i =
1,2,...,M —t}, and a sequence (k;); by putting the elements of K in
increasing order: k1 < kg < --- < Ky where K = {k;; j =1,2,...,t}.

We derive the spin-s correlation functions from those of the spin-1,/2
case sending € to zero:

FE ) ({in, jo}; (%)) = C{in, ja}) lim FQSm ey} (w59 ).

(6.8)
Applying (6.6) to (5.9) (or (5.13)) we have
2sm
F2 ({Ejv j} (25 5) Z Z {c; c} >\17“' 7>\]\/I+2sm)
t=r
{6.77cj}t

X¢25m({)\ }JVI)
<0|H”” CAa() T Cw N TN Baga)) TTL—y BOG)I0)
oI cuz(a)m; C(w %HM‘ B(A-(s) T2 BOG)I0)

2sm M 2sm w(QS 6))
- Z Z H H 25 €)
tr{cc}ra 1j= 1410 +77)

[Toihe, ey — Ao +1)
x H M+j ()\ _>\b)

jeo- I1,- 1beal ¥
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M 1
Hb TJbEA, @(Ab )\c; + 77)

Tl oAy —Ag,)

M+j 2 25;
jea+ l_Ib:LJbeA,-+1 %0(/\17 —A ’.) 1<k<0<t 90( @sie) _ wfws E))

X Jﬁtﬁ Az(o) ~ HH‘P wf(ws €)+77)
a=1 L= 1('0 z(a) (25 E) a=1/¢=1 _)\b/z—’_n)

x det ((fI’,)_1 (/\Z(a))M—t#(/\g)t)

XU (e a5 9),, (Az@)Mt#(Ab;)t)) . (6.9)

Here, ¢23m({>\a}) HQsm T, b w;QS; <)), and matrix elements ('),
for a,b=1,2,..., M are given by

(¥ (st =0 e st s (w)n)

,, ((Az(a))M,t#()\l;Z)t) for b< M —t
= ©(n)
<)0()‘,2((1) - wlﬂk)@()‘z(a) — Wgy, + 77)

forb=k+M—t (1<k<t)

(6.10)

The matrix elements of the Gaudin matrix are given as follows.

o, , (()‘z(a))M—t#()‘bN[)t; (wk)L) =B ) 20 (Ma)ari (W) 1)

_ ©(2n) t b, ZL: ©(n)
eAa =X +m)eAa =X —1) (Ao — wp)p(Aa — wp + 1)

p=1

©(2n)
_Z PO =2 F 1% (Aa—/\w—ﬁ)) (o1

For any positive integer N we can rigorously calculate (6.9) as follows.2

Proposition 6.1.

2sm

Fya (e e @) =3 % 1T (-1)

=T (e, (J} ]kéaK cJ<(,C j<k

x(=)*mt ] I o II v

jea}; €€a+ U>j HEK;R+1M<c;-

x det(® )1’ ((As(e) )M_t#(w,%” e, (As())m—t#(A5)t)
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(2s5€) 2sm (2s5€
! Hjea* (Hk 1P(Ae; —wy, +n) 112 j+1 P(Ae; — wy )))
H1gk<eg2sm (Ao, — Av, + 1)

j— 2s;€ sm 2s;€
Mjcar (THZ w0 — w0 =) IR, w0y —u?))
X .
2s5 € 2s5 €
(@) _ (2559

x (=1)

H1<k<Z<28m w(
(6.12)

We define matrix elements (j, k) of ¢'2°™ ((b)2sm) (1 < j < 2sm):%2

If b > M, ( ﬁm)((bg)zm)) = by fork=1.2...,2sm,

if b; <M, thereisan integerji such thatb; = b;
(S (@02em)) = (@) (s et O3 )
(Ae(a)) M—t#(w S’6)) it M—thotM—t, fork=1,2,...¢t,
and ¢§§Sm)((b¢)2sm)jyb; =0 fork=1,2,...,2sm—t. (6.13)

We can show the following proposition.5?
Proposition 6.2.
det (@) 710 (st ar— A E )1, (st i 0)0))

= det ¢ ((be)2sm) (—1)2 11 (-1)

JkeQk ci<cl i<k

< | II v II of. (6.14)

jeat \teate>j REK K+M<c)

When N is large enough, solving the integral equations for
ﬁsm)((b/)zsm) we can show

det 5™ ((be)2sm) = det M@ ((bg)2gm) + O(1/Ny). (6.15)

We thus obtain the finite-size spin-s XXZ correlation functions with arbi-
trary entries (5.20).
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We investigate induced modules of doublet algebra in (1, p) logarithmic models.
We give fermionic formulas for the characters of induced modules and coinvari-
ants with respect to different subalgebras calculated in the irreducible modules.
The characters of coinvariants give multiplicities of projective modules in fusion
of induced modules.
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1. Introduction

Vertex—operator algebras (VOAs) in logarithmic conformal field theory are
very popular last several years. The simplest family of such algebras W(p)
was introduced in Ref. 1 and was investigated in Refs. 2,3,15 and Ref. 11.
Algebras W(p) admit a SL(2) action by symmetries. Invariants of this
action is the universal enveloping of the Virasoro algebra with the central
charge

6
c=13—-6p— —. 1
) (1)

In this sence W(p) is the “Galois extension” of the Virasoro algebra and
SL(2) plays a role of the Galois group. The algebra W(p) is called the
triplet algebra? because it is generated by a SL(2) triplet of fields. The
Virasoro algebra with the central charge (1) has infinite dimensional con-
formal blocks but after taking the extension they become finite dimensional



36 B.L. Feigin € I.Yu. Tipunin

and the conformal field theory becomes close to a rational one.*® The only
difference from rationality is that the category of representations is not
semisimple. (We note that the nonsemisimplisity of the representation cat-
egory is equivalent to appearing of logarithms in the corellation functions.)

In the present paper we consider slightly larger “Galois extension” A(p)
that is generated by a doublet (not a triplet like W(p)) of fields. We pre-
fer A(p) because the abelianization technique, which allows us to calculate
characters of induced representations and coinvariants is easier applied to
it than to W(p). It gives fermionic formulas for the A(p) characters® (see
also Ref. 7, where fermionic formulas for W(p) characters were obtained).
On the other hand the algebra A(p) is worse than W(p) and strictly speak-
ing is not a vertex operator algebra because it contains half integer powers
of z — w in Operator Product Expansions (OPEs). However, the represen-
tation theory of A(p) is very similar with a representation theory of an
ordinary VOA and in what follows we don’t bother on nonlocality of A(p)
strongly. In the paper, we study conformal blocks or in other language coin-
variants of A(p). To formulate the main statement we should recall some
facts and definitions about coinvariants of VOAs (that we give in Sec. 1.1)
and also about relations between representation categories of VOAs and
quantum group (that we give in Sec. 1.2).

1.1. Coinvariants

Before we start a detailed consideration of A(p), we should say some gen-
eral words about coinvariants. General facts and references on VOAs can
be found in Ref. 8. Let A be a vertex-operator algebra generated by cur-
rents H'(z), H?(z), ...Let V be the vacuum module of A. Let ¥ be a
Riemann surface. Then we have a sheaf V(X) on ¥ with the fiber V. A
set of sections over a small punctured neibourhood of a point x generates
an algebra A, and the currents H'(z), H?(z), ...are generators of A,
where z is a local coordinate at x. These currents have decompositions
Hi(z) = Y, Hiz7"~ %4, where A; is the conformal dimension of H'.
For future convenience we introduce the vector A = (A1, Ag,...) of con-
formal dimensions. Let us fix n points z1,...,2, € ¥ and n A-modules
Vi, Vs, . For each z; the module V., is a module over A,,. Let S,, . ..
be the space of sections of V(%) regular outside the points z1, ..., z,. The

sections from S, . . actinV, ®...®7V,, . The quotient

n

Coinv(V1,...,Vy) =V, ®...0V,, /S 2V ®...0V,,  (2)
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form a bundle over the configuration space of pairiwise distinct points
21y...,2n and is called coinvariants of Vy,...,V,. (In the paper we con-
sider only the cases where coinvariants are finite dimensional.)

We fix a subalgebra Au] of A generated by modes of {H"(z)},
H", A 4ym>» m € N, where u = (i1,i2,...). Let My be induced mod-
ule from the trivial 1-dimensional representation of A[u]. M, contains a
cyclic vector |u) annihilated by H”; _ . ., m € N. In this notation the
vacuum module corresponds to u = 0. An induced module M,, admits a
grading by an operator D commuting with A. We define first the operator
d in such a way that dlu) = 0 and [d, H.] = —nH} for generators H} of A.
Then, we put

D= Ly—d, (3)

where Lg is the zero mode of the Virasoro subalgebra from A, D evidently
commutes with A.

The covariant functor Coinv is representable. In particular, it means
that there exists the module V;®Vy (which is called the fusion of V; and
Vs) such that for any module V3 we have

Coinv(Vy,Va,V3) = (Homa,, (V3,V1&V2))" . (4)

Using this property the module V;®Vy can be constructed as an inductive
system in the following way. We define a sequence {u,,} such that each
component of the vector u,, is greater than or equal to the same compo-
nent of the vector u,,_1 and for any N € N there exists m such that a
given component of u,, is greater than N. This determines the sequence of
subalgebras A[u,,]; we consider the squence of modules M,,,, induced from
trivial 1-dimensional representations of Alu,,] and set

V[u]* = Coinv(Vy, Vo, My) = (HomAz3 (MU,V1®V2))* . (5)

For each vector u, by the Frobenius duality V[u] C V;®V,. This means that
V1®Vy is the inductive limit of the inductive system V[u,,] enumerated by
vectors u,,.

For a wide class of VOAs and induced modules M, it is naturally to be
expected

Mu, @Mu, = M, - (6)

A typical example when (6) is satisfied is s/(2) minimal models at positive
integer level and a class of modules My.? For Virasoro minimal models,
modules M; induced from vectors |j) satisfying L_;_oym|j) = 0 for m €
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N satisfy M;, ®@M;, = M;,4j,. This statement follows for (2,p) models
from Ref. 10 and is a conjecture in other cases.

For the algebra A(p) we also conjecture the statement similar to (6) and
give in the paper some reasons why it is true.

1.2. Representation categories

The representation category € of W(p) is equivalent (as quasitensor cate-
gory) to the representation category of Uysf(2) with q = e'™/P This equiva-
lence was cojectured in Ref. 11 and was proved in Ref. 12 (see also Ref. 13).
In particular V;®@Vs corresponds to the tensor product of Ugsf(2) repre-
sentations corresponding to V; and V,. This statement can be obtained in
the following way. In the representation category of Virasoro algebra a sub-
category equivalent to Lusztig quantum s¢(2) can be distinguished. Then
from general properties of VOAs it follows that after “Galois extension”
the Lusztig quantum s¢(2) reduces to Uysf(2). The category € contains 2p
simple objects X, 1 < r < p and 2p projective objects P, 1 < r < p.
Projective objects P, 1 <7 < p — 1 are not simple and P* ~ X;t. We call
Xf Steinberg modules.

The representation category 2 of A(p) is not equvalent to a represen-
tation category of a quantum group. However 2 is obtained by a reduction
of the tensor category €. The reduction is such that simple objects from
the pairs X for each r becomes indistinguishable, so 2 contains p simple
(projective) objects X, (P,), 1 < r < p and P, ~ X,. Many statements
about A(p) representations can be done in terms of the category 2. In
particular dimensions of coinvariants Coinv(Vy,...,V,) can be calculated
in terms of the tensor category 2. To do that one should take the tensor
product of objects corresponding to Vi,..., V, and calculate the space of
homomorphisms to the simple object X; (X; corresponds to trivial 1 di-
mensional representation). In what follows we use the same notation for
A(p)-modules and corresponding objects of 2.

The simple objects X, € 2 are induced A(p)-modules M,, for some
u,, which are defined in Sec. 4.1. X; corresponds to the vacuum A(p)-
module and X;®P = P, VP € A We consider the module M =
XEM2 XM - - XS . The module M as an A(p)-module is the induced
module M = My uy+nzus+--+npu,- Pach induced module admits a com-
muting with A(p) grading (3), which means that the tensor product of
simple objects of category 2 admits the grading invariant with respect to
the action of the algebra. We use this grading to obtain fermionic formulas
for characters of coinvariants.
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1.3. The main statement

In this paper, we give an outline of a proof that the fusion of induced A-
modules has the same structure (6) as the fusion of induced modules of
many rational VOAs. More precisely this can be formulated as follows.

Statement. For a class of highest-weight conditions described by some vec-
tors u (precise conditions on u are given in Sec. 4.2) two induced modules

My, and My, satisfy

Mu, @Mu, = Mu, +u, - (7)

To give evidences for the statement, we use the fermionic formulas for
the characters corresponding to the grading (3). To obtain the fermionic
formulas for the characters, we use the technique of abelianization. The
abelianization technique is a degeneration of the algebra to an algebra with
greater number of generators but with quadratic relations. In many cases
the obtained algebra is abelian whence the technique tooks its name. In our
case the algebra obtained by application of the abelianization technique is
not abelian but is very close to an abelian one.

The structure of the formulas for characters is similar with the structure
of fermionic formulas for Kostka polynomials (see Sec. 5).

We give several examples for p = 3. Some low powers of “two dimen-
sional representation” have the following decompositions

X$? = Xy + Xs, (8)
XE3 = ¢~ Xy + Py, (9)
X§ = g2 + Py + (g2 + ¢+ D)X, (10)
X = o+ (P +q 2 +q  + DPy+q i (z4271)Xs, (11)

X$0 = g X, + (¢ +q 3 +q 2+ 1)P1+q H(z+2 )Py
+ (@ ¢+ 2 g3+ 20 g DX, (12)

where we write characters of multiplicity spaces in the right hand sides. The
variable ¢ corresponds to the grading discussed above and z corresponds to
the Cartan generator of the s£(2) symmetry.

A structure of the proof of the statement (7) is as follows.

(1) Show that the character of induced module My, is given by the Gordon
formula (69). This statement is given as Proposition 4.3 and is checked
using computer for numerous examples of u given by (53). An outline
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of the proof is given before the Proposition. Actually, we belive that
the Proposition is true for wider set of vectors u than (53).

(2) Show that in the decomposition (81) polynomials Képr),(q,z) are char-
acters of coinvariants of the doublet algebra in it’s irreducible modules.
This statement is checked using computer for numerous examples of
vectors u written in Proposition 5.2. A possible way to proof the state-
ment is outlined in Sec. 5.2 using the Felder resolution and results
of Ref. 14 for lattice VOAs.

(3) Show that in the decomposition (81) polynomials f(s(fﬁ(q, z) are charac-
ters of coinvariants of the Virasoro algebra in it’s irreducible modules.
This statement again is checked using computer for numerous exam-
ples, but this is the weakest point in the proof. We do not understand
why it is so and the statement looks as a puzzle. We discuss this in
more details in Sec. 5.1.

(4) Three previous statements allows us to show (7).

Unfortunately, the proof of the Statement given in the paper is partially
based on calculations using computer algebra and at the moment we don’t
know a purely analytic proof. However, we belive that such a proof can be
done and we hope to present it in a future publication.

The paper is organized as follows. In Sec. 2, we introduce notations
and recall well known facts about (1,p) models. In Sec. 3, we describe
the representation category 2. In Sec. 4, we investigate induced modules
of A(p). In Sec. 5, we calculate characters of coinvariants in irreducible
modules.

2. General facts about (1,p) models

The (1,p) models of logarithmic conformal field theory can be formulated
in terms of Coulomb gas. Let ¢ denote the free scalar field with the OPE
»(2) p(w) = log(z—w). Throughout the paper we use the standard notation

2
ay =+/2p, o =— pe oo = =2, (13)

2
ot o=,

where p is a positive integer grater than 1. In what follows, we drop the
symbol of normal ordering in all functionals in ¢. We consider the screening
operator

F =55 ¢ dze®—#2) (14)

~ 27
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commuting with the Virasoro algebra corresponding to the energy-
momentum tensor

T:%@gﬁ&p—k%@%ﬁ (15)

with the central charge (1). We consider the lattice VOA B(p) generated by
eT+#(2) The screening F' acts from the vacuum module of B(p) to another
irreducible B(p)-module. The vacuum module of W(p) is the kernel of F' in
the vacuum module of B(p). So, W(p) is a subalgebra of B(p).

2.1. The doublet algebra

The algebra A(p) has a similar description. We consider the lattice VOA
L(p) corresponding to the 1-dimensional lattice generated by the vector v,
(v,v) = p/2. The VOA L(p) is generated by two vertex operators et T elz)
(see Ref. 15). At this point we should make a remark that L£(p) is not
strictly speaking a vertex-operator algebra because whenever p is odd some
OPEs contain nonlocal expressions (z — w) 2. However, one can work with
L(p) like with a VOA. The representation category of L(p) is semisimple
and contains p irreducible representations Y, for 1 < s < p. The module Y,
is generated from the vertex operator V; ;s = e“7 2= ¢(*) and contains also
the vertices

Vis=e Uz ortizale@  pc7 (16)

The vacuum module of £(p) is Y1 and the screning F' acts from it to Y,_1.
We define the vacuum module X; of A(p) (which is equivalent to the defi-
nition of A(p)) as a kernel of F' calculated in Y.

The second screning of the Virasoro algebra (15)

e= o ¢ dze+¥%) (17)

~ 2mi

acts in the vacuum module Y, of L£(p). The action of e can be restricted
to X; (the vacuum module of A(p)), where it is one of the sf(2) algebra
generators. The generator f can be constructed from F' as a divided power
HFp/ [p] !77 .
The algebra A(p) is generated by the sf(2) doublet of fields

at(@)=e” TP, () = [e.at ()] = Dpma(@0(2)e T, (18)
where Dj,_1 is a degree p—1 differential polynomial in d¢(z). The conformal
dimension of these fields is 22-2. The fields a*(z) have the following OPEs

at(2)at (w) ~ (z = w)*,
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a~ (2)a” (w) ~ (z —w)¥, (19)
0t (2)a(w) = (z —w) "5 3 (2 - w)" B (w)

n>0

where H"(w) are fields with conformal dimension equals to n. The field
HP is proportional to the identity field 1, H! = 0, H? is proportional to
the energy—momentum tensor 7. About other fields H™ we can say the
following

H?™ =y : T : +Pon(T), 1<n<p-—1, (20)
H?™ 1 = 05,10 : T" : + Py iy (T),  1<n<p-2, (21)
H?P™ =9 10 : TP i 4Py i (T) + di WP, (22)
H? = ¢y, : TP : +Pyp(T) + dpOW°, (23)

where : T" : is the normal ordered n-th power of the energy—momentum
tensor, P, (T) is a differential polynomial in T and degree of both Ps,(T)
and Py, 1(T) in T is equal to n — 1, WO(2) = [e,e=*+%3)] and ¢, di, da
are some nonzero constants.

In what follows we choose the system of p + 1 generators of A(p) in the

form
at,a™, H* H*, ... H? 72 (24)
The corresponding vector of conformal dimensions is
A:(3p4_2,3p4_2,2,4,...,2p—2). (25)

We defined the algebra A(p) as a subalgebra in £(p) with embedding
given by (18). We note that there is another embedding A(p) — L(p) given
by

ot

at(z)=e=?, a7 (2) = [g,at ()], (26)

5— 1 —app(2)
where & = 5~ $dze .

2.2. Irreducible modules of A(p)

The irreducible representations of A(p) are described in Ref. 6. There are
p irreducible representations but before we describe them we make several
notations. The vertex operator algebra A(p) is graded (by eigenvalues of
the zero mode of dyp)

Ap) = @ Ap)’ (27)

petz
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and a*(z) € A(p)ia%. We consider only the graded representations
of A(p). For any representation X = @;ecX? we have a®(2) : Xt — x5
and a*(z) acting in X* have the decomposition

at(z) = Z 27"731747_2(1:{. (28)

nett =247

We note that t in fact is not arbitrary but takes the the values t = QT‘n,
n € Z.

The irreducible A(p)-modules can be constructed in terms of irreducible
modules of lattice VOA L(p). Some powers of the screening operator F act
between irreducible £(p)-modules and form the Felder complex

FPe B TR
o gsﬁgp—s — Y= ... (29)

The complex is exact and the kernel of F* in Y, is irreducible A(p)-
module X;. The irreducible representation Xs of A(p) is a highest-weight

1—s
module generated from the vector |s) € X;Z *~ satisfying

afgp_25+n|s) =0, neN, 1<s<p. (30)
4

The conformal dimension of |s) is Ay 4 = 324;1 + 155, The highest modes

of a* () that generate non zero vectors from |s) are

a* 1<s<p (31)

_3p—2s>
4

as it shown in Fig. 1. Proceeding further we obtain the set of extremal
vectors shown in Fig. 1.

We let L, ., denote the irreducible module of the Virasoro algebra with
the central charge (1) and with the highest weight
{z’(rz—1)+4ip(s?—1)+ 1_2”, 1<s<p rez (32
We note that L, ,, is the quotient of the Verma module by the submodule
generated from one singular vector on the level rs and such modules exhaust
irreducible Virasoro modules that aren’t Verma modules.

The action of the sf(2) algebra in X, is defined similarily to the action
(see (18)) in the vacuum module and X, as a representation of s¢(2) @ Vir
decomposes as

Ar,s =

Xs = OnenTn @ Ln s, (33)

where 7, is the n-dimensional irreducible sf(2) representation.
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[ ]
a, al
2s—3p 2s—3p
P I
Vas
(] o
- +
Aas—5p A3s—5p
1 P
V3,s
[ ] [}
a, at
25—Tp 25—T7p
1 1
‘/4,5 o o

Fig. 1. The irreducible A(p) module Xs. The filled dot on the top is the cyclic
vector |s). The arrows show the action of highest modes of a® that give nonzero
vectors. Filled (open) dots denote vertices belonging to the triplet algebra W(p)
representations X3 (X7).

The L(p)-module Y, admits two A(p)-module structures Y+ and Y
corresponding to the embeddings (18) and (26) respectively. We call mod-
ules YF the Verma modules of A(p) because they correspond to Verma
modules in the tensor category 2 (See detailes in Sec. 3.1). The modules
YT are highest-weight modules generated from highest-weight vectors |s)*
satisfying

>+_

s —GZ#H_SMISW 0,

¢ 3p—2s |
_SP—25
I +n

neN, 1<s<p (34

+ - _ —

a_ sp—2s +p78+n‘3> =a_ 3p—2s +n|8> )
We note that YT is not isomorphic to Y5 excepting the case s = p, where
two highest-weight conditions in (34) coincide.

From the Felder complex (29), we obtain 4 resolutions for the irreducible
representation X,

e e (A R R M (35)

p—s s s p—s
=Y Y B X =0, 0o X DY T Y
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where resolutions in each row are contragredient to each other.

3. Structure of the category A
3.1. Linkage classes and indecomposable modules
The representation category 2 of A(p) is a direct sum

[p/2]
A= P A, (36)
n=0
where 2, are full subcategories and there are no morphisms between ele-
ments from different 2A,,.

Category 2y is semisimple and contains the only indecomposable object
Xp. Each category 2,, n > 0 (excluded 2A,/, for even p) contains two
simple objects Xy and X,_,. Category 2, /o for even p contains one simple
object X, /2.

To each irreducible module X;, the projective cover P corresponds.
For 1 < s < p — 1, the projective module P, consists of 4 subquotients
(two X and two X,_,) and P, = X,. Schematically the structure of P, for
1 < s <p-—1is shown in the following diagram

A
L

This digram corresponds to the Jordan—Holder series 0 — W — P, —
Xs—=0,0=2V-W—-X,_,—-0,0-X;, -V —=X,_;—0.

As it was explained in the Introduction, the quasitensor category of A(p)
modules is equivalent to the quotient of ﬁqsf(Q) representation category
with respect to relations X} ~ X7 . Let U,(B¥) be universal enveloping of
two Borel subalgebras in Ugsf(2). Then Y£ correspond to Verma modules
induced from U,(B¥).

(37)

3.2. Quasitensor structure

The category 2 is quasitensor category. Tensor products of irreducible mod-
ules decomposes into direct sum of irreducible and projective modules. Di-
rect sums of irreducible and projective modules are tilting modules!® in the
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category 2. We have the following tensor products of these modules

min(r+s—1,2p—r—s—1) P
. / /
X, &X, = ) ;o @ P (38)
j=|r—s|+1 2p—r—s+1
s+7"—/1 R r S s,
j=s—r+1 7 r+s<p,
2p—s—r—1 p
r <s,
@/ Rj @2 I Rj, >
X GP. — j=s—r+1 j=2p—s—r+1 r+s>p,
r@Ps = 2p—s—r—1 P r>s
I l )
S5 Rj®2 ©® Rj
j=r—s+1 j=p+s—r+1 r+s<p,
2p—s—r—1 P D
r> s,
@ RrReo2 @ Reo2 @ R
j=r—s+1 j=2p—s—r+1 j=p+s—r+1 r+s>p,
(39)
and for r < s
s+r71 p+7“7§71 p/ p/
2@ Rje2 & Rod & Rodsdd R,
Jj=s—r+1 j=p—r—s+1 j=p+r—s+1 Jj=s+r+1
. r+s <p,
PT®P5 = 2p—s—r—1 p+r—s—1 2 p
2 @/ R;®2 @/ R;®4 @/ R;®4 @/ Rj,
j=s—r+1 j=r+s—p+1 j=2p—r—s+1 j=p+r—s+1
r+s>p,
(40)

where we used notation R; = P, for 1 < j < p—1 and R, = 2P, and @’

. . . 2

is a direct sum with step 2 (for example @Ijlo Ri =Ro®R2&--- & Rap).
For a vector n with nonnegative integer components ng,ns,...,n,, we

consider a decomposition of the tensor product

) . ) p—1 D
X§ X6 . XS = @ V. WX P P X BP,,  (41)
s=1

s=1

where V[n] and X4[n] are vector spaces of multiplicities of the irreducible
and projective modules respectively in the direct sum. The dimensions of
these spaces are Ny[n] = dimV,[n] and N,[n] = dimX[n].

Remark 3.1. For example, we give decompositions for p = 2

X§" = 272 (14 (=1)" )Xy + 273 (1 + (=1)") P, (42)
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and p=3
: 1
Xgr = (14 (=1)")Xa + 5 (1= (=1)")X, (43)

1
(2" + (-1)"(3n — 1)) X3 + 376 (273 4+ (—=1)"(19 — 48n + 18n?) — 27)P,

N =

4L
9

+2—16(2"+4 + (=1)*(11 4 12n — 18n?) — 27)Py,
X" @Xg = %(2"—1 +(=1)")Xs
g (2 (1) B0 — )P+ g (27 = (<130 +2)Pa
XX = "X + S 4 (C)Pr 220 = (C)Ps, n20,

(44)
XSTEXE™ = 2"3M 2Ky + 273 TPy 2" HI3MTIP, >3 (45)

In the previous formulas we wrote dimensions of multiplicity spaces instead
of themselves.

The spaces of multiplicities Vs[n] and X;[n] are s£(2) modules; Vs[n] is
trivial module (sum of 1 dimensional modules). The s¢(2) action in the
multiplicity spaces is related with the Lusztig extension of the quantum
group U,sf(2). There exists the quantum group LUys¢(2) such that Ugsl(2)
is its subgroup and the quotient is the universal enveloping of s¢(2). An
irreducible representation of Hqsé@) is the irreducible representation of
LU,s0(2) with the trivial s£(2) action. Therefore s£(2) acts in the multi-
plicity spaces. The multiplicity spaces are graded by Cartan generator h of
s€(2). For example for (45), we have for m > 3

X®n X®m — (z + 271)”(22 +14+ 2,72)m72x3

F (2 ) 1+ 2D P (e 2 DT (22 1+ 272 8Py,
(46)

In the next section we investigate the additional grading given by D (3) in
the spaces Vs[n] and Xs[n] and obtain the formulas for characters.

4. Characters of induced modules
4.1. Induced modules of A(p)

We fix a p + 1 dimensional vector u. Components of u are labeled by the
set of indices Z = {+,—,1,2,...,p — 1}. For a vector u, we define the
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subalgebra A(p)[u]t C A(p) generated by the modes

at H2" 1<n<p-1, meN, (47)

w4+ +m? W, +m)

where w = u — A and A is given by (25).

We define the A(p) module M, induced from trivial 1-dimensional
A(p)[u]t module with the highest-weight vector |u). The irreducible A(p)
modules X; are induced modules M, with
s—1 s—1

2 7 2

,1,2...s—1,s—1,...,8s—1). (48)

s—1 p—s

us = (

This statement follows from Ref. 6.
The A(p) Verma modules Y are also induced modules.

Proposition 4.1.

Yo = M (49)
with
-1 s—1
u;L:(S 78 +p—3s,8 17 5571)7 (50)
2 2
p—1
-1 —1
u;:(52 +p75782 75717' ,571) (51)
p—1

A proof of the Proposition is based on results'4 and abelianization tech-
nique. We give a sketch of the proof in Sec. 4.4.
The modules My, , induced from the subalgebra corresponding to vec-
tors
s—rp—1 (r+2p—s-1
2 ’ 2 ’

s—1,...,s—1), reZ, 1<s<p
—_——

p—1
(52)
are isomorphic to Y for » > 0 and to H;_S for r < 0.

4.2. Decompositions of induced A(p)-modules

We consider a set of modules induced from highest-weight conditions cor-
responding to vectors of the form

P P
u= anuj +Zzn:us,r7 (53)
j=2

reZ s=1
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where n; and n} are nonnegative integers and only finite number of n} are
not equal to 0.

Proposition 4.2. For two vectors u and u’ of the form (53) the fusion of
induced modules is induced module:

Mu@My = My pur- (54)
For vectors
u = noUy + nguz + - - + NpUp, (55)
where no,ns,...,n, are nonnegative integers and vectors u, are given by

(48) the induced module M, is tilting and therefore decomposes into a
direct sum of projective and irreducible modules

-1

My = P Vs[n] B X, @@x (56)

1

’U

@
Il

The right hand side is the same as in (41) and n = (ng,ns,...,n,). We
note that whenever n, > 0 there is no modules X, in the decomposition,
thus Ns[n] = 0.

4.3. Characters of induced modules

The character of a module M is defined by

¥o(g) = Tra gm0 24, (57)

where Ly is the zero mode of T'(z) (15) and ¢ is given by (1). The characters
of irreducible A(p) modules X, are

To(@) = == (2 (0p-s0(@) + 00 (@) +2 (0 (0) — 01,(@)) ) (58)

n(g) \p

where the eta function is
oo
1
and the theta functions

boplt,2)= D> ¢4, gl <1, z€C,
j€Z+2p
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and we set 0, ,(q) =0s(q, 1) and 0/, ,(q) =220, (¢, 2)|,_,- As a q series
the same characters are

_L
24

X0 = Z ngt " E (59)

n=1 nezZ

In what follows we work with normalized characters yar = ¢~ 221y,
where A is the conformal dimension of the highest-weight vector in M.
We also insert in characters the dependence on additional variable z in the
following way

xai(q) = ¢ A Trac g™ 2", (60)

where h is the Cartan generator of s¢(2). Then the normalized character of
X, is

(p—s)? z

4" S L2 (An 5 L h )’
Xs(q,z)—mz Zﬁzj(q —q* ) (61)

n=1

This formula for the character immediately follows from (33). The charac-
ters of W(p) irreducible modules corresponds to even and odd powers of z
n (61)

2j (q%(n—i)2 _ q%(n+%)2), (63)

_-9? z
—+ _ q ar 2j E(n_i 2 B(n+§)2
Xs (q,Z) - Hzo_l(l _ qn) Z z (q4 4 P 9 (62)
- n€Neven j=—%
- (pZ;P 22:

R R

€Noaa j=

where Ngyen and Nygq are even and odd positive integers respectively.

4.4. Abelianization

The Gordon-type matrix

£ £ 1 2 3. p—1
£ £ 12 3. p—1
1 1 2 2 2. 2
A= 2 2 2 4 4. 4 (64)
3 3 2 4 6. 6
p—1p—12 4

D
[N}
—~
= .
(-
—_
~—
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determines an algebra A(p) with quadratic relations that admits a realiza-
tion in terms of vertex operators

at,a",H? ... H*»? (65)
with momenta
Uy, U, 0p,...,0P " (66)
with the scalar products
(T3, 05) = Ayj. (67)

We note that the matrix A is degenerate therefore for realization of .A(p) by
vertex operators we should take the space with a dimension greater than
p+1 with nondegenerate scalar product and construct in it the p+1 linearly
independent vectors (66) with the scalar product (67). The algebra A(p)
is related to A(p) in the following way. The algebra A(p) admits such a
multifiltration that the adjoint grading algebra is isomorphic to A(p). In
particular it means that A(p) can be considered a deformation of A(p),
i.e. there exists such a family of algebras Ap(p) that Ag(p) ~ A(p) and
An(p) ~ A(p) whenever h # 0.

Induced modules of A(p) are described by the same vectors u and
highest-weight conditions like A(p) ones (47). The algebra A(p) admits
a natural bigrading by operators Lo and h and the normalized character of
induced module M is

Xa(q) = Trag g0 2" (68)

Then, the normalized character of the module induced from the subalgebra
described by the vector u is

InAn+von

ny—n_ q2
R D N o v et P
where A is given by (64) and the vector
v=—u+vy (70)
with
Vlz(%,}%l,l,z...,p—l) (71)

and - is the standard scalar product. We note that z grading of at is +1
and z grading of H! is zero. In Ref. 6 it was shown that the characters of
Ap(p)-modules induced from u, (48) are independent of / and coincide with
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characters of A(p) irreducible modules (61). For irreducible characters, we
have xs(q, z2) = xv. (g, z) with

p—s p—s
( z

Ve =Ty Ty

,0,...0,1,2,....p—s). (72)
—_—— —————

s—1 p—s

Proposition 4.3. For the vectors u of the form (53), the formula (69)
gives the character of the A(p)-module induced from subalgebra described
by u.

The characters 14(q, z) of projective modules P, are

¥s(@:2) = 2xs(0,2) + 4" T (2 4+ 2 xpos(g, 2). (73)

Proof of Prop. 4.1.. The abelianisation technique was used in Ref. 14
for lattice VOA L(p) with the same matrix A but for even p. We note that
the results of Ref. 14 can be easily generalized for odd p. In particular, for
characters of YF there were obtained the fermionic formula

é.;t(qa Z) = ngz (qa Z)? v;t = 7u;‘: +V1' (74)

In the abelianization technique, we use a filtration on the algebra A(p). The
filtration determines a filtration on the cyclic module My, , (the highest-
wight vector is choosen to be cyclic). The adjoint graded module J\_/[uw is
a representation of A(p). We consider the A(p)-module M induced from
the same highest-weight conditions as My, ,.. The character of M is given
by a fermionic formula and the formula coincides with (74). On the other
hand the character of M is greater or equal to the character of My, .. This
means that the character of induced A(p)-module My, , coincides with the
character of the corresponding Y. The fact that the induced module My,
surjectively maps onto Y& completes the proof. O

5. Characters of multiplicity spaces
For a vector n = (ng,ns,...,n,) with nonnegative integer components, we
introduce the vector

m = (0,0,n2,n3,...,0p). (75)

Then the vector u from (55) can be written as

1
u= §mA. (76)
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We introduce polynomials K éfz (q,2) and K éprz (¢), which are related to the
characters of X;[n] and V,[n] respectively. These polynomials are written
in terms of ¢g-binomial coefficients

I1-.(1—¢")

n
1" = (77)
miq  J[75 0 - ) [I;5" (1 - ¢9)

for which we assume that [;;]q = 0 whenever n or m is fractional or

negative integer and whenever m > n.
For a vector n = (ng,ns, ..., n,) with nonnegative integer components,

we define polinomials
1

Kiflig) = 3 s gieee [ (Gmogh e )]
sezp+1 a€T a q
(78)

where the vector m is given by (75), e, are the standard basis vectors and
indices of each vector belong to the set Z. We also define a version of Kostka
polynomials

¢—|n|—1 _9
qg 2 K(SZ—)L()nz,ns,....,np_l)(q)’ for n, =0,

0, for n, > 0,

(79)

where standard level-restricted Kostka polynomials K ékg (q) are given by
the formula
k Asiv. .- (W—28)A—v+s
SHUEED STt | (] I
sezk 1<a<k “
2/s|=|u|—¢

where A;; = min(4, ), the vector v with components v; = max(i — k + £, 0)
fori=1,2,...,k and |u| = Zle ;.

Proposition 5.1. The characters of the multiplicity spaces Xe[n] and V¢[n]
(see (41)) are given by Ké’prz(q_l,z) and I_(éf)rz(q_l) respectively.

The character of the induced module M, is given by (69) with v =
—u+vy. The induced module is decomposed into a direct sum of irreducible
and projective modules (56), which gives an identity for characters.

Proposition 5.2. For given vector n = (ng,ns,...,ny) with nonnegative
integer components, there is the identity

X—tmatv, (4,2 ZK(”) Yxs(g, 2 +ZK“’) 2)¢s(a,2), (81)
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where xv (g, 2) is given by (69), xs(q,2) = xv.(q,2) with vy given by (72)

and s (q, z) is given by (73). Multiplicities from (41) are Ng[n] = st’,)l(l, 1)
and N,[n] = K&)(1).

=

5.1. Multiplicity spaces as coinvariants.

To comment the main identity for characters (81) and fermionic formu-
las (78) and (79), we come back to investigation of multiplicity spaces
Xs[n] and Vs[n]. We fix a vecor n = (ng,ns,...,n,) with nonnegative
integer components. For the vector u given by (55), we define a subalgebra
A(p)[u]~ C A(p) (compare with A(p)[u]* in Sec. 4.1) generated by

Ogy e HEY ., 1<n<p-1, meN,, (82)
where w = —u — A.

Proposition 5.3. The multiplicity space Xg[n] can be identified with
the space of coinvariants of A(p)[u]”™ calculated in the module X,
i.e. Xs/A(p)[u]~Xs.

We note that under the identification Xs[n] ~ X,/ A(p)[u]~ X, the natu-
ral gradings on these spaces differ by a sign, which leads to ¢~ ! in the
arguments of f{ﬁp), and I’{ﬁﬁ), in (81). The formula (78) is obtained with
the abelianization procedure. The representation X is replaced by the rep-
resentation X, (induced from the same highest-weight conditions) of the
algebra A(p). Then the calculation of coinvariants of A(p)[u]~ in X, gives
the fermionic formula (78).

We consider a sequence of vectors n that tends to a vector n., with at
least one component equals to infinity. Then we have

for even p

IA(S(pr)l(q7 Z) N Xs(qv Z)v ng+ng+---+ Np +s Odd, (83)
’ n—ne | (), no+mn3+---+n,+s even,
for odd p
Ks(pr)l(q’ Z) N Xs (Qa Z)a ng +ng+---+ Np + s Odd7 (84)
7 n—one | xF(q,2), na+mng+---+n,+s even,

where xI(q, z) are given by (62) and (63).
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Thus,
nlllnrqlx Xs[n), for even p,
x o nz+mns+---+np+s odd
s . .
nl_1>1111100 Xs[n] P n1—1>1111100 Xs[n], for odd p.
nz+ns+---+np+s odd nz+nz+---4+np+s even
(85)

Taking (41) into account, we obtain that sequence of induced from smaller
and smaller subalgebra A(p)[u]™
category 2 that is the regular A(p)-bimodule (see a discussion in Conclu-

modules converges to the object in the

sions).

Logarithmic (1, p) models and (p, p— 1) Virasoro minimal models are in
a badly understood duality. A manifestation of this duality is the fact that
Vs[n] is the space of coinvariants with respect to a subalgebra of Virasoro
in an irreducible module from (p,p — 1) minimal model. For example, for
p = 4, characters of V;[n] are given by

m m

~ L+ (=)™ mm-a) (Pr 1 2
Kff(>m7070)(Q) = ¢ ° (H(qj 24+ 1)+ H(qJ 2 — 1))’ (86)
j=1 j=1
> 1— (=)™ (m-1)(m=3) 2 )
Ymoo@=—5—a *  [[@+). (87)
j=1

|| (SIS | (R B

As m tends to infinity we have

o) _
_mm=2)

P) . 89
emoo®) 22, g2x3(g), mis odd, (59
_m(m=1) _
T K§?(>2m+170’0)(11) 2 xx(9), (90)

1
_mon? qzx1(q), m is even,
g 2 mo.o)@) — 2 91
s(aman0) {m(q% misodd,

where x0(q), x 1 (¢) and x e (q) are characters of the Ising model irreducible
representations with conformal dimensions 0, % and 11—6 respectively.
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5.2. Felder resolution
The characters of the multiplicity spaces can be obtained in alternative way
from the Felder resolution (35)

Syt By LUx o (92)

The multiplicity spaces X;[n] are spaces of coinvariants in X, (Prop. 5.3).
We let YF[n] denote the coinvariants in YI with respect to the algebra
A(p)[u]~ with u given by (55).

Conjecture 5.1. The Felder complex (92) remains exact after taking the
cotnvariants with respect to A(p)[u]~, i.e. the complex

— Y m 5y ) X m] -0 (93)

15 exact.

The character of YF[n] is expressed in terms of g-supernomial coeffi-
cients, which are defined as follows. For p — 1 dimensional vector m =
(ma,ms,...,my) and a half integer number ¢ = j/2, —e, - Am < j <
e, - Am, we introduce g-supernomial coefficients'”

H:m}] = Z qulé(ekH-Am—ek-/im—jkﬂ)jk

a dq
jetis++ip=a+ie,-Am
x [m] {m”‘,l +jp] [mQ,ﬂ'g] . (94)
Jp Ip—1 q J2 q
The character ££(q, 2) of YT is given by the fermionic formula (74). The
fermionic formula for the character £ [n](q, z) of coinvariants Y [n] is

O D D S

r€Z j€Nsaa

m m
—s+p(i+r)—1 = || —s+pG+r)+1 . (95)
2 q 2 q

where A, is given by (32) and Nggqq denotes the odd positive integers.
Whenever m,, > 0 formula (95) can be simplified to

m-—e
(¥ [m =3 arghnehu H—f B » ﬂ (96)
q

reZ 2 2

using identity
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m-—e —2-2\m
H a pﬂ — qip LA E qu,—a*Ame
q

J€Noaa

m m
X a+pj—1 —|lat+pi+1 : (97)
2 q 2 q

The fermionic formula for coinvariants in Y, with respect to some subalge-
bra of L(p) from Ref. 14 coincides with (96) up to notation.

The resolution (93) together with Conjecture 5.1 and the formula (95)
for characters of Y7 [n], gives an alternating sign formula for the character
of X;[n]. In the following proposition we use notation P(z)[z"], which means
the coefficient of the Laurent polynomial P(z) in front of z".

Proposition 5.4. For p—1 dimensional vector m = (mga, ms, ..., mp), we
have
2 p—2-2|m| __ . ) _ )
Kgf,ll(q, D =q 1 Ars E qRitre T Bn s p(itn TAL —stpGirt)

n,j€Noad

m m
X —s—1+pU+n+nr) || — || zst1l+pG+n+r)
2 q 2 q

— gRatrtp—s TAR —sp(tn) TAL s R

m
X Hlerp( +n+r)ﬂ —|:[s+1+p(j+n+7“)1 (98)
q 2 Lq
Remark 5.1. Whenever m,, > 0, (98) simplifies to
. m—e,
Kg?m Z q]+rs A’SH s j+r”
]eNodd _5 + p 2 q
. _ m—e
;P 1,
For the Steinberg module, (98) simplifies to
R®(q,2) = 3 qhaio—Bup= 5 i

JE€ENy

m m
X ., p—1 - . p+1
m4“jf p%+j;'
q q
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N R B S e s
reN JENp

(100)
X . P p—114 = P p+1
pj+or+ . pj+ o+ .

and whenever m, > 0 to

ep-Am

~ . m—e
K;z(fx)n(Q,Z) = Z quAHl-,p*Al,p |:|: pz pﬂ . (101)
2

j:—ep'Am q

6. Conclusions

In the paper, we studed modules M, induced from smaller and smaller
subalgebra A(p)[u]*. The endomorphism algebra End(My) of M, is a sub-
quotient of A(p), i.e. is the quotient of a subalgebra of A(p) over a two-side
ideal. We note that End(M,) is finite dimensional and can be described in
quantum group terms. Indeed, M, corresponds to an object My, in the ten-
sor category 2 and End(M,) is isomorphic to endomorphisms of My, in 2L.
For a sequence of vectors u with increasing components, algebras End(M,)
approximate A(p). Thus, there is a problem to formulate the previous state-
ment precisely, i.e. starting from a family of algebras End(M,,) described
in tensor category terms to construct the algebra A(p).

The algebra End(M,,) has a complicate structure but it contains the op-
erator corresponding to Ly from Virasoro subalgebra in A(p). We calculate
the action of this operator in the multiplicity spaces in tensor products. The
action of Ly in the multiplicity spaces is an additional datum to the data
of quasitensor category. We would like to formulate this datum in general
terms. This additional datum allows us to reconstruct the chiral conformal
field theory from tensor category.

Another important problem is a reconstruction of a complete (chiral-
antichiral) conformal field theory. The main object in the complete confor-
mal field theory is a bimodule P, which admits an action of two commuting
copies (one depending on z and another on z) of A(p). In terms of the cat-
egory 2 such a bimodule can be constructed in the following way. Modules
M, form a projective system and the projective limit gives P. A module
M, admits the action of A(p) corresponding to the holomorphic sector and
therefore the projective limit P also admits this action. The action of A(p)
corresponding to the antiholomorphic sector and commuting with the pre-
vious one can be defined in P as well. We described the structure of PP at the
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level of characters in (81). This P is the regular bimodule, i.e. it represents
the identity functor in the category of A(p) modules.

Everything said before this line is based on the two crusial statements
(7) and (81) of the paper. At the moment we do not know a proof of these
statements. However, we note that to prove these statements we should only
check (81). All other statements in the paper follows from (81) in more or
less standard way (see Ref. 14, where all steps of a similar proof were done
for lattice VOAs).

In Ref. 18 a class of lattice models was suggested. Scaling limits of
these models conjecturally coincide with W-symmetric logarithmic confor-
mal field models from Ref. 19. Strong arguments that the conjecture is
true was recently obtained in Ref. 20-22. Polynomials K S(ﬁ)n(q, z) give some
finitizations for the characters of irreducible W-modules. It would be very
instructive to compare the finitizations with characters corresponding to
finite lattices before taking the scaling limit.
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We revisit the quantum/classical integrable model correspondence in the con-

text of inhomogeneous finite length XXZ spin—% chains with periodic boundary

conditions and show that the Bethe scalar product of an arbitrary state and a
Bethe eigenstate is a discrete KP 7-function. The continuous Miwa variables
of discrete KP are the rapidities of the arbitrary state.

1. Introduction

Quantum models of the statistical mechanical type (the only quantum
models discussed in this note) such as integrable 1-dimensional quantum
spin chains, and classical models such as integrable nonlinear partial differ-
ential equations, are related in the sense that the methods used to compute
in the former, particularly the quantum inverse scattering transform, also
known as the algebraic Bethe Ansatz, are quantum versions of those used
to compute in the latter, namely the classical inverse scattering transform.
It is therefore natural to expect that the quantum integrable models have
classical limits in which they reduce to classical counterparts.

What is less than natural to expect, at least to our minds, is that basic
objects in quantum integrable models, such as the correlation functions,
turn out to have direct interpretations in terms of objects in classical inte-
grable models, such as solutions of integrable nonlinear partial differential
and difference equations, without taking a classical limit. But this turns out
to be the case, and it points to a direct connection between quantum and
classical integrable models that is distinct from, and to our minds at least
as fundamental as that obtained by taking a classical limit.
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Notes on the literature. The following is far from a comprehensive sur-
vey of the relevant literature. To the best of our knowledge, a direct con-
nection between quantum (statistical mechanical) and classical models of
the type that we are interested in first appeared in Ref. 1, where Ising
spin-spin correlation functions in the scaling limit were shown to satisfy
Painlevé equation of the third kind, and subsequently in Refs. 2,3, where
critical Ising correlation functions on the lattice were shown to satisfy the
Toda lattice equation in Hirota’s bilinear form. Further results, along the
same lines as in Ref. 1, for the XXZ spin chain at the free fermion point,
were obtained in Ref. 4, as reviewed in Ref. 5.

The fact that 7-functions (solutions of Hirota’s bilinear equations) ap-
pear in the Ising model as well as in KP theory was discussed in works by
the Kyoto group and reviewed in Ref. 6 where it was argued that the math-
ematical reason underlying this coincidence is the fact that both quantum
and classical models are based on infinite dimensional Lie algebras that are
realized in terms of free fermions.

Closest to the spirit of this note is the work of Krichever et al.,” reviewed
in Ref. 8. The starting point of Ref. 7 is the observation that the Bethe
eigenvalues satisfy Hirota’s difference equation, various limits of which lead
to a large number of integrable differential and difference equations.® We
will comment on the results of Ref. 7 and how they differ from the re-
sult in this note in section 6. More recently, studies of the ultra-discrete
limit of quantum integrable spin chains revealed many classical integrable
structures.'?

Finally, while we are only interested in integrable quantum models in
statistical mechanics in this note, it is important to mention bosonisation
(the operator formulation of Sato’s theory) as a deep and established cor-
respondence between the quantum field theories of free fermions, which are
integrable quantum models, and classical integrable hierarchies, as reviewed
in Ref. 11. In this correspondence, expectation values of fermion operators
have direct interpretations in terms of solutions of integrable nonlinear par-
tial differential equations. Bosonization was further extended to connect KP
theory and conformal field theories on Riemann surfaces (which are inte-
grable quantum models) in Ref. 12.

The long term aim of our work is to develop a correspondence between
integrable statistical mechanical models and classical integrable hierarchies
that is as direct and detailed as that obtained by bosonisation between free
fermions and classical integrable hierarchies.



XXZ scalar products, Miwa variables and discrete KP 63

Bethe scalar products and continuous KP 7-functions. Con-
sider the inhomogeneous length-IL XXZ spin—% chain with periodic
boundary conditions. Following Ref. 13, the Bethe scalar product

(M, AN|1, - s un)p of an arbitrary state (Aq,---,Anx| where the
auxiliary space rapidities {\1,---,An} are free, and a Bethe eigenstate
|ge1, -+, pun) g where the auxiliary space rapidities {1, -, pun} obey the

Bethe equations, is a polynomial 7-function of the continuous (differential)
KP hierarchy. In this identification, the KP time variables {t1,ts, -} are
power sums of the free rapidities {A1,--- , Ay }. However, these polynomial
KP 7-functions involve by construction more time variables than free ra-
pidities. The reason is as follows.

Expanding the scalar product in terms of Schur polynomials sy, as-
sociated to Young diagrams {\}, that are functions of the rapidities
{A1,--+,An}, the maximal number of rows in any Young diagram A is
N. Switching to KP time variables {¢1,t2, - -} that are powers sums in the
rapidities, we obtain character polynomials x that depend on effectively as
many time variables as the number of cells in (that is, the size of) A which
is larger than N. Consequently, the KP time variables {t1, t2, - - - } were for-
mally considered in Ref. 13 to be independent, and the Bethe scalar product
was defined as a restricted KP 7-function obtained by setting {¢1,t2,- - } to
be power sums of a smaller number of independent variables {A1,---, An}.

Bethe scalar products and discrete KP 7-functions. In this note,
we simplify the correspondence of Ref. 13 by working solely in terms of the
free rapidities {\1, -, Ay} which are now continuous Miwa variables and
the 7-functions that we obtain are those of the discrete KP hierarchy.'415

Outline of contents. In section 2, we recall basic facts related to sym-
metric functions, Casoratian matrices and Casoratian determinants. In 3,
we recall basic facts related to the XXZ Spin—% chain, the algebraic Bethe
Ansatz, the Bethe scalar product, recall Slavnov’s determinant expression
of the Bethe scalar product and show that it is a Casoratian determinant. In
4, we recall basic facts related to the continuous and discrete KP hierarchies
and define the Miwa variables that relate the two. In 5, we show that Bethe
scalar products in the XXZ spin—% chain with periodic boundary conditions
are discrete KP 7-functions. In 6, we collect a number of remarks. Space
limitations allow us to give no more than the minimal definitions necessary
to fix the notation and terminology supplemented by references to relevant
sources.
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2. Symmetric functions and Casoratians

The canonical reference to symmetric functions is Ref. 16. Casoratian ma-
trices and determinants are carefully discussed in Ref. 15. The definitions
in Ref. 15 are more general than those used in this note.

Frequently used notation. We use {z} for the set of finitely many vari-
ables {x1,z2, -+ ,zN}, or infinitely many variables {z1, za, - - }. The cardi-
nality of the set should be clear from the context. We use {Z,,} for {z} but
with the element x,, missing. In the case of sets with a repeated variable z;,
we use the superscript (m;) to indicate the multiplicity of z;, as in xgmi). For
example, {mgg),xg, a:gz), X4, }is the same as {x1, 21, 1,22, T3, T3, Tq, - }
and f{--- ,xgmi), -+ - } is equivalent to saying that f depends on m; distinct
variables all of which have the same value x;. For simplicity, we use x; to
indicate xl(l). In calculations, it is safer to think of any z; with multiplicity
m; > 1 initially as distinct, that is {z; 1,22, , Zim, }, then set these m;
variables equal to the same value x; at the end.

We use the bracket notation [z] = e* — e™?, and
Ay = [ @i-=z), AwgfM= J[ -] (1)
1<i<j<N 1<i<j<N

for the Vandermonde determinant and its trigonometric analogue.

The elementary symmetric function e;{x} in N variables {x} is the
coefficient of k% in the expansion

N [e%s)
H(1+xi k) =Ze¢{x} K (2)
i=1 i=0

For example, eg{z} = 1, e1(x1, 22, 23) = 21 + a2 + 23, ea(x1,22) = T122.
ei{x} =0, for i <0 and for i > N.

The complete symmetric function h;{x} in N variables {z} is the
coefficient of k? in the expansion

N

= > o)k )

i=1 =0

For example, ho{x} = 1, hi(z1,22,73) = 71 + T2 + T3, ha(71,72) = 27 +
r122 + 23, and h;{x} =0 for i < 0.
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Useful identities for h;{x}. From Eq. (3), it is straightforward to show
that

hi{l‘} = hi{i\m} + mmhi_l{x} (4)

and from that, one obtains

hi{xy,z2,- ,on} =
hle® g ... — a1 h 2 ... 5
’L{m]_ ;3727 71.N} J/']_ 171{‘7;1 71.2; ,Q'JN} ( )
(.TQ - xl)hi{xf)a 3352)79337 e axN} =
wohi{zy, o, oy} — whi{al? 20, 2N} (6)

The discrete derivative A,,h;{z} of h;{z} with respect to any one
variable z,, € {x} is defined using Eq. (4) as

Aphi{x} = = hi—1{z} (7)

m
Note that the effect of applying A,, to h;{z} is a complete symmetric
function h;_1{z} of degree ¢ — 1 in the same set of variables {z}. The
difference operator in Eq. (7) is not the most general definition of a discrete
derivative, but it is sufficient for the purposes of this note. For a more
general definition, see Ref. 15.

The Schur polynomial s){z} indexed by a Young diagram A =
Ay A with A; 20, for 1 <i<r,and \; =0, forr+1<i¢< N, is

det (mjj N ]

SA{x} = A{x} SIEN o det (hAi*i+j{x}) 1<ij<N (8)

For example, sg{z} = 1, s;yj(21, 72, 23) = o1 +T2+23, 571,1)(T1, 22) = 2172
The first equality in Eq. (8) is the definition of sy{z}. The second is the
Jacobi-Trudi identity for sy{x}. sx{x} is symmetric in the elements of {z}
and requires no more than r (the number of non-zero rows in \) variables
to be non-vanishing.
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The one-row character polynomial x;{t} indexed by a one-row Young
diagram of length 4, is the i-th coefficient in the generating series

Z)@{t} k' = exp [th kz] (9)
i=0 i=1

2 3
FOI' example, Xo{t} = 17 Xl{t} = tla XQ{t} = t?l +t25 X3{t} = % +t1t2+t37
and x;{t} = 0 for ¢ < 0. Since t; has degree 4, x; is not symmetric in {t}
and generally depends on as many t-variables as the row-length i.

The character polynomial xx{t} indexed by a Young diagram A =
[A1, A2, ..., \r] with 7 non-zero-length rows, r < N, is

Ya{t} = det [XM_Hj{t}] (10)

1<é,j<n
2 3 4 2
For example x[1,11{t} = 5 —t2, X2, {t} = & —t3, Xp{t} = 15 —tits +13.
Notice that x»{t} can depend on all ¢;, for ¢ < |A|, where |}| is the sum of
the lengths of all rows in (or area of) A.

From character polynomials to Schur polynomials. Assuming that
the t-variables are independent and that we have sufficiently many -
variables, then setting t,, — %Efil ™ sends x;{t} — hi{z}. In this
note, as in Ref. 13, we study Bethe scalar products that are polynomials
in N variables {z1,%2, -+ ,2n}. We can expand these scalar products in
terms of Schur polynomials sy{xz} where {A} has at most N rows, or in
terms of the corresponding character polynomials xx{t} that require more
t-variables (which are power sums in the z-variables) than N and therefore
cannot be all independent. We choose to work in terms of the x-variables
and sx{z}.

Casoratian matrices and determinants. A Casoratian matrix M of
the type that appears in this note is such that the elements M;; satisfy
either

Mi,j—i—l{x} = AliJ{Z‘}, or Mi+1,j{x} = AmMZJ{JZ} (11)

where the discrete derivative A,, is taken with respect to any one vari-
able x,, € {z}. If M is a Casoratian matrix, then det M is a Casoratian
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determinant. Casoratian determinants are discrete analogues of Wronskian
determinants.

3. The XXZ spin—% chain and the Algebraic Bethe Ansatz

The XXZ spin—% chain is discussed in detail in Ref. 17,18. A standard
reference to the algebraic Bethe Ansatz, including the Bethe scalar product
and Slavnov’s determinant expression, is Ref. 5. We leave the definition of
auxiliary and quantum spaces, auxiliary and quantum rapidities, and the
precise action of the various operators to Ref. 5.

Frequently used variables. In the following, L is the number of sites in a
periodic XXZ spin—% chain, and N is the number of Bethe operators B(u;)
that act on the reference state |0) to create an XXZ state |pu1, -+, pun). N
is also the rank of the matrix whose determinant is Slavnov’s expression for
the Bethe scalar product. We use the set {\} for the free auxiliary space
rapidities, {u} or more explicitly {ug} for the auxiliary space rapidities
that satisfy the Bethe equations, and {v} for the quantum space rapidities
(the inhomogeneities). A Bethe eigenstate state whose rapidities satisfy
the Bethe equations is also denoted by a subscript 3, such as [A\)g. v is
the crossing parameter. We use the exponentiated variables {x;, y;, z;, ¢} =
{eri et evi eV}, but still refer to the exponentiated variables {z,y, z} as
rapidities rather than exponentiated rapidities for simplicity.

The L-operator of the XXZ spin—% chain is

A=v+4+4] 0 0 0
Lai()‘vy) = 8 [)\[;]V] [/\[Z] l/] 8 (12)
0 0 0 M—v++]

at

where a is an auxiliary space index and ¢ is a quantum space index.

The monodromy matrix of the inhomogeneous length-L XXZ spin—%
chain is

L
Ta(N) = [ ég\\; ZB;E:\\g ] ) = il;[lLai(Aayi) (13)

where it is conventional to suppress the dependence on the inhomogeneous
quantum space rapidities v; in T, and its elements, and each of the operators
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A, B, C, and D acts in the tensor product V1 ®---®Vy, where V; is a vector
space isomorphic to C2.

The transfer matrix is the trace of the monodromy matrix over the
auxiliary space,

TroTu(\) = A(N) + D()) (14)

An arbitrary state |u) is generated by the action of the B(u) operators

on the reference state |0) = ®F ((1) ] )

1) = B(w) ... Bl [0) (15)
An arbitrary dual state (A| is generated by the action of the C(X)
operators on the dual reference state (0| = @~ [ 1 O] ,

(Al ={0[C(A\1)...C(An) (16)

The scalar product of a state and a dual state is

(Alw) = (0[C(A\1) ... C(AN) B(pa) - . B(pn)[0) (17)

A Bethe eigenstate |p)s is an eigenstate of the transfer matrix,

(AN + D)) s = Bl (18)

where E()) is the corresponding Bethe eigenvalue. For a state |u) to be a
Bethe eigenstate, its auxiliary space rapidities must satisfy a set of Bethe
equations.

The Bethe equations that must be satisfied by the N auxiliary space
rapidities of a state |u) = B(p1) -+ B(un)|0) in order to be a Bethe eigen-
state, in the specific case of the inhomogeneous length-L spin—% chain, are

[T e —vi +] ﬂ (i —pi =1 _ 1 (19)

[Tl —w] g =5+

where {11, -+, v}, are the quantum space rapidities, which are taken to be
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part of the parameters that specify the spin chain, rather than the definition
of the Bethe state.

A Bethe scalar product is a scalar product of an arbitrary state (| and

a Bethe eigenstate |u) g,

(Alu)g = (0[C (A1) ...C(AN) B(u1,p) - - - B(un,)|0) (20)

Bethe scalar products as in Eq. (20) play a central role in computing XXZ
correlation functions,'? hence their importance.

Slavnov’s determinant expression. In Ref. 20, Slavnov obtained an
elegant determinant expression for the Bethe scalar product,

N
=1 — 1
</\|,u>ﬂ = [’Y]NHWA{[)\}A{’[;}—’_ ’V H H ,Uk — Vl] det (21)
k=11=1

where the components of the N x N matrix €2 are

1
7T — gl — ug+v]
L N
[N — vk +7]
922
s M[ Ep v | Sevr H)\—MH-V (22)

k=1 1=1
Slavnov’s scalar product is the main object of interest in this note. We wish

to show that it is a Casoratian determinant and that the latter satisfy the
bilinear identities of a discrete KP hierarchy.!?

Re-writing Slavnov’s determinant expression. In Ref. 13, it was
found useful to rewrite Slavnov’s determinant expression for the Bethe
scalar product as follows. First, we change variables and work in terms
of exponentials of the original variables as follows

{e*, e, e 7} — {wi, i, 2, g} (23)

but continue to call the exponentials {z,y, z} rapidities as that is simpler
and should cause no confusion. Ignoring prefactors that do not depend on
{z}, it was shown in Ref. 13 that the relevant part of Slavnov’s determinant
expression can be re-written as
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0 N+L—-1 k
det ' = Az} where €;; = Z R Zyﬁ_k_l Pljs
k=1 =1

(24)

and

(yj — ynd®) '€(L+N—1){—Z7jq2}{—2}]

- [ 1T e - ZmQ)] [H (i —yna™?) -e(L+Nz>{—z7jq2}{—zq2}]

(25)

In Eq. (25), ex{y;}{z} is the k-th elementary symmetric polynomial in the
set of variables {y} U {z} with the omission of y;.

A Bethe scalar product is a Casoratian determinant. We wish to
show that Slavnov’s determinant expression is Casoratian in the free ra-
pidities {x} of the general state. Expanding det 2, using the Cauchy-Binet
identity, we obtain

N+L-1
det Q2 = det [ Z xffl fikj]
k=1

— Z det (mfj_l] det [liki,j]

1<k1<---<kn<N+L-1

AN1—j+i—1
E det (xz ’ det | Bay_ip1y+i
0<AN<-<A<L-1

Z det (mf‘j+N+17j71] det ("5/\i+N+1—i,j]

0<AN < <SA<L-1

(26)

From the definition of Schur polynomials that uses the Jacobi-Trudi identity
in Eq. (8) we obtain
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det Q
det Q) = N = Z det (h)\j—j-l-i{x}] det (Hki-i-N-H—iJ]
0<AN < <M <L-1
= > det [hANHerijH{JC}] det (/ﬂﬁNHﬂn‘]

0<AN < <Ai<L—-1

Z det [hkrz\/qﬂ'{ﬂf}] det [”iki,j]

1<k1<-<kn<N+L-1

N+L-1
:det[ Z hk—N—l-i—i{-T} Iikj] (27)

k=1

Hence det Q' is Casoratian in {z}. Next, we need to show that a Casoratian
determinant is a solution of the bilinear identities of discrete KP, but this
requires a number of definitions which we outline in the next section.

4. Continuous KP, Miwa variables and discrete KP

A standard introduction to the continuous KP hierarchy is Ref. 21. Miwa
variables are discussed in detail in Ref. 22 where further references to their
applications are provided. The discrete KP hierarchy was introduced in Ref.
9, and further studied in Refs. 14,23. In this note, we follow the treatment
in Ref. 15.

Continuous KP is an infinite hierarchy of integrable partial differential
equations generated in Hirota’s bilinear form by expanding the bilinear
identity

7{ IRy b k) =0 (28)
k

=koo 21

where k € P!, the contour integral is around the point at infinity Kip, finity €

]Pﬂ’ {t} = {t17t25t35 e }7 f(t, k) = Zzl tiki5 E(kil) = {%v #7 #a o '}7
{t+e(k™)} ={t1 £ f.t2 £ 5, t3 = 5z, - - - }. The simplest KP equation in
the hierarchy is

[D%+3D§—4D1D3] ror=0 (29)

where D; is the Hirota derivative with respect to t;. For the precise defini-
tion of D; and that of the notation 7 - 7, see Ref. 21.
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Continuous and discrete Miwa variables. In Ref. 23, Miwa introduced
two infinite sets of variables, the continuous variables {z} = {z1, 22, -},
and the discrete (and integer valued) variables {m} = {my, ma,---}, and
showed that setting

tj = Z m; —l (30)
i=1 J
transforms 7-functions of continuous KP to 7-functions of a hierarchy of bi-
linear difference equations, namely discrete KP, studied in detail in Ref. 14.
These variables are now known as continuous and discrete Miwa variables,
respectively,

Multiplicities. From Eq. (30), one can see that the discrete variables {m},
where m; € Z are multiplicities of the continuous variables {z}. In other
words, m; > 1 is equivalent to saying that x; occurs m; times in {z}, or
that there are m; continuous variables that have the same value x;.

Discrete KP is an infinite hierarchy of integrable partial difference equa-
tions in an infinite set of continuous Miwa variables {x}, where time evo-
lution is obtained by changing the multiplicities {m} of these variables. In
this note, we are interested in situation where the total number of con-
tinuous Miwa variables is finite, and the sum of all multiplicities is N. In
this case, the discrete KP hierarchy can be written in bilinear form as nxn
determinant equations

1z - m?_z x’f_QTH{x}T,l{x}
1ay - ah™ 2 b 2ro{a}r_ofz}
det S , =0 (31)
Loy - a2 o2 Az} {2}
where 3 < n < N, and
m mi+1 m
T+i{x} = T{l'g 1)7"' ,LEE * )’ ’x§\l N)}7
m_i{z} = T{xgmﬁ_l), e ,xﬁ"“), . ,x%’wﬂ)} (32)

In other words, if 7{z} has m; copies of the variable x;, then 7;{z} has m;+
1 copies of x; and the multiplicities of all other variables remain the same,
while 7_;{z} has one more copy of each variable except x;. Equivalently,
one can use the simpler notation
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TJrZ'{fL'} = T{ml,“- 7(mi + ].)7 ,771]\[}7
iz} =7{(m1+1), - ,my,--,(mn+1)} (33)

The simplest discrete KP bilinear difference equation, in the notation of
Eq. (33), is

zi(x; — xp)m{m; + 1,mj, mp}r{m;, m; +1,my + 1}
+ zj(zk — x)7{mq, m; + 1, mytr{m; + 1,m;, my + 1}
+ xp(x; — aj)T{m;, mj,mp + 1}r{m; + 1,m; + 1,m;;} =0  (34)

where {z;, z;, zx} € {} and {m;, m;, mi} € {m} are any two (correspond-
ing) triples in the sets of continuous and discrete (integral valued) Miwa
variables. Eq. (34) is the discrete analogue of Eq. (29).

Discrete time evolution in discrete KP. Each continuous Miwa vari-
able z; corresponds to a time variable in discrete KP. Time evolution in
discrete KP, in direction z;, is given by the discrete changes in the multi-
plicities m; of x;. Notice that as a multiplicity m; changes by +1, the rank
of the matrix M;4+1, where det M;+1 = 7;4+1 remains the same as the rank
of M, where det M = 7.

5. Bethe scalar products are discrete KP 7-functions

In this section, we adapt the general treatment of Ref. 15 to the specific
case of Slavnov’s determinant expressions. We do this in detail to show
explicitly that the general (and slightly abstract) identities and theorems
in Ref. 15 apply to Slavnov’s expressions.

Re-arranging the elements of Slavnov’s determinant. Given the
N x N matrix Q' with elements

N+L—-1
Wiy = Y hienoar{a) R (35)

k=1

let us consider the matrix Q" with elements

N+L-1

Wiy = Z Cik h;g,j{ac} (36)

k=1
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which is obtained from €’ by reordering the rows of the latter from bottom
to top, changing the rows and the columns and setting c;z = ki;. Notice
that we use w rather than w” for the elements of Q" to simplify the notation.
Since det Q' = (—)NWV=1D/2det Q, it is sufficient to show that Q satisfies
the difference bilinear identities of discrete KP.

Identities for the elements w;;. It follows from Eqgs. (4-5) that the
elements w;; of Q" satisfy analogous identities

wij{xl,...,xs,zl)7...7x]v} zwij{xl,...,xN}
+xmwi,jﬂ{ml,...,xfﬁ),...,acN} (37)
(2, — xs) wij{z1, ..., 2P, 2P ey} =
zr wij{z1,... ,xﬁz), o IN ) — s wig{T, .. ,x§2>, ...,xn} (38)
From Eq. (7), we see that
Apwi{zy, ..., oN} = wijri{z1,..., o8} (39)

which is equivalent to the statement that det Q2 is Casoratian.

Notation for column vectors with elements w;;. We need the column

vector
wlj{xémli,...,x?w;}
woi{zi™ ey
5 |t ) o
wNj{xgml),...,msz,nN)}
and write
wlj{xgml),...,x%’fklﬂz,...,x,}f’“"Jrl;,...,xS\’,nN)}
(m1) mp, +1 mp,, +1 (mn)
woi{xy™ . T U ST
@,gkl,...,kn] _ 21{ 1 k1 . kn N } (41)
wNj{xgml),...,x,(:klﬂ),...,a:,(CZL"‘"H),...,x%nN)}

for the corresponding column vector where the multiplicities of the variables
Thys ", Xk, are increased by 1.
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Notation for determinants with elements w;;. We also need the de-
terminant

7 = det [wlwg.-~aN]=|wlﬁz~-~&N (42)

and the notation

rlorka] ’@’yflw")kn] Jjgklx"wkn] L. O‘U‘E\I;l)“wkn] ‘ (43)

for the determinant with shifted multiplicities. Next, and closely following
Ref. 15, we derive two identities involving Casoratian determinants with
elements w;;.

Casoratian identity 1. The first identity that we need is

op 2 W =Gy By o O BN, (44)

which is derived as follows. From Eq. (43), we have

S1] - sl
T[l]:‘wg]wg] ---wEV]| (45)

In view of Eq. (37), subtracting z; times column j + 1 from column j in
this determinant for j =1,2,..., N — 1 allows us to write

7'[1] = |031 (.«72 JN—l (f}][\l,] (46)
Multiplying column N by x; and adding column N — 1 to the result, we

obtain

X1 7'[1] = Jl QQ QN—l Jj[\l,}fl (47)

Similarly, multiplying column N in Eq. (47) by 21 and subtracting column
N — 2 yields

z? 1 = }@'1 Wy -+ ON_1 Qg\lr]—z} (48)

Iterating this procedure by multiplying column N by z; and subtracting
column N — j, we obtain Eq. (44).
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Casoratian identity 2. The second identity that we need is

II G wrtt =

1<r<s<n
- ~[n] ~[n—1] =[1]
’wl...wN n ON 1 ON_mg1 - DNna (49)

which is derived as follows. From Eq. (47), it follows that

R IR S = o (50)

which we can rewrite by subtracting x5 times column j + 1 from column j
forj=1,2,...,N —2 as
T 7[1’2] = |(31 (32 s wN 2 wEV] 1 wg\l, 2]1 (51)

Multiplying column N by (z1 — 22) and applying Eq. (38), we see that
=[2]  of1]

(1 — z2)21 b2 = $1|w1 W2 -+ ON—2 GN_1 COn—q
— @@y By o By By, T (52)

Since the last two columns of the latter determinant are identical, we obtain

(w1 —22) 0 = | @) ... Gy2 GY_, G | (53)
which establishes Eq. (49) for n = 2. Now suppose inductively that
H (1‘7’ _ xs) 7_[1,...,11] —
1<r<s<n
= - —[n —[n—1 1
|w1 cor WN-n WE\LnH Ev n]+1 J[V] w1 | (54)
then analogously to Eq. (47), we have
(e T1 (oot
i=1 1<r<s<n
H‘g 3 glnl =1 = [1] |
1 «vr WN-n Wn_pi1 WN_nyl N—-n+1
[n]  sl-1] u—;}[\l’] |

TR | I i (55)
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It follows that

n

£ H (xr - xs) ,7_[1,...7n,n+1] =
1

= 1<r<s<n
I =S I AT
- " ~n+1] anontl] o[n—1n+1 ~[1,n+1
|w1 e ON—n—1 wj[z,lfn] wk}_n:] wk}_nwr] wgvf:w (56)
Using Eq. (38) repeatedly gives
H (i — Zpg1) X
1<i<n
. . =[n+1]  =[nn+l]  S[n—1,n+1] -[1,n+1] o
|w1 cvr WN—n—-1 Wn_,, Wn_, Wn_p W ‘ =
n
- - S+l - ~[n—1 -0
sz- |w1 e ON—p—1 w%fn} w%]_n wk}_n} wEV]_n| (57)
i=1
Combining this with Eq. (56) shows that
H () — x5) A
1<r<s<n+1
. R . Sln—1 NG
|w1 ceo ON—p—1 wE\T,L]_n wk;_n} wEV]_n| (58)

thereby completing the proof of Eq. (49). We are finally in a position to
complete the proof that Slavnov’s determinant expressions are discrete KP
7-functions.

Bilinear identities from Laplace expansions. Following Ref. 15, we
consider the 2N x2N determinant, which is identically zero,

- - Y| 0 0 ~[n] ~[2]
Wit WN-1WN_ o V1 UN—nt1l Wy _pyo " WN_pyo
det 1 - - _in 1 =0
1 O OGN g0 W1 ON 1l ON o DN g0

(59)

where we have used subscripts to label the zero elements with the positions
of the columns that they are in for notational clarity. Performing a Laplace
expansion of the left hand side of Eq. (59) in N x N minors along the top
N x N block, we obtain
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n

Do) TG GG [

v=1

- - ~[n] Sv+1] Sv—1) -[1] o
| Wi WN—nt1lWN_ o " WN_ppoWN _pnyo  "WN_pi2 | =0 (60)

Using Egs. (44-49), Eq. (60) becomes

Z(_)u—lmZ—Z T[y] H (xr _ xS)T[l,...D...,n} -0 (61)

v=1 1<r<s<n
r,S#V

which we recognise as the cofactor expansion of the determinant in Eq.
(31) using the last column. Hence we conclude that Slavnov’s determinant
expression for the XXZ Bethe scalar product is a 7-function of discrete KP.

6. Remarks

Shifted 7-functions are not Bethe scalar products. A Bethe scalar
product that involves m; rapidities x;, for i = 1,2, - ,4maz, is a Ca-
soratian determinant of a matrix of rank r = Ez:‘{m m;. Let us de-
note the corresponding 7-function by 7 = T{xgml), e ,xgm'i), e ,x%"N)}.
Now let us consider a time evolution of the latter, for example 7,41 =
T{xgml), o ,xEmiH), e ,x%nN)}. Time evolution has increased the multi-

plicities by 1, but kept the rank of the corresponding Casoratian determi-
nant the same, thus we cannot interpret 7,4; as a Bethe scalar product and
it remains unclear to us how to interpret the discrete time evolution of a
Bethe scalar product in the language of the XXZ spin chain.

Fermionization remains valid. Continuous KP 7-functions can be writ-
ten as expectation values of charged free fermion operators.?! This remains
the case for discrete KP 7-functions and was the starting point of the re-
sults of Refs. 14,23. In Ref. 13, the fermion expectation value version of
Slavnov’s determinant expression was obtained based on an earlier result.2%
It is straightforward to show that this result remains the same as the con-
tinuous KP time variables are restricted to be power sums of a finite and
smaller number of continuous Miwa variables.

Relation to the work of Krichever et al. As mentioned earlier, our
result is close in spirit to that of Krichever et al.”® and works that followed
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including Refs. 24,25. The starting point of Ref. 7 is that the Bethe eigen-
values satisfy a bilinear identity that has the same structure as Hirota’s
bilinear difference equation and hence can be identified with 7-functions of
a discrete hierarchy. From this, a large number of interesting results follow,
including an identification of the fusion rules of the transfer matrices of the
quantum spin chain with Hirota’s difference equations, that each step in the
nested Bethe Ansatz approach to the spin chain is identified with a clas-
sical Backlund transformation, and most interestingly that the eigenvalues
of Baxter’s ) operator are classical (suitably normalized) Baker-Akhiezer
functions. On the other hand, our result is that it is the Bethe scalar prod-
uct of a Bethe eigenstate rather than the corresponding Bethe eigenvalue
that is identified with a discrete KP 7-function, and we are far from ob-
taining further results that are analogous to those of Ref. 7. We hope that
our identification is compatible with and complements that of Ref. 7.

Relation to the work of Sato and Sato. Eq. (61) also follows from
Theorem 3 of Sato and Sato.2” We didn’t know this when we obtained our
proof, and the existence of more than one proof can only shed more light
on the result obtained.
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This is a pedagogical review on recent progress in the exact evaluation of physi-
cal quantities in interacting quantum systems at finite temperatures. Quantum
spin chains are discussed in detail as typical examples.

Keywords: Quantum Transfer Matrix; correlation functions at finite tempera-
tures.

1. Introduction

The evaluation of the thermal average of physical quantities is one of the
main aims in statistical mechanics. The density matrix of a system is the
most fundamental quantity to achieve this aim. Its diagonalization, how-
ever, becomes exponentially difficult with growing system size L. One in-
evitably has to give up this procedure in the thermodynamic limit. An
alternative approach for quantum systems is to diagonalize the Hamilto-
nian, and to sum up the contributions from each eigenstate. This means to
divide the problem into two parts: (1) diagonalize, and (2) sum up. Again,
both procedures become exponentially difficult with the increase of L.

In this article we re-consider this problem for integrable quantum spin
chains. We will show how the integrability helps bypassing the difficulties
and yields exact estimates. The first problem, the diagonalization of the
Hamiltonian, can, in principle, be solved by the celebrated Bethe ansatz.
The second step, however, remains as a cliff wall. A first breakthrough, the
string hypothesis approach, was achieved in the early 70’s.’? In this ap-
proach one introduces so-called root density functions of strings and holes
of various lengths for the diagonalization. The free energy becomes a func-
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tional of these density functions, which is claimed to be exact near its min-
imum. Therefore the variational estimate (w.r.t. density functions), with
a fixed energy of the system, yields the exact free energy. The string hy-
pothesis formulation can be regarded as a micro-canonical approach. It is
supported by many consistency tests. We conclude that within the string
hypothesis approach the diagonalization is achieved, but the summation is
cleverly avoided.

In order to evaluate thermal expectation values of operators, it is better
to deal with the canonical ensemble. We therefore consider an alternative
approach based on the Quantum Transfer Matrix (QTM).%® It utilizes an
exact mapping between a 1D quantum system at finite temperatures and
a 2D classical system. At first sight the formulation may look tautological
and may seem to be suffering from the need of “summation”. Yet, the
main claim of the QTM formulation is that this is not the case. As in the
string hypothesis approach the “summation” can be avoided. Moreover,
the QTM makes the evaluation of many quantities of physical relevance
straightforward.

This article is organized as follows. In Sec. 2, we present a review on
the QTM formulation. The results for the bulk quantities will be summa-
rized in Sec. 2.3. In the rest of Sec. 2, we supplement arguments to justify
the formula in Sec. 2.3. The non-linear integral equation (NLIE) will be
explained in Sec. 3 together with an example for the explicit evaluation
of bulk quantities. The evaluation of the reduced density matrix elements
(DME) will be discussed in Sec. 4.

2. The QTM formulation
2.1. The problem

Let H be the Hamiltonian of a 1D quantum system of size L and V its
space of states. Our goal is to calculate the thermal expectation value of
any physical quantity O at temperature T'(= 1/4)* in the limit L — oo,

(©) = lim fry O™

L= Zip(f) Zip(B) = try e M = Zj:e_ﬂEj- O

Here E; stands for an eigenvalue of H.
The definition requires both diagonalization and summation. Below we
shall show how we can avoid the latter within the framework of QTM.

2The Boltzmann constant kp is set to be unity in this report.
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2.2. The Baxter-Lischer formula

To be concrete, we specify a Hamiltonian. As a prototypical integrable
lattice system we choose the 1D spin % XXZ model,

L L
H= JZ(J;J;H + oYY, + Aoior,, + 1)): Shige (2)
j=1 j=1

where the 0% (a = z,y, 2z) are the Pauli matrices. The periodic boundary
conditions (PBCs) imply o¢,, = of. The anisotropy is parameterized as
A = cos~y. The Hamiltonian acts on “the physical space” Vppys := ®f:1 V;
where V; denotes the jth copy of a two-dimensional vector space cie4 +
c2e_. The trace in (1) must be performed over Vpnys. By definition the
“Hamiltonian density” ilj’jJr] is the jth summand in the first sum in (2).
It acts non-trivially only on V; ® V1.

The above Hamiltonian is integrable in the following sense. Let R(u,v)
be the Uq(ﬁ/[\g) R matrix,’

[1 + ugv] ;
R(U ’U) — [ugv] q 2 [’LL] = qu - qiu
’ qu;v [u;,u] q— q71
[1 4 u;v]

depending on the spectral parameters (or rapidities) u,v € C. We define
E§ s.t. (Ef)ij = 0a,i0p,- Then the matrix elements R3] can be read off
from

R(u,v) = Z R5 (u,v)Ef @ ES.
a,B3,7,6=1,2

The index 1(2) refers to e4(e_). See fig. 1 for a graphic representation. We

+ + +
I P B o
v o + v ‘ - +v v )
")/ + + T o
RGJ(u,v) [+ 1] [*5*] =

Fig. 1. A graphic representation for Rgg (u,v) and some examples

put arrows, to distinguish the R matrix from other R matrices appearing
below. The reader should not confuse them with physical variables.
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By Rj j+1(u,v) we mean the R matrlx acting non-trivially only on the
tensor product Vj(u) ® Vj41(v) of Uq( 2) modules. We also introduce the
intertwiner R}, (u,v) = Pjj11R;j41(u,v), where P : Vj(u) ® Vi1 (v) —
Vit1(v) ® V;(u). Then, with ¢ = €*7, we have the expansion

2
4J sin~y

RY, . (u,0) =1+ w(hjji +hj 1)+ Ou?),

where ﬁ'j,jﬂ = iJsiny(oF — 07, ). We introduce the row-to-row (RTR)
transfer matrix Trrr(v) € End(Vpnys),
Trrr(u) = troRa, (4, 0)Ra,—1(u,0) - -+ Rg 1(u, 0). 3)

With the lattice translation operator e’ shifting the state by one site, we
obtain the Baxter-Liischer formula®

Trrr(u) = e (1+

4an H+O(u )) (4)

Note that the % j.j+1 terms cancel due to the PBCs. The huge symmetry
U (5[2) is at the bottom of the integrability of the Hamiltonian.

2.3. A summary of results for bulk quantities

We first present the formula for the free energy per site in the QTM for-

malism. A supplemental discussion will be given in subsequent sections.
We introduce the transposed R matrix” R, (u,v) by (R')3] (u,v) =

Rfy%(v,u). See fig. 2. The QTM does not act on Vpnys but on a fictitious

o S e o

<Rt>55<u o) 5+ [

Fig. 2. A graphic representation for (Rt)gg (u,v) and some examples

space Viyotter = Vi(u) ® Va(—u) ® -+ Vn_1(u) ® Vy(—u). The fictitious
system size IV is often referred to as the Trotter number. The parameter u
is fixed to be

4BJsiny 4 sinvy
4N  ANT
In its most sophisticated version, the QTM is explicitly defined by,”

Torm(x,u) = trgRen (i, —u)ngN_l(m, u) -+ Rao(iz, —u) R (im,u).  (5)



Quantum spin chains at finite temperatures 85

The new parameter x will later play the role of a spectral parameter. The
factor ¢ is introduced for convenience.

We are now in a position to write down the formula for the free energy
per site in the thermodynamic limit, f = —limp . %ln Z1p(0).

Theorem 2.1. Let Ao be the largest eigenvalue of Torar(0,w). Then the
free energy per site is solely given by Ao,

=~ lim TlAq. (6)

The limit N — oo is referred to as the Trotter limit. As was announced
earlier, eq. (6) expresses [ without recourse to any summation. We also note
that In Ag itself is already intensive, which may reflect the size dependent
interaction of the system.

The quantitative analysis of (6) is most efficiently performed by means
of the NLIE. Having in mind the examples, from now on we are considering

only J = %, v — 0and u = —%, consequently. Let a be the unique solution
to the NLIEP
, 2 dy
In Cl(l') = /860((E + ’L) — . m In Ql(y)? (7)
2
=h4+ ——— A:=1 .
eo(x) + @)@ +9) +a

Here the contour C is a closed narrow loop which encircles all “Bethe
roots”. We added a Zeeman term % Z o3 to the Hamiltonian so that
diag(exp(— Bh) exp(ﬁh)) is inserted in the trace in (5). Then we have the
following

Theorem 2.2. The free energy per site can be evaluated in terms of the
solution to the NLIE.
16} / 1 dx
=—(14h)— | ———InA(x 8
8f =50 h) — | @) T ®)

Note that the NLIE (7) and the expression for f in (8) are independent
of N. The extension to arbitrary .J, vy is straightforward.

Below we shall comment on the derivation of the formula. By presenting
supplementary arguments, we wish to convince the reader that the above
formalism, seemingly complicated, is actually necessary and efficient for
many purposes. Hereafter we set again h = 0 for simplicity.

bTo be precise, there are, in general, several equivalent versions of NLIEs. We present
one of these below.
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2.4. The 1D quantum partition function as a 2D classical
partition function

We define a rotated R matrix R(u,v) by ﬁgg(u,v) = R)%(v,u) (fig. 3).
Then we introduce a rotated transfer matrix Trrr (u) € End(Vpnys) by

fRTR(U') = traéa,L(_ua O)Ra,L—l(_ua O) te Ra,l(_ua O)
Analogous to (4) Trrr(u) = e (1 + uH + O(u?)). We thus obtain an

5 i H .
" U U ) LU )
a—£<~ﬂ ! ! ' y y
v + + +
'7 v— ’L)E’U. 1

+ -
v
U
> +1
Fig. 3. A graphic representation for Rg} (u,v) and some examples

égg(u, v)

important identity,

Z1p(B) = try,,,.e 7T = i tre, (Taoubte(w) |, _ s 9)

where Tgouble(t) := TRTR(u)fRTR(u). The rhs of (9) can be interpreted as
a partition function of a 2D classical system defined on N x L sites (fig. 4),

ZlD(ﬁ) = J\}Enoo Z2Dc1assical(N7 Lyu= _%)

This equivalence lies in the heart of the QTM formalism. The expression

(9) itself, however, is of no direct use for the actual evaluation of physical

quantities for the following reason. Let the eigenvalue spectrum of Trrr (u)

be Ao(x) > A1 (z) > Aa(x) > ---. We introduced & = i ~!(u+1) for technical
reasons. It is easy to see that Txrrr(u) has the same spectrum. Thus,

N A(@) N Ae(x)\N
A 1 --- ). (10
o)™ (1+ (5" + (S ++++)- 00
The eigenvalue A;(x) is characterized by its zeros £6, (a = 1,2,...) on the
real axis (holes). We know numerically that for low excitations, 6, ~ In L

N
2

terhyS (Tdouble (u))

and also that A\;(z) is analytic and nonzero in the strip |Smz| < 1 except
at +6,. Let us introduce an analytic and nonzero function near the real
axis, )\g-, by Aj(z) = [[,th§(z — 6.)th T (z + 9a))\§ (x). It approximately
satisfies the inversion relation for L > 1,

Ne(z — i)\ + 1) = ¢(a), (11)
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Fig. 4. Fictitious two-dimensional system

where ¢(z) is a known function common to any j. Thus, we simply have

ke

s ™
chz(x—ﬁa)thz(m—i-ﬂa)

For very low excitations, we take a single pair of holes, substitute 6, ~
% In QX—_L and take the large L limit. Then we arrive at the estimate (u ~ 0)
J

lula,

~e L thus ‘

~ e izlul, (12)

N
) A (@)
Ao() Ao(z)

For a usual 2D classical system we can consider an infinitely long cylinder

and take % > 1. We thus have to take into account only the first term
on the rhs in (10). By contrast, the spectral parameter depends on the

fictitious system size u = —% in the present case. Therefore, as long as
T # 0, we have
N
s
‘ 1G] N O(1) for L>> 1.

)\0(.’1?)

Fig. 5 presents numerical evidence for the above argument. The left figure
shows the histogram of the distribution of |A;/Ag| for ¢ = 1,L = 10,u =
—0.01 in the sector with vanishing magnetization. One clearly sees that
the maximum of the distribution lies near |A;/Ag| ~ 1. The right figure
magnifies the region near |A;/Xo| ~ 1. The maximum is located around
[A;/Xo| ~ 0.96. We believe that, with increasing L, the peak moves towards
|A;j/Xo| ~ 1. These findings are consistent with (12). Hence, we conclude
that infinitely many terms of the sum in the rhs of (10) contribute non-
trivially, and eq. (9) is of no practical use.
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6vertex model_Row to Row spectra: L=10 u=-0.01

200,
401

150
30,

100f
20,

50, 10|

6vertex model_Row to Row spectra: L=10 u=-0.01

0.2 04 0.6 0.8 10 094 09 09 097 098

099  1.00

Fig. 5. The distribution of eigenvalues. The horizontal axis is the absolute value of
the eigenvalues normalized by the largest one. The left figures ranges over [0,1] in the

horizontal direction, and the right one is zoomed into the range [0.93,1].

2.5. Commuting QTM

A crucial observation was made in Ref. 4. We start from the same two-

dimensional classical model in fig. 4. We consider, however, the transfer

matrix propagating in horizontal direction, that is, T¢,ry;(u). Equivalently,

one can rotate the system by 90°. Then we define a transfer matrix prop-

agating in vertical direction, Tqrm(u) (see fig. 2.5). The latter is more

convenient for our formulation.
The partition function is then given by,

. L
ZlD(ﬁ) = ]\}Enoo trVTrotter (TQTM (U)) ‘

—_B
- N
THT™
P S O R
[e]
u;\ . . . /_\90
N Y W T
<4 <3 <3 <3 —Uu v v QTM
Y Y
L I N T A 4
WYY
d 0 0 0 U —-u u —-u

Fig. 6. The graphical definition of TqT.

Let the eigenvalue spectrum of Tgrwm(u) be Ag(u) > Aq(u) > Ag(u) >

(13)
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--+. Then we have an expansion similar to (10)

Alu Agu
tmhmxnﬂM@»Lz@%@»L@+(migf+(m&bL+“),a@

Our physical interest is in the free energy per site f in the thermody-
namic limit L — oo.

f= —% Llim lim {lnAO(u)

—00 N—00
(o () + () )

Proposition 2.1. The two limits in (15) are exchangeable.

- (15)

We supplement an argument which claims that the second term in the sec-
ond line in (15) is negligible for L — co. The previous argument, using the
inversion relation (11) can not be applied directly as the spectral parameter
u is already fixed as —% in the present problem.

We introduce a slight generalization, a commuting QTM Tora(x,u),
by assigning the parameter iz in “horizontal” direction.!® The substitution
2 = 0 recovers the previous results. The precise definition is shown in (5).
Hereafter we drop the u dependence as it is always — % Let 7grm(x) be the
corresponding monodromy matrix. Then it is easy to see that monodromy

matrices are intertwined by the same R matrix as in the RTR case,
R(z,2")Tqrv(z) ® Torm(2') = Toru(e') @ Torm(z)R(z,2').  (16)

This immediately proves the commutativity of Tqrm(z) with different z’s.
The most important consequence of introducing x is that we have the
inversion relation in this new “coordinate”,

A (@ — i) AS(z + i) = (x,u) (17)

where we set again Aj(x) =[], th F(z — 0,) th T (z + Ha)Ag- (z). Note that
Ag- (x) also depends on the “old” spectral parameter u, which is set to be
—% on both sides. The known function v is again independent of j. The
analysis of the Bethe ansatz equation associated to the QTM implies that

W~ %ln 2—6 for large (8. Then, proceeding as before, we obtain,
’Aj () Ay(x)
Ao(z) Ao(z)

The diagonalization for fixed N clearly shows the gap between the eigen-
values, which is consistent with the above argument. Thus, at any finite

L
AL
173 chZxz

Av
i us
e~ 7 hiT thus ‘
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temperature, the second term in (15) is negligible for L — co. We then
conclude that the formula (6) is valid.

Although we made use of the integrability of the model in the above
argument, the validity of the formula is actually independent of it. See the
proof in Ref. 4.

3. Diagonalization and NLIE
3.1. Bethe roots

Thanks to (16), one can apply the machinery of the quantum inverse scat-
tering method, devised originally for the diagonalization of Trrr, to the
diagonalization of Tqrm. We skip the derivation and present only results
relevant for our subsequent discussion®. We fix N for a while. Then the
eigenvalue of TqTwm is given by

A (z) = a() 0w + d(z) 0w (18)
a(z) == ¢y (x4 20)p_(x) d(z) = ¢ (v — 2i) ¢ (2)
)= L= ou(0) = (55

The different sets of Bethe roots {x;} correspond to the different eigenval-
ues. They satisfy the Bethe ansatz equation (BAE),

a(zj)  Qw; +2i) )
doy) Q) SIE™ 19

For the largest eigenvalue the number of roots m equals %

To evaluate f via (6) we need the largest AXY) for N — oo. This means

we must deal with infinitely many roots in the limit, which resembles the
situation encountered in the evaluation of the free energy in the thermody-
namic limit of a classical 2D model by means of the RTR transfer matrix.
Still, we would like to comment on the qualitative difference in the root dis-
tribution between such “standard” case and the problem under discussion.

Fig. 7 shows the distribution of the positive half of BAE roots for the
largest eigenvalue of Trrr (left) and Tqrm (right) for various system sizes.
The distribution of RTR roots behaves smoothly for large system size. The
limiting shape of the distribution (the root density function) is a smooth
function satisfying a linear integral equation. For T, on the other hand,

€A technical remark: the vacuum is conveniently chosen (4, —,+,—,---).
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Rational —Row to Row BAE Roots L=8,16,32,64,128 Rational QTM BAE Roots beta=0.4 N=8,16,32,64,128

0.5 10 15 20 25 30 002 004 006 008 010 012 014

Fig. 7. The positive half of BAE roots for RTR (left) and for QTM (right) with system
size, from 8 (bottom) to 128 (top).

a few large roots remain isolated at almost the same positions as N in-
creases, while close to the origin more and more Bethe roots cluster.

Let us describe this in detail. Using the NLIE technique, we can derive
an approximate BAE equation (see the discussion after (25)),

N - ) .
5111( m)N(HjH)M. (20)

The hole 6, corresponds to the branch cut integer I ,.x = % — %, and this
implies 0, ~ %lnﬁ for 5 > 1, which was used in the last subsection.

Near the origin, we set x; = %@, and obtain the approximate distri-
bution of Z; as an algebraic function,

L1 —1I; 1
)= i Jj+ J ~ .
r(@) NS Ny — ;) 2n(@2+1)

This differs from the usual root density function which decays exponentially
as |z| — oo. In the original variable, if we take the Trotter limit naively,

p(x) ~ lim _ ~ 15(1’)

lul—0 27 (22 + u?) 2
Namely the distribution of the BAE roots for Tqrum is singular in the Trotter
limit. We thus conclude that the usual root density method may not be
applicable, and we have to devise a different tool.

Let us stress again that the cancellation of the order of N many terms
in InA®) is a unique property of the QTM. In the RTR case O(L) many
terms can survive, and we obtain intensive quantities (e.g., the free energy
per site) only after dividing by L. On the other hand, In AW is already an
intensive quantity, as remarked after Theorem 2.1. The cancellation is thus
vital. The O(e) terms, a(x),d(r) must be canceled by the denominator
Q(z), resulting in O(1) quantities. According to this point of view, (18) is
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(again) not practical, as the ratios of O(e’) terms are still present. Thus,
we understand (18) still as a starting point, not as the goal.

One must intrinsically deal with a finite size system with coupling con-
stant u depending on the Trotter size, and then take the Trotter limit. Such
an attempt was executed first numerically® by extrapolation in V. The ana-
lytic low temperature expansion was performed? based on the Wiener-Hopf
method. Below we shall present the most sophisticated approach which uti-

lizes the commuting QTM in a most efficient manner.”

3.2. Non-linear Integral Equation (NLIE)

The introduction of the new spectral parameter x plays a fundamental
role. Instead of dealing with the BAE roots directly, we make use of the
analyticity of specially chosen auxiliary functions in the complex x plane.
There are various approaches. One of them is to introduce the fusion
hierarchy of the QTM, which contains the original TqTwm as 77. In place of
the BAE one uses the functional relations among fusion transfer matrices,

Tin(x — )T (x +14) = () + Trn—1(2) Trtr (). (21)

Here v is nothing but ¢ in the inversion relation (17), where the small
term ToT% /11 was neglected. As {T},} constitutes a commuting family,
the same relation holds among the eigenvalues. We thus use the same
symbol T,, for the eigenvalue. After a change of variables, y,,(z) =
Tr—1(2)Tht1(x)/tm(x), one can transform the algebraic equations into
integral equations under certain assumptions on the analyticity of y,,. The
resultant equations coincide with the Thermodynamic Bethe Ansatz equa-
tions.!%!! The string hypothesis is thus replaced by an assumption on the
analyticity of y,,. The coupled set of equations may fix the values of 77 (x).
Then Ag = T1(0) yields the free energy per site f. A technical problem in
this approach is that we must deal with an infinite number of y,, functions,
which requires a truncation of the equations in an approximate manner.

Below we shall discuss another approach originally devised in the con-
text of the evaluation of finite size corrections.!'? We define the auxiliary
function ay(x) by the ratio of the two terms in AN (z) (18),

an(z) = %% An(z) =1+ an(z).

The suffix N is introduced to recall that we are fixing IV finite here. The
BAE (19) is equivalent to the condition

an(zj) =—1 or Inay(z;) = (2I; + 1)mi. (22)
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We also note that lim,|—. an(z) = 1 by construction.

We then adopt the following assumptions for the analytic properties
of An(x) corresponding to the largest eigenvalue. They are supported by
numerical calculations.

(1) There are & simple zeros of Ay (z) on the real axis. They coincide with
the BAE roots. There are additional zeros, sufficiently far away from
the real axis, so that C does not include them inside.

(2) The only pole of Ay (x) in Sz € [—1,1] is located at = fu and is of
order %

Once these assumptions are granted, one immediately derives the fol-
lowing NLIE,

Ll 2ens) [ 2y
Inay(z) =1 621200 (@) /c CEE +41 An(y) — (23)

The largest eigenvalue A can be similarly represented by
, , In 2y (y) dy
InA™) (z)=1In T+ 20)p_(x —2i —l—/ ~—.
=tnfrlet2) M@=y =
Note that only the driving term in (23) depends on N. We can thus take
the Trotter limit easily, with a := limy_. ax, and obtain the NLIE in (7)

(for h = 0). To evaluate the free energy one has to first set = 0, then take
the Trotter limit. Or otherwise one meets a spurious divergence. Then we

(24)

obtain the expression for the free energy in Theorem 2.2.

One still needs to make an effort to achieve a high numerical accu-
racy, especially at very low temperatures. The introduction of another
pair of auxiliary functions solves this problem. We define ay,Anx by
an(z) = (an(z))™t, An () =1 + an(z).

Numerically one finds that |ay| < 1 for Sz 2 0. Thus, we use ay, Ay in
the upper half plane and ay, Ay in the lower half plane. It is straightforward
to rewrite (23) in the coupled form,

ian (0= (@1 | Fa—yndty(3h- [ Fe-pmdiv)gh (@)
(=D ()t [ ) () ol [ Pl i (5) 22
C_ ™ Jog T

N, thZ(z+iu) oo gk
DM =Dy (T R :/ Cdk
* T n(thg(x—m))’ @)= Treamk

where C1 (C_) is a straight contour slightly above (below) the real axis. In
the first (second) equation we understand that € C'y (C_). Note that the
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convolution terms bring only minor contributions as they are defined on

those contours where the auxiliary functions are small. Therefore the main

contributions come from the known functions. This enables us to perform

numerics with high accuracy. We can drop the convolution terms for the

lowest order approximation. Thanks to eq. (22) this leads to eq. (20).
Similarly, for the largest eigenvalue we have

/ /
AN (z)=eM(2)+ | K @-— ac')anlN(ac')di—i—/ K_(@— x’)lnﬁlN(x')di,
Cy 2 C_ 2
. m
Ki(z) = K(z +1), K(x):m,
N e SHUK
(V) _ g 9b. (1 — % __/ ~|k|—ika SHUK
€ n ¢4 (z + 2i)p_(x — 2i) 5 /¢ kchkdk

We obtain the NLIE and the eigenvalue in the Trotter limit by replacing
ay — a etc. and

j 1
pM T, P 1—/7%.
£ g T 2 T ez )

For the actual calculation, it is even better to deal with b(z) := a(z + 7)
and b(x) := a(z — i) so that the singularities of In(1+b),In(1+b) are away
from the integration contours. We omit, however, the details.

As a concrete example for the evaluation of bulk quantities we plot
the susceptibility, x = 07 f, in fig. 8 (left). Note that at low temperatures
the physical result in the Trotter limit (solid line) deviates from its finite
Trotter number approximation. The above approach has been successfully

0 01 02 03 04 05 06 07 08 09 1

Fig. 8. Left: the susceptibility of the s = % XXX model, in the Trotter limit (solid line)
and for fixed Trotter number (crosses:N = 128, squares: N = 1024). Right: a plot of £T
against temperature for the XXZ model.

applied to many models of physical relevance.'1?
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The correlation length £ characterizes the decay of correlation functions
at large distance, e.g.,
—yl

|z
(ofoy)~e T F |z —y| > 1. (26)

It is evaluated from the ratio of the largest and the second largest eigen-
values of the QTM.%29-22 For the second largest eigenvalue state, our as-
sumption (1) on 2 is no longer valid: a pair of holes 6, lies on the real
axis, and they are zeros of U other than Bethe roots. Nevertheless, a small
modification leads to a set of equations that fixes the second largest eigen-
value. The resultant NLIE has a form similar to (25) containing, however,
additional inhomogeneous terms. Fig. 8 (right) shows a plot of (T against
temperature for the XXZ model with ¢ = ¢'» for p = 3,4,5.2

When h # 0, we have to replace a(z),d(z) in (18) by e #"2a(x),
e/2d(z). Then we add Bh (—2%) to the rhs of (23) ((24)). Also p
must be replaced by D(iN) + %

Before closing this section, we would like to mention another formulation
of thermodynamics also based on the QTM.?? It is described by a NLIE
for A; directly and allows one to efficiently calculate high temperature
expansions. Good numerical accuracy in the low temperature region is,
however, hard to achieve. Moreover, we point out that the equation is the
same for any eigenvalue. Thus, one should know a priori good initial values
in order to select the convergence to the desired eigenvalue.

4. DME (density matrix elements) at finite temperatures

The deep understanding of a model requires ample knowledge of its cor-
relation functions. We would therefore like to go beyond their asymptotic
characterization by the correlation length £ (26).

The evaluation of correlation functions has been defying many chal-
lenges in the past. Considerable progress was made only recently for the
T = 0 correlations, based on vertex operators,?? on the ¢KZ equation®®
and on QISM.2% The third approach is the most relevant for our purpose.
For T = 0 it first requires the solution of the “inverse problem”, that is,
one has to represent the spin operators in terms of the QISM operators
A(u), B(u),C(u), D(u). Then, by algebraic manipulations, one obtains the
correlation functions as combinatorial sums of expectation values of QISM
operators, which are finally converted into (multiple) integrals.

At first glance, the case T' > 0 seems far more difficult, as one expects
that a summation of the contributions from all excited states is necessary.
We argue here that, as above, the QTM helps us to avoid this summation
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and that, moreover, one does not have to solve the “inverse problem” within
the QTM framework.?” The combinatorics, on the other hand, can be done
in parallel to T' = 0, because the QISM algebra is the same in both cases.

Let us explain why we can bypass the inverse problem in the QTM
formalism. This can be most quickly done in a graphical manner. To be
specific, we need to evaluate DME,

trvphyse’BHEgll e Eg‘:;

a1y 64 m\ __
Dl =By - By = 5

v, €
Using the logic of section 2, we can represent e ?" by a “2D partition
function”. Therefore Dgllg‘: can be represented by a modified 2D parti-
tion function: Start from the N x L classical system (fig. 4) with periodic
boundaries in both directions. Then cut n successive vertical bonds at the
bottom row, and fix the variables at both sides of the cut. As we are adopt-
ing PBCs in the vertical direction this is equivalent to fixing the configura-
tion of n successive bonds at the top and at the bottom. See fig. 9 (left). As

K
B P2 B3 I
Q] — ﬁl
NS ay —»l ol ol » o
S S N ) \ A
A 4 A ij;
F+—<t+—f<t+—<t—<+——— ag AT VZ ﬁ?)
Y RN AN
S ' BN
ay a2 a3 \ :

Fig. 9. Left: A graphically representation of Dgll ’g; ’ﬁa; Right: The same figure rotated
by 90°.

previously, we rotate the lattice by 90°. See fig. 9 (right). Obviously we can
write Dgfé": in terms of elements of the monodromy matrix 7qrm(z). By
introducing independent spectral parameters &; we obtain

(Po|(ZqTm)j, (&1) -+ (Torm) 3! (§n)|Po)
(@o|Torm(é1) - - - Torm(6n)|Po)

Here ®( denotes the largest eigenvalue state of the QTM, which is given by
acting with B operators on the vacuum. As any (7qrm)j! (&) is represented
by a QISM operator, we reach an expression for DME purely in terms of
QISM operators without solving the inverse problem.

(D), e =

B, .8
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At the same time, the problem for 7" > 0 is not so simple in view of the
analyticity. We consider Di 1 as a concrete example. After employing the
standard QISM algebra, one obtains

++ _ (B —&2)(w; —&1—21)
DY (&1, 62) x A(§)A(E2) = (Zj,k BN PRI CrErre T Wys Wi

_ §1,042i (zj—&2) o &2at2 (z;—&) .
1,2 Zj (Eji§2+2i) Wj,1 €21 ZJ (l"jj§1+2i) w2 + 1)

Here x; denotes a BAE root, &; ; = & — & and 2 is the auxiliary function.

Wi 1 Wk,1

We introduced wj j, in order to deal with the ratio of inner products of wave
functions. wj j, is characterized by a simple algebraic relation. Note that the
above algebraic expression is formally identical for T'= 0 and T > 0: one
only has to replace z; and w;  for T'= 0 by those for T' > 0.

In the case T = 0 there are several simplifications. First, the auxiliary
function is by construction trivial, 2l = 1. Second, we can introduce the root
density function in the thermodynamic limit. Then the algebraic relation

for wj i — g(z;,&k) is solved with the explicit result g(x, &) = m.
2

g(x, &) g(a',&1)
9(,&2) g(a',&2)

2 (= 2% .
—SgH [ de (e, &) - 94T [ de g iya(e. ) + 1),

Di{(&1,&) = (fdmdx’w

&21(z—x’—217)

Third, we can freely move the integration contours. Every time it passes
the singularity of g(z), it brings extra contributions and they cancel the
“tails” (the 2nd to the 4th terms above). We finally obtain

++ [~ (@ —&+i)(@—& —i) [g(z+i,&) g(a'+i,61)
D (51752)_/ s Son(x—a' —2i)  |g(z+i,62) g(2'+1,62)|

— 00
Without such a compact expression, it is hard to proceed further.

On the other hand, 2 is quite non-trivial for T > 0. As noted previously,
we can not resort to the root density function. The explicit form of w; ;. in
the Trotter limit is thus unknown. The most significant difference is that
the integration contour is already fixed for T' > 0. Thus, we cannot apply
the above trick to swallow tails into the ground state.

(27)

Nevertheless, with an appropriate choice of a further auxiliary func-
tion G(x, ), it was shown that a compact multiple integral representation,

similar to (27) is also possible for 7' > 0,27-28

[ dz de’ (z—& —2i)(a' — &) |Gz, &) G2/, &)
DT 6)= /c A(x) /c A(x') Ar2&) o(x — 2/ — 20) |Gl(x, &) G(a!, &)

The formula for any other DME is similarly known.




98 F. Gohmann € J. Suzuki

It is a big progress to obtain the multiple integral representation for
DMEs. The representation is, however, not yet optimal. Although one can
use it for the numerical analysis at sufficiently high temperatures, it suffers
from numerical inaccuracy at low temperatures.?93? We thus would like to
reduce it to (a sum of) products of single integrals.

The factorization of DME at T' = 0 has been performed by brute force,
with the extensive use of the shift of contour technique.?'32 Based on stud-
ies of the ¢gKZ equation, a hidden Grassmannian structure behind DME
has been found.?? It naturally explains the factorization of the multiple
integral formula through the nilpotency of operators. The explicit form of
DME consists of two pieces, the algebraic part, evaluated from a matrix el-
ement of g-oscillators, and the transcendental part, related to the spinon-S
matrix.

On the other hand, we still do not have a finite temperature analogue
of the ¢gKZ equation. We are nevertheless able to factorize the multiple
integrals for small segments.3* The explicit results also consist of two parts.
Surprisingly the algebraic part remains identical to the T' = 0 case, while
the transcendental part can be interpreted as a proper finite temperature
analogue to the spinon-S matrix. This finally enables us to perform an
accurate numerical analysis of the correlation functions.3®> We show plots
of (ofof) for A = % with various magnetic fields in fig. 10. The results
from a brute force calculation are also plotted, which supports the validity
of our formula. Such high accuracy calculation can clarify the quantitative

[N
-
n
[N
o
L
T
o

x pe e m
L=24 +
i L=28 o |
0.8 L=32 © 4 —0.05
b O
4 -0.1 <
j 5
4 -0.15
1 h=00 —
h=20 | o
h=40—— 0
h=60——
: _ h=80 4-0.25
1le-02 1e+00 le+02
T/J T/

Fig. 10. The plots of (¢507) (left) and (07 0f) (right) for A = % with various magnetic
fields by NLIEs (continuous line).

nature of interesting phenomena such as the quantum-classical crossover.3°
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Recently a proof of the existence of factorization of the DMEs for T' > 0
was obtained, again by using the Grassmannian structure.?” See also the
further development?® in this direction based on NLIEs.

5. Summary and discussion

We presented a brief review on the recent progress with the exact thermo-
dynamics of 1D quantum systems. The QTM is found to be an efficient
tool, and it offers a framework to evaluate quantities of physical interest,
including DME. The NLIE combines into the framework nicely, yielding
high accuracy numerical results.

The factorization of the multiple integral formula at T' > 0 is yet to be
further explored. It seems e.g. quite plausible that the ¢KZ equation could
be extended to finite temperatures. This might be an important next step.

There are certainly many interesting questions left open. For example,
can we have the QTM formulation starting from a continuum system? What
is the generalization of the multiple integral formula to models with higher
spin? The study of such questions is underway.
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We study the generalized ultradiscrete periodic Toda lattice T(M, N) which
has tropical spectral curve. We introduce a tropical analogue of Fay’s trisecant
identity, and apply it to construct a general solution to T(M, N).
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1. Introduction

The ultradiscrete periodic Toda lattice is an integrable system described by
a piecewise-linear map.? Recently, its algebro geometrical aspect is clari-
fied>* by applying the tropical geometry, a combinatorial algebraic geom-
etry rapidly developed during this decade.’®!? This system has tropical
spectral curves, and what proved are that its general isolevel set is iso-
morphic to the tropical Jacobian of the tropical hyperelliptic curve, and
that its general solution is written in terms of the tropical Riemann’s theta
function. The key to the solution is the tropical analogue of Fay’s trisecant
identity for a special family of hyperelliptic curves.?

On the other hand, there exists a generalization of discrete periodic
Toda lattice T'(M, N), where M (resp. N) is a positive integer which de-
notes the level of generalization (resp. the periodicity) of the system. The
M =1 case, T(1, N), is the original discrete Toda lattice of N-periodicity.
When ged(M, N) =1, T(M, N) reduces to a special case of the integrable
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multidiagonal Lax matrix,'® and the general solution to T'(M, N) is recently
constructed.®

The aim of this paper is twofold: the first one is to introduce the tropical
analogue of Fay’s trisecant identity not only for hyperelliptic but also for
more general tropical curves. The second one is to study the generalization
of ultradiscrete periodic Toda lattice T(M, N) by applying the tropical Fay’s
trisecant identity, as a continuation of the study on T(1, N).2

This paper is organized as follows: in §2 we review some notion of
tropical geometry,%!1:12 and introduce the tropical analogue of Fay’s trise-
cant identity (Theorem 2.2) by applying the correspondence of integrations
over complex and tropical curves.® In §3 we introduce the generalization
of the discrete periodic Toda lattice T (M, N) and its ultradiscretization
T(M, N). We reconsider the integrability of T'(M, N) (Proposition 3.1). In
84 we demonstrate the general solution to T(3,2), and give conjectures on
T(M, N) (Conjectures 4.1 and 4.2).

In closing the introduction, we make a brief remark on the interesting
close relation between the ultradiscrete periodic Toda lattice and the pe-
riodic box and ball system (pBBS),? which is generalized to that between
T(M, N) and the pBBS of M kinds of balls.”!* When M = 1, the relation
is explained at the level of tropical Jacobian.? We expect that our conjec-
tures on T(M, N) also account for the tropical geometrical aspects of the
recent results'® on the pBBS of M kinds of balls.

2. Tropical curves and Riemann’s theta function
2.1. Good tropicalization of algebraic curves

Let K be a subfield of C and K. be the field of convergent Puiseux series in
e:=e ¢ over K. Let val : K. — QU{o0o} be the natural valuation with
respected to e. Any polynomial f. in K.[x,y] is expressed uniquely as

fe = Yum(wr wayeze @w(E)TY2, aw(e) € Ke.

Define the tropical polynomial Val(X,Y;f.) associated with f. by
the formula: Val(X,Y’; f.) = min,cz2 [val(ayw) + 1 X + wY]. We call
Val(X,Y’; f.) the tropicalization of fe.

We take f. € K.[x,y]. Let CY(f.) be the affine algebraic curve over K.
defined by f. = 0. We write C(fe) for the complete curve over K. such
that C(f.) contains C°(f.) as a dense open subset, and that C(f.)\ C°(f.)
consists of non-singular points. The tropical curve TV (f.) is a subset of R?
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defined by:

_ 2
TV(fe) = {(X’ Y)eR is not smooth at (X,Y)

the function Val(X,Y’; f.) }

Denote A(X,Y; f.) := {w € Z* | Val(X,Y; f.) = val(ay) + w1 X + waY}.
The definition of the tropical curve can be put into:

TV(f.) ={(X,Y) € R? [{A(X,Y; f.) > 2}.

For P = (X,Y) € R? we define fF := D weA (XY f.) QwT Y2

To make use of the results of tropical geometry for real/complex anal-
ysis, we introduce the following condition as a criterion of genericness of
tropical curves.

Definition 2.1. We say C(f.) has a good tropicalization if:

(1) C(fe) is an irreducible reduced non-singular curve over K¢,
(2) fF = 0 defines an affine reduced non-singular curve in (KX)? for all
P € TV(f.) (maybe reducible).

Remark 2.1. The notion of a good tropicalization was first introduced
in [6, Section 4.3]. The above definition gives essentially the same notion.

2.2. Smoothness of tropical curves
For the tropical curve I' := TV (f.), we define the set of vertices V(I'):

V(F) = {(va) el | HA(XaY;fe) > 3}'

We call each disjointed element of I'\ V/(I') an edge of I'. For an edge e, we
have the primitive tangent vector &, = (n,m) € Z* as ged(n, m) = 1. Note
that the vector £, is uniquely determined up to sign.

Definition 2.2. [11, §2.5] The tropical curve I' is smooth if:

(1) All the vertices are trivalent, i.e. fA(X,Y; f.) = 3 for all (X,Y) € V().

(2) For each trivalent vertex v € V(T'), let &1,&> and &3 be the primitive
tangent vectors of the three outgoing edges from v. Then we have &; +
&+&=0and [§AE|=1fori#je{1,2,3}.

When T is smooth, the genus of T" is dim H; (T, Z).
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2.3. Tropical Riemann’s theta function
For an integer g € Z~¢, a positive definite symmetric matrix B € My(R)
and # € RY we define a function on RY as

1
qs(m,Z) = 5mBmL +m(Z+ 3Bt (ZeRY meZ9).

The tropical Riemann’s theta function ©(Z;B) and its generalization
O[B](Z; B) are given by312

©(Z; B) = min go(m, Z),
OIFI(Z: B) = ABH" + 52" + min 4s(m.2).

Note that ©[0](Z; B) = O(Z;B). The function O[5](Z; B) satisfies the
quasi-periodicity:

OIB)(Z + K1) = _%mw 1z 1efz) ez

We also write ©(Z) and O[F](Z) for ©(Z; B) and ©[F](Z; B) without confu-
sion. We write n = arg,,c,q gg(m, Z) when minmezs gg(m, Z) = gg(n, Z).

2.4. Tropical analogue of Fay’s trisecant identity

For each & € R, we write C(fz) for the base change of C(f.) to C via a
map ¢: K. — C given by € — E.

Theorem 2.1. [6, Theorem 4.3.1] Assume C(f:) has a good tropicaliza-
tion and C(fz) is non-singular. Let Bz and Br be the period matrices for
C(fz) and TV (f.) respectively. Then we have the relation

27e

——DB:~B g —0).
Nesi r (E—0)

(1t follows from the assumption that the genus of C(f.) and C(fz) coincide.)

A nice application of this theorem is to give the tropical analogue of
Fay’s trisecant identity. For the algebraic curve C(f:) of Theorem 2.1, we
have the following:

Theorem 2.2. We continue the hypothesis and notation in Theorem
2.1, and assume TV (f.) is smooth. Let g be the genus of C(f:) and
(o, B) € %Zgg be a non-singular odd theta characteristic for Jac(C(f:)).
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For Py, Ps, P3, Py on the universal covering space of TV (fe), we define the
sign s; € {1} (i =1,2,3) as s; = (—1)F, where

Py Py
k1 =2a- argmezs 43 (I’Il, ) + argmeze 4 (I’Il, ) )
P3 Pl

Py Py
ko = 20 - argmezs 43 (mv ) + argmezs 4 (mv ) )
P3 P4

P4 P2
ks =1+ 2a- argmezs 48 (m’/ ) =+ argmezs 43 (m’ ) .

Set the functions F1(Z), F»(Z), F3(Z) of Z € RY as
P Py Py Py
r@-ee+ [ )+e+ [ rep[ H+em([ ).

Py Py Ps Py
Ps Py P Py
@ -o@+ [ e+ [ e[ H+ew[
Ps+Py Ps Py
Fi(2) -0z + [ e o[ e[
Then, the formula
Fy(Z) = min[Fiy1(Z), Fi2(Z)] (1)

holds if s; = +1,8;41 = Siyo2 = F1 fori € Z /3 Z.

This theorem generalizes [2, Theorem 2.4], where C(f.) is a special
hyperelliptic curve. We introduce the following lemma for later convenience:

Lemma 2.1. [2, Proposition 2.1] Let C be a hyperelliptic curve of genus
g and take 8 = (B;); € £ 7°. Set a = (oj); € £ 77 as

1 1

553',1'71 + 55]',1',

where i is defined by the condition 8; =0 (1 <j <i—1) and B; # 0 mod
Z. Then («, B) is a non-singular odd theta characteristic for Jac(C).

Qj = —

2.5. Tropical Jacobian

When the positive definite symmetric matrix B € M,(R) is the period
matrix of a smooth tropical curve I', the g-dimensional real torus J(I")
defined by

J(I):=RI/7Z9B

is called the tropical Jacobian!? of T.
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3. Discrete and ultradiscrete generalized Toda lattice
3.1. Generalized discrete periodic Toda lattice T(M, N)
Fix M,N € Zso. Let T(M, N) be the generalization of discrete periodic

Toda lattice defined by the difference equations® !4

L VT =TV

L n€Z/NZ, te€Z /M), (2)
VIR 1
on the phase space T':
{(It It+ﬁ IH—% Vt) . N € (C(M+1)N
ny-n [ R 1 s ¥m/n=1,...,
N N, (3)
‘ HV;7 l—IIn+W (k=0,...,M —1) are distinct }
n=1 n=1
Eq. (2) is written in the Lax form given by
L™ (y)M*(y) = M"(y)L'(y),
where
M1 1
Li(y) = M*(y)R™ 3 (y)--- R (y) R (y), (4)
It 1 1 VTf
It 1 Vi1
R'(y) = Lo My = W1
I 1 RN
y Iy Vi1

The Lax form ensures that the characteristic polynomial Det(L!(y) — zIy)
of the Lax matrix L!(y) is independent of ¢, namely, the coefficients of
Det(L!(y) — ) are integrals of motion of T'(M, N).

Assume ged(M,N) = 1 and set d; = [W] (j=1,....,M). We
consider three spaces for T (M, N): the phase space T (3), the coordinate
space L for the Lax matrix L'(y) (4), and the space F of the spectral curves.
The two spaces L and F' are given by

L ={(af j,b})i=1,....m, j=1,..N € CMFONY (5)
F= {yM+1 + fu@)yM + -+ fi(@)y + fo € Cla,y] ‘

(6)
deg, fi(z) <d; (j=1,....,M), — fi(z)is rnonic}7
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where each element in L corresponds to the matrix:

t
t t t by
i1 Qg9 B V9 Vs 1 kT
t t t t
by ajo Qa3 Ay M 1
. .
ty) = : ap,N-1 1
Li(y) = ’
. ot ot
Y : M-1,N—-1 %pm,N
t t
Yarra Y apr—1,N
t t t t
Yagy - Yapyrpm—1 0 Y by_1 ay N

Define two maps ¢ : T — L and ¢ : L — F given by

L M1
G LT Vs ) = L)
$(L'(y)) = (=1)" "y Det (L (y) — 2ly),
Via the map 1 (resp. ¢po1)), we can regard F as a set of polynomial functions

on L (resp. T'). We write np for the number of the polynomial functions in

F, which is np = = (M + 1)(N + 1).

3
Proposition 3.1. The ng functions in F are functionally independent in
C[T].

To prove this proposition we use the following;:

Lemma 3.1. Define

N N
=TI, vi=[[ Vv ez k=0,...,M—1).
n=1 n=1

The Jacobian of 1 does not vanish iff It+37 # I+ for0 <k <j< M—1
and T 31 £V for 0 <k < M — 1.

Proof. Since the dimensions of T" and L are same, the Jacobian matrix
of ) becomes an (M + 1)N by (M + 1)N matrix. By using elementary
transformation, one sees that the Jacobian matrix is block diagonalized
into M + 1 matrices of N by IV, and the Jacobian is factorized as
M-1
+Det B+ ] Det A®),
k=1
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where A*%) and B are
AR = p(rttar S Pt ae ) prt e T
(k=1,...,M —1),
B =PI VHYP(IT T V) P(I a VEP(IE VY,

Ji ~Ky
—Ky J
P(J,K) = € My(C).

—Kn_1 Jn
Since Det P(J, K) = [T°_, Jn — [T\, K», we obtain

M-1
Det B- [[ DetA® = J] (=% -vt. [ ("% -1+
k=1 0<k<M—1 0<j<k<M—1

Thus the claim follows.
Remark 3.1. The above lemma is true for ged(M, N) > 1, too.

Proof. (Proposition 3.1)
Take a generic f € F such that the algebraic curve C't given by f = 0 is
smooth. The genus g of Cy is (N —1)(M+1), and we have dim L = np+g.
Due to the result by Mumford and van Moerbeke [15, Theorem 1], the
isolevel set ¢~!(f) is isomorphic to the affine part of the Jacobian variety
Jac(Cy) of Cy, which denotes dimc ¢~ *(f) = g. Thus F has to be a set of
np functionally independent polynomials in C[L]. Then the claim follows
from Lemma 3.1.

3.2. Generalized ultradiscrete periodic Toda lattice T(M, N)
We consider the difference equation (2) on the phase space T:

N € KéV(M+1)

yeeey

{0
N . N

’ Val(H Ifl+ﬁ) < Val(H Vi) (k=0,...,M—1),
n=1 n=1

N
ko
val(J Z27%) (k =0,...,M — 1) are distinct }
n=1



Tropical spectral curves, Fay’s trisecant identity 109

We assume ged(M, N) = 1. Let F. C K.[z,y] be the set of polynomials
over K, defined by the similar formula to (6), i.e.

F={y M+1+Zf 2)y’ € Kelo,y) | deg, f; < ;. — fi(@) is monic}.

The tmpzcalzzatwn of the above system becomes the generalized ultra-
discrete periodic Toda lattice T(M, N), which is the piecewise-linear map:
Q?Ll = min[Wﬁ’ Q; - X:;]v
1
Wi = Qly + W - QL
k
where X! =  min [Z(Wéﬂ — Q;,j)],

k=0,...,N—1"%4
j=1

(n€Z/NZ, teZ/M), (7)

on the phase space T:

PR ML "
:T:{( B QM Wi,

n’

N € RIMH+DN

yeoe

‘ ZQ”M < ng (k=0,...,M—1),
t+ 5 B e
ZQ .., M —1) are distinct .
Here we set val(I!) = Q! and val(V!) = W!. The tropicalization of F.
becomes the space of tropical polynomials on T:

sfz{min[(M+1)Y, _min [§Y f minfd, X+ Fya...
J

®
X+FJ17FJ0] F0”F1d1—0 Jz,FOER}.

We write @ for the map T — F.

3.3. Spectral curves for T(M,N) and good tropicalization
We continuously assume ged(M, N) = 1.

Proposition 3.2. For a generic point T € T, that is a point in a certain
Zariski open subset of Te, the spectral curve ¢ o (T) has a good tropical-
1zation.

To show this proposition, we use the following lemma:

Lemma 3.2. Fizl € K [z,y] and set hy = yM 1 — 2Ny +tl, where t € K.
Then C°(hy) is non-singular in (KX)? except for finitely many t.
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Proof. Fix a,b € Z as Ma — Nb = 1. (It is always possible since
ged(M,N) = 1.) Then the map v : (KX)? — (KX)?% (z,y) — (u,v) =
(N Jy™ 2% /yb) is holomorphic. The push forward of h;/yM*! by v be-
comes

b= (he/y™M ), = (1 —u+tl) (€ K.u,v,u"t v Y).

By using the following claim, we see that Co(ﬁ) is non-singular.

Claim 3.1. Fiz f,g € K.[u,v] such that C°(f) is non-singular, and f and
g are coprime to each other. Define

U={tc K.|Cf +tg) is singular } C K..
Then U s a finite algebraic set.

Then the lemma follows. O

Proof. (Proposition 3.2)
Recall the definition of good tropicalization (Definition 2.1).

The part (1) follows from Proposition 3.1 immediately.

The part (2): For any f. € Fy, it can be easily checked that if two points
Py, P, € TV(f.) exist on a same edge of the tropical curve, then 1 = fF2.
This fact implies that the set {fZ|P € TV(f.)} is finite. Therefore, the
set

A = {f. € F.|C°(fF) is non-reduced or singular in (KX)?
for some P € TV(f.)}

is a union of finitely many non-trivial algebraic subsets of F, ~ K['F.
Using Proposition 3.1 (with the map ¢ with any € € Ry) and Lemma 3.2,
we conclude that (¢ o 1)71(A) C T. is an analytic subset with positive
codimension. (We need Lemma 3.2 when ff includes yM+1 — 2Vy.) O

4. General solutions to J(M, N)
4.1. Bilinear equation

In the following we use a notation [t] = ¢ mod 1 for ¢ € %. The following
proposition gives the bilinear form for T(M, N):

Proposition 4.1. Let {Ti}nez;tel\% be a set of functions with a quasi-
periodicity, Tt x = T + (an+ bt +c) for some a,b,c € R. Fiz 5, 01} ¢ R
such that

(a) 6 + 01 does not depend on t, (b) 2b—a < NOWY fort € Z /M.
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Assume T! satisfies
T+ TET =i i ot el) (9)
Then Tt gives a solution to (7) via the transformation:

t _ t+ a7 t+ a7 t | s[t]
= T, ™™ —T "M T4 5
o t t+1 ' t tn_l t+1 K +[t] ] (10)
Wi =T 1t -t - T gl
We omit the proof since it is essentially same as that of M = 1 case in [3, §3].

Remark 4.1. Via (10), (7) is directly related to

Tt + Tt+1+ M Tf+1 + Tt+ M + Xn+1?

Xt _ min [Je[t]+Tt+A4 +Tt+1 1+Tt+Tt L
" j=0,...,M— =

=0,...,

(Tt+11+Tt+M v T +Tt i 1)]

This is shown to be equivalent to (9) under the quasi-periodicity of T:.
See [3, Propositions 3.3 and 3.4] for the proof.

4.2. Example: T(3,2)

We demonstrate a general solution to J(3,2). Take a generic point 7 € T,
and the spectral curve C(f.) for T(3,2) on K, is given by the zero of

fe=¢oy(r) € F.
fe=v" +y3fs0 + y*(xfa1 + fo0) +y(—2? + 211 + fr0) + fo.

Due to Proposition 3.2, C(f.) has a good tropicalization. The tropical curve
I':=TV(f.) in R? is the indifferentiable points of & := Val(X,Y; f.):

min [4}/, 3Y—|—F30,2Y—|—IH1H[X +F21,F20],Y+min[2X,X+F11,F10],FO].

We assume that I is smooth, then its genus is g = 2. See Figure 1 for T,
where we set the basis 1, v2 of m1(T"). The period matrix B for T becomes

B_ (2F0 —TF11 + Fy F11 — F20>
Fi1 — Fy Fi1 + Fy

and the tropical Jacobi variety J(T') of T is

JT)=R?/Z*B
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Ay

Fig. 1. Tropical spectral curve I" for T(3, 2)

We fix 6 points on the universal covering space of I' as follows:

. Q

L:/ :(FO_3F117F11)a
P

— As I Az

)\1 :/ = (Flo — 2F’11,—F‘20)7 AQ = / - (07F20 - F30)7
Q Q

X3 =/ = (0, F3), A =/ = (Fio — 2F11,0).
Q R

Here the path VQ—As from Q to Ag is chosen as vg—a, Ny N Y2 # 0.
Remark that X = )\1 + )xg + )\3 holds.

Proposition 4.2. Fiz Zy € R?. The tropical theta function ©(Z; B) satis-
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fies the following identities:
O(Zo) + O(Zo +X + X;)
= min[0(Zo +X) + O(Zo +Xi), O(Zo —L) + O(Zo+L + X+ X;) + 6],
(11)
fori1=1,2,3, where 8, = Fy — 3F}1 and 03 = 03 = Fy — 2F1;.

Proof. Since the curve C(f.) is hyperelliptic, we fix a non-singular odd
theta characteristic as (a,3) = ((3,0),(3,3)) following Lemma 2.1. By
setting (Py, P2, P5, Py) = (R,Q, P, Ay_;) in Theorem 2.2 for i = 1,2, 3, we
obtain (11). |

Now it is easy to show the following:
Proposition 4.3. (i) Fiz Zo € R? and {i,5} C {1,2,3}, and define T! by
T! = ©(Zo —Ln + Xt),

TS = O(Zo—Ln + M+ N), (t e Z).

2 - — — —
TES = O(Zo —Ln+ M+ X + Np),

1

Then they satisfy the bilinear equation (9) with 01 = 6,, 051 = 6; and
013) = 0., where {k} = {1,2,3}\ {i,;}.

(ii) With (i) and 651 = Fy — 2Fy; — 0l5] (k = 0,1,2), we obtain a general
solution to T(3,2).

Remark 4.2. Depending on a choice of {i,j} C {1,2,3}, we have 3! =6
types of solutions. This suggests a claim for the isolevel set ®~1(¢):

O ~ J(I)PC,

4.3. Conjectures on (M, N)

We assume ged(M, N) = 1 again. Let T be the smooth tropical curve given
by the indifferentiable points of a tropical polynomial £ € F (8). We fix the
basis of m(T") by using v;; (i =1,...,M, j=1,...,d;) as Figure 2. The
genus g = %(N —1)(M +1) of ' can be obtained by summing up d; from
j =1to maszl____7M{j | dj Z 1}

Fix three points P, @, R on the universal covering space [ of T as Figure

2, and define
— Q — P
L:/, )\:/ |
P R
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Fig. 2. Tropical spectral curve I" for T(M, N)

Fix A; (i=1,...,M) on I as Figure 2, such that
. AMt1—i
/\i:/ (i=1,...,M)

Q
satisfy X = Zf\il Xi.
We expect that the bilinear form (9) is obtained as a consequence of
the tropical Fay’s identity (1), by setting (P1, P2, Ps, Ps) = (R, @, P, A4;) in
Theorem 2.2. The followings are our conjectures:

Conjecture 4.1. Let 8y, be the symmetric group of order M. Fix Zy € R?Y
and o € 87, and set
t+ £ = v -
Th ' = ©(Zg—Ln + Xt + > X))
i=1
for k=0,...,M — 1. Then the followings are satisfied:
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(i) Tt satisfy (9) with some 0.
(ii) T} gives a general solution to T(M,N) via (10).

Conjecture 4.2. The above solution induces the isomorphism map from
J(D)SM 1o the isolevel set ®~1(E).

Remark 4.3. In the case of T(1, g+1) and T(2g—1, 2), the smooth tropical
spectral curve T is hyperelliptic and has genus g. For T(1, g+1), Conjectures
4.1 and 4.2 are completely proved.®>* For J(3,2), Conjecture 4.1 is shown
in §4.2.
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We apply the fermionic description of CFT developed in our previous work
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sine-Gordon model.
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1. Introduction

The sine-Gordon (sG) model is the most famous example of two-
dimensional integrable Quantum Field Theory (QFT). The sG model is
defined in two-dimensional Minkowski space with coordinate x = (xg, 1)
by the action

2

1 2u
sG = —(0 24— d*x. 1
A = [ {10007 + L2 ot fx. (1)
The normalisation of the dimensional coupling constant in front of
cos(B¢p(x)) is chosen for future convenience. This model has been a subject

of intensive study during the last 30 years. First, by semi-classical methods

*Membre du CNRS
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the exact spectrum was computed, the factorisation of scattering was pre-
dicted, and the exact S-matrix was found for certain values of the coupling
constant (in the absence of reflection of solitons).??

The most significant further results were found by the bootstrap
method. In Refs. 4,5 the exact S-matrix was found, and in Refs. 6,7 the
exact form factors were computed for the energy-momentum tensor, topo-
logical current and the operators e=3¢() ¢*#¢(®)_ Then the latter result
was generalised to the operator e¥*) with an arbitrary a,® using the meth-
ods which go back to the study of the closely related XXZ spin chain.” 10

It should be said that many important technical and conceptual meth-
ods of the modern theory of quantum integrable models originate in the
quantum inverse scattering method.'''2? It provides a clear mathematical
interpretation of the work by R. Baxter.!? In particular, in Ref. 12 the scat-
tering matrix of the sG solitons was reproduced using the Bethe Ansatz.

The knowledge of form factors allows us to write a series representation
for the two-point function

<€ialcp(x)€iagcp(0)>sG ) (2)

In this paper we shall consider only the space-like region x2 < 0. We shall
use a lattice regularisation which breaks the Lorentz invariance. So we shall
take x = (0,z), and use the notation ¢(z) = ¢(0,2). In this case the
integrals over the form factors are rapidly convergent. It is rather hard to
give a mathematically rigorous proof of the convergence of the series, but
nobody doubts that they converge. Actually the convergence was proved !4
for a certain particular reduction of the sG model, known as the scaling
Lee-Yang theory. So, the situation looks completely satisfactory. However,
the series over the form factors converge slowly in the ultraviolet region
(for small values of —z2). To give an efficient description to its ultraviolet
behaviour remained a problem largely open for some time. Before describing
the way of solving this problem let us explain how it is solved in a particular
case.

It is known that at 3% = 1/2 the sine-Gordon model is equivalent to the
free theory of a Dirac fermion. The correlation functions of (2) are non-
trivial. The sG field ¢(z) is bilinear in fermions, and one has to compute
the correlation function of two exponentials of bilinear forms. The result
is obtained in Ref. 15, generalising the seminal work!® on the scaling Ising
model. Namely, it is shown that the correlation function satisfies an equiva-
lent of a Painlevé III equation. The form factors are very simple in this case,
and the form factor series coincides with the Fredholm determinant repre-
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sentation of this solution. Still the problem of describing the ultra-violet
behaviour is non-trivial. It amounts to finding the connection coefficients
for the Painlevé equation, which is done by studying the Riemann-Hilbert
problem.” Through this analysis, one draws an important conclusion. Since
CFT completely describes the ultra-violet limit, one might naively expect
that the asymptotic behaviour of the two-point function may be obtained
via the perturbation theory. Such an assumption would imply that the
dependence on the mass scale is analytic in p? which has the dimension
(mass)2(1—

Correct understanding of the conformal perturbation theory is one of
the most important problems in the theory of quantum integrable systems.
This problem was studied in Ref. 18. In fact, the naive perturbation theory
suffers from both ultraviolet and infrared divergencies. The idea of Ref. 18 is
to absorb all these divergencies into non-perturbative data: one-point func-
tions of primary fields and their descendants. Once it is done, the remaining
task is a convergent version of conformal perturbation theory. So the prob-
lem is divided into two steps. The first one requires some non-perturbative
information. The second one is of genuinely CFT origin: actually, it is re-
duced to the computation of some Dotsenko-Fateev Coulomb gas integrals
with screenings.!?

In principle, the procedure described in Ref. 18 provides an asymptotic
series in the ultra-violet domain which agrees with the structure expected
from the Painlevé case: it is not just a power series in p?, but includes
non-analytic contributions with fractional powers of p?.

So the main problem is to compute the one-point functions. The first im-
portant result in this direction was achieved in Ref. 20, where an exact for-
mula for the one-point functions of the primary fields was conjectured. Then

#) . However this is not the case even for the Painlevé solution.

by several ingenious tricks (such as going form sine-Gordon to sinh-Gordon
and back) a procedure was described in Refs. 21-23, which must in principle
allow us to compute the correlation functions of the descendants. Unfor-
tunately, this procedure involves certain matrix Riemann-Hilbert problem
which has not been solved in general up to now. At the same time, this
way of computation looks very indirect, and involves steps which are hard
to justify. Still, the predicted result for the first not-trivial descendant?? is
quite remarkable. Even though it was obtained by a complicated and non-
rigorous procedure, it was checked against many particular cases. So we do
not doubt in its validity. It will be used to check the result of the present
paper.

Let us mention here a deep relation between the sG model and the @ 3-
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perturbation of ¢ < 1 models of CFT.?* On the formal level the relation is
simple. In the action (1) one can split cos(Bp(x)) = %(e‘lﬂ‘P(x) + eiBe(x))
and consider the first term as a part of the Liouville action and the second as
a perturbation. The Liouville model with an imaginary exponent is nothing
but CFT with the central charge

c=1-6(3-1/8)?,

and €"#*™) is the field ®; 3(x). So, formally there is no difference between
the sG model and the ®; s-perturbation of ¢ < 1 CFT. The situation be-
comes interesting in the case of rational 52. It was shown in Refs. 25,26 that
in the computation of the correlation functions of e o) (n=1,2,3,--+),
a restriction of degrees of freedom takes place for the intermediate states
of solitons. The mechanism of reduction is similar to the RSOS restriction
for vertex models. This phenomenon is known as the restriction of the sG
model. For example, if 3% = 3/4 the solitons reduce to Majorana fermions,
and the restricted model is nothing but the scaling Ising model.

In the series of papers, Refs. 27,28,29,1 which we will refer to as
LILIILIV, respectively, we studied the hidden fermionic structure of the
XXZ spin chain. In particular, in IV the relation between our fermions
in the scaling limit and ¢ < 1 CFT was established. The long distance
behaviour of the XXZ model and the short distance behaviour of the sG
model are described by the same CFT: free bosons with the compactifica-
tion radius 32. For the XXZ model, we use the coupling parameter v related
to 32 via

fP=1—-v.

This identification is used when relating the results of IV to those of
Refs. 30,31, which were important for us. The relevant CFT has the central
charge

2
c=1-6—2—.

1—v

Here we do not consider the peculiarity of a rational v, so using the ¢ < 1
CFT means just the usual modification of the energy-momentum tensor.
In the ultraviolet limit, the sG model is described by two chiral copies of
CFT. We use the notation

D,(z)=e o{Pe@}

The field iBp(x) splits into two chiral fields 2p(z) + 2@(x). (We follow the
normalisation of the fields ¢(z), ¢(x) given in Refs. 30,31 and in IV.) Our
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goal is to compute the one point functions

(PEL-m NP1} Pa(0))sc
(®a(0))sc ’

where P({1_,,}), P({1_,,}) are polynomials in the generators of two chiral
copies of the Virasoro algebra with the central charge c.

The universal enveloping algebra of the Virasoro algebra contains the
local integrals of motion isx—; (7 = 1-1)3? which survive the ®;3-
perturbation. Clearly, the one-point functions of descendants created by
them vanish. We assume that it is possible to write any element of the
chiral Verma module generated by ®,(0) as Py ({izx—1})P2({1-2x})P(0).
So, actually we are interested in computing

(P({l2m}) P({l_2m})®a(0))sc
<<I)a(0)>sG
For the simplest non-trivial case 1_51_o®,(0) the problem was solved in

Ref. 23. If one wants to consider the descendants created by the Heisenberg
algebra it is easy to do using the formulae

L =v)T(2) = ¢'(2)* : +vp(z), (L-v)T(2)=:¢'(2)*: +vp(2).
In this paper we shall consider only the domain 0 < o < 2, but the final

results allow analytical continuation for all values of a.

The whole idea of IV is that the usual basis of the Verma module is not
suitable for the perturbation, and we have to introduce another one. For the
moment we consider only one chirality. Working modulo action of the local
integrals of motion the new basis is provided by uncharged products of two

fermions Bzclf:fl* and vSFT*. The fermions respect the Virasoro grading:

o, 85,5 5 ] = (27 + 2k — 2)B57 5
We have
BEET AT @ (0) = { PR ({1oak)) + da PRS- (L)) | @a(0), (3)

where I and I~ are ordered multi-indices: for I = (2ry — 1,---2r, — 1)
with ry < --- <7r,, we set

CFTx _ CFTx* CFTx CFTx CFTx CFTx
I —527«171"'62”71» vI =Y2r,—1 """ V2r;—1>

and similarly for 3;, 4;. We require #(I7) = #(I~). In the right hand side
of (3), PeY°"_ ({l1_9}) and P2dd _({l1_9}) are homogeneous polynomials,

I+,1 I+,1-
the constant d,, is given by
-2
do =22y = 1L /@5 —0)RdA, +1—0),

v—1
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and the separation into even and odd parts is determined by the reflection

CFTx _ CFTx* CFTx CFT4<
+ Yr- = ﬁ

The coefficients of the polynomials Py} and P;’fdl_ are rational func-

tions of ¢ and

ala —2)v?

Ba = A1—-v)

only. The denominators factorise into multipliers A, + 2k, k = 0,1, 2,
Exact formulae up to the level 6 can be found in IV, Eq. (12.4). In particular,
on the level 2 we have PfY™ = 1, Pfﬂd = 0. The transformation (3) is
invertible.

The operators 65,5?1* and vg; ;" were found as the scaling limit of the
fermions which create the quasi- local fields for the XXZ spin chain. This
became possible after the computation of the expectation values of the
quasi-local fields on the cylinder (see III). Actually, two different scaling
limits are possible, and the second one provides the fermionic operators for
the second chirality: ,BQk 1 and 'yCFT* The same story repeats for these

operators, in particular, we have

BT AT Ra(0) = { PR ((Tan}) — da P ({1} | 20(0). (4)

The main statement of this paper is that in the fermionic basis the sG

CFT*

one-point functions are simple:

CFTx* %« * *
Br: AT BT AT D, (0))s

(®4(0))sc = (—1)* 6 e (5)
2|1t 42|17
M TG . »
x (2@ 1“(12——;)> zn_llﬁ G )2n_111— Gn(2—a),

Here
F(¢+5522n—-1))r(1-2-2£@2n—1))
Fr1-¢-22@n—-1)Ir($+4@n-1))’

2 2v

Gu(a) = (=1)""!((n - 1N?

|I| stands for the sum of elements of I, and M is the mass of soliton. We
recall that #(I+) = #(I7) is required in order to stay in the same Verma
module, and # (1) = #(I~) follows.

Using (5) we can find all the one-point functions of descendants. Up
to the level 6 the results of IV can be used. In particular, at the level 2
we find a perfect agreement with the formula (1.8) of Ref. 23 after the
identification: n = a — 1, £ = 1*7” To proceed to levels higher than 6 one
should perform further computations in the spirit of IV.



On one-point functions of descendants in sine-Gordon model 123

Let us explain how we proceed in justification of the main formula (5).
For CFT we use the lattice regularisation by the six vertex model (equiv-
alently XXZ spin chain). For this model we use the fermionic description
of the space of quasi-local operators found in I,II. On the lattice we have
creation operators b*({),c*(¢) and annihilation operators b(¢),c(¢). The
most honest way to proceed to the sG model would be to regularise it via
the eight vertex model, and then to consider the scaling limit. On this way
we would meet two problems. The first is the U(1) symmetry which is bro-
ken in the eight vertex model. It is hard to introduce the lattice analogue of
®,, with arbitrary «. This difficulty may be overcome by going to the SOS
model. The second problem is conceptually more difficult. For the elliptic
R-matrices we do not have an analogue of the g-oscillators which is crucial
for the construction of our fermionic operators. For the moment we do not
know how to attack this problem. Let us notice, however, that in the case
« = 0 an analogue of bilinear combinations of the annihilation operators
b({)c(€) exists. It is defined in the papers Refs. 33,34.

So, having problems with the eight vertex model we are forced to take
another approach. In the paper Ref. 35 the sG or the massive Thirring
models was obtained as a limit of the inhomogeneous six vertex model with
the inhomogeneity (p (see section 3 below). Notice that, for this limit to
make sense, one has first to consider the finite lattice on n sites, and then
take the limit () — 0o, n — oo in a concerted way in order that the finite
mass scale appears. But exactly this kind of procedure became very natural
for us after we had computed in III the expectation values of quasi-local
operators on the cylinder. The compact direction on the cylinder is called
the Matsubara direction, and its size n is what is needed for considering
the limit in the spirit of Ref. 35.

The paper is organised as follows. In Section 2 we review our previous
paper IV, and explain how to obtain the fermionic description for two chiral
CFT models from the XXZ spin chain (six vertex model). In Section 3 we
introduce the inhomogeneous six vertex model and consider the continuous
limit which produces the sG model according to Ref. 35. We derive the
one-point functions using the fermionic description of ultra-violet CFT.

2. Two scaling limits of the XXZ model and two chiralities

Our study of the XXZ model is based on the fermionic operators defined in
LII. This definition allowed us to compute in III the following expectation
value. Consider a homogeneous six vertex model on an infinite cylinder.
Let T5 v be the monodromy matrix, where S refers to the infinite direction
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(called the space direction), and M refers to the compact circular direction
(called the Matsubara direction). We use n to denote the length of the
latter. We follow the notations in IV. For a quasi-local operator ¢2*5()©
on the spacial lattice, we consider

TrsTrp (TS7Mq2/<S+2aS(O) O)

Zi{ 50} = (6)

TrgTry (TS,Mq2”S+2aS(O) )

The generalisation of this functional Z}'° was introduced in IV. In the
scaling limit, the introduction of s in this functional amounts to changing
(screening) the background charge at = —oo by —2s1=%_ It enables us to
deal with the special case of the functional for which the effective action of
local integrals of motion becomes trivial.

The quasi-local operators are created from the primary field ¢2*5(©) by
action of the creation operators t*(¢), b*(¢), c*({). Actually they act on the
space

W(a) = é WO[*SﬂS?

$§=—00
where W, _ s denotes the space of quasi-local operators of spin s with tail
a—s.

In this paper we shall consider the subspace W of the space W(®)

ferm
which are created from the primary fields only by fermions by, c; (see (12)
below). On Wf(gin the functional Z}® allows the determinant form which

is convenient to summarise as

Trg (eﬂn (anS(O)O))

755 {2500} = Trg (@2050))

where

1
(27i)?
T

ac? de?
2o

Qn = /wrat,n(gv'g)c(f)b(C)
r

where the contour I' goes around (2 = 1.

The function wyayn(¢,§) is defined by the Matsubara data (see III,
Ref. 37, IV). Besides the length of the Matsubara chain n it depends on
the parameters k, o, s and on possible inhomogenieties in the Matsubara
chain. However, we mark explicitly only the dependence on n which is the
most important for us here.
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We have ignored the descendants created by t*(¢). Actually, they do not
give any non-trivial contributions in the limit n — oo, which we shall be
interested in. Then Z%5 is automatically reduced to the the quotient space:

uno W(a /( (C) - Z)W(a) )

which is obviously isomorphic to errm as a linear space.

We shall not repeat the definition of wyat n (¢, ) because in the present
paper we shall use only very limited information about it. Let us explain,
however, the suffix “rat”: the function (£/¢)®wrat,n(¢,§) is a rational func-
tion of ¢? and &2. The really interesting situation occurs when n — oo.
In that case the Bethe roots for the transfer matrices in the Matsubara
direction become dense on the half axis ¢2 > 0. If we do not introduce
additional rescaling as described below, the function wyatn (¢, §) goes to the

simple limit:

Wratn (G, €)== 4wo(C/E, a) + Vw((/E, a), (7)
where
sin Z((1 —v)u — «)
dwo(G 0 / ¢ sin % (u — ) cos Tudu’ ®)
Vo((,a) = —$(Ca, @) +$(Ca @) + 2i¢ tan ()
241
V(G = e

The reason for extracting the elementary Vw is due to the fact that the
function wy satisfies the relation typical for CFT

wo(¢oa) =wo(¢(TH2—a). 9)

Notice that (£/¢)%wo((/€, @) is not a single-valued function of ¢? and &2.
So, the property of rationality is lost in the limit. We define ¢ and V2 in
the same way as {1, replacing wyat.n (¢, &) by respectively 4wo((/€, ) and

Vw((/§, a).

Following IV we denote the original creation operators introduced in II
by b, (¢) and ¢, (¢). They satisfy the property:

Trs (brai (Q)(X)) =0, Trs (e, (€) (X)) =0,

for all quasi-local operators X . In the present paper it is useful to replace
these operators by the following Bogolubov transformed ones:

b3(Q) = e Vbl (e Q) = eV e (¢)eV . (10)
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Obviously, the functional ZJ° calculated on the descendants generated
by these operators is expressed as determinant constructed from function
Wrat,n (¢, €) — Vw(¢/&, &) which in the limit n — oo goes to 4w (¢/E, @).

As it is explained in IV, the operators (~“b{(¢) and (*c(¢) are rational
functions of (2 as far as they are considered in the functional Z5*, and they
have the following behaviour at (2 = 0:

oo o0
b5 () =D ¢ b leenyy 6O =D ¥ eleen,s

j=1 j=1
For bl  een,j» Cicreen,jWe have used the suffix “screen” to stand for “screen-
ing” in view of its similarity to the lattice screening operators used in IV.
In IV, another set of operators b*({), c*({) is obtained from b, ({),
++(C) by a kind of Bogolubov transformation which contains t*(¢). We
shall not write explicitly this Bogolubov transformation, but only the one
relating b*(¢), c¢*(¢€) to b§(¢), ¢i(¢), both acting on the quotient space W((lﬁ‘())
because only these operators are used in this paper. The operators b*(¢),
c*(¢) are important because Z%° vanishes on their descendants. Notice that
we do not allow k, s to grow together with n. In that case the dependence

on k, s disappears for n = oo.

C

Remark. The defining equations for wyatn (¢, §) given in IV imply that the
limit (7) has a very general nature. Namely, the result is independent not
only of k, s but also of inhomogeneities in the Matsubara chain. The situa-
tion is similar to that for the S-matrix which is the same for homogeneous,
inhomogeneous XXZ chains or even for the sG model.

If we consider the Bogolubov transformation which connects the opera-
tors b*(¢), ¢*(¢) and bj(¢), ci(¢) as acting on the quotient space W(gﬁ‘()), it
reduces to

b*(¢) = e"Pbg(Q)e™,  ¢*(Q) = e M cg(¢)e™ . (11)

We catch operators acting on W(®) by developing b*(¢), ¢*(¢) and b(¢),
c(¢) around the point ¢? = 1:

YO =, DG Q) 2 DG -1, (12)
p=1 p=1
b(() =D ((*=1)b,, ()= (2 —1)"c,. (13)
p=0 p=0

These operators are (quasi-)local in the sense of II, Section 3.3, while

* * : «“ 9
boreen,j a0d € ooy, ; are highly “non-local”.
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The operators by, ¢, create quasi-local operators in the sense of II,
Section 3.1 by acting on the primary field. Here we slightly change the
notation compared to ILIII, where the Fourier coefficients are defined after
removing an overall power (*®. The reason was that we wanted that the
result of action of by, c; is a rational function of ¢, ¢*. This rationality
property is irrelevant in this paper, and extracting (¥® may even cause a
confusion.

So far we have been discussing the simple limit n — oco. Now we discuss
the scaling limit to CFT. In IV we studied the scaling limit of the homo-
geneous XXZ chain on the cylinder. The key idea is to consider first of all
the scaling limit in the Matsubara direction. Namely, denoting the length
of the Matsubara chain by n and introducing the step of the lattice a we
consider the limit

n—oo, a—0, na=27R fixed. (14)
The requirement is that if we rescale the spectral parameter as ¢ = (Ca)” A,
the Bethe roots for the transfer matrix in the Matsubara direction which

are close to (2 = 0 remain finite. The constant C is chosen to have an
agreement with CFT as

<=

r (%)
C= 2\/7?F(%)P(V)
Next we consider the scaling limit in the space direction. We con-
jecture that under the presence of the background charges effected by
the screening operators, the lattice operator ¢2#572¢5(0) goes to the limit
Dy (—00) P (0) P14, (00) where

(15)

1—
K o=r+at2s—2.
v

Furthermore, we have shown that in the weak sense the following limits
exist

26°(\) = lm b*((Ca)*)),  29"(N) = lm " ((Ca)" D). (16)

The operators 3*()), v*(\) have the asymptotics at A2 — oo:

o0

* _2i=1 * = _zZi—r o
B*(\) = Z)\ 7 Bai—1, YN = Z)\ voY25-1 (17)
j=1 j=1

where 85, 1, v5;_; act between different Verma modules as follows
Baj1 - Varalor(s 1) @ Vo — Voyoizr, ® Va,

V51 ¢ Vaqarze(syr) ®Va = Vopoi—e ®Va.
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The action on the second component is trivial. The functional Z}** turns
in this limit into the three-point function for ¢ < 1 CFT as explained in
IV. The identification of descendants created by B* and ~* with Virasoro
descendants is made by studying the function

wr(\ ) = T( 1M e n((Ca)' A, (Ca)* ) — VoV p,0)

scaling

where limgcating refers to the scaling limit (14). Contrary to the simple-
minded limit n — oo (7), the function (u/A)*wgr(A, 1) remains a single-
valued function of A\? and p?, but it develops an essential singularity at
A2 = o0, p? = oo0.

In the present paper we shall consider sG model which requires putting
together the two chiralities. To this end we shall need to consider not only
the asymptotical region A\? — oo, but also A> — 0. Analysing the function
wr(A, 1) one concludes that the following limits exist

ﬂ:creen()‘) = Z AOL+2j_2/[:)':(:reen,j ’ (18)

1

§ lim b3 ((Ca)” )

A2 =0 j=1
S} .
; 1II1 CO((CCL)U)‘) AQEU 7:Creen()‘) = Zl )‘7Q+2j7>skcreen,j .
j=

For the moment we do not know how to use these operators, but one thing
is clear: they create highly non-local fields.
The L-operator depends on ¢ and ¢! in a symmetric way. That is why
another scaling limit is possible:
28" (\) = lim b*((Ca)™X), 27°(A) = lim " ((Ca)™"A),  (19)

which allow the power series at A — 0:

o0 o0

BT(N) =~ Z)\ZJ”IB% 17 Z v 'Yzj 1 (20)

Jj=1 Jj=1

The resulting operators act as follows
B\ V. ®va+21_7"(s—1) — Va ®Vo¢+2l;uus ,
Y (A Va ®Va+21—7v(s+1) — Va® Vaﬁl%us .
These operators are obtainable from the previous ones by the substitution
{a, \} = {2—a, \7'}.
The proof goes through considering the scaling limit (14) and studying
the function

lim wra,n((Ca) ™A, (Ca) 1) — VoM p, ).

_ 1
WR()\7 M) - Z(scalmg
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The analysis is parallel to the one performed for the first chirality in
IV. The function (u/A\)*@gr(\, 1) is a single-valued function of A2, u? with
essential singularities at A2 = 0, u? = 0.

The operators Bu cen(A) and 4%, (A) are introduced similarly to the
first chirality.

*

3 Im b5((Ca)™ )~ Bireen(V) N Beeny s (21)

=>
j=1
% IIH%) CS((C(],)_VA) A2g ﬁzcreen()‘) = E )‘2_a_2j'7:creen,j .
a— — 00 j:l
For both chiralities we have
wRO\, lu') T wO(/\//J'7 a)v "DR(/\v M) R?}oo "‘JO()‘//J“ﬂ a) .

R —

So, the naive n — oo limit is reproduced.

3. Inhomogeneous six vertex model and sine-Gordon model

We want to put two chiral models together and to make them interacting.
According to the previous discussion the lattice analogue of chiral CFT is
the XXZ model. So, the two non-interacting chiral models correspond to the
lattice containing two non-interacting six vertex sublattices. As an example
we shall consider the “even” or “odd” sublattices, consisting of lattice points
with coordinates (4, m) such that j, m are both even or both odd. It is well-
known?® how to force these two to interact: one has to consider a six vertex
model on the entire lattice with alternating inhomogeneneity parameters.
We denote S =S US, M =MUDM and introduce

(% N
e’} 2n
_1)J —(—1)™
Tsm=]] T, Tm(@) =] Lim(c ™07,
j=—o00 m=1

Here

3
J

3 3 —
Lim(C) = q 377 — (2q2%% — (g — ¢ ) (0f o + 07 0Fy) -

Note that for Oil = oo the inhomogeneous lattice reduces to two non-
interacting homogeneous lattices.
The functional Z2M! is defined by

TrsTrn (Ts,MqM(O) o)

TrsTram (TSMqQaS(O))

(22)
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We set £ = 0 here. The methods of ILIIT allow one to compute this func-
tional with inhomogeneities in both directions. In particular, from II one
concludes that the annihilation operators split into two parts:

b(() =b"(¢)+b7(C), () =c"(¢)+e((),

oo

ST 0= @@ )"
p=0
Let us take n = oco. Then using the remark from the previous section and
ILIIT one obtains:
Trg (le““ (q2a5(0)0))
Trg (q2aS(O)))

Zfogll{qQaS(O)O} _ (23)

We have
Qv =0, +vQ,
where

Qo :Q+++Q+* QT+,

/ dc? de?
R //woc/e, (><>§2 gi,

and similarly for VQ. The contour I't+ goes anticlockwise around Coﬂ.

As it has been said in the introduction, ideally we would like to start
from a non-critical (XYZ or SOS) lattice model and to obtain the relativistic
massive model by the usual scaling limit near the critical point. Since we
do not have the necessary formulae to do that, we have recourse to the
scaling limit of an inhomogeneous model by the procedure of Ref. 35. Here
we have an ideal situation from the point of view of QFT. Namely, we have
the ultraviolet cutoff (lattice), the infrared cutoff (a finite number n of sites
in the Matsubara direction), and the physical quantities (the values of the
the functional Z"!! on quasi-local fields) are exactly computed with finite
cutoffs.

Like in the homogeneous case, let us introduce the step of the lattice a,
and consider the scaling limit (14): n — oo, a — 0, na = 27R fixed. We
require further that Cal — 0, so that

M =4a"'¢; 1" fixed. (24)

The parameter M is a mass scale which has the meaning of the sG soliton
mass.?® The famous formula relating the soliton mass to the dimensional
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coupling constant p3® reads in our notation as

p=[1m] =g (25)

In this paper we consider a further limit R — oo. In that case the sG
partition function is obtained from ZM!.

Let us give some explanation at this point. The subject of study in
Ref. 35 is the partition function of the sG model on the cylinder. There
are two possible approaches to this partition function which correspond to
two Hamiltonian pictures. In the first one, the space direction is considered
as space and the Matsubara direction as time (space channel). One has
scattering of particles and describes the partition function by the Thermo-
dynamic Bethe Ansatz (TBA).?® This approach has an advantage of dealing
with known particle spectrum and S-matrices. It also has a disadvantage,
because as usual in the thermodynamics one has to deal with the density
matrix, which is a complicated object even in integrable cases.

The paper Ref. 35 uses an alternative picture: the Matsubara direction
is space, and the space direction is time. In this approach, the partition
function is described by the maximal eigenvalue of the Hamiltonian of the
periodic problem for the Matsubara direction (Matsubara channel). The
advantage of this approach is clear: one deals with the pure ground state
instead of the density matrix. The disadvantage is that describing eigenval-
ues in the finite volume is a difficult problem. This problem is addressed in
Ref. 35.

More precisely, it is proposed in Ref. 35 to obtain the sG partition
function as the scaling limit of TrgTram(Ts,m)- As in the present paper,
it is important to be able to control the computations starting from the
lattice and from finite n. In our opinion, the main achievement of Ref. 35
is not in rewriting the Bethe Ansatz equation for the Matsubara transfer
matrix in the form of a non-linear integral equation, but in extracting a
main linear part and inverting it. The resulting Destri-DeVega equation
(DDV) has several nice features. First, it allows the scaling limit and the
mass scale (24) appears. Second, after the scaling limit the DDV equation
clearly allows the large R expansion. Third, the scattering phase of the sG
solitons appears in the DDV equation in the Matsubara channel. The last
property allows the identification with the space channel. In particular, M
happens to be equal to the mass of soliton.

Now we come to the most important point of this paper. We wish to
define the creation operators appropriate for taking the scaling limit to the
sG theory. The issue is similar to the one in conformal perturbation theory,
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where one needs to prescribe a way how to extend the descendants in CFT
to the perturbed case. It is claimed in Refs. 18,23 that after subtracting the
divergencies these operators are defined uniquely: possible finite countert-
erms can be dismissed for dimensional reasons, at least in the absence of
resonances.'®23 The latter condition is satisfied in our case if v and « are
generic.

Let us define the operators b (¢) and c§(¢) by the same formula as in
the homogeneous case (10). Starting from these operators we define the
creation operators

bé(g) 2,: Z <2<:F2 ;D 1bi*
¢ p=1
and likewise for cj; (C ).
The operators bop Co

+x
P

defined on the quotient space W(gﬁ‘()) because the t*-descendants do not con-
tribute to it.

There are two sorts of chiral operators, one living on the even sublattice
and the other on the odd sublattice. We have to make some combinations
which will give finite answers for the interacting model. At the same time,
we want this combination to correspond to our intuitive idea that we have
to subtract perturbative series. Let us explain that the correct combinations
are given by the following.

bt (() = e % b (Q)e® ", Q) = e N e (e, (26)
b*(()=e % by (Q)e® , ¢ () =e % (e

Corresponding creation operators which create the quasi-local operators are
defined by

create quasi-local fields. Notice that ZU! is

bE(Q) = (G - 1

p=1

In what follows we shall be interested only in the case of an equal number
of b™ and c¢™*. Let us examine how the descendants of this form depend
on (p, taking the simplest case

* * — — —QFt -~ * * —
bl o b e (¢** ) = e by ey by e (7).

T

It is easy to see from the definition in II that the second factor in the right
hand side is a rational function of (2 regular at oo,

b cdt b € i) = (00 + 01 + (1 Oa + ) 50 (27)
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The rationality holds true after application of e=% '—%% . The expansion
(27) looks as a perturbative series for the action (1), because in the scaling
limit ¢, * comes accompanied by a=2", and ¢;?a~2" has the dimension of
(mass)?” i.e. that of u? (see (24)). Notice that the property (27) would be
spoiled if we apply e=% ~% " as well, because it will pick up wo((, @) near
2= Oﬁ, and the function wy({, o) has asymptotics at ( — oo containing
both ¢@=2m and ¢~ .

On the descendants created by (26), the value of Z™! remains finite
in the scaling limit. So we conclude that they create renormalised local
operators. We cannot say anything about the finite renormalisation, but it
can be taken care of by a dimensional consideration (see below).

We conjecture that the following limits exist

b lim b = B0 + Bl (C/1) (28)
3 Jim e (O 2 (O + oS/ 1)
3 Jim b 2 B+ Blereen ()
§lim Q) 2 A1)+ Ve ().

where by limgcaling the scaling (14), (24) and R — oo are implied.

In these formulae we denote by the same letters the operators in the sG
model as they were denoted in the CFT. We shall not consider the screening
operators,while we use the coefficients ,sz_l and so forth, defined as in (17)
and (20), to consider the descendants

B}E+ Yi-Br+77-2a(0). (29)

This is the field in the interacting model which goes to corresponding de-
scendant in the conformal limit 4 — 0 , and which does not develop finite
counterterms. The latter are forbidden by dimensional consideration. So,
this is exactly the definition which we were supposed to use from the very
beginning. Notice that the appearance of g in the formulae (28) is a con-
sequence of consistency with the conformal limit due to (25).

Now it is easy to compute the normalised vacuum expectation value of
the descendant (29) for the sG model. Tt is obtained by taking the scaling
limit of Z!'!! and computing the asymptotics of wg(¢, a) for ¢ — oo and
¢ — 0 which is done simply by summing up the residues in appropriate
half-planes:

2n—1

1 m v
wo(C,a):;ZQ’ v cotﬁ(2n—1—|—ua)—|—i2§a72”tan?(a—2n).
n>1 n>1
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The first part corresponds to the expectation values of operators created
by the coeflicients of the expansions (17), (20). These are the expectation
values in which we are interested in this paper. The second part of the
asymptotics corresponds to the operators (18), (21) At present we do not
know the meaning of their expectation values, but we hope to return to
them in the future.

Introducing the multi-indices as described in the introduction we obtain:

— % . " « . + —
(B1: 97 Br ;- Pa(0)sc )#“ A

7

+
= 5f—,1+5f+,1—(_1)#(I ) <

<(I)a(0)>sG 14
(30)
x e (TTHITD H cot Z(2=L 4 o) ] cotZ(2l—q).
2n—1el+ In—lel~
Now we have to recall the definition in IV:
Bin_1 = Don_1(a)B5 T, 5,1 =Dan1(2— a)¥Si'y, (31)
where
1 re+Lt@n-1
D2n_1(Oé) _ : G2n71 (2 2v ((171/) ))
w (n—1IT(%+ 5202n—1))
with
G=Tw)Y"Vi-v.
Similarly we get for the second chirality
— % —CFTx* —x _ *
Bon—1=D2n-1(2—a)Bs, 1, V31 = D2n—1(a)7g71:—T1 . (32)

The main formula (5) follows immediately.

Before concluding this paper, let us say that in principle our approach
can be applied to the computation of one-point functions of descendants
for finite radius in the Matsubara direction (finite temperature, in other
words). However, this would require a detailed study of the DDV equation
and the equations for the function wg for the sG model in finite volume.
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Introduction

The notion of crystal base (L, B) for an integrable module of a quantized
enveloping algebra U,(g) was introduced by Kashiwara in Ref. 16. The
crystal B has interesting combinatorial properties. It can be thought of as
the ¢ = 0 limit of the canonical base? or global crystal base.'” Explicit
realizations of the crystals for irreducible highest weight modules for the
finite dimensional simple Lie algebras of types A, B,C,D (resp. G2) in
terms of certain Young tableaux are given in Ref. 18 (resp. Ref. 11). In Ref.
21, the crystals for the level one integrable highest weight modules for the
quantum affine algebra Uq(sAl (n)) were realized in terms of certain extended
Young diagrams. This construction was generalized to arbitrary integrable
highest weight modules for Uq(sAl(n)) in Ref. 7.

The attempt to extend the construction in Ref. 7 to other quantum affine
algebras,'? led to the theory of affine and perfect crystals.'# In particular,
it was shown in Ref. 14 that the affine crystal B(X) for the level ¢ € Z+
integrable highest weight module V(\) of the quantum affine algebra U, (g)
can be realized as the semi-infinite tensor product --- ® B ® B ® B, where
B is a perfect crystal of level ¢. This is known as the path realization.
Thus for path realization of affine crystals it is necessary to have explicit
constructions of perfect crystals. In Ref. 15, at least one perfect crystal at
level ¢ was constructed for each quantum affine algebra of classical type.
Subsequently it was noticed in Ref. 13 that one needs a coherent family of
perfect crystals { By} in order to give a path realization of the crystal for the
Verma module M(A) (or U (g)). To show that a family of perfect crystals
is a coherent family one needs to have explicit actions of all Kashiwara
operators including the operators corresponding to the 0-node. For example,
the family of perfect crystals for Uq(C,(Zl)) given in Ref. 15 did not have
explicit O-action. In Ref. 13, a family {By}scz., of combinatorial crystals
(now known as adjoint crystals) for Ug( 7(11)) with explicit 0-action was
introduced and it was stated without a proof that they are perfect crystals.
Of course, now using Refs. 15 and 22, one can argue that the adjoint crystals
B, presented in Ref. 13 are perfect.

More recently, it has been realized that a perfect crystal is indeed a crys-
tal for certain finite dimensional module called Kirillov-Reshetikhin module
(KR-module)!? of a quantum affine algebra. The KR-modules are parame-
terized by two integers (r,s), where r corresponds to a vertex of the asso-
ciated finite Dynkin diagram and s is a positive integer. It was conjectured
by Hatayama et al.*® that any KR-module W"™* admit a crystal base B™*
in the sense of Kashiwara.!” This conjecture has been proved recently by
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Okado and Schilling?? for quantum affine algebras of classical types. In
Ref. 2 an explicit combinatorial description is given for each such crystal
B™s. It was also conjectured by Hatayama et al.%5 that if s is a multi-
ple of t, = max{1,2/(a,,a,)}, then the crystal B™* of the corresponding
KR-module is perfect of level s/t,.. This conjecture has been proved in Ref.
3 for the KR~crystals B™* constructed in Ref. 2. For example, in Ref. 2,
the explicit realization of the level ¢ perfect crystal B12¢ for the quantum
affine algebra Uq(C’ﬁll)) is given as a subset of a suitable KR-crystal for the
quantum affine algebra Uq(Aéi) +1)- The 0-action on B2 is given by using
an involution ¢ which is quite complicated in the general case. We give an
explicit description of the involution ¢ in this special case. The main result
of this paper is the explicit isomorphism between the adjoint crystal B,
given in Ref. 13 and the KR-crystals B2 given in Ref. 2. As a byproduct,
we have a complete proof of perfectness of the crystal B,.

This paper is organized as follows. In Section 1, we introduce some of
the basic definitions and notations related to quantum affine algebras and
perfect crystals. In Section 2, we recall the definition of adjoint crystals By
of type CT(LI) from Ref. 13. In Section 3, the Kirillov-Reshetikhin crystals
B12 in Ref. 2 of type O are reviewed. They are realized as subsets of
certain Kirillov-Reshetikhin crystals of type Agl) 11+ In Section 4, we prove
that the crystals B, and B2 are isomorphic.

1. Quantum affine algebras and perfect crystals

Let I ={0,1,...,n} be the index set and let A = (a;;); jer be a generalized
Cartan matrix of affine type. The dual weight lattice PV is defined to be the
free abelian group PV = Zho ® Zh1 & - - - ® Zh,, ® Zd of rank n + 2, whose
complexification h = C® PV is called the Cartan subalgebra. We define the
linear functionals o; and A; (¢ € I) on b by

Oti(hj) = Qjj, O[Z(d) = 61’07 Az(h]) = 6ij, Al(d) =0 (Z,] S I)

The «; are called the simple roots and the A; are called the fundamental
weights. We denote by II = {«; | i € I} the set of simple roots. We also
define the affine weight lattice to be P = {\ € h* | A(PY) C Z}. The
quadruple (A4, PV, 11, P) is called an affine Cartan datum. We denote by
g the affine Kac-Moody algebra corresponding to the affine Cartan datum
(A, PY,1I, P) (see Ch. 1 of Ref. 9). Let § denote the null root and ¢ denote
the canonical central element for g (see Ch. 4 of Ref. 9). Now the affine
weight lattice can be written as P = ZAg ® ZA1 & --- ® ZA,, & Z0. Let
Pt ={\€ P | Ah;) >0 for all i € I}. The elements of P are called
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the affine weights and the elements of Pt are called the affine dominant
integral weights.

Let PV = Zho®---®Zh,, h = C®z PV, P = ZA¢®ZA, & - - -BZA,, and
Pt ={\e€ P | Xhi)>0foralli € I}. The elements of P are called the
classical weights and the elements of P71 are called the classical dominant
integral weights. The level of a (classical) dominant integral weight A is
defined to be £ = A(c). We call the quadruple (A, PV,II, P) the classical
Cartan datum.

k_ .~k
For the convenience of notations, we define [k] , = %, where k is

!
an integer and x is a symbol. We also define [TZ] ) = m, where
m and k are nonnegative integers, m > k > 0, [k] ! = [k] [k —1],---[1],

and [0],! =

The quantum affine algebra U,(g) is the quantum group associated with
the affine Cartan datum (A, PV, II, P). That is, it is the associative algebra
over C(q) with unity generated by e;, fi(i € I) and ¢"(h € PV) satisfying
the following defining relations:

(i) ¢ =1,¢"¢" = ¢"*" for all h,h' € PV,
(il) q"e;q™" = ¢ We;, ¢" fiq7" = g~ W f, for h € PV,
K, — K
(iii) e;f; — fjei = 0iyj————=5 for i, j € I, where ¢; = ¢* and
q

Ki = QSihi7
17ai]‘ 1
k=0 i
1—(11',]' 1 !
— Qg5 1—a;;—k . .
(v) (=1)* { i j} fi fifF=0fori#j.
k=0 qi
Here, D = diag(so, $1,---,$n) is a diagonal matrix with all s; € Z<q

such that DA is symmetric. We denote by U, (g) the subalgebra of U,(g)
generated by e;, fi,q" (i € I). The algebra U,(g) can be regarded as the
quantum group associated with the classical Cartan datum (A4, PV, 1I, P).
In this paper, we focus on the quantum affine algebras of type C’nl) (n>
2) and Agi)Jrl(n >2). Wewilluse I = {0,1,....,n}and I = {0,1,...,n,n+1}
as index sets for " (n > 2) and Agi)ﬂ(n > 2), respectively. Thus the null
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root and the canonical central element are given by

5= {a0+2a1 4+ 200 + -+ 20y,-1 +, for (3'7(11)(1122)7
ag +ag + 201 + -+ 200, + Qpaa for Aéi)+1(n22),
c=ho+hy+---+h, for C'T(Ll)(n22)7
C:{c:h0+h1 2Ry + -+ 2k 4 2hyy for AT (n>2).

(See Ch. 4 of Ref. 9.)

Definition 1.1. An affine crystal (respectively, a classical crystal) is a
set B together with the maps wt : B — P (respectively, wt : B — P),
e fi : B— BU{0} and g;,¢; : B — Z U {—o0} (i € I) satisfying the
following conditions:

(i) @i(b) = €i(b) + (hs, wt(D)) for all i e I,
(i) wt(€;b) = wt(b) + o, if &b € B,
(i) wt(fib) = wt(b) — o if fib € B,
(iv) ei(éd) =ei(b) — 1, @i(€ib) = pi(b) +1 if &b € B,
(v) <i(7ib) =<ib) + 1. @ulfib) = @u(b) ~ 1 it fbeB,
(vi) fib=b ifandonlyif b=¢b forbb € B,ie I,
(vii) If @;(b) = —oc for b € B, then &b = fib = 0.

Example 1.1. Let A € P*. Then the crystal graph B()) of the irreducible
highest weight module V(\) is an affine crystal. It can be regarded as a
classical crystal by forgetting the action of its weights on d.

Definition 1.2. Let B; and By be affine or classical crystals. A crystal
morphism (or morphism of crystals) ¥ : By — Bs is a map ¥ : B; U {0} —
B2 U {0} such that

(i) ¥(0) =0,
(i) if b € By and ¥(b) € By, then wt(¥ (b)) = wt(b), ;(¥ (b)) = :(b), and
0i(T(b)) = @;(b) for all i € I,
(iii) if b,0' € By, U(b), ¥(V') € By and fib = ¥, then f;¥(b) = ¥(¥) and
U(b) =¢; (V) for all i € I.

A crystal morphism ¥ : By — B3 is called an isomorphism if it is a bijection
from By U {0} to By U {0}.

For crystals B; and By, we define the tensor product By ® Bs to be the
set By x Bs whose crystal structure is given as follows:
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Ebr @by if i(by) >
by ®Ebs it i(b) <
fibi @by if @i(by) >
b @ fiby if pi(b) <
wt (b1 ® b2) = wt(b1) + wt(b2),

gi(b1 ® by) = max(g;(b1),e;(b2) — (hi, wt(b1))),
@i(b1 ® ba) = max(p;(bz), i(b1) + (hi, wt(b2))).

éi(b1 ® b)) = {

filb1 ®by) = {

Let B be a classical crystal. For an element b € B, we define

b) = ZEi(b)Ai7 e(b) = Z @i(b)A

i€l icl

Definition 1.3. Let ¢ be a positive integer. A classical crystal B is called
a perfect crystal of level £ if

(P1) there exists a finite dimensional Uy(g)-module with a crystal basis
whose crystal graph is isomorphic to B,

(P2) B® B is connected,

(P3) there exists a classical weight \g € P such that wt(B) C Ao +
Eiyﬁo Z<p o, #(Bx,) = 1, where By, = {be€ B | wt(b) = Ao},

(P4) for any b € B, (c,e(b)) > ¢,

(P5) for any A € PT with A(c) = £, there exist unique b*,by € B such that
e(b) = X = p(by).

The following crystal isomorphism theorem plays a fundamental role in
the theory of perfect crystals.

Theorem 1.1. (Ref. 14) Let B be a perfect crystal of level £ ({ € Z>g).
For any A € Pt with \(c) = ¢, there ewists a unique classical crystal iso-
morphism

Wi B(A) = B(e(by)) @ B given by ux — ugp,) @ b,

where uy is the highest weight vector in B(\) and by is the unique vector
in B such that ¢(by) = A.
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Set Ao = A, Aky1 =€(by,.), bo = bx,, brg1 = ba,,,- Appying the above
crystal isomorphism repeatedly, we get a sequence of crystal isomorphisms

B\ =5 B(AM)©B 5 B(M\)@BoB > ...
Uy — Uy Qby — uxN, b1 @by — -

In this process, we get an infinite sequence py = (by)3, € B>, which is
called the ground-state path of weight A. Let P(\) := {p = (p(k))2, €
Be> | p(k) € B,p(k) = by, for all k> 0}. The elements of P()) are called
the A-paths. Let p = (p(k));2, be a A-path and let N > 0 be the smallest
positive integer such that p(k) = by, for all k > N. For each i € I, we define

N—-1
wtp = An + Z wt p(k),

k=0
Ep=--@p(N+1)®&(p(N)®- - @p(0)),
fip=-®p(N+1)® fi(p(N)® - @p(0)),

£i(p) = max(&i(p’) — ¢(bn), 0),
¢i(p) = ¢i(p") + max(ei(bn) —£(p'), 0),
where p’ = p(N)®---®@p(1)@p(0). The above maps define a classical crys-

tal structure on P(A). The classical crystal P(A) gives the path realization
of B()).

Proposition 1.1. (Ref. 1/) There exists an isomorphism of classical crys-
tals

Uy:B(\) — P(A) given by uy+— pa,

where uy s the highest weight vector in B(X).

2. The adjoint crystals of type C(})

Let {B}sen be the coherent family of classical crystals type ¢ introduced
in Ref. 13. (See also Ref. 1 for level 1 case.) In Ref. 8, they were referred to
as adjoint crystals of type Cy(ll).

Fix a positive number ¢ and set

B, = {(z1,22,. .., Zn, Tp, ..., T2, 1) € Z*" | 25, % >0,
n

Z(wl + ;) <2, Z(wl +Z;) =0 (mod 2)}.
i=1

=1
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For b = (21,22, ..., Tn;Tn, ..., T2, %1) € By, the actions of &, f; are defined
as follows:
(x1—2,x2,...,£2,£1) if 1 > 21+ 2,

é()b: (xl—l,xg,...,,fg,.fl—Fl) if Jflzi‘l—l-l, (1)
(‘rlu$2a"~7i'27i'l+2) if ‘rléjlv
(3}1+2,$2,...,§32,§31) if T > T,

fob= ($1+1,$27...,f2,f1—1) if xy =71 — 1, (2)
($1,$2,...7i‘27i'1—2) if 9 <1 —2,

élb—{(:L‘l,...71'i+].,.’l,'i+1—1,...,{1,‘1) ifl‘i+1>{fi+1
B

X1y T + L2 —1,..0,%1)  if 241 < Ty
fori=1,2,...,n—1,
fib: {(xl,...,xi — 1Lz +1,...,%1) if 2441 > Tia )
(@1, Ti1 — L@+ 1,..0,21) i @1 < Ty
fori=1,2,...,n—1,
énb=(x1,...,2n +1,Zp, — 1,...,71), (5)
fab=(x1,..  xn — 1, E0 +1,...,71), (6)

where the right-hand side is regarded as 0 if it does not satisfy the conditions
for By. The classical weights £(b) and ¢(b) are given as follows:

e(b) = (%_TS() + (21 — 1) )Ao + Z (i + (i1 — Tiv1)+) A + T ly,
p(b) = (%ﬁb) + (&1 — 71) )Ao + Z T+ (Tig1 — Tig1)+)Ni + 20 A,
where s(b) = zn:(xl + 7;) and (z); = max{xz,0}. Define wt : B, — P
i=1
by wt(b) = En:(xl — Z;)(A; — Ay_1). Then (By, wt, @, e, f;, &) is a classical
i=1

crystal.!3
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Example 2.1. The adjoint crystal B; for C’él) :

(2,0,0,0) (1,0,1,0) (0,0,2,0)

(1,0,0,

(0,2,0,0) (0,1,0,1) (0,0,0,2)

Remark 2.1. Note that B, is isomorphic to B(2¢A1) & B((2¢ —
2)A1) @ - @ B(0) as a Uy(Cp)-crystal. Indeed, each element b =

(1,22, .+, Ty Tny - - ., T2, T1) € By can be identified with the Kashiwara-
Nakashima tableau
T To Tn Tn T
- -

in B(s(b)A1). (For the definition of Kashiwara-Nakashima tableaux of type
C,,, see Refs. 2,6,18.) It is easy to show that this correspondence is a U, (C),)-
crystal isomorphism.

Proposition 2.1. B, satisfies conditions (P2)-(P5) in Definition 1.3.

Proof.
(P2) By Remark 2.1
B, @B, = |_| B(QSAl) ® B(?t/\l)

0<s,t<e

as a Uy (Cp)-crystal. Since every vector in B, ®By is connected to some
maximal vector for Uy(Cy,) (i.e., a vector that is annihilated by é; for
all t =1,2,...,n), it is enough to show that all maximal vectors are
connected to each other by various i-arrows for ¢ = 0,1,2,...,n.

Let by ® bz be a maximal vector in B(2sA;) ® B(2tA;). Then, by
the tensor product rule, b; must be (2s,0,...,0), the highest weight
vector in B(2sA1). After applying €y on (2s,0,...,0) ® by repeat-
edly, by the tensor product rule, we get (0,0,...,0) ® b, for some
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(P3)

(P4)

by, € B(2t'A1)(0 < ' < £). Since (0,0,...,0) ® B(2t'A;) is isomor-
phic to B(2t'A1) as Uy(C,, )-crystals, by applying appropriate é;’s with
i=1,2,...,n, we will get (0,0,...,0)® (2¢',0,...,0). Finally, apply-
ing fg_t/ to this vector yields the vector (0,0,...,0) ® (2¢,0,...,0),
which proves our assertion.

Set A\g = 2¢(A; — Ag) € P. Then for b = (21,...,%n, Tn,...,T1) € By,
we have

n

wt(b) = > (x; — 2;) (A — Ai 1)

i=1
- (s(b)—Z(xﬁ-@) 2x1)(A1—A0 +Z i —3) (A — Aiy)
i=2
=5(b)(A1 — Ag) — Y zi(—Ao+ A1+ Aim1 — Ay)

=2

— Z@(-AO + A1 — A+ Ay) — 22 (A — Ao)
=2
= S(b)(Al — AQ) — in(al + -4 041;1)
1=2
—Zfi(a1+"'+an+an71+"'+ai)

20 —s(b
=X — (T()>(2a1+~~+2an,1 + ay)

n
=Y wilaat+ i)=Y (ot antan 1+t a).
1=2 =1

Clearly, we have (Bg))\o ={(2¢,0,...,0)}.

Since ¢ = hg + h1 + - - - + hy,, we have
20 — s(b _ _
(c,e(b)) = 5 ( ) +(x1 —Z1)+ + Z (SCZ (Tit1 — xi+1)+) + Z,
e T |
:€+Z:1 (__zziia_?z“}'x) Q(zn+fn>+zn+; )+
- 1
=04 (= o =7 + (@i - 7)) ™
=1
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)min )min

(P5) Let (B = {b € By | (c,e(b)) = £}. By (7), we have (B,
{(z1,22,...,Zn, Tpn,...,22,21) € By}. Now it is easy to show that
€: (IB%g)mm — P ={X\ € P | (c,\) = (} is a bijection. Indeed, for
a X € P, e71()\) is given by

(/\(hl)7 )‘(h2)a R /\(hn)7 )‘(hn)a R )\(hQ)a /\(hl))

Since ¢ : (Bg)min — P;' coincides with €, we have the desired resultD.

Remark 2.2. To prove that By is perfect, it remains to show that there is a
U(;(C,(ll))—module with crystal base By. In Section 4, instead of constructing
such a module dlrectly, we will show that B, is isomorphic to a crystal
which admits a U] (C ) module structure.

Example 2.2. The crystal B(Ag) for C’;l)

(- (0,0,0,0)(0,0,0,0))
/
(---(0,0,0,0)(2,0,0,0))
1

(---(0,0,0,0)(1,1,0,0))

e

- (0,0, 0,0)(0, 2,0,0)) (---(0,0,0,0)(1,0,1,0))
/ \ ll

(---(2,0,0, 0)(0 2,0,0)) -(0,0,0, 0)(0 1,1,0)) (---(0,0,0,0)(1,0,0,1))

3. Kirillov-Reshetikhin crystals Bl’(22e) and Bl’?le)
A Cr

2n+41
In Ref. 19, the notion of Kirillov-Reshetikhin modules was introduced. They
are certain finite dimensional Ué(g)—modules W5 labeled by a positive
integer s and r € {1,2,...,n}. See Ref. 4 for the precise definition. In Ref.
22, it is proved that every Kirillov-Reshetikhin module of classical affine
type has a crystal basis. The crystal of Ué(g)—module W5 will be called
the Kirillov-Reshetikhin crystal of type g and will be denoted by Bg”.
In this section, we will give a description of the Kirillov-Reshetikhin
crystal Blcff;. In Section 4, we will show that Blc’(Qﬁ is isomorphic to By
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as a Ué(C’,(Ll))—crystal, thereby we conclude that there exists a Ué(C’T(Ll))—
module with crystal basis By. Following Ref. 2, the crystal Blcff) will

be realized as a subset of the Kirillov-Reshetikhin crystal BZ(Qf) . Since

20

2n+1

Kashiwara-Nakashima tableaux of shape HE
from {1,2,...,n,n+1,n+ 1,m,...,1}. As in Remark 2.1, we will identify

the tableau

is isomorphic to B(2¢A1) as a U,(Cy41)-crystal,®? it is the set of

| | |With entries

1 To Tn+1 Tnt1 T
with (z1,...,%nt1,Tnt1,...,21). Using this parametrization, the Kashi-
wara operators é;, f; fori =1,2,--- n+1 on B(2¢A;) are given as follows:
for b= (z1,...,%n+1, Tnt1, .- .,T1), we have

ob— (351,...7xi+1,xi+1—1,...7E1) if Tiy1 > Tit1, (8)
1 - . —
(1, T 1,2 = 1,000,21) if 20 < By,
fib— (1, — Liwgpr +1,..0,%1) i 240 > Tiga, )
1 - . —
(.’El, ..7i'i+1—1,i'i+1,...7i'1) if Tit1 < Tit1,
fori=1,2,...,n,
én+1b:(:L'lvn'aanrl+17En+1_17"~vz1)7 (10)
faib= (@1, Tpg1 — LBpg1 +1,...,71). (11)

Since B(2¢A1) is the crystal basis of the irreducible U,(Cjp41)-module
V(2¢A1), which is completely reducible over the subalgebra of Uy(Cp41)
corresponding to the Dynkin diagram obtained by removing 1-node from
the original one, B(2¢A1) is a direct sum of highest weight crystals as a
{2,3,...,n+ 1}-crystal. Let us describe the {2,3,...,n+ 1}-highest weight
vectors in B(2¢A4).

Lemma 3.1. The set of {2,3,...,n+ 1}-highest weight vectors in B(2¢(A1)

is given by {(x1,x2,0,

...,0,531) S B(2€A1) | 1+ +T1 = 26}

Proof. Clearly, (z1,22,0,...,0,Z1)isa{2,3,...,n+1}-highest weight vec-

tor. Suppose that a vector b = (z1,..

.,$n+17§?n+1,...,

531) € B(2€A1) is a

{2,3,...,n+1}-highest weight vector. Since é;b = 0 fori = 2,3,...,n, from
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(8), we get ;41 < T;j+1 and T; = 0. Thus we see that z3 = --- = x,, = 0.
From the fact that é,41b = 0, we have Z,, 11 = 0 by (10) and thus z,+1 = 0.
O

Now, following Ref. 2, we define an involution ¢ on B(2¢A;) as follows :

(1) O'("El,xg, 0, ey 0,1_71) = (J_Tl,IQ,O, e ,O,Il),

(ii) For b € B(2¢A1), let é(b) := €q,€a, * ++ €a, (b) (ai € {2,3,...,n+1})
kie suchA thAat é2 (b)A isa{23,...,n+ 1}—}A1ighest weight vector. Set
[ = faxfay_, -+ fay, and define o(b) := f_ oo o0é_(b).

Since the connected component of (z1, 2,0, ...,0,Z1) is isomorphic to the
connected component of (Z1,x2,0,...,0,21) as {2,3,...,n + 1}-crystals,
one can see that o is a well-defined involution on B(2¢A4). By definition, o
commutes with fl and é; fori =2,3,...,n+ 1.

Remark 3.1. Note that ¢ in the above definition coincides with the one
in Definition 4.1 of Ref. 2. Indeed, they are defined in the same way on the
vectors which are not {2,3,...,n + 1}-highest weight vectors. In Ref. 2, o
on the set of {2,3,...,n+1}-highest weight vectors is given by ®oSod 1
where ® is a bijective map from the set of +-diagrams of outer shape 2¢A
to the set of {2,3,...,n+ 1}-highest weight vectors and & is a permutation
on the set of +-diagrams of outer shape 2¢A; (for the precise definitions of
+-diagrams, ® and &, see sections 3.2 and 4.2 in Ref. 2). It is easy to show
the following properties:

(1) The numbers of +’s and —’s in a +-diagram of outer shape 2¢A; de-
termine the £-diagram uniquely.

(2) @ sends the +-diagram of outer shape 2¢A; with m-many +’s and n-
many —’s to the tableau (m,2¢ —m —n,0,...,0,n).

(3) & sends the +-diagram of outer shape 2¢A; with m-many +’s and
n-many —’s to the +-diagram with n-many +’s and m-many —’s.

Thus we have
PoBod x1,12,0,...,0,71) = (Z1,2,0,...,0,27).

Lemma 3.2. The involution o exchanges the number of 1’s and the number
of 1’s in a Kashiwara-Nakashima tableau in B(2¢Ay). That is,

0'(3?17.’]3‘2,...,$n+1,.fn+17...,.fg,§?1) = (i‘l,$27...,xn+17fn+1,...,§727$1).

Proof. Let b € B(2(A1) and let é-(b) := éq,€a, €ay(b) (a; €
{2,3,...,n + 1}) be such that é_(b) is a {2,3,...,n + 1}-highest
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weight vector. Then o(b) 0(fara, () = fa,0(éa,(b). If b =

(1,22, Tnt1, Tntl,-- -, 1), we know that
5 (b) = / / =
eak()_(xla'"axak—1vxak7xak+1axak+2’"'ax

app1Lags -+ aj%i‘l)

for some a7, , 7, , |, Ty, ,, and T, . That is, the tableau é,, b differs from b

by the number of ay’s, ag+1’s, Grr1's and ax’s only. By using induction on
—

the length of a, we may assume that

0(Ea, (b)) = (1, ... ,xakfl,x;k,x;kﬂ,xakﬁ, . ,j;kﬂ,a’:;k, ety T, T1).
From (8)-(11), we conclude
a(b) = faka(éak (b)) = (T1, %2, -+, Tay, Tapyys- s Tagyr> Tags - - - > T2, T1),

as desired.

O

Using o, one can define affine crystal operators as follows
for=00fioo, ég:=00é100.

Equipped with these affine operators, B(2¢A;) becomes the Kirillov-
Reshetikhin crystal BZ?f) (Theorem 5.1 of Ref. 2).

2n+41

Example 3.1. The Kirillov-Reshetikhin crystal Bl’(22) :
A5

- N
N i > N N s \
7 .7 7N N \ Ny \
4 s 4 \ s\ \ VAN
7/ s e \ 7/ \ \ / \
7 s 7 N \ \ ; \ \
;o / ¢ \ v \ 1
Y \ \
A / \ \/ \
(0,2,0,0,0,0) (0,1,0,1,0,0) \ (0,0,0,2,0,0) \
1 |
/ I
(1,1,0,0,0,0) |
1
|
(2,0,0,0,0,0) 2 (0,1,1 (0,0,0,0,0,2)
| 1
! (1,0,1,0,0,0) — | (1,0,0,0,1,0)
|
A VN,
! \ \
| \\ (0,0,2,0,0,0)/
\
\ \ /
\ /
\ /
N/
\
N
\
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Let B = {b € B2 | o(b) = b}. By Lemma 3.2, we see that B =

AS
{(z1,...,71) € BZ’(Qf) | x1 = Z1}. We define the crystal operators on B as
2n+1
follows:
: éoér if i=0, ; fofi if i=0,
e; = P = ~
' Givr if i=1,2,...,n " fir if i=1,2,...,n

With these operators, B is isomorphic to the Kirillov-Reshetikhin crystal
Blc’(zf) (Theorem 5.7 of Ref. 2).

Example 3.2. The Kirillov-Reshetikhin crystal Bl’i) :
CZ

(0,2,0,0,0,0) (0,1,0,1,0,0) (0,0,0,2,0,0)

(0,1,1,0,0, ,1,1,0)

(0,0,2,0,0,0) (0,0,1,0,1,0) (0,0,0,0,2,0)

4. Main Theorem
As can be seen in Examples 2.1 and 3 2 the level 1 adjoint crystal B; of
type C’ ) and the level 1 KR crystal BY (1) have the same crystal structures.

This isomorphism can be extended to the crystals with arbitrary level and
arbitrary rank.
Consider a map ¥ from B U {0} to B, U {0} given by ¥(0) := 0 and

\I’(J?l,.lfz,...,$n+1,i‘n+1,...,f2,fl) = (.132,...,£n+1,§3n+1,...,f2).

Theorem 4.1. The map ¥ is a Ué(Cy(ll))—crystal isomorphism between
B Jo and B.
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Proof.
(i) The inverse of U is given by

Y15 Yns Uno ey 1)

(%—Zlﬂw+m
2

) 20370 (yi + 3
yYly e s Yns Yny - - -5 Y1, 22_21(Z 71))

Thus ¥ is a bijection.
(ii) It is straightforward to verify that

Vo fi=fiol, Wog;=¢0T (1<i<n).

For example, let b = (21,...,Zn41, Tnt1,.-.,Z1) € B and let ¢ be an
index with 1 <7 <n — 1 such that ;492 > Z;42. Then we have

Uo fi(b) = To fiy(b)
= \I/($17...,$i+1 — 17$i+2 —|—17...,$Z'1) by (9)

= (z2,. ., g1 — L ig2 +1,..., 22)
:]ii(xg,...,IiJrl,fEiJrg,...,J_Jg) by (4)

The other cases can be checked in a similar manner.
(iii) Tt remains to show that Wo fo = fooW and Yo ey = €y o W. Let

b= (z1,...,Tnt1,Tnt1,-.-,Z1) € B. Then we have

5 ;o2 fox1 —Lao +1,...,%2,71) if o > o,
fo(b) = fofi(b) =< ", _ _ . _
fo(z1,22,..., T2 — 1,21 +1) if x5 <Z»

o G‘Ofl(zfl,SCQ—l—l,...,fZ'Q,xl—1) if a9 > Zo,

crofl(jl+1,x2,...,i2—1,x1) if zo < To

0(@171,5824’2,...,@271’171) if IQZEQ,
= U(i‘17$2+1,...7.’fg—1,a’,‘1) if 2o =25 —1,

0’(i'1+1,.%'2,...,,’i‘2—2,$1+1) if 29 <ZTg—2
(w1 =1, w0 4+2,...,22,21 — 1) if x5 > Ty,
= (l’l,xg—f—l,...,.’fg—l,ifl) lf ,CCQZ.’E’Q—L

(56'1+1,$2,...,$Z'2—2,i‘1+1) lf .'I;QS.%Q_Q.
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Thus we have

($2+2,...7.’Z‘2) if a9 > To,
\I/Ofo(b): ($2+1,...7i‘2—1) if To =Tg — 1,
(.Z‘Q,...,.fQ—Q) if $2§f2—2
= foow(t) by (2).
By the same argument, one can show that ¥ o ey = €y o U. O
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BOUNDARY QUANTUM KNIZHNIK-ZAMOLODCHIKOV
EQUATION

MASAHIRO KASATANI

Graduate School of Mathematical Sciences, the University of Tokyo
Tokyo 153-8914, Japan
E-mail: kasatani@ms.u-tokyo.ac.jp

We introduce partial reflection K-matrices, and boundary qKZ equation with
6 parameters. We give a method to construct its solution from a solution of
certain eigenvalue problem. The eigenvalue probrem is described in terms of
Noumi representation of the affine Hecke algebra of type C. We also show
concrete solutions in terms of non-symmetric Koornwinder polynomials. This
is an anouncement of a joint work with K. Shigechi.3

1. Introduction

The quantum Knizhnik-Zamolodchikov (qKZ) equation, introduced by
Frenkel and Reshetikhin,' is the system of difference equations satisfied
by matrix elements of the vertex operators in the representation theory of
the quantum affine algebra.

In the paper? by the author and Takeyama, they gave polynomial so-
lutions of the gKZ equation on the tensor product V®" of the vector rep-
resentation V' of the quantum algebra Uy (sln). They formulated a method
to construct solutions of the qKZ equation from those of certain eigenvalue
problem on Dunkl-Cherednik operators and Demazure-Lusztig operators.
They found that non-symmetric Macdonald polynomials with certain con-
dition are solutions for the eigenvalue problem.

In the present paper, we introduce a qKZ equation with boundaries.
This is a system of difference equations for V®"-valued functions defined
by a product of R-matrices and K-matrices. (Explicit definition is given in
Section 2.) The R-matrix is a linear operator on V @ V. It stands for an
interaction of two spaces. The K-matrix we introduce is a linear operator
on V. It stands for a partial reflection on a boundary. Totally, these matrices
and the equation depend on 6 parameters.
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We connect the boundary qKZ equation with a polynomial representa-
tion of the affine Hecke algebras (AHA) of type C,,. The representation is
so-called Noumi representation.” It is a restriction of a polynomial repre-
sentation of the double affine Hecke algebra (DAHA) of type CVC,, with 6
parameters. We formulate a method to construct solutions of the boundary
gKZ equation from those of certain eigenvalue problem on certain opera-
tors.

To find solutions of the eigenvalue problem, we use non-symmetric
Koornwinder polynomials with 6 parameters. Our construction of the solu-
tions works not only for generic parameters but also for specialized param-
eters.

In the case where the parameters are specialized, we give a factorized
solution. This is a generalization of the level 1 solution of the qKZ equation
given in the papers.6-4

Recently, Stokman® generalized the result* to arbitrary root systems.
His result is similar to that of the present paper, but there are some different
points. He did not treat the case of type C'VC,, where 6 parameters appear.
In his formulation, corresponding K-matrix only stands for total reflection
on a boundary. He did not give explicit examples such as Section 4.

Let us give a sketch of our construction of solutions. We use the standard
basis {v_pr,...,va} of V. Expand an unknown V®"-valued function into
a linear combination of the tensor products ve, ® - - - ® v,,,. We consider the
functions which appear in the expansion as coefficients. The boundary qKZ
equation can be regarded as constraints for the functions. In the present
paper, we introduce a stronger condition than the boudary qKZ equation
itself, and call a set of functions satisfying the condition a ¢KZ family (see
§3.2).

The defining condition of gKZ family is described in terms of the action
of the AHA H,, on the space of functions. H,, is generated by elements
T; (0 < i < n) with some defining relations (see §3.1). The action of T is
nothing but Noumi representation. We can obtain any member of the qKZ
family form another member by acting some T;’s.

For each qKZ family, we pick up a special member. We show that the
member is a joint eigenfunction of operators given by products of T;. Con-
versely, an eigenfunction of these products of operators generates a qKZ
family. Thus construction of a qKZ family is reduced to that of an eigen-
function of the products of T;.

In the definition of the eigenvalue problem (see Def. 3.3), there appears
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an product of the form:

Yi=T;.. Ty y(T... To)Ty ... Th.

7

It is known that non-symmetric Koornwinder polynomials are joint eigen-
functions of Y7,...,Y, (see, e.g. Ref. 5). Therefore we construct special
solutions of the boundary qKZ equation from non-symmetric Koornwinder
polynomials.

The plan of the present paper is as follows. In Section 2, we introduce
R- and K-matrices, and define the boundary qKZ equation. In Section
3 we recall AHA and Noumi representation (§3.1), and define the qKZ
family (§3.2). We construct solutions of the equation from the qKZ family
in Theorem 3.2. The eigenvalue problem explained above is given in §3.3.
We show its equivalence to the problem to find qKZ families in Theorem
3.7. In Section 4, we give explicit solutions of the eigenvalue problem in the
case where the parameters are generic or special.

2. Boundary quantum Knizhnik-Zamolodchikov equation

In this section, we define linear operators on a vector space, so-called

R-matrix and K-matrices. We also define boundary quantum Knizhnik-

Zamolodchikov equation using a product of the R-matrices and K-matrices.
Let V be a finite dimensional vector space, and fix its basis by

V= @ Cu (if dimV =2M),
—M<e<M,e#0

V= P Cu (f dmV =2M+1).
—M<e<M

Define the linear operator R(z) with a parameter ¢ acting on V ® V' by

R(2) (ve, ® ve,) Z R(z 616/2 Vet ® Ve

61762

Rz)i=1, R(zyl =029 peyi 2 126 oisi 45

Yo 1—¢?z]

and R(z )l,], = 0 otherwise. Here

1if P is true,
0(p) = {() if P is false.
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Then R(z) satisfies the Yang-Baxter equation on V®3:

R (5 o (5) e () = s (3 s () e ()

Let P be an operator given by P(u ® v) = v @ u, and put R(z) = PR(2).
Let o and 8 be non-negative integers such that 0 < «, 3 < M. Define
linear operators K (z) and K (z) with parameters qn/ ui/Q, qé/Q, 5/2, s1/2

acting on V by:

)Uz = ZKZZ/ (Z)’Ui/, F(Z)Uz = Z?z/ (Z)Ui’a

Ki(z)=1 (il <o),

i 1-—22
K; (2) = qn

(1—az)(1—0b2) (1> ),

N (et i bt et T LA
(where a = ql/2 12 = —q,l/2u;1/2).
Ki(z)=1 (il <B),
— 1—s272 .
Ki(z) = (i > B),

(1—cz 1) (1 —dz1)
: (go — gy 1)s0(>0)z=20>0)  (}/% 7/ 1/2,-1

K_i(2) = —cio (1 —cz1)(1 —dz"1)

(il > )

(where ¢ = 31/2q3/2u3/27 d= _31/2973/2“81/2).

and K}(z) = F; (2) = 0 otherwise. Then K (z) and K(z) satisfy the reflec-
tion equation on V®2:

K(w) Ry (20) K1 (2) R (%) ~ Ris (i) K1(2) Ro.1 (2w) Ko (w)

K1(2)Raa (%) Ka(w)Ry.2 (%) ~ Ris (5) Ko(w)Ras (%) Ki(2).

Let P, and Py be operators given by
vi (il <) {vi (il < B)
Pn V;) = . P Vi) =
=0 s Bl (il > 5
and put K(z) = P,K(2), K(2) = PyK(2).
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We define signed R- and K-matrices R and K+ by

RI()=Rigna(s), R () = f(2)Risa(2),
K*(2) = K(2), K= (2) = f"(2)K(2),
K (2) = K(=), K (2) = f°(2)K ().

Here, f, f™, f° are rational functions given by:

2,2 (u}l/2 *1/2)

2
q°z—1 1—-gq; — U, z
f(z) = , )= — ;
-z g2+ 22 — (u 1/2_un1/2)2
_ 1/2 —1/2y __
£2) = 1— sqz 2—31/2q0(u0/ — U, /)z 1
—q2 + 5272 — 31/2q0(u(1)/2 — u81/2)z*1

Note that f, f*, fO satisfy f(2)f(1/2) = 1, f*(z)f"(1/2) = 1,
o) f0(s/2) = 1.

Take three signs o, o, 09. For simplicity, we denote by Q7 (z), the oper-
ator RZH_l(Z) acting on i-th and (i + 1)-th components of V®". Similarly,
denote by Q2" (z), the operator K" (z) actlng on the last component of
V@ and denote by Q¢°(z), the operator K (z) acting on the first com-
ponent of V&7,

Definition 2.1. For a V®"-valued function F(zy,...,2,), the boundary
quantum Knizhnik-Zamolodchikov (¢KZ) equaion is a system of s-difference
equations given as follows: for 1 <i <n

F(z1, .. ,8%i, .., 2n) = QF_1(s2i/zi—1) - - QF (s2:/21)Q5° (%)
xQT(212i) - Q7 (zizit1) - Q71 (2n2:) Q7" (24)
XQn_1(2i/zn) - Q7 (zi/zi41)F (21, . ., 2n).

3. Eigenvalue problem

In this section, we introduce Noumi representation of the affine Hecke alge-
bra H,, of type C,,, and introduce a family of Laurent polynomials satisfying
some properties described by H,-action. Combining members of the family
with basis vectors in V®" we obtain V®"-valued Laurent polynomials. We
will see that it gives a solution of the boundary qKZ equation. We also show
that finding a qKZ family is equivalent to solving an eigenvalue problem.

3.1. Affine Hecke algebra and Noumi representation

The affine Hecke algebra H,, = H,,(t"/?, ;/2’&1)/2) of type C,, is a unital
associative C-algebra generated by Ty, ...,T, with defining relations as
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follows:
(To — t§/*)(To + 15 /%) = 0,
(T — Y2\ T+t =0 1<i<n-—1,
(T, — t/2)(T,, +t;1/?) = 0,

ToThTyTy = ThToTh To,
TiTi Ty = Ty TiTi 1<i<n—2,
Th 1T Th T, =TT 1T, Th_1,
TT, =T, T |i—j|>2.

Note that the elements Y; (1 <4 < n) defined by
Yii=T;... Ty a(Ty .. . TO)Ty . T

are mutually commutative.
Let W = (sq,...,syn) be the affine Weyl group of type C,,. Define the
action of W with a parameter s on n-variable functions by

Sif("'ﬂzi72i+17"') = f("'vzi+lazi7"')
Snf(ozn) = f(..,1/2,)
sof(z1,...) = f(s/z1,...).

For additional parameters u,, and ug, put
a:=tY2ul? b= /212 = 51/2t(1)/2u(1)/2, d:= _31/2t(1)/2u61/2

+1

=1] as follows:

and define linear operators on C[z!, ...,z

~ 1 (=271 —dz?t
it =t§1/2+t01/2( ez )( — )(5071)
1— 52

- _1pl = tizz}

T = 7 e (s - 1)
1—ziz;

(1 —azy,)(1 —bzy,)

2
1—z2

fnﬂ _ tTiL1/2 +t;1/2

(sn —1).

Then the map T; — T; (0 < i < n) gives a representation of H,,. This is
so-called Noumi representation.
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3.2. qKZ family
We split the vector space V®" into orbits of the actions of the R- and K-

matrices. Put v := min(«, 8) and take positive integers d_nr, d—pr41, - - -, dy
such that Y7, d; = n. Let
5= ((=M)" (== D) (=) ™) (1)
I :={(m,...,my) € L% (2)

tHiimy =i} =d; (-7 <i<9)
Hismj =it +H{jim; = i} =di (-M <i<—y—-1)}
I, is an index set of each orbit and ¢ is a representative of 1.
Define the action - of W on Z" as follows:
S0+ (m1,ma,...) = (—mq,ma,...)
Si (cvey M1, My M1, Moy o) = (oo M1, M1, M, Mig2y - - )
S (ceoyMp—1,mMy) = (o0 ymp_1, —My,).
Definition 3.1. A family of Laurent polynomials {fc;e € I} is called a
qKZ family with signs (0, 0,,00) and exponents ¢, ..., cpr if

forl1<i<n-1

Tife=qfe if € = €1 (3)

Tife=fo,.c ife> e (4)
fori=n

Tofe = qnfe if len] < (5)

Tofe = fo,c ifen>a (6)
fori =0

Tofe = qofe if lea] <53 (7)

Tofe=c_c fope ifer<—p (8)

00/2

where (¢, qn, q0) = (O’ta/270'ntzn/270'0t0 ), ¢o =1, and ¢; := c_lifi<o.

K2

The condition for the polynomials given above is a sufficient condition
for the boundary qKZ equation. Thus we obtain one of the main theorems
as follows:

Theorem 3.2. Under the above notation, let {fe;e € I} be a ¢KZ family
with signs (0,0,,00). Then,

F(Zh...,Zn): Zfeve

e€ly
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is a solution of the boundary qKZ equation with the same signs
(0,0n,00). The correspondence of the parameters is given by (q,qn,qo) =
(ot7/2, R A Uotgo/2).

3.3. FEigenvalue problem

From now on, for simplicity, we often identify the elements of H,, and their
images given by the representation, and omit the hat symbol".
Recall the mutually commutative elements Y; (1 <i < n):

Y, =Ti..Tn (T, ... To)Ty . T

Definition 3.3. Let (o,0,,00) be signs and d_a,d—ar41,- - ., dy be pos-
itive integers such that .7, d; = n. Fix 6 and I; by (1) and (2). We
define the following eigenvalue problem for unknown polynomial E:

Y,E = x;E if é; < —max(q, )

T,E = ot®/?E if §; = 6; 11

Tioy - TToTy - TV E = 0otd?Eif |6, < 8

Ty Ty T T T E = 0,197 /2E if 6] <

(T - TlTonl .. 'Tf_ll)_lTn(an .. ~T1T0Tf1 .. T,f_ll)E

= o,t7"?E if —a < ;< 3
(Tt LT T T T (T T T T - T E

= ot??E if —B <6 < —a.

For a qKZ family {f.;e € I;} with signs (o,0,,00) and exponents
c1,...,Cn, the member fs is a solution of the eigenvalue problem above
with the eigenvalues

i = c_g, (o17/2)n(B>D=n(5:<)

where n(d, <) :=1{j;j <,0; =94}
and n(d,>1) = 8{j;j > 1,9, = 6;}.
Conversely, by acting T;’s on a solution E of the eigenvalue problem, we
can obtain a qKZ family.

Before giving an explicit statement (Theorem 3.7), we introduce some
notions.

Lemma 3.4. Fiz ¢ € I;. Take an element w € W and let w = s;_.---5;
be a reduced expression. For 1 < m < r, put elm) .= S, -+ Siy - €. Define

1
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T5=1and Tf  ,; inductively as follows:

i1

forl1 <i,n<n-—1

Tion =TT if 65:71) > 652;11)
Tf, o =0t 7T TS if 65:_1) = 65:;11)
Te o =TT ifer ) <y
fori, =n
Tyin =TTl sy e >0
Tfiy = outy ™ PTLTE il <a
TS =TT if e 2 g
for i, =0
Tfm,...,il = Czigmil)TimTiin—lwnail if €gm71) <3
TS = 0ol T TE L 1Y <8
i 1= Cegm_l)z-’i;;lTiin—l,n.,il if egm_l) > 3.

Then Tf  ;, does not depend on a choice of reduced expression of w. We
denote it by TY,.

For an element € € I;, we call a sequence (ir,...i1) € {0,...,n}" is
e-good if the elements (™) :=s; ---s; -€ (1 <m <) satisfy

e e ) (1<in <n—1) (9)
lem=D| > a (i, =n) (10)
"> 8 (im =0). (11)

Lemma 3.5. For w € W, let w = s;.---8;, = 5j,---55, be reduced ex-
pressions. If (ip,...11) is e-good, then (jy,...j1) is also e-good. For such
situation, we call w is an e-good element.

For any 1 < < n such that §; < — max(«, 3), let
(Jons---J1) =(4,...,n—1,n,n—1,...,1,0,1,...,i—1).

We see that 6™ :=s; ---s; -0 (1 < m < 2n) satisfies (10) and (11). If
5(™) does not satisfy (9) for some m, then eliminate m-th component j,,,
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from the sequence. So that we obtain a subsequence (ky,...k1) which is
d-good. In fact, (ke,... k1) is given by

(k‘g,...kl):(i+n((5,>i),...,n—1,n,
n—1,...,1,0,1,...,i — 1 —n(d, < 1)).

Using (kg, ... k1), we define 7, € W and I'y C W as follows:

T ‘= Sk)g ”'sk17
Dy = (r; §; < —max(a, f)).

(2

Then we have

Lemma 3.6. (i) For any 0-good element w € W satisfying § = w - §, we
have w € T'y. Conversely, for any w € I'y, we have § = w - 6.

(ii) For any € € Iy, there exists w € W such that w is d-good and
e=w-0.

(iii) Fix any € € 15. Take any wi and we € W such that w; is d-good
and e = w; -0 (i =1,2). Then we have wl_lwg ely.

Now we construct a qKZ family.

Theorem 3.7. Let E be a solution of the eigenvalue problem in Definition
3.3. For any € € Iy, take a d-good element w. € W such that we - 6 = e.
Then T{ZEE does not depend on a choice of w.. Putting f. := T[ZeE, the
family {fc; e € I4} forms a gKZ family with exponents

C s, = Xi (Uto/Q)fn(6,>i)+n(5,<i).

4. Special solutions

In this section, we review non-symmetric Koornwinder polynomials, which
are joint Y-eigenfunctions with 6 parameters. We will see that specific
non-symmetric Koornwinder polynomials can be also T;-eigenfunctions. We
show that they are special solutions of the eigenvalue problem in Definition
3.3, so that they give polynomial solutions of the boundary qKZ equation.

4.1. Non-symmeitric Koornwinder polynomsials

Let A € Z™ be any element. Denote by AT the unique dominant element in
Wo - A (where Wy = (s1,...,8,) is finite Weyl group of type C,). That is,
AT > A > > AFf > 0. Define partial orderings A > p and A = p in Z"
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as follows:

A>p ifZ;zlAjZZ§:1uj for any 1 <i <mn,
A=p if AT >pt or AT =pT and A > p.
Take the shortest element w € Wy such that w-AT = X and denote it by w;\r.

Put p=(n—1,n-2,...,1,0), p(A) = wy -p, 7(A) = (sgn(\1),...,sgn(\,))
where sgn(0) = +1.

Definition 4.1. For A € Z", the non-symmetric Koornwinder polynomial
E), is defined by the following properties:
YéE)\ = y()\)iE)\ (12)
where y(\); := s tPNi(t,10)7Ni/?

E\ = = + Z c,\ux“ (C/\M € (C)
RN

We call the parameters s,t,t,,ty generic if they do not satisfy either of

sTHM =1 (n-1>k+1>0,7-1>1)
UM o =1 (2n—2>k+12>0,r—12>1).
If the parameters are generic, then for any A € Z", the set of eigenvalues
y(A); is different. Thus all non-symmetric Koornwinder polynomial E is
well-defined.
We have the action of T; (1 < i <n)on E\.If 1 <i<n-—1and
N < )‘i-‘rl? then
/2 _4-1/2
Y(Nir1/y(A)i — 1
If1<i<n-—1and A\ = A\i41, then

TEy = — E\+tY2E,, 5.

T;E\ = t'/2E). (13)

If1<i<n-—1and \; > A\jy1, then

t/2 — 172 NN
T,E) = — Ex+t V221 | 14

where
DE = (y(Nir yN)F =1 (1 <i<n—1)
N =2y flyN)* =) (1<i<n—1).

K2

N
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If A, <0, then

12 —1/2 12 —1/2 1
(tn tn )‘(*‘)\575()2 1t0 JyMNn Ex+tY2E, .
Y A)n —

TnEA = -

If A, = 0, then

If A, > 0, then

T,E\x = — — n_ )y (16)

where
D = y(NF* -1
_ —1/2 _ 2
N =t F = 620 ) (T + 1%,

4.2. Generic case

Suppose the parameters are generic. From (12), (13) and (15), we see that
E) is a solution of the eigenvalue problem with sign ¢ = + or o, = +.

Proposition 4.1. Taked_uy, ..., d, such thatd; =0 if |i| < B, and fix 6 by
(1). Take A such that A\; = N\iy1 if 0; = 0;41 and A; =0 if =0 > §; > —a.
Then E) is a solution of the eigenvalue problem with sign (o,0,,00) =
(4+,+,%). (Note that there are no conditions including oo in the eigenvalue
problem.)

4.3. Specialized case 1

Fix 2 <k+4+1<nand 1 < r—1. we assume that the parameters only
satisfy

sTTR L = (17)

Definition 4.2. For any A\ € Z™ with no negative components, we call A

admissible if it satisfies the following two properties:
)\j—)\;_k <r-—1,and

A=A =r—1 = wi@) <w{(i+k).
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For any A € Z™ with possibly negative components, let ¢; < ... < i, be
indexes of non-negative components and j; < ... < j,—p, be that of negative
components. Set

A0 i= (i ooy Ay =X s — Ay )
We call \ admissible if \° is admissible.

Lemma 4.3. (Ref. 2) We specialize the parameters at (17). Fiz any ad-
missible A € Z™. Then

(i) Ey is well-defined,

(ii) T;E\ = —t~Y2E\ if and only if s;\ is not admissible.

From this lemma, we obtain a solution of the eigenvalue problem.

Theorem 4.4. Taoke integers £ and m such that n =kl +m and 0 < m <
k—1. Take d_pr,...,dy such that d; = 0 if |i| < max(«, 8), and non-zero
components of d_p,...,d be a permutation of ((m + 1)¢,m*=%). Fiz & by
(1). Take a = (a1, ...,ax) satisfying (i), (i1), and (iii) below.

(i) If d; > d;, then |a;| > |a;|, or

|a;| = |a;| and (sgn(a;),sgn(a;)) = (+,4+) and i < j, or

|ai| = |aj| and (Sgn(ai)ngn(aj)) = (+,-), or

la;| = |a;| and (sgn(a;),sgn(a;)) = (+,+) and i < j.

(ZZ) maxi,j(||ai\ — \aJH) <r-— 1.

(iii) a; — (r — 1)(d; = 1) >0 or a; + (d; — 1)(r — 1) < 0.

For any 1 <i <k, put a) € Z% as follows. If a; — (di—1)(r—1) >0 then

a® = (a5,a; — (r—1),...,a; — (di = 1)(r — 1))
and if a; + (d; — 1)(r — 1) < 0 then
a® = (ag;+ (di —1)(r—1),...,a; + (r — 1), a;).
Take
M= (aW, ... ak),

Then Ey is a solution of the eigenvalue problem with the sign (o, 04,,00) =
(—,+,+). (Note that there are no conditions including o, or oy in the
eigenvalue problem.)

Example of Theorem 4.4. (Ref. 2) For simplicity, suppose n = Mm.
Specialize the parameters at s =t~ =1, Then

p=m-1m-2,...,1,0m—-1m—-2,...,1,0,....m—1,m—2,...,1,0)
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is admissible. Hence E, is well-defined at s = t—M-1 and TE, = —t’l/zEH
if i € {1,...,n}\ {m,2m,..., Mm}. Therefore E, is a solution of the

eigenvalue problem for the case « = =0, 0 = —, (d_p,...,d—1,do) =
(m,...,m,0). Moreover,

H—M—1
Eu(21,... 2058 =t M7 :H (zi —t712)(1 - ).

ZiZj
{=1 m(£—1)<i<j<ml

4.4. Specialized case 2

Assume that the parameters only satisfy
t, = —s

Since such a specialization is generic, Ey is well-defined for any \ € Z".
Let E = B, ¢)(z1,...,zZnitn = —s*). Then from (13) and (16), we
see that
T,E=t"?E  (1<i<n-1),
T.E = —t,'/*E,
T,E = t)/*E.

Hence it gives a solution for the case o, = —.

Proposition 4.2. E . (21, ., 2n5tn = —57%) is a solution of the eigen-
value problem with sign (o,0,,00) = (+,—,+).
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PRODUCTS, AND THE KIRILLOV-RESHETIKHIN
CONJECTURE

RINAT KEDEM

Department of Mathematics, University of Illinois
Urbana, IL 61821, USA
E-mail: rinat@illinois.edu

Dedicated to T. Miwa on the occasion of his 60th birthday

This paper provides a brief review of the relations between the Feigin-Loktev
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Kirillov-Reshetikhin conjecture, the combinatorial “M = N” conjecture, their
proofs for all simple Lie algebras, and a pentagon of identities which results
from the proof.
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1. Introduction

This paper reviews work! 3 which followed the author’s fruitful collabora-
tion with T. Miwa and colleagues.*® This work was inspired by the work
of Feigin and Loktev on fusion products.® The series of results described
here finally culminated in a proof?? of the Feigin-Loktev conjecture con-
cerning the graded character of the (non-level restricted) fusion product,
in the case of special modules known as Kirillov-Reshetikhin modules. The
purpose of this article is to make clear the sequence of connections and
relations between the various results which lead to the proof.

The fusion product character first appeared in the ‘80’s, in the work
on the completeness conjecture for Bethe Ansatz states” for the general-
ized Heisenberg models. The completeness conjecture is one version of what
later became known as the Kirillov-Reshetikhin conjecture, and involves the
first appearance of an object called the generalized Kostka polynomial. The
(generalized) Kostka number gives the decomposition coefficients of tensor
products of KR-modules into irreducible components. Although much work
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was later published on the subject, the conjecture in its original, combina-
torial form — counting solutions of the Bethe equations — was only proved to
be true in special cases. In other cases, a similar but not manifestly positive

8-10 was shown to hold.

formula

The key to proving both the Kirillov-Reshetikhin conjecture and the
Feigin-Loktev conjecture is a combinatorial identity, the equality of two
polynomials in ¢, one written as an alternating sum, and the other as a
sum of positive terms. The deeper meaning of this identity remains myste-
rious, but its proof? using purely combinatorial means finally implies several

equalities, proving the conjectures above for any simple Lie algebras.

1.1. The objects of interest

We describe several objects and relations between their dimensions. (Section
2 contains a fuller discussion of several of these as necessary).

1.1.1. Kirillov-Reshetikhin modules

These are finite-dimensional modules of the quantum affine algebra U,(g)
or the Yangian Y (g). Let g be a simple Lie algebra of rank r with Car-
tan matrix C. Consider the irreducible, finite-dimensional g-module V'
with a highest weight which is a non-negative multiple of a fundamen-
tal weight. The Yangian Y (g) contains g as a subalgebra. The irreducible
Y (g)-module induced from V is called a Kirillov-Reshetikhin module.” It is
finite-dimensional, and its g-highest weight is that of V. In the case where
g = A,, it is equal to V as a g-module. In other cases, the restriction to a
g-module may or may not be irreducible, but in that case, V is always a
component in the decomposition, with multiplicity 1, and with the highest
weight.

Equivalently, one may consider Kirillov-Reshetikhin modules for the
quantum affine algebra U,(g) and their similar decomposition into Uy(g)-
modules.!! These are also referred to as KR-modules.

We denote the KR-modules by KRy 1, (¢), where 1 < a <r and m is a
positive integer. These have a g-highest weight of the form mw,, where w,
is a fundamental weight of g. The parameter ( is a complex number which
is called the spectral parameter.

1.1.2. Chari’s graded g[t]-modules

These are modules of the current algebra g[t], defined as a quotient of
U(n_[t]) by an ideal generated by relations!! (see Equations (12),(11)).
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The relations are the ¢ — 1 limits of the similar relations which hold in the
quantum case for Kirillov-Reshetikhin modules. These modules also have a
g-highest weight equal to a multiple of one of the fundamental weights of g,
as in the quantum algebra case. We denote this module by Cy, n,(¢), where
the highest weight is again mw,.

1.1.3. Decomposition of tensor products

We observe that by general deformation arguments, the dimension of KR-
modules is bounded from above by that of Chari’s modules.

More precisely, the decomposition coefficients of the KR-modules, and
therefore their tensor products at generic values of the spectral parameters,
into irreducible g-modules are bounded from above by those of Chari’s
modules. That is, choose a sequence of non-negative integers n = {nS,‘i‘ )
1 <a <r,m >0} and consider the multiplicities MY, and M fy[ﬁ, defined
by

n(@)

MY, = dim Homg (@0,n KRS, V() |

m

where V() is the irreducible highest weight g-module with highest weight
A, and

(@)
ML = dim Homg (@amCER" V) -

(Here, we omitted the dependence of the modules on the spectral parameter:
We assume that all spectral parameters are taken at generic values with
respect to each other). Then we have the first inequality:

MY, < Mt (1)

= M

which simply follows by general deformation arguments: Both are defined
as quotients by some ideal, and the ideal in the limit ¢ — 1 may be smaller
than that for generic values of q.

1.1.4. The combinatorial KR-conjecture: The M -sum formula

This is a conjecture that M }’ o 15 equal to the number of Bethe vectors.
The generalized, inhomogeneous Heisenberg spin chain has a Hilbert space
which is equal, by definition, to the tensor product of Yangian modules,

(@)
Hn = H KRST,L;LH .
a,m
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Again, the modules are taken at generic values of the spectral parameters,
that is, pairwise not separated by an integer. (Note that the model is also
well-defined for any other finite-dimensional Y'(g)-modules, but no Bethe
Ansatz solution is known generically.)

This model has a Bethe Ansatz solution. The completeness conjecture
of Kirillov and Reshetikhin” states that there is a Bethe vector for each
g-highest weight vector in H,,. In particular, there is an explicit formula for
the number of Bethe vectors, and in fact, the authors wrote down a graded
formula (which we now know has a direct interpretation as a grading by the
linearized energy function of the model), although at the time, the meaning
of the refinement was unknown. For the g-highest weight A, the multiplicity
is the number M) , obtained as the ¢ — 1 limit of the following, grading-
endowed formula:”

My (g ZQQ(“‘ ™ H lm( )+P(Q)

where the sum is taken over the non-negative integers m = {m(a) 1<
a <r,i>1} such that ), mga) = m(®, where m(®) are integers fixed by
the “zero weight condition”

Y Cagm® =3 0 — o), 3)
3 i

(@) being the coefficient of w, in the weight . Note that this sum has only
a finite number of non-vanishing terms. Let us define

(2)

q

B = sign(Ca,p) min(|Ca s, |Cp.ali)-

Then the vacancy numbers P-(O‘)

P(a) Zmln i,j)n (Bm)ga), (4)

are defined as

and the quadratic form Q(m, n) is

Q(m,n) = S(m- (P + Aw)). o)

where A is the matrix with entries Agz’ﬁ )

= 0q,p min(i, j).

The g-binomial coefficient is defined as usual, and in the limit ¢ — 1
becomes the usual binomial coefficient. In particular, the sum is taken over
the restricted set of integers m such that Pj(a) >0.

This provides a formula for the tensor multiplicities M }\/ - It was proved
in several special cases using combinatorial means.”-'2 16 In general, a sim-

ilar but not equivalent formula was known to be true, as explined below.
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1.1.5. The HKOTY N-sum formula

For general Lie algebras, and for generic KR-modules, the following formula
was conjectured:®

M = lim Nan(0), (6)

where Ny n(gq) is a modified form of the formula (2), obtained by simply
removing the restriction Pj(a) > 0. Both the usual and the ¢g-binomial coef-

ficients are defined when Pj(a) < 0, but they carry a sign in that case. The
authors conjectured, after extensive testing, that all terms coming from sets
m such that Pj(a) < 0 for some j, « cancel, so that

Mxn(q) = Nan(q). (7)

The conjecture (6) holds provided that the so-called Q-system? is sat-
isfied by the characters of KR-modules. It was shown by Nakajima (for
simply-laced algebras)? and Hernandez for all other Lie algebras!” that
the g-characters of KR-modules satisfy the more general T-system,'® from
which the Q-system follows. Hence, Equation (6) had achieved the status
of a Theorem.

1.1.6. Feigin-Loktev fusion products

The Feigin-Loktev fusion product is a graded g[t]-module, which is a refine-
ment of the usual tensor product of g-module (cyclic, finite-dimensional).
One chooses a finite-dimensional cyclic g-module V', from which one induces
an action of the current algebra gt] localized at some complex number (.
More specifically, one defines a graded tensor product by choosing N g-
modules V;, each with a cyclic vector v;, localized at N distinct points in
CP. One then defines the fusion product as the associated graded space of
the filtered space, generated by the action of U(g[t]) on the tensor product
of cyclic vectors, with the grading defined by degree in ¢. This is a graded
space, and the graded components are g-modules.

Feigin and Loktev conjectured that the fusion product as a graded space
is independent of the localization parameters for sufficiently well-behaved
g-modules. Moreover, they conjectured a relation between the graded co-
efficients of the g-module V(\) in the fusion product, and the generalized
Kostka polynomials.'® This conjecture was proved for sl in Ref. 5, and in
greater generality in several other works.

In particular, in Ref. 2, we proved the following inequality, using tech-
niques generalized from Ref. 5. Let F}; be the fusion product of the mod-
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ules Cy . with multiplicity nSﬁ‘ ). This is a graded space. We define the
g-dimension to be the Hilbert polynomial of the graded space. Then

g-dim Homg (7, V/(A)) < M n(9); (8)

where M) n, is the fermionic formula of Kirillov and Reshetikhin for the
number of Bethe vectors in the generalized, inhomogeneous Heisenberg spin
chain corresponding to KR-modules K R, ,, with the same multiplicities.

Remark 1.1. The inequality in (8) arises from the following sequence of
maps: One may completely characterize the dual space of functions of the
fusion product in terms of symmetric functions with certain zeros and poles
(we do this in Section 3). Actual calculation of the Hilbert polynomial of
this space requires another injective mapping into another filtered space,
whose Hilbert polynomial is the polynomial My n(g). We do not prove the
surjectivity of the map, resulting in the inequality in Equation (8).

Moreover, the space F} is the associated graded space of the tensor
product of Chari modules, which are defined as a quotient of U(g[t]) by a
certain ideal. Again, by a general deformation argument, we have that

(a)
dim Homg (2C5 7, V(X)) < dim Homg (F5, V(X)).

Note that the sum on the right hand side of Equation (8) is manifestly
positive, and therefore if, in the ¢ — 1 limit, it is equal to the tensor
product multiplicity, then we have the equality of graded spaces also, since
the left-hand side has a dimension which is greater than or equal to the
tensor product multiplicity by the deformation argument.

1.2. A pentagon of identities
We have a sequence of identities and inequalities:
[Homg (F3, V(A))]
L Ny
®n(0<)
Homy | ® Cam , V(X) Mxn
a,m

VI ||<final step

H ®n§ff) _
omy, (g) a®mKRa’m s V()\) = N)\,n

The “final step” remaining in this pentagon was to prove the conjec-
tured identity (7). The proof turns all the inequalities in the pentagon
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to equalities. This conjecture was proven by combinatorial means® for all
simple Lie algebras. Therefore, this provides a proof of the completeness
problem in the Bethe Ansatz known as the Kirillov-Reshetikhin conjecture,
as well as the Feigin-Loktev conjecture for the cases of Kirillov-Reshetikhin
conjecture.

1.3. Plan of the paper

In the following sections, we will summarize the proof? of the inequality (8)
and the proof of the M = N conjecture.? In Section 2, we give a definition
of the Feigin-Loktev fusion product of Chari’s modules. In Section 3, we
summarize the proof of the inequality (8) which is obtained via a functional
realization of the multiplicity space, following the ideas of B. Feigin. In
Section 4, we explain the combinatorial proof of the M = N conjecture.?

2. Definitions

Here, we add some details to the definitions of the representation-theoretical
objects which are important in the theorems below.

Let g be a simple Lie algebra of rank r and Cartan matrix C. Let
g[t] = g ® C[t] be the corresponding Lie algebra of polynomials in ¢ with
coefficients in g.

2.1. Finite-dimensional g[t]-modules and the fusion action

Given a complex number ¢, any g-module V can be extended to a g[t]-
module evaluation module V(¢), with ¢ evaluated at . The generators
z[n] =z @t" (x € g) act on v € V as w(x[n])v = ("zv.

The dimension of the evaluation module is the same as that of V. If V/
is irreducible as a g-module, so is V'({).

More generally, given a g[t]-module V, the g[t]-module localized at (,
V(¢), is the module on which g[t] acts by expansion in the local parameter
te :=t— (. IfveV((), then

znjv =z (tc +()"v = Z (?) xln — j]ev,
J
where z[n|¢ := x ®t; and x[n]¢ acts on v € V(¢) in the same way that z[n]

actsonv € V.
Another way to write this is in terms of generating functions, for any
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x € g,
x(z) = Z x[n]z7 "1
neZ
Then if ¢ € C,
e = 5 (6= O )

We will also need to be able to localize modules at infinity. In that case,

z[n]oo = ! 27 "x(2)dz = ! 2" 2x(27 Y dz. (10)

211 ), o 2mi J,—o

An evaluation module V(¢) is a special case of a localized module, on
which the positive modes z[n]¢ with n > 0 and x € g act trivially.

Let V be a cyclic g[t]-module with cyclic vector v. Then V is endowed
with a g-equivariant grading inherited from the grading of U := U(g][t]). The
filtred components of V are F(n) = US"v, where US" is the subspace of
homogeneous degree in ¢ bounded by n. The grading on V' is the associated
graded space of this filtration, Ggof(n)/}'(n —1).

As the filtration is g—equivaria_bnt, the graded components are g-modules.

2.2. Chari’s KR-modules of g[t]

A special case of the construction described in the previous subsection is
given as follows. Consider g[t]-modules with a highest weight mw, (m >0
and w, a fundamental g-weight) defined as the cyclic module generated by
a highest weight vector v, with relations

z[njev =0 if z € ny and n > 0;

[
[

hg[n]cv = 0pn,00a,mu;
falnlev=0 ifn>dsp; (11)
fol0]7 o = 0. (12)

We refer to these modules as Ca,m(().“ Their graded version has been
previously considered by Chari and Moura.?’ The graded components of
the associated graded space corresponding to the filtration by homogeneous
degree are, of course, g-modules.

Except in the case of g = A,, these modules are not necessarily irre-
ducible under restriction to the action of g. However, C, ,,(¢) does have
a highest weight component isomorphic to the g-module V (mw,), which
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appears with multiplicity 1, all other components having a smaller highest
weights in the total ordering.

It has not been directly proven (except in special cases) that these mod-
ules have the same g-decomposition as the Yangian KR-modules, but this
theorem will follow from the proof of the Feigin-Loktev conjecture below.

2.3. Fusion products and the Fegin-Loktev conjecture

Consider a set of cyclic g[t]-modules {V1(¢1), ..., Va({n)} localized at pair-
wise distinet points in C, {(3,...,(n}. Denote the chosen cyclic vector of
Vi(¢) by v If Vi(¢;) are finite-dimensional, so is the space U(g[t])v1 ®
-+ ® vy. Moreover, it has a finite filtration by homogeneous degree in t.
The Feigin-Loktev fusion product® is the associated graded space of this
filtration. We denote the fusion product by F3,. As the grading of F5; is g-
equivariant, the graded components are g-modules. The graded multiplicity
of the irreducible g-module V'(\) in the fusion product is a certain polyno-
mial generating function for the multiplicities in the graded components.

The Feigin-Loktev conjecture is that this polynomial is independent of
the localization parameters (; for sufficiently well-behaved g-modules, and
that in the case that V; are KR~-modules, the graded multiplicity of V' (X) is
equal to the M-sum formula (2). The equality was proven for slo-modules
in Ref. 5 and for symmetric power representations of sl,, in Ref. 21.

In this paper, we consider only fusion products of KR-modules. They
are generated by the highest weight vector v localized at ( and the relations
are those in (12). Let V = (V4,...,Vn) be a collection of KR-modules of
g[t] localized at distinct complex numbers ¢ = ({1, ..., (N)- "

We parametrize the collection V by their highest weights n = (nj

1 <a<rj>0), meaning that in V there are exactly n;(") KR-modules
with highest weight jw,. We call this fusion product F}.

3. Functional realization of fusion spaces

We make use of the fact that g[t] C g, therefore given a g[t]-module V', we
can consider the integrable modules induced at some fixed integer level k.
We choose k to be sufficiently large, so that the tensor products we consider
below have a decomposition determined by the Littlewood-Richardson rule
rather than the Verlinde rule. We choose integrable g-modules since they
have the property that they are completely reducible. Note that smaller
values of k are also of interest, and computing the graded fusion product
at finite k is still an open problem for the most part.
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Consider the action of products of (generating functions of) elements of
the affine algebra g on the tensor product of highest weight vectors v; of
KR-modules localized at distinct points ;. We use the generating fuctions
fa(t) ==, ez faln]t ™", where f, is the element of n_ corresponding to
the simple root .. We define 75 | = Hom(Fy, V/(})), where n parametrizes
the set of KR-modules in the fusion product.

The dual space of F7 ,, is the associated graded space of Cj n, consisting
of all correlation functions the form

(ualfai(t1) -+ fau (tar) |01 ® - - @ i) (13)

Here, M > 0 and @ = (1, ..., ) € IM where I, = [1,...,7]. The action
of the currents is the fusion action of the previous section. The vector u) is
the lowest weight vector of the module V' localized at { = oo, dual to the
highest weight module localized at 0 with g-highest weight A.

This space has a filtration by the homogeneous degree in t;, and its
associated graded space is the graded multiplicity space of the g-module
V(A) in the fusion product Fj;.

3.1. Characterization of functions in Cxn

We now fix A and n, and characterize functions in the space C n according
to their symmetry, pole and zero structure:?

(1) Zero weight condition: The correlation function (13) is g-invariant.
Therefore it must have total g—weight equal to 0, which means that

+ZC’a5m Zjn , 1<a<m, (14)

where A = >__ £(®w,. This fixes {m(1 yeym(MY,

For convenience, we rename the variables to keep track of the root a of
the generating function in which they appear. Thus, we have functions
in the variables {t1,...,tm} = {tl(-a) ca € ,1 <i < m®}, where
m(®) is the number of generators with root .. Note that the space Can
is the direct sum of spaces of the with fixed m = (m™, ..., m()).

(2) Pole structure: Functions in Cy , have at most a simple pole when
tl(a) = tg-ﬂ) if Coa,p < 0. This is due to the relations in the algebra,
which, in the language of generating functions, means that fq(t) fg(u) ~
% + non-singular terms. We are therefore led to define the less
singular function g(¢) for each f(t) € Cx n:

gty = [ TIEY -6)1@), ft)€Crn  (15)

a<f3,Cq <0 i,
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(@)

(3) Symmetry: The function g(t) is symmetric under the exchange ¢;"/ <

tg-a). This is due to the fact that [fa(t1), fa(t2)] = 0.

(4) Serre condition: Let «, 8 be simple roots such that Cp g < 0 and
define mq 3 = 1 — Cy 3. Then there is a Serre relation in g (hence a
corresponding relation in g) of the form ad(f,)™*# f3 = 0. In generat-
ing function language,

Falt) - falt$) ta(t”)

has no singularity when all the variables are set equal to each other.
This implies that the function g(t) of (15) has the following vanishing

property:

g(t =0.
( ) tg"‘):~~~:t$5;,5:t§6)

This cancels out the pole which would otherwise appear in the function
1(t).

(5) Degree restriction: As u) is a lowest weight vector of the module
localized at infinity, positive currents fu[n]es with m > 0 act on it
trivially. The action is given by taking the contour integral at infinity
(see Equation (10)), or equivalently, a residue taken at 0. That is, there
should be no residue when integrating "2 f(¢~!), with n > 0, at t = 0.
This gives a degree restriction on the function f(t) € Cyn for each of
the variables:

degt@ flt) < -2

(6) Poles at (;: The relation (11) implies that f(t) € C\n may have
a simple pole at tl(a) = (; only if the highest weight of the module
localized at ¢; is a multiple of w,, in accordance with the Equation (9).
Otherwise, f[n]¢,v(¢;) = 0 if n > 0. Moreover, we have

(7) Integrability condition: We assume each module Vj, has high-
est weight frw,,. The relation (12) requires that go(t) =

(Had’k(t;-a) — Ck)5ﬂ=ak) g(t) has the following vanishing property:

=0.

(@) _ . _qle) _p
tla 7"'7t4:+17<k

ga(t)

These conditions characterize the space Cy n completely. The only dif-
ficulty is to compute its Hilbert polynomial. This is done by introducing
another filtration on the space of functions. The idea for such a filtration
was first introduced by Feigin and Stoyanovsky.??



184 R. Kedem

3.2. Filtration of the space of functions

Let A = (A®M . X)) where A\(%) is a partition of m(®. Let m&® denote
the number of parts of A(%) equal to a. Thus, Y am((la)
standard tableau for each partition (the result is independent of the choice
of tableaux, and when we discuss a partition below we always refer to the
fixed tableau) and define the evaluation map evy : Cyn[m®,...,m("] —
H[A], where H[A] is the space of functions in several variables: one variable
for each row of each partition in .

The evaluation map is defined as follows. If the letter ¢ appears in the
jth row of length a in A, then evy (™)) = uffj This is extended by
linearity to Cy n.

We order multipartitions lexicographically, and define

= m(®. Fix a

Ty = ”g)\kerevu.
This gives a finite filtration of Cy n, with Iy, C I'y if g < X. We consider
the image of the graded components I"y /(T'xNker evy) under the evaluation
map evy.
Again, this is a space of functions, isomorphic to a subspace of H[A].
Let us denote its image by 7‘7[)\] Its characterization is as follows.

(1) Symmetry: Functions in TI'y are symmetric in the variables
{tga)7 ...,tf;“()a)} for each a. The full symmetry is lost under the eval-
uation map, but the functions are still symmetric with respect to the
variables labeled by rows of the same length in A(®). That is, they are

symmetric with respect to the exchange of variables {ul(lal), e ul® (o }
’ a,mg

for each a, .

(2) Functions in I'y are in the kernel of any evaluation ev,, with g > A,
which means that functions in the image vanish whenever we set the
variables corresponding to different rows of the same partition equal to
each other. In fact, one can prove that

Lemma 3.1. Functions in H[A] have a factor (u((la]) —u((l?,z)zmi“(“’b) for
all j < k.

(3) Pole structure and Serre condition: The pole at ¢ when

Cap < 0, together with the vanishing condition of g(t) which follows

from from the Serre relation, implies that functions in H[A] have a pole
of order at most min(|Cy 5|b, |Ca,gla) whenever ug‘? = ul(f;) (inherited
from conditions (1) and (3) of the previous subsection).

%

(a) _ 4(B)
=t
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(4) Poles at (;: The pole at tga) = (j in case Vj; has highest weight propor-
tional to w,, together with the integrability of that module, translate
to the following statement for f € ﬁ[A]: There is a pole of order at
most min(¢,a) at ugf? = (; if V; has a highest weight equal to £;wq.
We define §(j, ) = 1 if the highest weight of V; is a multiple of wq,
and 6(j, a) = 0 otherwise.

(5) Degree restriction: Functions in 7‘~([A] have a degree in u
bounded from above by —2a.

(@)

a,; Which is

We do not know that these are all the conditions on functions in ﬁ[)\}:
The map evy, is injective by definition but not necessarily surjective. How-
ever, we can compute the Hilbert polynomial of the space F defined by the
conglitions above, which gives an upper bound on the Hilbert polynomial
of H[A].

To summarize, we know that f(u) € F has the form

IT ) —ufe)ymmed x o)
(a,0)#(b:5)

H(u(a_) _ Cj)a(j,a)mm(zj,a) H H (u(a_) _ ul()a))min(|cw|b,\cg,a|a)’
a,t a,t sJ

a,i,j a,i,b,j a<B:Ca,53<0

(@)

where fY(u) is a polynomial in u, symmetric under the exchange Uy i

(@)

u, ;, of degree such that

deg, () f(u) < —2a.
g

To compute the Hilbert polynomial we set all (; = 0 so that the function
above is homogeneous in u. That is, we compute the Hilbert polynomial of
the associated graded space. It is very important to note that the values
of ¢; do not affect the value of the Hilbert polynomial, that is, there is no
change in the ¢g-dimensions of the space when we take the associated graded
space.

The degree in u((laj) of the prefactor of f9(u) is —2a — P where P{* is
defined in Equation (4). Moreover, the overall homogeneous degree of the
prefactor is Q(m, n) as defined in equation (5). The Hilbert polynomial of
the space of symmetric functions in m variables of degree less than or equal



186 R. Kedem

to p is the g-binomial coefficient,
m+p

[Ta-4)

{m + p] _ i=1
m s P
1 H 1—4q") H 1—4q")
i=1 i=1
Therefore, the Hilbert polynomial of F is

(@) , (@)
qQ(mm)H[mJ‘ +p;

a,j

q
which is the upper bound (at each degree in ¢) of the Hilbert polynomial
of H[A], since it is a polynomial with positive coefficients.

Summing over the graded components, there follows the main Theorem:

Theorem 3.1. (Ref. 2) The Hilbert polynomial of Cx n, which is the Feigin-
Loktev fusion product of KR-modules, is bounded from above by Mx n(q)
defined in Equation (2).

4. Proof of the M = N conjecture

In this section, we explain the proof? of the identity (7). For ease of read-
ability, we explain the technique explicitly for the Lie algebra sl5, and then
state the key ingredients necessary in the generalization to arbitrary Lie
algebras. The only difficulty in this generalization is the rapid proliferation
of indices.

4.1. The case of sla

As explained in the introduction, one need only prove the M = N identity
only for the case ¢ = 1 for the pentagon of identities to hold, due to the
positivity of the M-sum. In the case of sly, we drop the root superscript
(a) in the vacancy numbers Pi(a) and so forth.

Fix n = (n1,...,n;) € Z% and an sly-highest weight fw; with ¢ € Z.
Consider the following generating function:

Zéli (zo, 1) Z zy Pl H <mznj qz) (16)
(3

meNk =1
Here, we have defined
k
g=L+ > (G—)@2m;—ny), i>0.
j=it1
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In particular, notice that when go = 0, ¢; = P; for all ¢ > 0.
The binomial coefficient is defined as usual

<mn.§p> URRURT RS AR}

This is well-defined for both negative and positive values of p.

This N-sum can be obtained from this generating function as follows.
First, here and below, we note that in the N and M-sums, m; =0if j > k
in (2). However all the identities we prove are valid under this restriction;
since only a finite number of the m; make a non-trivial contribution to the
summation (2), one can take k — oo at the end of the day with no loss of
generality.

Second, in both the NV and M sums, there is a “weight restriction” on
the m-summation. This is equivalent to setting ¢ = 0, or alternatively,
considering only the constant term in x; in the generating function. We do
not restrict the sum to P; > 0 yet, but in the M and N sums, the variable
To must be set to 1.

Lemma 4.1. There is a recursion relation,

ni1+2
Z(k) (w0, 21) = T 7=
£,(ny,.ng) \FO L 0T 4(n2,...,nK)

(Z‘l,l‘g),

where z; are solutions of the A1 Q-system or cluster algebra mutation®?

with arbitrary boundary conditions:

Tig1Ti—1 = x? -1, i€eZ.

Proof. The variable m; is not part of the expression for ¢; so we can
perform the summation over mi, using the identity

2 q1+1 2 q1+1
Z L-2ma (T +q\ rq S
1 my 2?2 -1 oL ’

m120

where we have used the @-system in the second equality.
We separate out the dependence on m; in the summand, and note that

2¢; — Gi—1 +2m; — Ny = Qi1
(

Moreover, if we denote by qij ) the function ¢; with arguments being of

the last j — 4 variables in the list (mq,...,my) (so that g = qi), then

k— k k— k ’
a T =g or g7 =g
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We have
k m; +q
(k) — —q0 .91 J j
Zg,(m,,,,,nk)(ﬂfmm) = E Ty Xy H .
mi,...,Mg j=1 J
_ q1 m; + q; ni+q2—2q1 —2m1 mi + q1
- ) Zy Ty
ma,...,Mp j>2 m; my my
k (k—1)
= —1_n1+g2+2, ~1-q m; +q;_q
- Xn T xX
o L1 2 .
M2y, M j=2 J
ny1+2 _ k—1 (k—1)
_ Z ag" " gl <m]+1 + g; )
= ;) .
ToT2 m =1 mj41
ni+2
T (k-1)

- Zv(nz,...,nk)(xla'rQ).

(Here, the superscript (k — 1) on go, g1 means we take these variables as
defined for the k — 1 variables with indices 2, ..., k.) O

Using the Lemma, by induction, we see that the generating function
factorizes:

*) xlx“_l k
Zyo(wo,m1) = — 2 [[ =7 (17)
$0.’L’k+1 i=1
In particular,
k -1 k—p+1
Zé)lz(l’o, Il) = Z(()f)(nl?...,np)(5607‘T/l)ZlE (anrl,) nk)(xpfh‘rp)' (18)

We are interested in the constant term in z; in Zékrz (z0,x1). We use the
factorization Lemma for the first factor, and the definition via summation
for the second factor:

k
28 w0, m) = 2 11’[%”1 2w H(mﬁqﬂ)«w)

s Mk

Suppose we restrict the summation in the second factor to g, > 0 only.
Moreover, we are interested in the generating function when zg = 1. In this
case, all z; are polynomials in x; (Chebyshev polynomials of the second
type). Terms in the summation in which ¢,—1 < 0 are therefore products of
polynomials in z; since there are no factors of x; in the denominator in this
case. Moreover, there is an overall factor of z1, so that there is no constant
term in x7 in this case. Thus,
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Lemma 4.2. If the summation over (my,...,my) in (19), is restricted to
gp > 0, then only terms with q,—1 > 0 contribute to the constant term in
x1 when xg = 1.

We use an induction argument, where the base step is clear (g = ¢), to
conclude that the only terms which contribute to the constant term in x
are terms from the restricted summation, ¢; > 0 (¢ > 0). When ¢o = 0, this
is the N = M identity, since ¢; = P; in that case.

4.2. The simply-laced case

This case is a straightforward generalization of the sly case®.
We now define the generating function
(@) )
@ P— mj g
A = s T ")
o, J

(as is the norm, when x and q represent vectors indexed by the same set,
we write x4 for the product over the components.) Here, A = "' _, GRS
@) oel,je I}

n = (n')acr, jer,, the summation is over m = {m;

J
non-negative integers, and we define

k
g = 0@+ 3 N~ i)(Cagml? — b0 g™,

j=i+1Bel,

When g4 ,0 = 0 for all «, this corresponds to the “weight restriction” (3) in
the M and N-sums, and in that case, q( ) = Pi(a) if 4 > 0. We have now
2r variables x9 = (21,0,...,%r0) and x; = (21,1,...,%r,1). The generating
function is related to the M or N-sums when we evaluate the sum at z,,0 =
1 and consider the constant term in xy.

Following the steps outlined for sly we derive a recursion relation for
the generating function:

X2+n1

7®) _ X ey
>\7n(X07X1) X0Xo A,n(k— )(X17X2)

where n*=1 is n with n; = 0. Here, we have defined z,_; to be the solutions
of the following system:

_ 2 .
La,i+1lai—1 = Lo j — H x3,i-
Ca,p==1

2Below, we have two sets of indices for x, n etc. When we write xg we mean the collection
of r elements (z1,0, ..., Zr,0), and so forth.
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This is called the Q-system for the simply-laced Lie algebra g, provided we
set the initial conditions z4,0 = 1. Otherwise it is a cluster algebra muta-
tion,2? and therefore, under these special initial conditions, all its solutions
are polynomials in the variables z ;.24

We again repeat the arguments of the previous section to factorize the
generating function:

lo+1 Kk
(k) mavlmaak n{
7y (%0,%1) = —_— xz’
An\20, A1) = lot1 a,j
a Ta,0ly g1 j—1

from which we deduce that

p—1 k
(k) X1Xp—1 n; —qp_1,d m; +qj
20 x) = 2L T 3, [ .
, XoXp | )
j=1

m() j=p Ry

Here, m®) are the last k—p+ 1 components of the list (m1, ..., my). A bino-
mial coefficient with vector entries is notation for the product of binomial
coeflicients over the components.

Suppose we restrict the summation to m®) such that q,()a) > 0 for some
a, and such that qz(,’f)l < 0 for the same a. We look for a contribution to
the constant term in x,,;. All x; are polynomials in x; after evaluation at
Za,0 = 1 for all a. Terms with qj(,a) < 0 do not have a factor z,, in the
denominator, and are therefore polynomials in x,; for several ¢ and fixed
a. One can show that H[#a x;; has no negative powers of z,1 (see Ref. 3,
Lemma 4.8). Therefore we have a polynomial in z, 1, with an overall power
of x4,1, hence there is no constant term in x,,1. We repeat this argument

for each « and inductively for each p starting from p = k, until we get

Lemma 4.3. There is no contribution to the constant term in x1 in the
summation from terms with qﬁa) < 0 for any p,j, hence from terms with

Pj(a) < 0 when we consider the terms with qéa) =0.

This implies that M = N for the simply-laced Lie algebras.

4.3. The non-simply laced case

This case is less elegantly derived, as it requires the introduction of even
more variables in the generating function, and each case must be treated
separately. Nevertheless, the argument goes through in the same (more
involved) manner. In the process we must define the set of variables which
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satisfy the following system of equations:

_Ca.ﬂ_l

CointTai1=Tai— || TI #8.0(Chmiti/iCanl-
B:Ca.p<0  j=0

If 24,0 = 1 for all o, then the equation for ¢ > 0 is known as the ()-system
(for the simple Lie algebra with Cartan matrix C), and it is known to
be satisfied by the characters z,; of the KR-modules KR ; if 24,1 is the
character of the fundamental module.

We find in the k — oo limit that

Theorem 4.1. (Ref. 3) For any simple Lie algebra and X\ a dominant
weight, n a vector in ZQX’“, Mxn = Nxn.

5. Summary

Prior to the work described in the previous section, it was known that
for any simple Lie algebra, the multiplicity of the U,(g)-module with g
highest weight A in the tensor product of Kirillov-Reshetikhin modules
is the N-sum formula. This followed theorems of Hatayama et al® and
Nakajima’s theorem about the g-characters for T-systems corresponding to
simply-laced Lie algebras,” as well as the extension by Hernandez for other
algebras.'0

We now have all the equalities in the pentagon of identities. That is,
since we have proven that M = N, we have proven also the following:

Corollary 5.1. The multiplicity of the g-module V (X) in the tensor product
of Chari’s KR modules of g[t] is equal to the multiplicity of the Uq(g) module
with g-highest weight X in the corresponding tensor product of Uy(g) of
Kirillov-Reshetikhin type.

Corollary 5.2. The Hilbert polynomial of the graded multiplicity space of
V(XA) in the Feigin-Loktev fusion product is the fermionic M-sum (gen-
eralized Kostka polynomials in the case of Ay, ). This is the Feigin-Loktev
conjecture.

Corollary 5.3. The Bethe integer sets (parametrizing Bethe vectors) in
the generalized Heisenberg model as solved by Kirillov and Reshetikhin are
in bijection with vectors in the Hilbert space of the model, and therefore the
completeness congjecture holds.
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We should remark that although it is well known that not all Bethe states
come from the so-called “string hypothesis” in these models, nevertheless
this gives a good counting of the states.

The proof described in the previous section shows that the vanishing
of the “non-positive” components of the N-sum formula is due to the fact
that the solutions of the @-system with the KR-boundary condition are
polynomials in the initial data x,,;. This fact is clear, once one refers to
the theorem that the solutions z,, with n > 0 are characters of KR-
modules, which are in the Grothendieck group generated by {z1.1,..., 2,1}
(the characters of the r fundamental representations). However these facts
are not immediately obvious without resorting to the proven theorems on
the subject. The cluster algebra formulation of the @-system gives an en-
tirely combinatorial interpretation for this fact.23:24

The polynomiality property is quite general for a much larger class of
cluster algebras, under even more general boundary conditions, which give
a certain vanishing of the numerators.?* For example, the same property
holds for the T-systems.
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TBA FOR THE TODA CHAIN

KAROL KAJETAN KOZLOWSKI and JORG TESCHNER
DESY Theory, Notkestr. 85, 22603 Hamburg, Germany

We give a direct derivation of a proposal of Nekrasov-Shatashvili concerning
the quantization conditions of the Toda chain. The quantization conditions
are formulated in terms of solutions to a nonlinear integral equation similar
to the ones coming from the thermodynamic Bethe ansatz. This is equivalent
to extremizing a certain function called Yang’s potential. It is shown that
the Nekrasov-Shatashvili formulation of the quantization conditions follows
from the solution theory of the Baxter equation, suggesting that this way of
formulating the quantization conditions should indeed be applicable to large
classes of quantized algebraically integrable models.

1. Introduction

The N-body quantum mechanical Hamiltonian

N N
H= Z % + (Hg2)h ePNTTL Z gHe®r—1—®k (1)
=2

is known as the quantum Toda chain. Above, p, and xj are quantum ob-
servables satisfying the canonical commutation relations [p,, ] = ifide ,
g and k are coupling constant. When x = 1 one deals with the so-called
closed Toda chain and, when x = 0, with the open Toda chain.

This model appears to be a prototype for an interesting class of inte-
grable models called algebraically integrable models. It was introduced and
solved, on the classical level, by Toda'? in 1967. Then, in 1977, Olshanet-
9 constructed the set of N commuting and independent
integrals of motion for the closed chain, thus proving the so-called quan-
tum integrability of the model. In 1980-81, Gutzwiller® was able to build
explicitly the eigenfunctions and write down the quantization conditions

sky and Perelomov

for small numbers of particles (N = 2,3,4). In particular he expressed the
eigenfunctions of the closed chain with N-sites as a linear combination of
the eigenfunctions of the open chain with N — 1 particles.
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A particularly succesful approach to the solution of the quantum Toda
chain was initiated by Sklyanin. In 1985, Sklyanin applied the quantum
inverse scattering method (QISM) to the study of the Toda chain. This led
to the development of the so-called quantum separation of variables method.
In this novel framework, he was able to obtain the Baxter equations for the
model, from which Gutzwiller’s quantization conditions can be obtained.
The Baxter equation was later re-derived by Pasquier and Gaudin® with
the help of an explicit construction of the so-called Q-operator, similar to
the method developed by Baxter for the solution of the eight vertex model.?

In ’99 Kharchev and Lebedev’ constructed the multiple integral rep-
resentations for the eigenfunctions of the closed N-particle Toda chain.
Their construction can be seen as a generalization of Gutzwiller’s solution
allowing one to express the eigenfunctions of the closed N-particle Toda
chain in terms of those of the open chain with N — 1 particles and this for
all values of N. In 09, An' completed the picture by proving rigorously
that Gutzwiller’s quantization conditions are necessary and sufficient for
obtaining a state in the spectrum.

However, the form of the quantization conditions obtained in the above-
mentioned works appears to be rather involved. Recently Nekrasov and
Shatashvili proposed in Ref. 8 that the quantization conditions for the Toda
chain can be reformulated in terms of the solutions to a nonlinear integral
equation (NLIE) similar to the equations originating in the thermodynamic
Bethe ansatz method. With the help of the solutions to the relevant non-
linear integral equation, Nekrasov and Shatashvili defined a function W
whose critical points are in a one-to-one correspondence with the simulta-
neous eigenstates of the conserved quantitites. This formulation not only
seems to be in some respects more efficient than the previous one, it also
indicates an amazing universality of the form the quantization conditions
may take in integrable models.

The proposal of Ref. 8 was based on rather indirect arguments com-
ing from the study of supersymmetric gauge theories. It seems desirable
to derive the proposal more directly from the integrable structure of the
model. Our main aim in this note is to give such a derivation. It is obtained
from the solution theory of the Baxter equation. In other integrable models
there are known connections between the Baxter equation and nonlinear
integral equations that look similar to the one that appears here, see e.g.
Refs. 3,11,14. However, the precise form of the NLIE depends heavily on the
analytic properties that the relevant solutions of the Baxter equation must
have in the different models. In the present case of a particle system we
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encounter an interesting new feature: the quantization conditions are not
formulated as equations on the zeros of the solutions of the Baxter equa-
tion, but instead, they are equations on the poles of the so-called quantum
Wronskian formed from two linearly independent solutions of the Baxter
equation. The positions 6 = (d1,...,0n) of these poles are the variables
that the Yang’s potential W = W(J) depends on.

It is worth stressing that the Baxter equation or generalizations thereof
have a good chance to figure as a universal tool for the study of the spectrum
of quantum integrable models. Our method of derivation strongly indicates
that similar formulations of the quantization conditions should exist for
large classes of quantized algebraically integrable models.

This article is organized as follows. We first recall how the Separation
of Variables method reduces the problem of finding the eigenstates of the
Toda chain to the problem to find a certain set of solutions to the Baxter
functional equation specified by strong conditions on the analyticity and the
asymptotics of its elements. Then, in Section 3 we explain how Gutzwiller’s
quantization conditions can be reformulated in terms of the solutions to a
certain NLIE and in terms of the Yang’s potential W(J). The derivation
of this reformulation is sketched. The proofs of our claims are presented
in the Appendices. In Appendix A, we establish the relevant properties of
Gutzwiller’s basis of fundamental solutions to the T-Q equation. Then in
Appendix B we prove the existence and uniqueness of solutions to the NLIE
introduced in Section 3. In Appendix C we give rigorous proofs of the main
results presented in Section 3.

Acknowledgements. The authors gratefully acknowledge support from the
EC by the Marie Curie Excellence Grant MEXT-CT-2006-042695.

We are happy to dedicate this paper to T. Miwa on the occasion of his 60th
birthday.

2. Separation of variables approach to the Toda chain
2.1. Integrability of the Toda chain

The integrability of the Toda chain follows from the existence of Lax ma-
trices

A=p, g'e
_gﬁ eTn 0

L= ( ) leeml =i @)
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satisfying a Yang-Baxter equation with a rational, six-vertex type, R-
matrix. Thus, the set of k-twisted monodromy matrices

M(A):((l):h)LN(/\)...Ll(A) , 3)

allows one to build the transfer matrix T (A) = tr[M (\)] which is the

generating function of the set of N commuting Hamiltonians associated
with the Toda chain

N—

T =2+ (D) A FH, . (4)

k=0

—

N
The first two Hamiltonians read H; = ) p, = P and
k=1

H2 _ 7 _ Z ?Z —i—th/ﬁhemN_wl + ZgQEka,l—ack ) (5)
=1 k=2

The eigenvalues t (\) of the transfer matrix T (\) are thus polynomials
t(\) = H]ICVZI (A —=7k). The N commuting Hamiltonians are self-adjoint,
hence the set {7} is necessarily self conjugated: {7} = {7 }.

2.2. Separation of variables

The Separation of Variables (SOV) method was developed for the Toda
chain in Refs. 1,5,7,10. The main results of these works may be summarized
as follows:

The wave-functions ¥, (z), z = (x1,...,zn) of any eigenstate to the
transfer matrix T(A) with eigenvalue () can be represented by means of
an integral transformation of the form

V@) = [ ) 8 Ze (ko). ()

where integration is over vectors v = (v1,...,vnv_1) € RN~! with respect
to a measure du(v) first found in Ref. 10, Zp(y|z) is an integral kernel for
which the explicit expression can be found in Ref. 7, P is the eigenvalue of
the center of mass momentum P in the state U, and ®,(v) is the wave-
function in the so-called SOV-representation. The key feature of the SOV
representation is that ®,(v) takes a factorized form

N-1
Dy(y) = H e (k) - (7)
k=1
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The integral transformation (6) is constructed in such a way that the eigen-
value equation for the family of operators T(\) is equivalent to the fact that
the function ¢,(y) which represents the state Uy via (6) and (7) satisfies
the so-called Baxter equation,

t(Ng,(A) = iNgNq (A +ih) + k" (=) g" gy (X — in). (8)

The integral transformation (6) can be inverted to express ®,(v) in terms
of U, (z). In this way it becomes possible to find the necessary and sufficient
conditions that ¢.(y) has to satisfy in order to represent an eigenstate of
T(A) via (6) and (7). The conditions arel:”

(i) t(\) is a polynomial of the form t(\) = Hfj:l (A —71),
with {7} = {7x}.

(ii) ¢(N) is entire and has asymptotic behavior
g\ = O(e—%m(x)\ |)\‘%(2\%(A)Ifﬁ) ).

Above, the O symbol is uniform in the strip {z : |S(z)| < h/2}. This
reduces the problem to construct all the eigenfunctions and finding the
complete spectrum of the Toda chain to finding the set S of all solutions
(t(A), g () to the Baxter equation (8) that satisfy the conditions (i) and
(ii) above.

3. Quantization conditions

It turns out that the Baxter equation (8) admits solutions within the class S
described above only for a discrete set of choices for the polyonomial £(\).
This is what expresses the quantization of the spectrum of T(\) within
the SOV-framework. Our first aim in this section will be to outline how to
reformulate the resulting conditions on t(\) more concretely, following the
approaches initiated by Gutzwiller and Pasquier-Gaudin.

It gives useful insight to divide the problem to construct and classify
the solutions to the Baxter equation (8) which satisfy (i) and (ii) into two
steps. In the first step, one weakens the analytic requirements (ii) on ¢(\)
by allowing ¢()) to have a certain number of poles. In this case, it will be
possible to find two linearly independent solutions qtjE (A) to (8) for arbitrary
t(\) satisfying (i). In the second step, one constructs the solution ¢(\)
satisfying (i) and (ii) in the form

9(\) = Praf(\) + Pg; (V) (9)
where Py are constants. The requirement that g()) is entire means that
the poles of ¢i(\) must cancel each other in (9) which is only possible if
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t()\) is fine-tuned in a suitable way. This is the origin of the quantization
of the spectrum of T(\).

3.1. Gutzwiller’s formulation of the quantization conditions

It turns out that there is a canonical minmal choice for the set of poles of
¢i (\) that one needs to allow. One needs to allow N poles 81, ..., dy whose
positions are determined by the choice of ¢(X). More precisely, out of £(\)
one constructs the so-called Hill determinant

p" 1

- 1 -
H()\) = det t()\ —lh) . t(A—Zh) , (10)
0 r 1 LO
t(N) t(h)

where p := rg?". It can be shown that H(\) admits the representation

N sinhﬁ A —dq
H(A):H#, (11)

a1 sinh% (A —Ta)

where one chooses | (0;)| < h/2. This defines d1,...,0n in terms of £(\).
Let us then, instead of S consider the class S’ of solutions to (8) which
satisfy the conditions (i) and (ii)’,

(ii)" ¢()\) is meromorphic with set of poles contained in {41, ...,dx} and

it has an asymptotic behavior |q (\)| = O(e*%m(’\)‘ \)\|%(2lg()‘)‘7h) ).

The Baxter equation (8) has two linearly independent solutions i ()
within S’ for arbitrary t(\). One possible construction of the solutions g; (\)
goes back to Gutzwiller’s work on the Toda chain. They may be defined as
follows:

() = QY
e [, {e= " sinh T(A—6,)} (12)
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where
aitn = AT B
;}1 AT (1 —i(\ — 7%)/h) )
Oy = LKW

N o
I1 WA i = 7 /h)

with K4 (A\) being half-infinite determinants:

1 t=1 (A +ih) 0

h

p 1 .
K (A\) =det t0h+ 2ih) 1 t7 (A+2ih) 0 --- (14)

0

and K_(X\) = K4 () (recall that {7} = {7x}). For the reader’s conve-
nience we have included a self-contained proof that qti € S in Appendix A.
It’s worth noting that Q;t are linearly independent entire functions whose
Wronskian can be evaluated explicitly, ¢f. Lemma 1:

Qf NQy (A +ih) = Qf (A +ih) Qy (\) =
N
_ g Nh2NEA a[[l {% sinh % (A= 7¢) 1 ()\)} .

It can be shown that the most general solution g(\) € S’ to the Baxter
equation (8) may be represented in the form (9). The additional requirement
that ¢(\) should be entire implies

Qf (6a) —CQ; (64) =0, for a=1,...,Nand(eC, |¢|=1, (16)

to be supplemented by the condition that Z,ICVZI 8, = P.5% This formulation
of the quantization conditions looks fairly involved. It may be considered
as a highly transcendental system of equations on the parameters 7, deter-
mining ¢(\), in which both QF(\) and dy,...,dy have to be constructed
from t(\) by means of (13) and (10), (11) respectively.

(15)

3.2. Reformulation in terms of solutions to a nonlinear
integral equation

One may note that the set of parameters in § = (d1,...,dx) is just as big
as the set of parameters in 7 = (71,...,7n) characterizing the polynomial
t(\) appearing on the left hand side of the Baxter equation. The form of
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the quantization conditions (16) suggests that it may be useful to formulate
these conditions directly in terms of the parameters § = (d1,...,0y5) with
t(\) = t(A|7 (0)) being determined in terms of § by inverting the relation
0 = (7). A more convenient representation of the quantization conditions
(16) would then be obtained if one was able to construct the solutions
QF(\) more directly as functions of the parameters 6 = (61,...,0y). In
the following, for a given polynomial ¥(A) = ngl()\ — 0)) with complex
conjugated roots, we will construct functions Q(;i()\) These will be shown
to yield solutions the Baxter equation (8) wvia (12), with ts(\) being a
polynomial whose coefficients depend on the parameters 6.

The functions QF(\) will be build out of the solutions Ys()\) to the
following NLIE,

h
log ¥5(A) = /Rdﬂ K(A = p) log (1 ATy ifli)/;)/j?((,u,u)-i- ih/2)> 07

where
B I
(A2 +h2)
It will be shown in Appendix B that the solutions Ys(\) to (17) are
unique, and that they exist for all tuples § = (d1,...,dn) of zeros of Hill
determinants H(\) constructed from polynomials £(\) whose zeroes 7, sat-
isfy | (%) < h/2. The function Y5()) is meromorphic, with its poles ac-
cumulating in the direction |arg (\)| = 7/2 and such that Y5 — 1 if A — oo
for A\ uniformly away from its set of poles. The properties of Ys allow one
to define two auxiliary functions:

B du 1 P"Y5 (1)
oson ) == | S s s (1 sy )
R

K () (18)

. B dM 1 PEY(S (:u’)
log vy (A —ih) —/%mlog (” ﬂ(u—z‘h/2)19(u+ih/2)) '

R
(19)
Out of vy (A) and v} (A — ih), we may then construct

oy - L) T Ty,
[ITQ@—=i(A=dk)/h)
ilk\fz)\lhfiN—A — Nz y A ih (20)
Qr(n = L e AT,

T (1+i(\—06p) /h)
k=1
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It is shown in Appendix C that the functions 625i are entire (¢f. Lemma
4). Tt is also shown there that the functions ¢i (\) defined from Q¥ (\) b
relations like (12) are solutions to the Baxter equation (8) which have the
correct asymptotic behavior so as to be contained in §'.

One may therefore take the construction of Q3 () from the solutions of
the nonlinear integral equation (17) as a replacement for the construction
based on Gutzwillers solutions. The quantization conditions (16) may now
be rewritten in terms of Y5(\) in the form

N

NGy r B
QWk—Talogh 5k10gP+ZlOgC—ZZIOg (L+i (0 =) /1)

I'(1 =i (0 — 6p) /1)

dr 1
+/%{(5k—T+Zh/2+ k—T—Zh/Q} (21)
R

% log <1 + s (7 )
9 (r —ih/2) 0 (7' +1ih/2))
as is fully demonstrated in Appendix C. This form of the quantization
condition may be more convenient for many applications than the ones
previously obtained, equations (16).

3.3. Solutions to the Baxter equation from the solutions to
a NLIE

In order to understand how the connection between nonlinear integral equa-
tions and the Baxter equation comes about, the key observation is that the
two functions q(;i defined above constitute a system of two linearly indepen-
dent solutions of the Baxter equation (8). This fact can be deduced from
the so-called quantum Wronskian equation satisfied by Q(;i:

Qs (M) Qs (M +ih) — Q5 (N QF (A + ih) (22)

27r>\
_ . —iX "
=K ( ing" ) Hsmh (AN —0r) .

The quantum Wronskian equation allows one to show that ng () satisfy
a Baxter-type equation

ts(NQEN) = i NgNQEN +ih) + ")V gV QE (N — i), (23)
where the polynomial ¢s5 () is defined by
ny® Qf (A —ih) Qy (A +ih) — QF (A +ih) Q5 (A —ih)
QF N Qy A+ih) —Qf A +ih)Qy (\)

ts (A) = (i/—ig
(24)
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On the one hand, the Wronskian relation (22) allows one to show that ¢5(\)
and QF ()\) are related by the Baxter equation (23). On the other hand, it
also ensures that the residues of the possible poles of t5 (24) vanish. Then,
the polynomiality of ¢s5 is a consequence of the asymptotic behavior of the
functions Qf;t. The details of the arguments are found in Appendix C.

In order to see how the quantum Wronskian relation is connected to
the NLIE (17), let us, starting from a solution Y5(\) to (17), introduce two
functions v1(A) and v (A) via (19). On the one hand, noting that the kernel
K (X) defined in (18) can be written as

1 1 1
KX =5 (A—ih_ )\—I—ih)
it is easy to see that (17) implies
log Y5 (A) = log (vy (A +ih/2)) + log (v) (A — 3ih/2)) . (25)

On the other hand, note that

log {UT <A—ig+io)} +log [vl ()\—ig—ioﬂ (26)

N </R+i0 - /Ri0> i_iﬁ o (1 " I (p— 15;2};19([(2 + ih/2))

- p"Ys (\)
= log <1+ 19(/\_2‘}1/2)19()\4-2'71/2)) .

Thus, using that vy, are meromorphic on C, we are able to continue the
obtained relation everywhere on C | leading to the functional relation

P

v Ny (N) =1+ WUT

(A +ih) o, (A—ih) . (27)

Rewriting this in terms of Q(;i by means of (20) yields the quantum Wron-
skian equation (22).

At the moment we don’t have a direct proof that a solution to (17) exists
for all choices of 9(A). We are able, however, to prove that all functions Ys(X)
that can be constructed from Gutzwiller’s solutions are in fact solutions to
(17). This implies that all functions Y5(\) needed for the formulation of the
quantization conditions (21) can be obtained in this way.

Let us finally note that there is a more direct way (cf. Proposition 5)
to reconstruct the Newton polynomials in the zeroes {7} of t5 from the
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solution Y5 to (8):

3ok :Za’;—k/%{ﬁﬂhm’“’l — (r—in/2)" '} (28)
R

p"Ys (1) )
I —ihj2)0 (r +ih2) )

x log <1+

As one may reconbtruct the eigenvalues hj of the conserved quantities Hy,
from the ZN

—1 p, this essentially amounts to a reconstruction of the hy.
3.4. Definition of Yang’s potential

It is interesting to notice that the quantization conditions (21) characterize
the extrema of a certain function W (§) called Yang’s potential in Ref. 8.
This Yang’s potential is defined as W (§) = WSt (§) + WPt (§), where

N
Wpert =4 Z k7 log <h_> _10g<Z5k+ Z (519 — (5j)—2i7rznk;,
k=1

J,k=1
(29)
@' (A) = logT (1 + i\/h), nj are some integers paremeterizing the eigen-
state, and

Winst (5) — (30)
[ logYs () | p"Y5 (1) =" () dp
/{ 2 (H w(u—m/mﬁ) e (w—m/z)?)} 2i
with
0

Lis (2 /log =g (31)

It seems worth emphasizing that, in our treatment, the reformulation of
the quantization conditions in terms of Yang’s potential was obtained from
the solution theory of the Baxter equation (8). This may be seen as a hint
towards a more direct understanding of the claim in Ref. 8 that the quan-
tization conditions for large classes of quantized algebraically integrable
models can be formulated in this way. The claim should follow quite gen-
erally from the solution theory of the Baxter equation.
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Appendix A. Properties of Gutzwiller’s solutions

Appendix A.1. Analytic properties of Gutzwiller’s solution

The explicit construction of a set of two linearly independent entire so-
lutions Qti of (8) with arbitrary monic polynomial ¢(\) goes back to
Gutzwiller.® Prior to writing down these two solutions, we recall the defi-
nition of the Wronskian of two solutions ¢; and g2

Wilgi,q2] (N) = g1 (A) g2 (A +ih) — g2 (A) @1 (A +iR) . (A1)
It is straightforward to see, using (8), that W [q1, go] is ¢h quasi-periodic:
W g, go (A + i) = (=1 &"W [q1,2] (A) - (A2)

Proposition 1. Lett (\) = Hévzl (A = 7%) be a monic polynomial of degree
N with roots appearing in complex-conjugate pairs {1} = {Tr}. Then, the
two functions below are entire solutions to the Baxter equation (23),
o (RN T K (e VR
t (>\) - N i
[1 A" 01 — (A — 73,)/h)
k=1 (A.3)

s

giNAK, ()\) e—Ng)\

. .
TT WAL+ = 7))

Qy (N) =

Here K1 (M) correspond to the unique meromorphic solutions to difference
equations

h i

Ky (A= ih) = Ky (V) — f(ﬁ(ﬁg—iig , (A1)
g —i

K_(A+ih) =K_(\) — f(g; Ei - 2773 , (A.5)

that go to 1, when A — oo uniformly away from their set of poles. The so-
lutions to these recurrence relations are given explicitly by the determinant
formula (14) and its complex conjugate. These two solutions are entire and
posses the asymptotic behavior

|Qti ()\)| — e*%“@\)o(eﬁ%\%()\)l |)‘|%(:F2S(A)_h)) for R () — oo .
(A.6)
There the O is uniform in any strip of C of bounded width.

Proof. The only non-trivial part concerns the asymptotic behavior of K.
It follows as a corollary of Lemma 3. O
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Lemma 1. The functions Qi.t are linearly independent and their Wron-
skian is expressed in terms of the Hill determinant (10) by (15). The latter
is closely related to Ky and K_

R Ky (A+ih) K_ (N

H(\) =Ky (\)K_ (A +ih) —p OO

(A7)

Its zeroes form complex conjugated pairs {5} = {gk}, belong to the funda-
mental strip {z : |S(2)| < h/2} and fulfill 25:1 Tp = Z;v:l dp-

Proof.

The fact that Qit are linearly independent is a consequence of the fact
that their Wronskian does not vanish identically. The explicit expression
for this Wronskian follows after some algebra.

As we have assumed that the set {7} is self-conjugated, it follows from
the determinant representation for H that H (X) = H ()), e, the set {&;}
is self-conjugated. In its turn, this implies a particular relation between the
set of ¢’s and 7’s. Namely, computing the R (\) — 400 asymptotics of H
yields

N N
ZTp:Z<5p +inh, forsome neN. (A.8)
p=1 p=1
However, as Y 7 € R and ) dx € R, the only possibility is n = 0. |

We are now in position to prove the

Lemma 2. Let q be any meromorphic solution to (8). Then, there exists
two meromorphic ifi-periodic functions Py (X) such that

g\ =P (NQF N +P-(N)Q, (V) - (A.9)

Proof.
Let ¢ be any meromorphic solution to Baxter’s T-Q equation (8). Then
consider

_ Wlg,Q ] (V) W g, Q] (V)

AN=q¢qN———F—F—— —_—

N G IXETey W5 Q]

The ratio of two Wronskian being ¢/ periodic, one gets that, by construction
WIq,Qf](N)=WI[qQ,](N)=0. (A.11)

This leads to the system of equations for g (\):

Qf (N Q¢ (A+iﬁ)) (—ZI(AHH)) _
(Grmaraem) (™ )=o)

Qf (N)+ Qy (A) - (A10)
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Given any fixed A, there exist non-trivial solutions to (A.12) if only if the de-
terminant of the matrix defining the system vanishes, ie W [Qj‘ ,Qr ] N =
0. However, it follows from (15) that W [Q;,Q; | (A) is an entire function
that is non-identically zero. Therefore, it can only vanish at isolated points.
Hence, we get that g (\) # 0 only at an at most countable set. As ¢(X) is
meromorphic on C, g = 0. g

We now provide a rough characterization of the set of zeroes of Qti
As the I' function has no zeroes on C, the only zeroes of Qti are those of
K1 ()N).

Proposition 2. Assume that |S (1) < h/2 and that the set {7} is in-
variant under complex conjugation. Then, the set of zeroes of K1 (A —ih/2)
belongs to the half-plane {z € C : S (z) < —h/2} and

K (A —ih/2))”
H(A—ih/2)
A similar statement holds for K_ (A+ih/2), namely the set of ze-

roes of K_ (\+1ih/2) lies in the half-plane {z € C : & (2) > +h/2} and
K_ (A +1ih/2) does not vanish on R.

>1, for AeR. (A.13)

Proof.

It follows from the determinant representations that K. (A —if/2) has
poles at 7, — i (2n+1)h/2, n € N, in particular they all belong to the
half-plane {z € C : S (z) < —h/2}. Also, since the zeroes and poles of the
Hill determinant are self-conjugated,

Ncoshf)\—é
HOA—ih/2)=]] p Ao

—g—>0 , VX eR. (A.14)
k—1 cosh 5 (A —7k)

As the set {7} is self-conjugate, it is easy to see that for A € R

Ky =K_(N) and  t(A—ih/2)t(\ +ih/2) = [t (A —ih/2))? |

(A.15)
This allows us to rewrite (A.7) in the form
o 2 A . 2
H(A—1ih/2) HA—1ih/2) | t(AN—ih/2)

It follows from (A.14) and (A.16) that there exists a ¢ > 0 such
that |K4 (A —ihi/2)] > ¢ for A € R. Hence, K1 (A —ih/2) has no ze-
roes on R. As K, (A —ih/2) has manifestly no poles in the half-plane
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{z : §(2) > —h/2}, one has that

!/
fp) = / ;_;IIS'IE:; —#{ZG(C : %(z)>—g and K+(z)—0} .
R—ih/2

(A.17)

Here, we remind that p is the deformation parameter appearing in (14).
We also specify that the function f(p) is well defined as |Ky|jg_;; /0 > ¢
and the ratio K', /K decays at least as A\~(2N*1 at infinity, uniformly
in p, ¢f lemma 3. Thus, applying the dominated convergence theorem we
obtain that f (p) is continuous in p. As it is integer valued, it is constant.
The value of this constant is fixed from f (0) = 0 (as then K, = 1). This
shows that K1 () has all of its zeros lying below the line R — i#/2. O

Appendix A.2. Bounds for K

Lemma 3. Let {1} = {Tr} and |3 (7)| < /2, Kt (N\) is bounded uni-
formly away from its set of poles, K1 — 1 for A — oo with |arg(\) F w/2| >
€ for any € >0 and

KL

7 =0 (R (A18)

where the O is uniform in p as long as p belongs to some fized compact
subset of C.

Proof.

As the T-Q equations can be solved explicitly when N =1 in terms of
Bessel functions, it is enough to consider the case N > 2. We focus on K
as the behavior of K_ follows by complex conjugation.

K admits the discrete Fredholm series representation:

1
Ky (/\) =1+ E ﬁ E det,, [Mhuhb ()\)] , (A.19)
n>1"" hi,..hn
€N

where we have

Oa Sap_1p"
My (V) = b1 b—1pP

tOh—iah) T T\ —iah) (A.20)



210 K.K. Kozlowski € J. Teschner

Then, by Hadamard’s inequality

Z dety, [M, n, (V)] (A.21)
hi,...,h
eN
n n % n o0
<y S} = xS}
hl,...,hn a=1 b=1 hl, ,hn a=1 b=1
€N EN
n +oo n " B\ "
Z H {Z |Mhab|} < Z |Map| o < u"(N) (1 + |pl )
h17 Lhpa=1 Lb=1 a,b=1
eN
Hence, we get that
Ky (\)—1] < M (1+lel") _ o ,  with  w( Z |t (A — iah)|

(A.22)
We will now show that u()\) is bounded uniformly away from the set
of the poles of K, (\) and that u(A\) — 0 for A — oo in any sector
larg (A\) — w/2| > e with e. This fact ensures that K — 1 for A — oo
in such sectors and that K is bounded uniformly away from the set of its
poles.

Let b be such that A — ibh € {|S ()| < h/2}. Let n >0 and 1 > 7' >0
be such that, for all &,

A= 7 —ibh| >nh >0 and n'h> |3 (\— 71, —ibh)| . (A.23)

Such 7 and 1’ exist by definition of b and {74 }. Setting hn, = A — 7, — ibh,
we get

=7 = iahf® = 1 [R2 (1) + (la — bl = |Sme])?

> 1 [d07 + (1= d0) (ja = = )"]

Thus we obtain the boudedness of u for A uniformly away from the set of
poles of K :

“+o0 ﬁ_2
“(A)§Z<6aw 24 (1= 0ay) (Ja— b — 1)’ )

a=1

(o)
(fm) [h(a—1n")]

v|Z
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There, in order to get the last estimate, we have extended the summation
to a € Z and separated the contributions from ¢ = b and a # b.

Also, using that for R (\) large |\ — 7 —iah| > |[R(A) — R ()| >
|R (A)] /2, we obtain

1

[t (\ — iah)] (A.24)

B 1 1 1 ﬁ 1
[A = —dahl A —To — iahﬁ A —12 — iah|% 3 |A — 7k — iah]
2 Nﬁ% 3 2 "2 —3/2
<{—m)|} W [buan? + (1= bap) (a— b =7 .

Thus,

2 \N 3/ 1 Too 1
u(N) < (W) (W +2;m> . (A.25)

It remains to prove the estimates for K, ()) at [ (A)| — +o00. Termwise
differentiation in (A.19) leads to

K <305 (w) @+ 1p")" ) T (1+ 1ol
n>1
ST (14 o] e DD

where @ (X) = Y2, o |t//t* (A — inh)| = O( |3‘%()\)|71). One then takes the
derivative of the Hill’s determinant relation (A.7) at A —i%/2. This leads to

Ky (A +ih) K_ () }
NVt + i) E_(A+ih) [

K (X\) =H (X\) + 0x {pht (A.26)
The uniform estimates in p that we have established combined with
the fact that H'(A) = O(|R(A)|"™) uniformly in p lead to the de-
sired form of the estimates, with a O that is uniform as long as p be-
longs to some compact subset of C and A to any fixed angular sector
larg (\) — 7/2| |arg (A) + 7/2| > €, with € > 0. O

Appendix B. Existence and uniqueness of solutions to the non-
linear integral equation

In this Appendix we prove the existence and uniqueness of solutions to the
TBA non-linear integral equation (23). Let ¢ (\) = Hszl (X = dk) have its
zeroes given by the N zeroes of the Hill determinant built out of ¢(A). Then
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set
Ky (A+ih/2) K_(A—ih/2) 9 (A —ih/2)9 (A +ih/2)
H (N —ih/2) Ct(A—ih/2)t (A +ih/2)
It is a straightforward consequence of Lemma 3 that Y; is a meromorphic
function whose poles accumulate in the direction |arg (A)| = 7/2. Y% is also
bounded for A — oo uniformly away from the set of its poles and Y; — 1
for A — oo in any sector |arg (\) — 7/2| |arg () 4+ 7/2| > € for some fixed
e> 0.

Yy () = (B.1)

Proposition 3. The function log Yy defined in (B.1) is continuous, positive
and bounded on R. It is the unique solution in this class to the non-linear
integral equation (17).

Proof. We first prove the uniqueness of solutions. Let |-||,, stand for
the sup norm on bounded and continuous functions on R. We set F =
{fet®*®R) : f>0 and | f|, <-+oo}. Then we define the operator
L on F by

B B phef (1)
L) <A>—R/duK(A ) log <1+—|mm/2>|2> . (B2)

The mapping L stabilizes F. Indeed,

LIV < [du K (A — p)log [ 1 plel)
I[f]()I_R/u Ot (14

<log (1 + plel/l=g=1) (B.3)

where J = infaeg |9 (A — ih/2)]> > 0, due to |S (6,)] < h/2.

Any solution to the NLIE appears as a fixed point of L in F. We shall
now prove that L can have at most one fixed point. This settles the question
of uniqueness of solutions to (17). This part goes as in Ref. 4. Let f,g € F,
then

ILf] -

1

11 (M) (B.4)

Lig
pled()+H(f=a)(7)
dt /dTK (f=9)(7)
(7' — 171/2)‘ + pheg(T)JFt(f g)(7)

0 R

phiemax(llgllocsllf o)

<cl|lf - with ¢ =
<cllf =9l 7+ phemax(lal 1)

Hence, L admits a unique fixed point.
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A direct proof of existence of the solutions to (17) is possible if p"/.J < 1.
In this case it is easily seen that L [f] ()) is a bounded mapping in the sense
that it stabilizes all balls in F of radius R > —log (1 — ,oh/J). In such a
case, (B.4) implies that L [f] is a contractive map on a Banach space. It
thus admits a unique fixed point.

However, it is always possible to construct a solution to (17) in terms
of the the half-infinite determinants K. Recall that {7} and hence {dx}
are invariant under complex conjugation. Let

)\ ox) /b
vr (A H F - Tz; ﬁh; (B5)

i k) /1)
A (A +ih) B.6
v (N = i Hrz —Tk/h) (B.6)
It follows from Proposition 2 that vy, (A —ih/2) are holomorphic
and non-vanishing in H,,_. Moreover, as .0 = Y. 7, we get that

v/ (A—ih/2) = 1+ O (A7!) in their respective domains of holomorphy.
Also, due to the Hill determinant identity (A.7)

Ky (= ihy2) | | PRy
— =01 (A=) (A —ih/2) =14+ ————.
(B.7)
We agree upon choosing a determination of vy, (A —4h/2) such that

log vy, (/\—ih/Z)A—+> 0
= log [vyv)] (A —ih/2) =log vy (A — iR/2) +logv) (A —ih/2) .

Thus, for A € R, by computing the residues in the upper or lower half-
plane and using the decay properties of the integrand at infinity, one sees
that vy and v) are recovered from Yz(\) via the integral representations
(19). Hence, with the same choice of branches of logarithm as before (the
one that goes to 0 when R (\) goes to +00) we get, on the one hand, that

log [vr (A4 ih/2) v) (A — 3ik/2)]

RAG) )
— [ K (A —7)log 14 L))
R/ ( )g<+|19(7'—ih/2)|2

On the other hand, it is straightforward to check that
v (A+iR/2) v (A= 3iR/2) =Y (N).

This proves the existence of the relevant set of solutions to (17). O
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Appendix C. Baxter Equation and quantization conditions from
TBA

We first prove basic properties of the functions Q(si. Then we derive
the T-Q equation generated by Q(;i and finally obtain the quantization
conditons.

Appendix C.1. Analytic properties of Qfst

Lemma 4. The functions Qéi defined in (20) are entire and have the
asymptotic behavior

|Q5i| _ ke O(e%m(m A %(ﬂﬂ%()\)*ﬁ)) R(\) — o (C.1)

where the O symbol is uniform in {z : | (2)| < h/2}.

Proof.

It is readily seen from the asymptotic behavior in the strip
{z : |S(2)] <h} of the solution Y5 to (17), that vy (A) — 1 and
vt (A —ih) — 1 when R (X) — £oo in the strip {z : | (2)| < i/2}. Then
a straightforward computation leads to (C.1). We assume that all the ¢’s
are distinct and, if necessary, take the limit of coinciding ¢’s at the end of
the calculation.

It remains to prove that Qgt are entire. For this, we show that the
products of I'-functions cancel the poles of v;,;. We need to construct a
meromorphic continuation to C of vy, starting from the strip B, with
B™ = {z : |¥(2)| < nh}. It follows from the very form of the NLIE (17)
that the solution Y; is holomorphic in BM). Let us introduce the notation

P Y5 (1) (C2)

V) = P

The only singularities of V7 (u) /Vs (1) in BY) correspond to the zeroes of
Vs and to its poles. The latter are located at u = o +4h/2, k=1,...,N.
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Hence, as V§ (1) /V5s (1) is decaying sufficiently fast at infinity, one gets

Yg Uz N,
vO= X st X i (©3)
zeB™ 2eB(™
V&(Z):O VJ(Z):O
_ zn: i 1 - Z": i 1
p=1k=1 A= 0k —i(2p+1)h/2 p=1k=1 A=bp+i(2p+1)h/2

. / dp Vi () /Vs (1) / dp Vi () / Vs (1)
2imr A —p —ih 2im AN—p+ih
R+inh—i0+ R—inh+i0+

Above, we have denoted by n. the multiplicity of a zero z of V5 and B%"),

resp. Bin), stands for B NH,, resp. B NH_. It thus follows that V; has
simple poles at J, —H’% (2n + 1), n € Z. Exactly the same reasoning as before
shows that vy (A — 7)) has its only simple poles at dy—inhi, k =1,..., N and
n € N*. Similarly, v; (A) has its only simple poles at d; +inh, k=1,...,N
and n € N. Therefore, these poles are canceled out by the zeroes of the
I'-functions and Qf are both entire. O

Appendix C.2. Baxter equation

Proposition 4. The polynomial t5 (X) given in (24) is a monic real valued
polynomial of degree N. It is such that the functions Qf;t solve the Bazxter
equation

ts(\) Q5 (V) = Vg QT (A +ih) + K" (=) NgM QT (A —ih),  (C4)

Finally, given any monic real valued polynomial of degree N with roots in the
strip{z : |S(2)| < R/2}, it is always possible to find a complex-conjugation
invariant set of parameters {8} such that ts equals to this polynomial.

Proof. The proof that Q) satisfies (C.4) with ¢; being given by (24) can
be done by straightforward calculation, using the definition of t5 and the
Wronskian equation (22).

Now we show that ts, as defined in (24), is indeed a monic real valued
polynomial of degree V. We first assume that the d;’s are pairwise distinct.
The case when several d;’s coincide follows by taking the limit in the final
formulae. As Q(;i are both entire, we get that the only potential poles of
ts (\) are located at A = 63 + inh, n € Z. The set of zeroes of vy, differs
necessarily from its set of poles (as follows readily from (C.3) and similar
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representations for vy /). Hence, Qéi (0k +inh) # 0, for k= 1,...,N and
n € Z. Therefore, it follows from the Wronskian relation (22) , that

X .
Qgr (%) _ Q5 (0k + inh) for ke[l;N] and neN. (C.5)

Q5 (0x)  Qj (6x + inh)

This implies that the possible poles of the expression in (24) get canceled.
It follows that ts is entire. It remains to control its asymptotic behavior.
We may express ts in terms of U1/

s () (C.6)
= vy (A —ih)v] (\) ﬁ (A —6,) — (rg*™)*" v (A + ih) v) (A — 2ih)
a N .
! [T (A=d0) (B2 + (A= 6.)°)

a=1

Due to the asymptotic behavior of Y at oo, one can deform the integration
contour in the definition v;,; so as to obtain its asymptotic behavior in the
whole plane A — oo, for A uniformly away from the set of poles of vy /).

As we have that vy, — 1 when A — oo, we get that t5; ~ AN when
A — o0. Hence, t5 is a monic polynomial of degree N. It is real valued for
A € R as for such N’s, V5 (\) defined in (C.2) belongs to R, what implies
that vy (A — ih) = v| (\), e ts (\) =t5 (V).

The fact that, in this way, one is able to generate any monic polynomial
with roots in the strip {z : | (2)| < i/2} follows form the uniqueness of
solutions to the TBA-NLIE and the construction of the function vy, in
terms of determinants, as given in (B.5)-(B.6). O

Appendix C.3. The quantization conditions

We now prove that the quantization conditions for the model (conditions
on the zeroes of the polynomial ¢s5 (A) for (8) to have entire solutions with
a prescribed decay as given in point (ii)) can be written down in a TBA-
like form. Moreover, as opposed to the Gutzwiller form of the quantization
conditions, the ones that will follow only involve one set of parameters.
Namely, the zeroes {0y} of the Hill determinant associated with ¢5 (\) given
n (24). We show that under certain reasonable assumptions, it is possible
to reconstruct the Newton polynomials in the zeroes of ts and hence the
spectrum of the model. This proves the Nekrasov-Shatashvili conjecture.®

We first reconstruct the zeroes of ts.
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Proposition 5. Let t5(\) = H;])V:1 (A= 74) be a polynomial whose zeroes
T lie in the strip {z € C : | (2)| < h/2}. If {6k} is the associated set
of zeroes of the Hill determinant and Ys the unique solution to the NLIE
(17), then the Newton polynomials & = Z;V:l 7';5 in the zeroes of ts are
reconstructed by means of formula (28) above. The convergence of these
integrals is part of the conclusion.

Proof.

Due to the uniqueness of solutions to the NLIE (17), one has that the
solution Y5 can be expressed, as in (B.1) in terms of K1, H. The latter
determinants are parameterized by the zeroes {71 } of 5, and the parameters
{6k} appearing in the NLIE (17) coincide with the set of zeroes of the Hill
determinant. By invoking the continuity of the logarithm on R and its decay
at infinity, we get

h
k/;_'l; {2t = (= in/2)* "} log (1 + Wfi%)

R

- _ / di{(uﬂh)’“—u’“} [ﬁ(u)+§/ (1 +ih) — %/(u)}

20w K+
ih/2
N
du kH k
- / 2im =2 (5 =3)
Rih/2— p=1
R*ih/QH

(C.7)

In the intermediate steps, we have used the quick decay at infinity of
the integrand
! !
gi AN=0(AX*"1  and % AN=0(\1"). (C.8)
This allows us to split the integral in three and compute the parts involving
K, resp. K_, by the residues in the upper/lower half plane (thus giving
0). Hence, the only part that gives a non-trivial contribution is the contour
integral involving H’/H. The only poles that contribute to the result are
located at the zeroes 0y of the Hill determinant (they have residue +1)
and at the poles 7 of the Hill determinant (they have residue -1) that are
located in the strip |3 (2)| < k/2. O
This result offers a direct way to recover the spectum of the model
from a solution to the TBA equation (17). It remains to derive the set of
quantization conditions on the parameters Jx.
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Theorem 1. There exists a unique entire solution q(\) to the T-Q equa-
tion (8) whose asymptotic behavior is as stated in (ii) if and only if the
parameters {0} appearing in the TBA NLIE (17) satisfy to the quantiza-
tion conditions given in (21).

Remark 1. The solvability of the quantization conditions, the occurrence
of complex solutions ( S (dx) # 0, 0, € {z : | (2)| < k/2}, the uniqueness
of solutions for a given choice of integers ny € Z are all open questions.

Proof.

According to lemma 2, any meromorphic solution ¢ to the T-Q equation
takes the form

40 = W g, Q5] (V) W [g,Q5] (N

W Qs Q51 () W Q5. Q5] ()

Recall that the Wronskian W [QF, Q5 | (}) is given by (22). It is possible to
compute the Wronskians W [q Qéi] (M) by using the asymptotic behavior
of ¢(\) and Q(;i Due to their ¢h quasi-periodicity, these Wronskians take
the form W [q,Q(ﬂ (A) = e Va2 wy (N), where wy ()\) are entire ih-
periodic functions. However, using the asymptotic behavior of ¢ (A) and Q(j;[
we get that wy (\) are bounded at infinity in the strip | (\)] < /2, and
hence on C. They are thus constant. This proves the uniqueness of solutions

Q5 (\) — Q5 (V). (C9)

for a given choice of 7;’s and hence d;’s. Indeed, up to a normalization
constant, any solution ¢ (\) satisfying to the requirements stated in point
(i), is of the form

S QLN =0 ).

q(A) = (C.10)

H sinh — - (A=)
As the solution ¢ () is entire, it has a vanishing residue at A = dx, k =
1..., N. Therefore, the quantization conditions for the Toda chain appear

as the set of N — 1 conditions that ¢ (A) has a vanishing residue at dy,
k = 1,...,N supplemented with the N*® quantization condition for the
overall momentum : Z;V:l T, = Z;V:l 0, = P. Note that it follows from
W [QF,Q5 ] (0 + inh) = 0 that if ¢ (A) has a vanishing residue at 6 then
it also has a vanishing residue at dx + infi, n € Z. Therefore, there is indeed
only a finite number N of constraints of the parameters d,. The explicit
form of these quantization conditions is then indeed as given in (21).
Conversely, if the quantization conditions are satisfied, then by taking
g (\) as in (C.10), one obtains an entire solution with the desired asymp-
totics. 0
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We introduce generalized energies for a class of Uq(Dng)) crystals by using the
piecewise linear functions that are building blocks of the combinatorial R. They
include the conventional energy in the theory of affine crystals as a special case.
It is shown that the generalized energies count the particles and anti-particles
in a quadrant of the two dimensional lattice generated by time evolutions of an

integrable DSLl) cellular automaton. Explicit formulas are conjectured for some
of them in the form of ultradiscrete tau functions.

Keywords: Crystal base; integrable cellular automaton; generalized energy;
combinatorial Bethe ansatz; inverse scattering method; ultradiscrete tau func-
tion.

1. Introduction

Let B; be the crystal of the [-fold symmetric tensor representation of the
quantum affine algebra Uq(Dfll)).g*11 The combinatorial R : z @y — v’ @ 2’
is the isomorphism of crystals B; ® B, 5 B, ® B corresponding to the
quantum R at ¢ = 0.1 In Ref. 15, an explicit formula of the combinatorial
R was obtained in terms of several piecewise linear functions g;(z ® y) € Z
on By ® By,. See Theorem 2.1. Among them is the local energy, which plays
an essential role in the theory of affine crystals.!® The family of piecewise



222 A. Kuniba, R. Sakamoto € Y. Yamada

linear functions {g;}, which we call generalized local energies in this paper,
are ultradiscretization of the subtraction-free rational functions that have
emerged as building blocks of the tropical R'®'¢ of the geometric crystal.?
They may be viewed as local energies in a principal picture rather than in
the conventional homogeneous picture.

From the local energy, one can form the integer-valued function called
energy on the tensor product P = By, ® ---® By, . Its generating function is
the one dimensional configuration sum that originates in the corner transfer
matrix method.!»?

In this paper we introduce generalized energies £, : P — Zxq corre-
sponding to g;’s, and study them from the viewpoint of the integrable cel-
lular automaton of type Dg).ﬁj The latter is an integrable Uq(Dgll)) vertex
model at ¢ = 0. It is a dynamical system on P equipped with commuting
time evolutions {7;};>1. Elements of P are naturally regarded as arrays
of particles and anti-particles, and 7; induces their factorized scattering
involving pair creation and annihilation. See Examples 3.1 and 3.2.

Our main result is Theorem 4.1, which states that £y, (p) = pg, (p) for
any p = p1 @ --- @ pr, € P. Here pg,(p) is a counting function giving the
number of certain particles and anti-particles specified by g; in the region
(40) under the time evolutions p, Two (p), T2 (p), - - .. As such, the counting
functions are non-local variables attached to a quadrant of the 2 dimensional
lattice. However, it will also be shown in Theorem 3.1 that the combined
data {pg,(p1 ® ---®p;) | j = k—1,k} in turn reproduces the local variable
pr € DBy, completely in agreement with the spirit of the corner transfer
matrix method. Therefore the joint spectrum {&y, (p1 ® --- ® px)} of the
generalized energies with 1 < k < L is equivalent top=p1 ® --- Q@ pr, € P
itself. This extends a similar result on type ASS) (Proposition 4.6 in Ref. 17)
which is related to the katabolism.?? A supplementary result (Proposition
4.1) is parallel with Theorem 4.1 and treats generalized local energies with
opposite chirality (cf. Remark 2.2).

The layout of the paper is as follows. In Section 2, generalized (local)
energies are extracted from the piecewise linear formula of the combinatorial
R.15 In Section 3, the integrable DS) cellular automaton®7 is recalled and
the counting functions are defined. In Section 4, the main Theorem 4.1 of the
paper is stated and proved. In Section 5, aspects related to combinatorial
Bethe ansatz are discussed. In Section 5.1 we give the inverse scattering
formalism of the DS) cellular automaton like Ref. 14. In Section 5.2, we
conjecture piecewise linear formulas for some generalized energies in terms
of ultradiscrete tau functions. This is also motivated by the A%l) case, "
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where analogous results have led to a piecewise linear formula for the Kerov-
Kirillov-Reshetikhin map.'® Although the conjecture is yet to cover the full
family of generalized energies, the last one (57) is already rather intriguing.
We expect that the extention and the solution of Conjecture 5.1 will uncover
an interplay among combinatorial Bethe ansatz, ultradiscretization of the
DKP hierarchy® and the bilinearlization of the tropical R.'6

2. Generalized energies for Dfll) crystal
2.1. Crystals and combinatorial R

Let us recall the basic facts on crystal and combinatorial R briefly. For a
more information, see Refs. 9-11 and 19. For a positive integer [, let

Br={¢= (¢t GnsCps -5 Ch) € 25 |Z<z+< , G, =0} (1)

be the crystal of the I-fold symmetric tensor representation of U[I(Dgll)).9
We assume n > 3. As for the functions ¢;, ¢;, the tensor product rule and
the action of Kashiwara operators é; and f; (0 <i<n), see Ref. 19.

The affinization of the crystal B; is defined by Aff(B;) = {b[d] | d €
Z.,b € B;} with the crystal structure &;(b[d]) = (&;b)[d + i) and f;(b[d]) =
(fib)[d — 6:0]. We call b and d the classical and the affine part of b[d],
respectively. There exists the unique bijection (crystal isomorphism) B; ®
B,, = B,, ® B; that commutes with all Kashiwara operators. It is lifted up
to a map Aff(B;) ® Aff(B,,) = Aff(B,,) ® Aff(B;) called the combinatorial
R, which has the following form:

R : Aff(B)) ® Aff(B,,) — Affi(B,,) ® Aff(B;)
bd @V [d] — V[d+HOboV)]@bld—Hbob),
where b ® b’ +— b @ b under the isomorphism B; ® By, = B, ® B;. ® The

quantity H(b® V') is called the local energy and determined up to a global
additive constant by

Hb®V)+1 if i =0, @o(b) > £o(b'), 0o (V) > 0(b),
HEbeb)=< Hbob)—1 ifi=0, po(b) < eo(t), po(b b
HbOeV) otherwise.

The Yang-Baxter equation
(R1D(1®@R)(R1)=1R)(R®1)(1®R) (2)

#This classical part of the combinatorial R will also be referred as combinatorial R and
denoted by R(b®b') = b ®b.
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is satisfied on Aff(B;) ® Aff(B,,) ® Aff(By).

2.2. Generalized local energies

Let us give an explicit piecewise linear formula of the combinatorial R that
originates in the tropical R for geometric crystals of type DY.15 First we
make a slight variable change. The set B; (1) is in one to one correspondence
with another set

Bl ={r=(21,...,%n,Tp_1,...,%1) €Z*" | 2;,T; >0for 1 <i<n—1,
n—1

Ty > —min(Tn_1,Tp1), Y (Ti+Ti) +xp =1} (3)
1

i

by the relations

=G, Ti=¢ (1<i<n-2), (4)
Tn-1 = Cn—1 +Zn7 Tn = Cn — Zna Tp—1 = Zn—l Jana (5)
¢n = max(0,x,), ¢, = max(0, —xz,), (6)
Cno1 = Tp_1 +min(0,2,), ¢, = Tpn_1 +min(0, z,). (7)

Note that z, can be negative. We naturally use the notations like z[d] €
Aff(B]) and R(z[d|@2'[d']) = Z'[d + Hz ® z')| @ Z[d— H(z ®2")], etc. Set

n n—1
() =Y (G+T) (CEB), Ha) = (@ +T) +an @EB), ()
i=1 i=1
so that £(¢) =¥¢(z) =1 for ( € B) and = € B,.
Let = (z1,...,%1) € B and y = (y1,...,7;) € BJ,. On the pair (z,y)
we introduce mutually commuting involutions o1, 0, and * by

(@,y)7 = (x7,y7), (2,9)7 = @7,y7™), (z,y)" =" 2"), (9)
o1 T1 < Tq,
Op @ Tp—1 — Tp—1+ Tn, Tp—1 — Tn-1+ Tn, Ty — —Tn,

xxp——T; (1<i<n-—1). (10)

The coordinates not included in the above rules are left unchanged. These
involutions are naturally defined on (£,¢) € B, x B,, as well by the cor-
respondence (4)-(7). For instance, one has (§,¢)* = (¢*,&*) with ¢* =
(Cl,' : '7§n—1’<na<n7<n—l7 . -vCl) for C = (Cla . '7Cna€n>' e ?Cl)'

For any function g = g(z,y), we write g°* = ¢ (z,y) = g(x°,y), etc.
Introduce the piecewise linear functions V; = V;(z,y) and W; = W;(z,y)
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for 0 <7 <n—1 as follows.

V; = max ({Gi,j,ﬂg’j\l <j<n—2yU{n ,n;1<j< n}), (11)
Wo=2Vy, Wi =Vo+ V7, Wy =V 1+ V5, (12)
Wi =max (Vi + Vi"y —yi, Vic1 + Vi* — ;) + min(z;, 7;), (13)

where 2 < i < n — 2 in the last line. The functions 0, ; = 0; ;(z,y),0; ; =
0 (x,y),mi5 = nij(x,y),m; ; = n; ;(x,y) are defined by
i
{(x) + Z (U — %) for 1 <5 <4,

k=j+1
0ii(z,y) = Fa

£y) + Z (T, —7) for i+1<j<n-—2
k=it+1

i j
0;.(x,y) = () +Z@k — Tk +Z (yp —xg) for 1 <j<n-—2
k=1 k=1

{(z) + Z @, —Tx) +7; —x; for 1 <5<,
k=j+1
J
mig(@y) =0y + > @k —T) +7;—x; for i+1<j<n—1,

k=i+1
n—1

k=i+1

J
a:)-i-Z@k +Z Yk —g)ta;—7; for 1 <j<n—1,
= k=1

B n—1
U(z) +6in—1 (L(x) — £(y)) +Z k= Tk)+ Y (yk — @) — 2
k=1
for j =n.

(@, y) =

Theorem 2.1 (Ref. 15, Theorem 4.28 and Remark 4.29). The im-
age y @ ' = R(x @ y) of the combinatorial R is given by

ri=x+ Vi =V, T =T+ VI W=V -Wi (1<i<n-1),
‘,I"'In :$n+V;71 _VTL—17 y; :yn+Vn—1 _V7:;17
Vi=vi+Via+W,=Vi—-Wie1, 7=7,+Via—-Vi (1<i<n-1).
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Moreover, the local energy is given by

H(z ®y) = Vo(z,y) (15)

up to a constant shift.

The functions Vy,...,V,_1,W1,...,W,_1 and o1, 0, and % of them are
relatives of the local energy. In addition to the involutions o1, 0y, and *, the
combinatorial R naturally acts on them by (RVp)(z,y) = Vo(y',2’) with
¥ @1 = R(x®y), etc. Their transformation properties under o1, o, * and
R are summarized in Table 1.'® These involutions are commutative, thus
for instance R(Vy") = (R(Vp))™ = Vi*.

Table 1. Transformation by o1,0p,* and R.

Vo | Vil<i<n—2) | Vo1 | Wi(1<i<n-1)
o1 Vogl Vi V-1 W;
on | Vo Vi Ve w;
« | W Vi Ve Wi
R Vo W; = V> V-1 W;

Due to these properties, there are a few simplifications in (14) as
vy =z +Vo -V, T=m 4V -V
vi=n+V' =Vi, Th=9+VW-V. (16)

We write
u = (,0,...,0) € B;. (17)
By using Theorem 2.1, one can show for any ¢ € B, that
B @Bno2u®( = u,® €B, @B ifl>m (18)
for some &’ under the combinatorial R. In particular
UL Q) Uy, = Uy, @ Uy

holds. The functions in Table 1 attain their maximum Vo = Vj' = V; =

Vi=l+mand W; =2(l+m) for 1 <i<n-—1at (x,y) = (Ui, Um).

For £ ® ¢ € B ® By, let x € B] and y € Bj, be the elements corre-
sponding to ¢ and (, respectively. We set
vi(€® Q) =) +4(0) = Vi(z,y) (0<i<n-—1) (

vg' (€ Q) = £(&) +£(C) = V5" (w,y), (20

v (€@ C) = L&) +4(Q) = Vi (z,y) 1<i<n-—1), (

wi(§ ©¢) = 20(8) +26(¢) = Wi(z,y) (1 <i<n—1), (
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and call them generalized local energies. Note that w,_1 — vp—1 = v)_;.
They are building blocks of the piecewise linear formula of the combina-
torial R (14). From the above remark, generalized local energies are all
nonnegative and normalized so that

g(u; @ upm,) =0 for any g = v;,v7", v; and w;. (23)

For ¢ = (C1y-++,Cn,Cory - - -5 C1) € By, we introduce

aQ) =C+ - CutCt - F+G+2G =0+ -G, (24)

Yoo () =G4 Gt oty + 6 (0<a<n—2), (25)
Vo1 () =G+ 4 (a1 + Cn + (o, (26)
v (O =G+ -+ 1+, + (s (27)
Vewa— va(C):C ++G+( 1<a<n-2), (28)
Vg1 () =0. (29)

Note that 7y, (¢) = a({).

Lemma 2.1. Let £ = (£1,...,&,) € By and ¢ = ((1,...,(;) € By,. Set
('R =R(ER() € By, ® By. For & (hence l as well) sufficiently large,
the relation

g€ ®C) =4(C) + a(¢’) - 'Yg(C/)

is valid for g appearing in (25)-(29), where the left hand side with g =
Wq — Vg 18 to be understood as we(§ ® ) — v,(E ® ().

Proof. One can check that & > m — ¢ + (; is sufficient to guarantee
that Vo (11) is equal to 79, = [ + (1 — ;. This implies that vo(¢{ ® ¢) =
m — ¢ + ¢, = Y, (¢) showing the g = vy case. All the other cases are
deduced from this, (14) and (4)—(7) without using the concrete forms of
03, 0% ;M5 and n; ;. O

For g = w, (1 < a < n—2), an analogue of Lemma 2.1 holds with

wa (§ ® C) = Y, (¢) + QG(C/) ~ Ywq (C/)»
Yoo (€) = Ywa—va (€) + Y0, (€)
=a(Q)+ G+ F G (Cot o+ () (30)
As & gets large, ¢ stabilizes since it is a piecewise linear function of &;
staying in a finite set B,,. (§1 > m seems sufficient for the convergence.)

Therefore Lemma 2.1 ensures that all the generalized local energies g(§ ® ()
are well defined in the limit £ — oo.
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2.3. Generalized energies
Forp=p1®---®pL € B, ®---® By, deﬁnepg-i) € By, (i <j) by
(B, ®---®@By, ,)®B;, = B, ®(B,®---@DB,_,)
Pi® - @pj—1Qp; — p§i)®p2®---®p;_1» (31)

sending p; to the left by successive applications of the combinatorial R. We
)

set p;’ = p;. For any generalized local energy in (19)-(22), we define the
generalized energyof p=p1 ® ---®pr € B, ® ---® By, by
i+1
&)= Y. gwiop ) (32)
0<i<j<L

by taking pp = u; with sufficiently large {. This is well defined (finite) due
to Lemma 2.1 and the comment following it. In the rest of the paper, we
will simply write pg = e € Boo.

When g = v, (32) is the energy introduced in Refs. 18 and 5 up to

a sign and a constant shift. If furthermore [1,...,l; are all equal, then
py“) = pit+1 holds and (32) reduces to
Ew(P) = Y (L —1i)vo(pi ®pita).
0<i<L

Its generating function Zp ¢%»0 () is a version of the one dimensional con-
figuration sum going back to Refs. 2 and 1, which is the essential ingredient
in the corner transfer matrix method.

Any quantity G(pa ® pat1®@- - - ®@pg) will be said R-invariant if G(---®
Pi@piy1®@---)=G(--- QR(pi @ piy1) ®---) for any a < i < S.

Remark 2.1. Due to the transformation property under R in Table 1,
the generalized energy &£4(p) is R-invariant for g = vg,vy", vn—1,v),_; and

*

W1, ..., Wp—1. On the other hand, &, with g = v1,...,vp—2 and vj,..., v} _,
are not R-invariant.

Let us depict the relation R(b® ¢) = ¢® b as
b c

¢ b
Then the Yang-Baxter equation (2) takes the well known form:

& 0%
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The defining relation (31) of pgi) looks as

Pj—-1  Pj
Pj—2

pi

ps (33)
Remember that each vertex is associated with various generalized local
energies g(b® c). Let

k+1
L=Ipi® - op10p)= Y. gpxapy?) (34)
i<k<j
be the sum of generalized local energy g over all the vertices in (33). Then
the generalized energy (32) is expressed as

Em®@---®@pL) =1 @ @pr_1) + Ig(te @p1 ® - @ pL)

= Y LU ®pi @ @pj1 ®p;). (35)
1<5<L
From (18) and (23), it follows that
Ig(too ® oo @1 @ -+ @ pj) = Ig(too @1 @ -+ @ pj), (36)
Eg(Uoe ®P1 @ -+ @pL) = Ey(p1 ® - @ pL). (37)

Lemma 2.2. In (383), the following quantities are R-invariant as the
functions of p; ® --- @ pj_1. (i) The element péz). (it) I, (34) for any
g=v,(0<a<n—1),w, —v, (1 <a<n—2), v, | andvj".

Proof. (i) This is due to the classical part of the Yang-Baxter equation (2).
(ii) The R-invariance of I, follows from (19), (15) and the affine part of
the Yang-Baxter equation. Let y, 3y’ € Bl’j be the elements corresponding to
pj,pgi) € By, respectively. From (16), we have 7} —%; = I,,, — I,,. Since the
left hand side is R-invariant by (i), this relation implies the R-invariance of
I,,. By similarly using the R-invariance of 7, — 7, and y, — y; in (16) and
(14), one can verify the R-invariance of the other I,. |

We note that Lemma 2.2 is applicable to the situation ¢ = 0, i.e., p; ®
Pl T U XPL R R Py1-

Remark 2.2. Lemma 2.2 (ii) does not concern I,..., L . In fact the
proof does not persist since V*,..., V. 5 are not contained in any differ-

ence of the components of y’ and y in (14). Similarly, Vi,...,V,_2 do not
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appear in the differences of x and z’. This chirality of the combinatorial
R is a characteristic feature of the Dﬁﬂ) case. In contrast, I,’s with all the
generalized local energies g for A" (so called ith (un)winding number'?)
are R-invariant. We shall come back to this point again in Section 4.2.

The following proposition and its proof are parallel with Lemma 4.4 in
Ref. 17 for type AS).

Proposition 2.1. For g =v;(0<i<n-—1),w; (1 <i<n-—1),v]" and
v _1, the generalized energy Eq(p1 ® --- @ pr) (32) is equal to the sum of
the generalized local energy g attached to all the vertices in the following
diagram (L = 3 example):

Uso P1 P2 P3

Proof. We invoke the induction on L. For L = 1, one has £4(p1) = ¢(Uoo ®
p1), and the assertion is obviously true. We illustrate the induction step
from L = 2 to L = 3. Consider the following identity obtained by successive
applications of the Yang-Baxter equation:

Uso P1 P2 D3 Uso P1 P2 P3

€1
€2
€3

Here e, ¢;,d; stand for the values of g at the attached vertices. By the
induction assumption, the sum of the three e in the left hand side is equal
to Eg(p1 @ p2). In view of the recursion relation (35), we are to verify
e1+ex+es = Iy (Uuoo @ p1 @ p2 @ p3). By the definition, Iy (uee @ p1 @ p2 ®
p3) = di + do + ds in the right diagram, where d; = g(p2 ®pé3)),d2 =
g(p1 ®pg2)), ds = g(ueo ®p§1)). Thanks to the R-invariance of I; in Lemma
2.2 (ii), this is equal to e; + e + e3. m|
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3. Integrable DS) cellular automaton
3.1. States and time evolution

Let us recall the integrable D cellular automaton associated with B, .57
Consider the crystal B;, ® --- ® B, . Its elements are called states. We
regard each component ((1,...,¢;) € B as a capacity | box containing ¢,
particles a and ¢, anti-particles @ for 2 < a < n, and furthermore ; extra
T’s which we call bound pairs. The remaining 1’s represent empty space in
the box. Thus u; stands for an empty box. The indices a, @ will be referred
as color of particles and anti-particles, respectively. A state p1 ® --- ®pyp, €
B;, ® --- ® By, represents a configuration of particles, anti-particles and
bound pairs in an array of boxes with capacity ly,...,[lr. Because of the
constraint ¢,¢,, = 0 in (1), particles n and anti-particles 7 do not coexist
within a box. We shall denote the element (3,0,1,0,2,0,1,0) € By of DS),
for example, by 1113442, etc.

For a positive integer I, we define the time evolution T;(p) = p} ®- - -@p’,

of astate p=p1 ®--- @ pr by
WRPL® - ®pL =PI @ QP RE

under the isomorphism B;® (B;, ® ---® By, ) ~ (B, ®--® B, ) ® B;. Here
¢ € By as well as Tj(p) are uniquely determined from p by the combinatorial
R. It can be shown that

§=w if pj =, for L’ < j < L with sufficiently large L — L'.  (38)

The time evolutions {7;} form a commuting family, and 7} stabilizes as [
gets large, which will be denoted by T .
When [y =--- =1 =1, T is factorized as

Too = KoK3- - KKy - K5K5

with K, given by the following algorithm (we understand @ = a).”

(i) Replace each 1 by a pair a,a within a box.

(ii) Pick the leftmost a (if any) and move it to the nearest right box which is
empty or containing just a. (Boxes involving the pair a, @ are prohibited
as the destination.)

(iii) Repeat (ii) for those a’s that are not yet moved until all of a’s are
moved once.
(iv) Replace the pair a,a within a box (if any) by 1.

In the above, taking some b(# 1) € B; away from a box means the
change of the local state b — 1. Similarly, putting b(# 1) € Bj into an
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empty box means the change 1 — b. The steps (i) and (iv) can be viewed
as pair creation and annihilation, respectively.

Example 3.1. We consider Dil) and states from B{" with L = 48. Suc-
cessive time evolutions of the initial state on the first line under T is
presented downward, where b; ® - - - ® by, is simply denoted by a horizontal
array b1bs ...br. It shows a collision of solitons with amplitudes 6 and 3.

111334322111112241111111111111111111111111111111
111111111334322112241111111111111111111111111111
111111111111111334321241111111111111111111111111

111111111111111111111111111111142211111122344411

For ly,...,l; general, Ty, still admits a similar, although slightly more
involved, algorithm. We omit it here and give an example instead.

Example 3.2. We consider Dfll) and states from Bg® B3 B4R B4 ® B?g.

124321 - 234 - 2321 - 1344 - 11-11-11-11-11-11-11- 11
111111 - 123 - 1232 - 3441-32-43-34-12-11-11-11- 11
111111 - 111 - 1123 - 1113 - 33 - 44 -23-12-32-43 - 34 - 12
111111 - 111+ 1111 - 1123 - 13- 11-11-33-44-23 - 11 -12
111111 - 111 - 1111 -1111-23 - 13 - 11 -11-11-11-33 - 44
111111111 -1111-12111-11-23-13-11-11-11-11-11
111111111 -1117-12111-11-11-23-13-11-11-11-11
111111 -111-11170-1111-11-11-11-23-13-11-11-11
111111-111-1111-1111-11-11-11-11-23-13-11-11
111111-111-1111-1111-11-11-11-11-11-23-13 - 11
111111 -111-1111-1111-11-11-11-11-11-11-23 - 13

Here, - represents ®.

Remark 3.1. Suppose p; =uy, for 1 <j<kinastatep=p ®---Qpr.
Then in the state Too(p) = p} ® - ®@pl, p; = wy; is valid for 1 <j < k+1.

We postpone the inverse scattering formalism of the dynamics to The-
orem 5.2.
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3.2. Counting particles and anti-particles

Recall that a(¢) is defined in (24). In our present context, it is the number
of all the particles and anti-particles within a box specified by ¢ € B;, where
the term 2(; means that a bound pair is regarded as a pair of a particle
and an anti-particle (whose color is unspecified). The symbol a means all
kinds of (anti-)particles.

Let p=p1 ® --- @ pr be a state and write its time evolution as

Ti(p®--®@pL) =pi ®- @ p,

where pz» € By,. We write p; = p(]? = (G, ,_ij,zj,n, . ,Zﬂ) € By,. For
any elements aq,...,a, of {2,3,...,n,7,...,2,1}, we define the counting
function

L L
Paroar®) =D (Giar + -+ Ga) + Y Y alph), (39)
j=1 t>1 j=1

where ng = (, 3, etc. The dependence on ai,...,a, enters the first
term only. The indices in pq, ... q, Will always be arranged in the order
2,3,...,n,Mm,...,3,2,1. The second term is finite due to Remark 3.1. In
fact the double sum may well be restricted to tL;ll Zf:t 41 Where the
nonzero contributions are contained. This region is depicted as the SW
quadrant of the time evolution patterns like Examples 3.1 and 3.2.

p1 p2 --- PL

(40)

The first term in (39) is the number of (anti-)particles with colors ay, ..., a,
contained in the top row which is the state p itself. The second term counts
all kinds of particles and anti-particles in the hatched domain in (40).” By
the definition it follows that

Po(P) = Pa,.. ... 21,1(Toc (P))- (41)
Given a state p=p1 ® - -+ ® pr, we write
P =P1®@--@pr (1<k<L). (42)

bMore precisely, it should be hatched in a staircase shape.
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Example 3.3. Let p be the state in the first line in Example 3.2. Then, the
counting function pq, ... 4, () for 1 < k < 9 takes the following values.
(The middle column shows g such that pq, .. 4, = pg in (44)—(47).)

a,..ar] g lk=12345672809
23443211  wo 6 11 21 32 39 46 53 60 67
2344321 | w 510 19 30 37 44 51 58 65
234131 | vy 49 17 28 35 42 49 56 63
2341 s 38 1524 31 38 45 52 59
2341 3 2 6 1324 31 38 45 52 59
2T  |ws—wvs| 25 12202734414855

T |wi —wv| 13 9172431384552

0 ot 02 7 1522293643 50

We set pah,,,,w(p[o]) = 0 for any ay,...,a,. Consider the difference
Po1(Px)) — p1(pix)) for example. By the definition (39), it is the number of
color 2 particles contained in p;. Thus we have

f(color 2 particles) in py (= C(x,2)
= p1(P)) = P1(w) = o1 (Pre—11) + PT(PE-1))-

This is an example of the relations that reproduces a local variable from
non-local counting functions. Given [, the set of counting functions that
are necessary and sufficient to completely reproduce the local state py, € By,
is not unique. However there is a choice that is linked with the generalized
energies in Section 2.3. By using the function 74 in (25)—(29), we set

L L
pe(p) = v9(ps) + Y alph) (43)
=1

t>1 j=1

forg=v,(0<a<n-—1), ws—v, (1 <a<n-—2),v:_; and vy'. Although
the notations p, here and pq, ,....q, in (39) are somewhat confusing, we dare
to use the both in the sequel supposing the resemblance is not too serious.

Then (43) is explicitly given as follows:

Poa®) = P2 pm..agiiP) (0<a<n-—2), (44)
Pon_s () = P2.3,...n—1 n1(P): Pv;,l(P) = /’2,3,...,n—1,ﬁj(p)a (45)
Pwa—va(P) = Pa3, . o7P) (1 <a<n-—2), (46)
pug () = po(p) (47)
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The last one is subsidiary in that p,e1(p) = pw,—v, (P) = oo (P) + pu, (P)
holds reflecting (12). One may also additionally introduce

Pwa(P) = Pwa—va (P) + po, (P ZMQ Dj +QZZ a(p)

t>1 j=1

for 1 < a <n —2. See (30). For DS), the counting functions (44)—(47) are
precisely those listed in Example 3.3.

Theorem 3.1. For ppy in (42), set opy, = pg(pr) — Pg(Pr—1])-
The counting functions (44)-(46) reproduce the local state pp =
(Cla"'7cnaCn?"'7C1)EBlk by

G =k = 0puy + 0puwy—vs,
Ca = 0pw,—vy = 0pw,_1—v._y (2<a<n—2),
Cn—1 = min(dpy, ,,0pv ) = 0Puw,_s—v, 2
Gn = max(0pu,_, — pur_,0),
Cp = max(py: | —6py,_,,0),
Cono1 = —max(0pu, ,,0pu:_ )+ 0pu, o,
Co=0pvu —0py, 1<a<n-—2)

Proof. Straightforward by using (39), (44)—(46) and min(¢,,(,) =0. O

4. Main result

4.1. Counting functions and generalized energies

Theorem 4.1. For any state p € B), ® --- ® By, , the counting functions
and the generalized energies (32) coincide, namely,

Eq() = py(p) (48)

forg:va(ogagn—1)7wa—va(1<a<n—2) nlandvo.

Here, &y, —v, (p) should be understood as &, (p) — &, (p), and the same
convention is assumed for I, _,,(p) in the sequel. Of course &, (p) =
Pw, (p) follows as a corollary. The ¢’s in Theorem 4.1 are the same as those
considered in Lemma 2.2 (ii) and (43). By substituting (44)—(47) into (48),
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the theorem may be rephrased as

Eo,(P) = Py nm,. ar1ilp) (0<a<n-—2),
Evr(P) = p2,37...7n71,nj(p)5 szil(p) = 02,3,“‘,%1,%5(17)7
Ewa—va(P) = a3, 07(P) (1<a<n-—2),
Eyz1(p) = po(p)-
For the proof we need one more Lemma.

Lemma 4.1. Letp =p1 ® - ®@pr, € B, ® --- ® By, . For those g’s in
Theorem 4.1, the following equality is valid:

L
E(p) — E9(Too(p)) =Y 9(€D @ py), (49)
i=1
where §(i) € By is defined by oo @1 ®@ - QPic1 2P Q- QPh_y ®§(i).

Proof. The following proof simplifies the one for Proposition 4.6 in Ref.
17 in that the assumption l; > --- > [ is not needed. We illustrate it for
L =3.Set p=p1 ®p2®ps3 and T (p) = p} ® ph ® ph. Then, Proposition
2.1 tells that £4(To(p)) is the sum of g at all e in the following diagram.

Uoco Uo P1 b2 b3

On the other hand, the right hand side of (49) is equal to the sum of g at
all o. Thus from Lemma 2.2 (ii), we find

L
EsTa@) + D 9D @p) = 3 Iyt @ use @p1 @ @ p;)
i=1 1<5<3
(36) (35)
= Lwe@pi @ @p)) = &),
1<5<3
completing the proof. O

Proof of Theorem 4.1. From Remark 3.1, T% (p) = uj, ® -+ ® vy, for
t > L. For such a state &, = 0 and p; = 0 hold due to (23) and (44)—(47),
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respectively. Thus it suffices to show

Eq(p) — E4(Too(p)) = pg(p) — pyg(Too (p))-

By applying (49) and (43) to the left and the right hand sides, respectively,

this becomes
L

L

> 9D @pi) = (19(pi) + a(p}) — v4(})),
i=1 i=1

where we have set T (p) = p} ®---@p’. (This was denoted by p} ®---@ph

in (43).) From the definition of £ in (49), we have £ @ p; ~ p} ® ¢0+1),

Therefore Lemma 2.1 tells that g(¢€®) @ p;) = v, (i) + a(p]) — v,(p}) holds

for each ¢, finishing the proof. O

4.2. x-transformed correspondence

Let us give an analogous result on ¢ = v* (1 < a < n — 2) which is not
included in Theorem 4.1. Our presentation in this subsection is brief since
the essential features are the same as the previous case. To state the result,
let us introduce a x-transformed generalized energy and a *-transformed
DSV cellular automaton. (See (9) and (10) for the original definition of x.)

Let uf = (0,...,0,1) € By. See (17). The *-transformed generalized
energy &y (pL ® -+ ®p1) of an element p;, ® -~ ®p1 € B, ® -+~ ®@ By, is
the sum of v} for all the vertices in the following diagram (L = 3 example):

*

P3 P2 P11 Uy

Exe(p3®@p2®@p1) =

*
a

Compare this with Proposition 2.1. One can show that £. is well defined
and R-invariant. ’

The *-transformed D,(ll) cellular automaton is the dynamical system on
B;, ® --- ® By, endowed with the commuting time evolutions T;*(I > 1)
defined by pr ®---@p1@u 2 QT (pr ®---®p1). (€ € By is determined
by this relation.) T2 is well defined. Moreover, under the time evolution
P ® - ®@p) =TL(pr @+ ®p1), the equality pj = uj is valid for 1 <
Jj<k+1ifp; = u?‘j for 1 < j <k, which is parallel with Remark 3.1. For
¢ € By, introduce the charge conjugation of (24)-(25) by

@ (¢) == al¢") = 2G + Co+ -+ Cu+ Gy + - + Co
Yo () =, () =G+ a1+ + G+ + 4+ (1<a<n-2).
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Writing the time evolutions of astate p =pr ®---®p1 € By, ®---® By, as
(TX)H(p) = pt ® - @pl, we define the counting function (1 < a <n—2):

The counting is done by ;. for the top row and by a* for the SE quadrant
generated by T beneath it. Thanks to the commutativity of * and the
combinatorial R (Prop.4.4 in Ref. 15), Theorem 4.1 implies the following:

Proposition 4.1. For any state p € B;, ® ---® By, the following equality
is valid:

£ () = ps(p) (L<a<n-2).

a

This completes our interpretation of the (x-transformed) generalized
energies associated with all the generalized local energies in terms of the
(#-transformed) DV cellular automaton.

5. Connection with combinatorial Bethe ansatz

Combinatorial Bethe ansatz was initiated by Kerov-Kirillov-Reshetikhin
(KKR)'?13 to establish a fermionic formula of the Kostka-Foulkes polyno-
mials with the invention of rigged configurations and the KKR bijection.
Their fermionic formula generalized Bethe’s formula® for some simplest
Kostka numbers that originates in the completeness issue.

Rigged configurations are combinatorial analogue of solutions to the
Bethe equations. The KKR bijection maps them to the combinatorial ana-
logue of Bethe vectors which may be viewed as elements of (a subset of)
B;, ® --- ® B;,. The combinatorial Bethe ansatz has flourished in the
fermionic formulas for general affine Lie algebras,®!?2! the solution of the
initial value problem of integrable Aﬁf) cellular automata by the inverse
scattering method'* and a connection with the classical soliton theory® via
ultradiscrete tau functions'” and so forth. Our aim in this section is to
present an inverse scattering formalism of the DV cellular automaton and
to conjecture explicit formulas for some generalized energies in the form of
ultradiscrete tau functions associated with the DS rigged configurations.
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5.1. Inverse scattering formalism

Set P, ={peB,® @B, | &p=0fori =1,2,...,n}. A state
belonging to Py is called highest. It is known that there is a bijection
between P, and the set of rigged configurations.?%2' Consider a set

S:{(ai,jl-,n) 6{1,2,...,n}><221 XZZO|i:1,2,...,N}, (50)

where N > 0 is arbitrary and each triplet s = (a,j,7) called string
possesses color, length and rigging which will be denoted by cl(s) =
a,1g(s) = j and rg(s) = r, respectively.® S is a rigged configuration if
rg(s) < pl(;é(;))) is satisfied for all s € S. Here p;a) = 0a1 Ei:l min(j, l) —
> ies Ca,ci(r) min(j, 1g(t)), where (Cop)1<a,b<n is the Cartan matrix of D,,.
Note that pl(giis))) > 0 has to be satisfied for all s € S, which imposes a
stringent condition on the set {(a;,j;) | ¢ = 1,...,N}. Set RC = {S :
rigged configuration}.

Theorem 5.1 (Refs. 20 and 21). There is a bijection ® : P, — RC.

An explicit algorithm to determine the image of ®*! is known. It is a
DM analogue of the Kerov-Kirillov-Reshetikhin bijection'® for Ag), which
plays a central role in the combinatorial Bethe ansatz. Our convention here
is the one adopted in Ref. 14.

For any highest state p € Py, its time evolution T}(p) is again highest.
Thus T; induces a time evolution on RC via ®. Let L be large enough and
assume the situation in (38). Then we have

Theorem 5.2. ®(Tj(p)) = T;®(p) holds, where Ty : {(as;,ji,m:)} —
{(as, ji, 7 + 0a;,1 min(j;, 1))} is a linear flow on rigged configurations.

Proof. The proof uses Theorem 8.6 of Ref. 21 and is similar to that of
Proposition 2.6 in Ref. 14 for type AS". O

Thus the composition ®~! o T, o ® linearizes the original time evolution
T; and solves the initial value problem in the D%l) cellular automaton by
the inverse scattering method. See Ref. 14 for an analogous result for AS).

5.2. Congecture on ultradiscrete tau functions

For a rigged configuration S (50), let T C S be a (possibly empty) subset
of S. In general, T is no longer a rigged configuration. We introduce the

“Colors 1,2, ...,n of strings in rigged configurations should not be confused with colors
1,2,...,n,7m,...,2,1 of (anti)-particles.



240 A. Kuniba, R. Sakamoto € Y. Yamada

piecewise linear functions (0 < k < L and 0 < d < n)

C(T Z Ccl(s cl(t) mln(lg + Z I'g

s,teT seT

(7 Z ST min(llgs) + Y. 1g(s)

=1 seT,cl(s)=1 seT,cl(s)=d

By the definition, the last term in c( )( T) is 0 when d = 0, and the relation

d 0
AD(T) = (1) rg(s)—re(s) +1e(5)50a00y 0 (51)

holds. Obviously we have ¢(f) = c,id)(@) = 0. On the other hand, ¢(9) is
known as the (co)charge of the rigged configuration §.51320,21
We define a Zx(-valued piecewise linear function on S as follows:
7(8) = - min (c,g‘”(T)) 0<k<L, 0<d<n). (52)
For S in (50), the minimum extends over 2V candidates and reminds us of
the structure of tau functions in the theory of solitons.® In fact, for type
Ag,,l), analogous functions have been identified!” as ultradiscretization of
the tau functions in KP hierarchy. Although such an origin is yet to be
clarified, we call (52) wltradiscrete tau function. Guided by the results in
AS) and supported by computer experiments, we propose

Conjecture 5.1. For any highest state p € Py, let S = ®(p) be the cor-
responding rigged configuration. Then, the following equalities hold for p
(42) with 0 < k < L.

7 (S) = Euy (b)), (53)
7(S) = €, (pp), (54)
8) = Eur_ (o), (55)
7U(S) = Eu,_ (D), (56)
72(S) = Eun (1) — oo (Pia) + w0 (Pi1) (57)

In (57), o (ppx) is the standard notation in crystal theory meaning max{j >
0| fgpp # 0}. By using (41), (44) with a = 0, (47), (51) and Theorem 5.2,
one can show that (53) and (54) are equivalent.

The algorithm?%2! for ®*! seems valid not only for highest but arbitrary
states if one allows negative rigging. With such a generalization, we expect
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that Theorem 5.2 and Conjecture 5.1 hold for any state, which was indeed
the case for type A%l).”

Example 5.1. For the initial state p in Example 3.2, its rigged con-
figuration is S = ®(p) = {(1,8,-2),(1,6,0),(1,2,-1),(1,1,-1),(2,8,0),
(2,6,-1),(2,2,-1),(3,8,-3), (4 8,—1)}. The ultradiscrete tau function
Tlgd)(S ) and apo( pk)) take the following values.

k=123 4567289

79(9) 6 11 21 32 39 46 53 60 67
S| 02 7 15222936 43 50
72(9) 13 9162330374451
7(S)| 26 13243138455259
70(S)| 38 15243138455259

wolp)] 101000000

Comparing this with Example 3.3, one can check Conjecture 5.1.

Still many generalized energies in previous sections await formulas as in
Conjecture 5.1 to be discovered. They are ultradiscrete analogue of the so
called X = M conjecture®!?

crystal theory acquire explicit formulas of a fermionic nature originating in

in the sense that the generalized energies from

the combinatorial Bethe ansatz. Such results combined with Theorems 3.1
and 4.1 will lead to a piecewise linear formula for the bijection ®~! as was
done for ALY .17

Let us end by raising a closely related question as another future prob-
lem. Let P4 (\) denote the subset of P4 having the prescribed weight A.
Then, does the generating function

Z q‘sg (p)
PEP+(N)

of the generalized energy admit a fermionic formula like Refs. 13 and 57
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DYSON’S CONSTANT FOR THE HYPERGEOMETRIC
KERNEL

OLEG LISOVYY™*

Laboratoire de Mathématiques et Physique Théorique CNRS/UMR 6083
Université de Tours, Parc de Grandmont, 37200 Tours, France
E-mail: lisovyi@lmpt.univ-tours.fr

We study a Fredholm determinant of the hypergeometric kernel arising in the
representation theory of the infinite-dimensional unitary group. It is shown
that this determinant coincides with the Palmer—Beatty—Tracy tau function of
a Dirac operator on the hyperbolic disk. Solution of the connection problem
for Painlevé VI equation allows to determine its asymptotic behavior up to a
constant factor, for which a conjectural expression is given in terms of Barnes
functions. We also present analogous asymptotic results for the Whittaker and
Macdonald kernel.

Keywords: Painlevé equations; tau function; Fredholm determinant.

1. Introduction

Connections between Painlevé equations and Fredholm determinants have
long been a subject of great interest, mainly because of their applica-
tions in random matrix theory and integrable systems.!”-27:2° One of
the most famous examples is concerned with the Fredholm determinant
F(t) = det(1 — Kgine), where Kgine is the integral operator with the sine
kernel 22=% o the interval [0,]. It is well-known that F(¢) is equal to

m(z—y)
the gap probability for the Gaussian Unitary Ensemble (GUE) in the bulk

d
scaling limit. As shown in Ref. 17, the function o(t) = t% In F(t) satisfies
the o-form of a Painlevé V equation,
(to")* + 4 (to’ — o) (to' — o+ (o)) = 0. (1)

Equation (1) and the obvious leading behavior F((t — 0) = 1—t+0 (t?)
provide an efficient method of numerical computation of F(t) for all ¢.

*On leave from Bogolyubov Institute for Theoretical Physics, 03680 Kyiv, Ukraine
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Further, as t — oo, one has

N
F(2t) = fo t_ie_tz/Q(l + Z fet™F + O(t_N_1)>.
k=1
The coefficients f1, fo,... in this expansion can in principle be determined
from (1). It was conjectured by Dyson'? that the value of the remaining un-
known constant is fo = 212 634,(71), where ((z) is the Riemann (-function.

Dyson’s conjecture was rigorously proved only recently.® 1319 Similar
results®® were also obtained for the Airy-kernel determinant describing the
largest eigenvalue distribution for GUE in the edge scaling limit.?%

The present paper is devoted to the asymptotic analysis of the Fredholm
determinant of the hypergeometric kernel on L?(0,t) with ¢ € (0,1). This
determinant, to be denoted by D(t), arises in the representation theory of
the infinite-dimensional unitary group® and provides a 4-parameter class
of solutions to Painlevé VI (PVI) equation.® Rather surprisingly, it turns
out to coincide with the Palmer—Beatty—Tracy (PBT) 7-function of a Dirac
operator on the hyperbolic disk??23 under suitable identification of param-
eters. Relation to PVI allows to give a complete description of the behavior
of D(t) as t — 1 up to a constant factor analogous to Dyson’s constant
fo in the sine-kernel asymptotics. Relation to the PBT 7-function, on the
other hand, suggests a conjectural expression for this constant in terms of
Barnes functions.

The paper is planned as follows. In Sec. 2, we recall basic facts on
Painlevé VI and the associated linear system. The o F) kernel determinant
D(t) and the PBT 7-function are introduced in Secs. 3 and 4. Section 5
gives a simple proof of a result of Ref. 6, relating D(t) to Painlevé VI. In
Sec. 6, we discuss Jimbo’s asymptotic formula for PVI and determine the
monodromy corresponding to the o} kernel solution. Section 7 contains the
main results of the paper: the asymptotics of D(t) as t — 1, obtained from
the solution of PVI connection problem (Proposition 7.1) and a conjecture
for the unknown constant (Conjecture 7.1). Numerical and analytic tests of
the conjecture are discussed in Secs. 8 and 9. Similar asymptotic results for
the Whittaker and Macdonald kernel are presented in Sec. 10. Appendix
contains a brief summary of formulas for the Barnes function.

2. Painlevé VI and JMU Tt-function

Consider the linear system

d@_(@Jr A At>¢)’

Do\x Ao Ty



Dyson’s constant for the hypergeometric kernel 245

where A, € sl3(C) (v =0, 1,¢) are independent of A with eigenvalues +6, /2
and

—0/2 0

A0+A1+At=< 0 0./2

) ;0 #0.

The fundamental matrix solution ®(A) is a multivalued function on
P'\{0,1,t,00}. Fix the basis of loops as shown in Fig. 1 and denote
by Mo, My, My, My € SL(2,C) the corresponding monodromy matrices.
Clearly, one has Mo MMMy = 1.

Fig. 1. Generators of 71 (P1\{0,1,¢,00}).

Since the monodromy is defined up to overall conjugation, it is conve-
nient to introduce, following Ref. 16, a 7-tuple of invariant quantities

p, = Tr M, = 2cosnh,, v=0,1,t, 00, (3)
Py = Tr (M, M,) = 2cosmo,,, w,v=0,1,t. (4)

These data uniquely fix the conjugacy class of the triple (Mg, M1, M;) un-
less the monodromy is reducible. The traces (3)—(4) satisfy Jimbo-Fricke
relation

PotP1tPo1 + Doy + Pl + oy — (Popt + P1Poo)Pot
—(p1pt + PoPeo)P1t — (PoP1 + PtPoc)Po1 = 4.

As a consequence, for fixed {p,}, pot, p1: there are at most two possible
values for po;.

It is well-known that the monodromy preserving deformations of the
system (2) are described by the so-called Schlesinger equations

dAo _ [As, Ao dA;  [A4, A4

dt t 0 at t—-1 (5)
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which are equivalent to the sixth Painlevé equation:

2q 1/1 1 1 dg\° (1 1 1\ dq
_ = = — _ _ —_— — — _ _ —_— 6
dit? 2(q+q—1+q—t><dt) (t+t—1+q—t)dt (6)
da=Va—1) () e G R (-]

22(t — 1) = ¢ (¢—1)? (¢ —1)? '
Relation between Ag14(t) and ¢(t) is given by

(Ao A At> _ kA~ @)

DU W O =D —1) @

+

Jimbo-Miwa-Ueno (JMU) 7-function!® of Painlevé VI is defined as

d tr(ApgA tr(A;A
%1nTJMU(t;0) — ( tO t) E_llt) , (8)
where 0 = (g, 01,6, 0). Introducing a logarithmic derivative
d t(07 —60%) 62 +62 — 067 — 62
o(t) =t = 1) 0+ ) L g

it can be deduced from the Schlesinger system (5) that o(t) satisfies the
following 2nd order ODE (o-form of Painlevé VI):

2
o (t(t — 1)0")2 + [20’(1?0' —0)—(0/)? = W} (10)

_ (U, 4 0 +4900)2> (0, 4 o 74900)2) (U,Jr (90291)2> (U, n (90—491)2)_

In terms of ¢(t), the definition of o(t) reads

I e O (,_q<q—1>>2_0ﬁ 3(t—1)  OH(t—1)
"~ 4q(g—1)(g—1) tt—1) 49 4(q-1)  4g-1)
_03(g=1) 0t 67405 —0F 0%

4 4 8

o(t)

(11)

3. Hypergeometric kernel determinant

It was shown in Ref. 5 that the spectral measure associated to the decom-
position of a remarkable 4-parameter family of characters of the infinite-
dimensional unitary group U(co) gives rise to a determinantal point process
with correlation kernel

A(z)B(y) — B(x)A(y)

K = 1
(z,y) = A — . mye(0,1),
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where
A =

sinmz sin w2’ T [ Tt z4w, 1+ z4w 142" +w, 142" +w’ ]

5 (12)

s 1+z+z’+w+w',2+z+z'+w+w/

! ! _ztzt2w! 24w’ 2w’ xT
Alg)=2" 2" (1— 2 LF ’ 13
(.’L‘) * ( ZL’) 201 242 +wtw’ | — 1 ’ ( )
B(I) _ xz+z,+1121+w,+2 (1 _ x)_z+z’+22w’+2 By |:z+w’l+l7z'+1,l1/+1 x :| .
24z twtw'+2 | —1
(14)

Note that our notation slightly differs from the standard one;> to shorten
some formulas from Painlevé theory, the interval (§,00) of Refs. 5,6 is
mapped to (0,1) by z — 1/(% + z)

The kernel K (x,y) has a number of symmetries:

(S1) It is invariant under transformations z < z’ and w < w'; the latter
symmetry follows from o F} [a’cb‘ z} =(1—2) 2% R [C N a’cc —b ’ z} .

(S2) It is also straightforward to check that K (z,y) is invariant under trans-
formation z — —z, 2/ — -2, w—w + 2+ 2, W —w+ 2z + 2.

(S3) We can simultaneously shift z — 2+ 1, 2/ — 2/ + 1, w — w F 1,
w' — w’ F 1; together with (S2), this allows to assume without loss
of generality that 0 < Re (z + 2’) < 1.

We are interested in the Fredholm determinant
D(t) = det (1 - K‘(O’t)) . te(0,1). (15)

Assume that the parameters z, z’, w,w’ € C satisfy the conditions:

(Cl) 22 =z€eC\Zork<z2z <k+1 for some k € Z,
(C2Q)uw =weC\Zorl<w,w <l+1 for somel € Z,
(C3) z+2 +w+w >0, |z+72| <1, lwt+w]| <1

Then, as was shown by Borodin and Deift,® the determinant (15) is well-
defined and D(t) = 7,0 (t; 0) for the following choice of PVI parameters:

0=+ 4+w+w,z-2,0,w—w). (16)

The original proof® that D(t) satisfies Painlevé VI is rather involved. In
Sec. 5, we give an alternative simple derivation of this result in the spirit
of Ref. 27.

Lemma 3.1. Assume (C1)-(C3). Then the asymptotic expansion of D(t)
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as t — 0 has the form
D(t) — 1 — k- t1+z+z’+w+w’ + O <t2+z+z'+w+w) , (17)
where

- (18)

sinwzsinwz’ r 14 z4w,14+z4w’ , 14+2" 4w, 142 4w’
2 24242 +wHw’ 24242 +wtw’

t
Proof. Ast — 0, one has D(t) ~ 1— [, K(z,z) dx. The result then follows
from

242/ fwtw’
2

Alx) ~x— 2z | B(z) ~x

ztz #;w#»m +1 as T —s 0.
Note that in the expression for x given in Remark 7.2 of Ref. 6 the gamma
product is missing, which seems to be a typesetting error. |

The asymptotics (17) and ¢PVI equation (10) uniquely fix D(¢) by a
result of Ref. 7. Gamma product in (18) is a function of g, 61, 0~ only,
but srzsinrz’ jepends on an additional parameter (e.g. z + 2’); hence we
are dealing with a 1-parameter family of initial conditions.

The results of Ref. 6 can be extended to a larger set of parameters. This
follows already from the observation that the subset of C* defined by (C1)—
(C3) is not stable under the transformations (S1)-(S3). However, instead
of trying to identify all admissible values of z,z’,w,w’, in the remainder
of this paper we simply replace (C1)—(C3) by a much weaker (invariant)
condition

(C4) 24w, z+ w2 +w,2 +w' & Zyg and Re (2 + 2" + w +w') > 0,

and define D(t) as the JMU 7-function of Painlevé VI with parameters
(16), whose leading behavior as t — 0 is specified by (17)-(18). Our aim in
the next sections is to determine the asymptotics of D(t) as t — 1.

4. PBT 7r-function

Palmer-Beatty—Tracy 7-function?®?3 is a regularized determinant of the

quantum hamiltonian of a massive Dirac particle moving on the hyperbolic
disk in the superposition of a uniform magnetic field B and the field of two
non-integer Aharonov-Bohm fluxes 27112 (=1 < v12 < 0) located at the
points aj 2.

Denote by m and E the particle mass and energy, by —4/R? the disk

2 \/(m2—E2)R2+4b2
—Bf , = V(m2oBY)RE4AL s = tanh? —d(a}{’ar“),

curvature and write b = = 5 ,
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where d(ay,a2) denotes the geodesic distance between a; and as. Then
Tppr(s) can be expressed®? in terms of a solution u(s) of the sixth Painlevé
equation (6):

5T :W (fz—u - 1%”)
1—u [ (0 —1)2 0 1)2 0?
B (<oo P (Bo+1? 6 )

1-—s 4s O 4(u—s)

(19)

where the corresponding PVI parameters are given by 8 = (1 + v1 + v —
2b,0,2u, 1+ v1 — o). The initial conditions are specified by the asymptotics
of Tppr(s) as s — 1, computed in Ref. 20:

Topr(8) =1 — Kppr(l —8)' T2 + O ((1 - 5)2F2), (20)

sin 7y sin vy
RKppr = 2 r

2+p+v1—b,u—v1+b,2+p+ve —b,u—va2+b
242,242

Some resemblance between (11) and (19) suggests that Tp5+(s) is a
special case of the JMU 7-function. Indeed, consider the following transfor-
mation:

1—-1¢
_—_—

l—q
In the notation of Table 1 of Ref. 21, this corresponds to Backlund trans-
formation rqP,, for Painlevé VI. If u(s) is a solution with parameters
0 = (0y,061,0:,0), then q(t) solves PVI with parameters 8’ = (6,05 —
1,601,600 + 1). Straightforward calculation then shows that 7ppr(1 —t) =
Tymu(t;07) provided 6, = 0.

s—1—1, U

Lemma 4.1. Under the following identification of parameters
242 rwrw =2u,2 -2 =1 —ve, w—w =24+ v +v2 —2b, (21)
cosm(z + 2') = cosm(v1 + 1), (22)
we have D(t) = Tppr(1 —1).
Proof. It was shown above that if (21) holds, then both D(¢) and 755 (1—

t) are JMU 7-functions with the same 6. To show the equality, it suffices
to verify that (22) implies K = £ppr. O

Symmetries of D(t) imply that 755,(s) is invariant under transforma-
tions
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(S1) p—=p, 12— V12, b= 2411 + 10 = b;
(SQ) K= g, V12 -2 — V1,2, b— —b.

These symmetries of 7,57(s) are by no means manifest, although they can
also be deduced from the Fredholm determinant representation in Ref. 20,
Theorem 1.1.

5. Painlevé VI from Tracy-Widom equations
5.1. Basic notation

Tracy and Widom?” have developed a systematic approach for deriving
differential equations satisfied by Fredholm determinants of the form

D[:det(].—K[), (23)

where K7 is an integral operator with the kernel

Ki(n,y) = P(2)¥ () — v(@)ely) (24)

r—y

M
on L*(J), with J = |J (azj—1,az;). The kernels of the form (24) are called
j=1
integrable and possess rather special properties: e.g. the kernel of the resol-
vent (1 — K;)~" K; is also integrable.'®
The method of Ref. 27 requires that o, ¢ in (24) obey a system of linear
ODEs of the form

m(z)% <Z> - (kzN:_oAkxk> (i) (25)

where m(z) is a polynomial and Ay € sl5(C) (k =0,...,N). Note that a

linear transformation (i) — G (;’;) leaves K(x,y) invariant provided

det G = 1, and therefore {4} can be conjugated by an arbitrary SL(2,C)-
matrix.
Our aim is to show that in the special case

m(z) = z(1 — ), N =1, J =(0,1%)

the determinant (23) (i) coincides with the 3F} kernel determinant D(t)
and (ii) considered as a function of ¢, is a Painlevé VI 7-function.

Let us temporarily switch to the notation of Ref. 27 and introduce the
quantities

a=[1-K) "¢ (t), pt)=[1-K) Y] @),
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u={p|(1 - K1) 'p), v=(pl(l - K1)"'[¢)), w = (|(1 - Kr)~"|¢),
where the inner products (|) are taken over J. Then
DDy = ap' —pd,
with primes denoting derivatives with respect to t. Tracy-Widom approach

gives a system of nonlinear first order ODEs for ¢, p, u, v, w, which we are
about to examine.

5.2. Derivation
Let A; be diagonalizable, so that one can set
Ao = ( ao fPo )
—7 —G&o

( 0 —al)
The Tracy-Widom equations then read

w00

u'=¢*, W =pg, W =pP (27)
where
a=ag+ ot +v, 8 =00+ (2a1 — 1u, v =" — (2a1 + L)w
The system (26)—(27) has two first integrals
I = 2apq + Bp? +74° — 21, (28)
Iy = (v+ap)? — By — 200t(1 — t)pg + 200 (1 — t)o — It (29)

Consider the logarithmic derivative ((t) = t(t — 1)D;'D;’. Tt can be
easily checked that

¢ =2apq+ Bp* +v¢* = 2a1v + I, (30)
C/ = 201?% (3].)
t(1—t)¢" = 2a1(Bp* — v¢?). (32)

Note that v, a are expressible in terms of ¢ and pq in terms of ¢’. Using
(29) and (30) one may also write 3y and 3p? + v¢® in terms of ¢ and (’.
Now squaring (32) we find a second order equation for (:

(t(1— t)C”)Q F4 (¢ —a?) (1 — ) —4¢ (t¢' — ) (¢’ + 2a000 — )
= 4(I, + L) (¢)?. (33)
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If we parameterize the integrals I, I> as

k1 + ko)?
I :—k1k2+a1(2a0—|—a1), I2:¥_a1(2a0+a1)7
and define
a? + kik
o(t) = (1) — ot + LEAE (34)

then (33) transforms into oPVI equation (10) with parameters 8 = (k1 —
ko, k1 + ko2,0,2a1). Moreover, (34) and the definition of {(¢) imply that
Dy(t) coincides with the corresponding JMU 7-function.

The system (25) has two linearly independent solutions, only one of
which can be chosen to be regular as  — 0. This is the only solution of
interest here, as if , ¥ have an irregular part, the operator K fails to be
trace-class. The regularity further implies that ¢, p, u, v, w vanish as t — 0,
and therefore the integrals I, I are given by I1 = 0, Is = a3 — Boo-

Choosing Ay, A; as above, one can still conjugate them by a diagonal
matrix. Use this freedom to parameterize g, By, Yo, @1 as follows:

_c ab _ (c—a)(c—D)
@o = 2 c¢c—a-—"b’ fo = c—a—b
ab c—a—2>b
NS ay T T

2
so that Iy = Cz and therefore (k; + k2)? = (a — b)2, (k1 — k2)? = ¢®. Now

if Rec > 0, the regular solution of (25) is given by

< b €T
(c—a)(c=b) — 22 F {“’ }
AT T N A PR
(0 -1 —C(f—ic) o+ [ 1Halss| @
-+ 2| 24c |1

(35)
Setting a = z+w', b=2"+w', ¢ = z+ 2+ w+w' and comparing (35) with
(13)—(14) we see that K;(t) coincides, up to an adjustable constant factor,
with the 9 F; kernel of Section 3.

Remark 5.1. A system similar to (26)—(27) has already appeared in the
Tracy-Widom analysis of the Jacobi kernel, see Section V.C of Ref. 27.
As the integral I was not noticed there, the final result of Ref. 27 was a
third order ODE (as one may well guess, it represents the first derivative
of (33) in a disguised form). Later Haine and Semengue'* have derived
another third order equation for the Jacobi kernel determinant using the
Virasoro approach of Ref. 2, and obtained Painlevé VI as the compatibility
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condition of the two equations. Our calculation gives, among other things,
an elementary proof of this result.

Remark 5.2. For non-diagonalizable A; it can be assumed that A; =

(8 (1)> Equations (27) remain unchanged, whereas instead of (26) we get

H1—t) (;) = <_a7 _ﬂa) <Z>

a=ay+v—w, B=L80+s—u+2v, F =0 — w.

where

As before, we have two first integrals,
I = 2apq + Ap* +7(¢° + 1),
Iy =& — B3 —t(1 —t)p? + (2t — 1)7 — I1t.
The rest of the computation is completely analogous to the diagonalizable

case. As a final result, one finds that the determinant D(¢) with w = w’ is
a 7-function of Painlevé VI with parameters 8 = (z + 2’ + 2w, z — 2, 0,0).

6. Jimbo’s asymptotic formula

A remarkable result of Jimbo'® relates the asymptotic behavior of the JMU
7-function (8) near the singular points ¢t = 0, 1, co to the monodromy of the
associated linear system (2).

Theorem 6.1 (Theorem 1.1 in Ref. 16). Assume that

9079179t7900 ¢Zv (J]‘)
0 <Reog < 1, (J2)
Hoiﬁtiam,@miﬁliam ¢ 27. (Jg)

Then T,y (t) has the following asymptotic expansion as t — 0:

oBe 08 -0F [1 _ (68 = (6: = 000)?) (63 = (61— 001)*) 1400,
1603, (1 + oot)?
(02— (61 + 00)?) (62 — (01 + o0r)?) s 14l—oor
1603, (1 — oot )?
N (03 — 07 — 08,) (0%, — 0% — o)) t+0 (‘t|2(17Re UOt)ﬂ’ (36)

2
805,

Ty (t) =const - ¢
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where oo # 0 and

00+6¢+o 00 —0t—0o0t Ooo+01+001 Ooo—01 — 00t
1—0og¢,1—00s,1+ 0] ; Ot,lf (0] E 0171+ oo 21 01717 =] 21 0ot

s§=T s
1+00t71+00t71+90+9t2_a0t )1_ 907951»0(“ )1+ 900+921’U()t 71_ 030—021+00t Y
st (cos (0 F oot) — cos 7r90) (cos (01 F oot) — cos 7n900) =
= (£ isinmog cos oy — cos Th; cos mhae — cos Thy cos mhy ) eTiTo0r
0 0

+ i sin wog: cos mog1 + cos wh; cos why + cos mhs cos mhy.

If 09+ =0, then

ST pp————— [1 -2y Wt(m +20+3)
o 2lO5 O 0O 0D 1) 1) + ofje])]
where Q =1—8§ —1Int and
§=s +w(1+ 90;9t> +1/)<1+ Ht;%)
o (1 =) o (14 P 0) —ap(1),

Here ip(x) denotes the digamma function and

S

cos o1y + cos Tagr — cos Tl €% — cos mhoo €0 + isinT (6 + 6;)

(cos w0; — cos 7T90) (cos w01 — cos WGOO)

When one tries to determine from Theorem 6.1 the monodromy associ-
ated to the 2F; kernel solution D(t) of oPVI, it turns out that all three
assumptions (J1)—(J3) are not satisfied:

Firstly, (J1) does not hold since in our case #; = 0. This requirement
can nevertheless be relaxed as the appropriate non-resonancy condition
for (2) is 6o, 01,0+, 0 ¢ Z\{0}. The proof of asymptotic formulas when
some 0’s are equal to zero differs from that in Ref. 16 only in technical
details; see e.g. Ref. 11.

If we blindly accept (36) then from D(t — 0) ~ 1 follows oo = 0y =
z+ 2 +w+w'. Thus (J2) is violated unless Redy < 1 and (J3) does not
hold in any case. Note, however, that (36) admits a well-defined limit as
0; =0, oot — Bp. In this limit, the coefficients of ¢t and t'~7°¢ vanish; we
also have

cosmog; — €08 mhoo + (cosmhy — cos o) e~ im0

s(8o — o01) — 1 sin g (cos 8y — cosmo14)
0 0t s sin%(@oo—90+91)Sin%(0m+00_01)a
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and hence the coefficient of 1199t becomes

cosmhy — cos o1t 14 %0F01 4000 44 fo+01=000 34 f0=014000 ;4 f0=01=0c0
F 2 2 2 2
272 24600,2+60

(37)

e Suppose that in our case the error estimate in (36) can be improved to
O (t*79) (or at least to o (t'7%0)). Then, assuming that 0 < Re (z + 2’) <

1 and comparing (37) with (18), (16) one would conclude that o1 = z+2’.

The above steps can indeed be justified — after some tedious analysis going
into the depths of Jimbo’s proof. Alternatively, the monodromy can be
extracted from Sections 3, 4 of Ref. 6, where oPVI equation for D(t) has
itself been derived from a Riemann-Hilbert problem.

7. Asymptotics of D(t) ast — 1

Once the monodromy is known, the asymptotics of 7,,,(¢) as t — 1 can
be determined from Jimbo’s formula after substitutions ¢t « 1 —t, 8y < 61,
oot < O1t, Oo1 — Op1, Where

2cosmoor = Tr (MoM; "My My) = pop1 + PePoc — Potbre — por-  (38)

Remark 7.1. The transformation og; — 691 is missing in Ref. 16 due
to an incorrectly stated symmetry: the relation 7, (1 — ¢; Mo, My, M7) =
const - 7y (6 My, My, M) on p. 1144 of Ref. 16 should be replaced by

Tivmu (1 — t; Mo, Mt, Ml) =
= const - Tyu (5 (MyMo) ™" M1 MMy, (Mo) ™' My Mo, My)

which can be understood from Fig. 2.

AV

Fig. 2. Homotopy basis after transformation A — 1 — X, t — 1 —¢.
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Proposition 7.1. Assume that 0 <Re(z+ 2’) <1 and
2,2 w2+ 2 w2+ 2 +w ¢ Z.

(1) If z+ 2" # 0, then the following asymptotics is valid as t — 1:

D) =C(1 _t)zz’ 14 22! ((z+z’+1€2iz)z2’+w’)+ww') (1—1)

_ a+(1 _ t)1+z+z’ o af(l t)l z—z +0 (( )2 2Re(z+2’ ))]7
(39)
where C' is a constant and

ai -7 FaFz . FoeFz 142,142 1+w+z+z,:|:z+zl 14w +z+zli%zl
24242 24242 F2,F2' w+z+z 122 w +z+z ;%z,

(2) Similarly, if z+ 2" =0, then
D(t) = C(L =) [1 + 22w’ (1 - (@2 + 200+ 3)
22w+ u) (L= )@+ 1) +o(l 1), (40)
where @ =1—a’ —1In(1 —t) and
= (1 +2) + (1 —2) + (1 +w) + (1 +w') — 49(1).

Proof. Take into account that in our case 6; = 0, og; = 0y and replace
Oy « 61, oot <« 014, 091 — o1. Different quantities in Theorem 6.1 then
transform into

s— s =1, s’ — s, =0,

L T B B R B R B R
S — 81+ = r )

01 —o 01+0o 0g+0cc—0o 8g—0oc —0
Itois, 1o, 14=tg7t - =gt 1 =0mep e 10— =1

$os=v(1+2) 1o (1-2)
e R (e B O]

The statement now follows from o1; = z + 2’ and (16). O

The constant C in (39)—(40) remains as yet undetermined. We will find
an expression for it using Lemma 4.1 and earlier results of Doyon,' who
conjectured that for vanishing magnetic field 755+(s) coincides with a cor-
relation function of twist fields in the theory of free massive Dirac fermions
on the hyperbolic disk. The asymptotics of 7p5r(s) as s — 0 and s — 1 is
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then fixed, respectively, by conformal behavior of the correlator and its form
factor expansion. The basic statement of Ref. 10 (supported by numerics) is
that there indeed exists a solution of the appropriate cPVI equation which
interpolates between the two asymptotics.

Although the proof that the correlator of twist fields satisfies cPVI has
not yet been found, there are further confirmations of Doyon’s hypothesis:
long-distance asymptotics (20) with b = 0 and the exponent zz’ in the
short-distance power law (39) reproduce the conjectures of Ref. 10.

The QFT analogy also implies that for real z,z’ € (0,1) such that
0<z+2 <1and w =w—z— 2" (this corresponds to b = 0) the constant
C in (39) can be expressed in terms of vacuum expectation values of twist
fields, which have been computed in Ref. 10 (see also Ref. 22). The resulting
conjectural evaluation is:

C -G 1—z,142,1—2" 14+2" 14w, 14w, 1+ 242" +w,1—2—2"+w 41
w=w—z—z'" 1—z—2" 142z+2" 1424w, 1—z4w,1+2" 4w, 1—2" +w ’ ( )
m
ay,...,a _ G af .
where G |71 | = M and G(z) denotes the Barnes function:
et ]~ 111 G ()

Gl 1) = (2m) 2 exp { L0220 DV T (14 2) exp {0 s 2]
n=1

In spite of what one might expect, extension of the above approach
to the case b # 0 turns out to be rather complicated. However, the simple
structure of (41) and the symmetries of the o F7 kernel suggest the following:

Conjecture 7.1. Under assumptions of Proposition 7.1, the constant C
in the asymptotic expansions (39), (40) is given by

1—2,1+z,1—z',1+z',1+w,1+w',1+z+z/+w,1+z+z/+w'
1—z—z',l+z+z/,l+z+w71+z+w',1+z/+w,1+z'+w/

C=G (42)

The formula (42) is clearly compatible with (41) and (S1)—(S2). It has been
checked both numerically and analytically as described below.

8. Numerics
To verify Conjecture 7.1, one can proceed in the following way:

(1) The solution of PVT associated to the 3 F} kernel solution D(t) of cPVI
(uniquely determined by (17), (18)) has the following asymptotic be-
havior as t — 0:

q(t) =t — Ao t1+z+z'+w+w/ + O(t2+z+z'+w+w/)’ (43)
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A+z+2 +w+w)?
(z+w)(z +w)

(2) In fact one can show that in this case

Ao =

2
g 1zdz f+wtw' (1 _ p\1+z—2 z4w,1+z+w
q(t)—t )\0t (1 t) 2F 1+Z+Z’+’LU+’U)I t:|

+O(F A ) (44)

(3) Use this asymptotics as initial condition and integrate the corre-
sponding PVI equation numerically for some admissible choice of 6.
It is then instructive to check Proposition 7.1 by verifying that for
0 < Re(z + 2’) < 1 the asymptotic expansion of ¢(t) as t — 1 is given
by

q(t) =1- )\1 (1 — t)l—z—z' +o0 ((1 _ t)l—Re(z-‘,—z/)) 7

z+z',z+z',1fz,1fz',w,1+w' (1 —Z — Z/)2
A =T _

w(z—|—z’+w’)a

1—2—2/71—z—z'7272/7z+z'+w71+z+z'+w/

Similarly, for z + 2z’ = 0 one has a logarithmic behavior,
- 2
at) =1+(1-1) [ (2wt 1) _1} LO((— 2wt 1)),

(4) Finally, use ¢(¢) and the initial condition D(t) ~ 1 as t — 0 to compute
D(t) from (9), (11). Looking at the asymptotics of D(t) as t — 1, one
can numerically check the formula (42) for C.

9. Special solutions check

For special choices of parameters and initial conditions Painlevé VI equation
can be solved explicitly. All explicit solutions found so far are either alge-
braic or of Picard or Riccati type. Algebraic solutions have been classified
in Ref. 21; up to parameter equivalence, their list consists of 3 continuous
families and 45 exceptional solutions.

It turns out that the parameters of exceptional algebraic solutions can-
not be transformed to satisfy oF} kernel constraints pg = pot, pr = 2.
Continuous families, however, do contain representatives verifying these
conditions. Explicit computation of the corresponding 7-functions provides
a number of analytic tests of Conjecture 7.1, some of which are presented
below. Our notation for PVI Bécklund transformations follows Table 1 in
Ref. 21.
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Example 9.1. Painlevé VI equation with parameters 8 = (1,64,0,6,) is
satisfied by

20 — 1) — (20 Dv1—t

q(t)zl—( 1 ) — (261 +1) Vizi.

(2600 —3) — (26, — DH)V1—¢
This two-branch solution is obtained by applying Backlund transformation
$5558yS2565255 Py to Solution ITin Ref. 21 (set 8, = 1, 6, = 61). An explicit
formula for the corresponding JMU 7-function can be found from (9), (11):

2
1-467
4

2(1— )4
1+V1—t

2
Note that 7, (t — 0) = 1 — 1;;51 t2 + O (t), and therefore 7, (t)
coincides with the hypergeometric kernel determinant D(t) if we set z =

_ 142604 ! ;) 1-26,
=~z s, 2 =W = -z -

Timu (t) =

The asymptotics of 7,,,1(f) as t — 1 has the form

2
1-462 1-467

T./'MU(t)ZQ 4 (l_t)T(1+O(V1_t))’

2
1—-467

which implies that C' = 277 . To verify that this coincides with the ex-
pression

34267 3-267 54207 54207 5-207 5-201 74207 7—20;
P e R A R S e e R SR R

C=G| ° '

13 3 3 34201 3-20 ’
3

2022222 2 ’

given by Conjecture 7.1, one can use the recursion relation G(z + 1) =
I'(2)G(z), the duplication formulas (A.1), (A.3) for Barnes and gamma
functions, and the value of G (%) from Appendix A.

Example 9.2. Consider the rational curve

‘= (s+1)(s —2)(5s? + 4) . (s+1)%(s —2)

s(s —1)(5s? —4) (s —1)2(s+2)°
It defines a three-branch solution of PVI with parameters 8 = (2,0,0,2/3),
which can be obtained from Solution IIT in Ref. 21 (with # = 0) by the
transformation t, = s,5s (syszsoo55)2.
The associated 7-function is given by

3% s(s+2)3
: —,

T 2F s+ 1)F(s-1)*

T (£(8))
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where the normalization constant is introduced for convenience. The map
t(s) bijectively maps the interval (2,00) onto (0,1). Choosing the corre-
sponding solution branch one finds that

=1 - —
Toa(t = 0) Toesz ! TO ()

Tomu(t — 1) ~ 3% -2_1?7 (1 _t)ﬁ .

First asymptotics implies that 7,,,(t) coincides with D(t) provided

z =2 = %, w = %, w' = 1. From the second asymptotics we obtain
1 l17 . .
C =3% 27, whereas Conjecture 7.1 gives

Equality of both expressions can be shown using the known evaluations of
G (%), k=1...5, see Ref. 1 or Appendix A.

Example 9.3. Applying the transformation (s(;sggsy)3 S580085T¢ to Solu-
tion IV in Ref. 21 and setting 8 = 0, one obtains a four-branch solution of
PVI with 6 = (1,1/2,0, 1) parameterized by

_ 5(2 — s)(hs? — 155 + 12) . 5(2—5)3.

(3—15)(3—2s) ’ 3—2s
The corresponding 7-function has the form

() = 2 ——B0)
Timu\U\S)) = —15 ° 5 5 *
‘ 316 (2—s)12(1—s)us

Choose the solution branch with s € (0,1). From the asymptotics

Towo(t — 0) = 1+ 52212 4+ O (¢3) follows that 7, (t) coincides with

D(t) provided z = 2, 2/ = =L w = 2w = —1. Leading term in the

asymptotic behavior of 7, (t) as t — 1 is

Tomu(t — 1) ~ 2% .37 . (1 — )",

so that we have C' = 2% - 3716. On the other hand, Conjecture 7.1 implies
that

To prove that these expressions are equivalent, (i) use the multi-
plication formula (A.1) with n = 2 and z = 5,3 to compute
G (%) G (3) G (%) G (13) and (i) combine the resulting expression with

the evaluations of G (£), G (£).
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10. Limiting kernels
10.1. Flat space limit: PVI — PV

The interpretation of D(t) as a determinant of a Dirac operator (Sec. 4)
suggests to consider the flat space limit R — co. This corresponds to the
following scaling limit of the o F} kernel:

w — 400, 1—t~i/, s € (0,00).
w
In this limit, D(¢) transforms into the Fredholm determinant Dy (s) =
det (1 — KL|(5 OO)) with the kernel

1 z Y
K = lm S K(1-20-2)
L(m;y) w’inﬁ}oo w' w/’ w'
_, AL@)Br(y) - Bi(2)AL(y)
L T —y )
. . /
AL:SlIlﬂ'ZSIH’]TZ F[1+Z+w,1+zl+w]

T2

Ap(@) =27 W, _irisn oo (@), Br(@) =2 TW_, i . (2),
2 3 » T3 g

2 2

where W, g(z) denotes the Whittaker’s function of the 2nd kind. Kr,(z,y) is
the so-called Whittaker kernel,* which plays the same role in the harmonic
analysis on the infinite symmetric group as the 9 F; kernel does for U(oo).
The function o,(s) = s 7 In Dy, (s) satisfies a Painlevé V equation writ-

s

ten in o-form:

(s UZ)2 =(2 (O'IL)2—(Z—|-Z/+2’LU+S)O'IL+O'L)2—4(0’2)2 (07 —z—w) (0}, —7"—w).
(45)

This can be shown by considering the appropriate limit of the cPVI equa-

tion for D(t). An initial condition for (45) is provided by the asymptotics

Dp(s —o00) =1—Ape Ss 7% 202 (1+0(s7).

To link our notation with the one used in the PV part of Jimbo’s pa-

per,¢ we should set (0o, 0y, 900)5‘1/11)11)0 = (z' + w,—z —w, z — 2'), which gives

Dp(s) = e TJ(iVHBbO(s). This in turn allows to obtain from Theorem 3.1
in Ref. 16 the asymptotics of Dr(s) as s — 0:

Proposition 10.1. Assume that 0 < Re(z+2') <1 and z,2",w,z + 2’ +
w é¢ 7.
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(1) If z+ 2" #0, then

’ ! ! 2 ’ _ o
Di(s) = Cps* {1+%S_a2—81+z+2 —aL51 2—2

+0 (82_2 Re(z+z’)):|
Iziz’,Iziz’,lj:z,l:tz’,l+w+%zli%z/

with af =r 3 )
24242 24242 Fo, ¥ wt EEF AL
(2) If z+ 2 =0, then

Dy(s) = Crs* [1 + z2ws(§~2% +2Qr + 3) + ZQS(QL +1) + o(s)} ,
where Qp, = 1—a), —Ins and a, = (1+2)+p(1—2)+(1+w) —4y(1).

Note that the same result is obtained by considering the formal limit of
the leading terms in the asymptotics of D(t). This further suggests an
expression for constant Cp:

Conjecture 10.1. Under assumptions of Proposition 10.1, we have

. — 22 1—2z,142,1—2" 142" 14+w,1+24+2"+w
Cr= lim (W) C=aG

w’—o00 17z7z’,1+z+z’,1+z+w,l+z'+w

10.2. Zero field limit: PV — PIIT

Next we consider the limit of vanishing magnetic field, B — 0. In terms of
the parameters of the Whittaker kernel, this translates into

£

w — +00, s~ =, ¢ € (0,00).
w
The scaled kernel is given by

. 1 x
Ky(z,y) = lim —Kp (E’%)

w——+o00 W
_sinmzsinmz’ A (x)Bun(y) — By (x)An ()
N 2 z—y ’

AM(ZE) = 2\/EKZl72+1 (2\/‘%) ) BM(x) =2K. . (2\/5) 5
where K, (z) is the Macdonald function.
Denote Dp(§) = det (1 — KM‘(S OO)> and introduce op(€) =

E—In Dy (€). Then oy (&) solves the o-version of a particular Painlevé I11
dg

equation:

(€olly)? = 4oy (ohy — V(owr — Eoly) + (2 — 2)2(0h)”. (46)
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To match the notation in Ref. 16, we have to set (Ho,ﬂoo)gﬁfgo

(2/ — 2,z —2'), which gives Dy (s) = GET§{IiIbL(€). The appropriate initial

condition for this ¢PIII is given by

mMemﬁﬂ—mmmm/fm(l4%5V4+Mfﬂ

arE VE
(47)

The asymptotics of Dps(§) as & — 0 can now be obtained from Theo-
rem 3.2 in Ref. 16:

Proposition 10.2. Assume that 0 <Re(z+2') <1 and z,2’ ¢ Z.
(1) If z+ 2" # 0, then
2272

Dui(€ = 0) =On € |1+ 2

10 (52—2 Re(z+z'))}’

5_ GL£1+Z+Z/ _ a;/[glfzfz'

. 2F2 \FazFz 142,142
wzthaf/lzf FEEEEEE .
24242 24242 T2, F2'
(2) If z+ 2/ =0, then

Da(€ —0) = Crr 6% [1 +22(Q3, + 200 +3) + 0(5)} ’
where Qpr =1 — ahy, —Iné and aly, = (1 + 2) + (1 — z) — 4ap(1).
Analogously to the above, we suggest a conjectural expression for Cy:

Conjecture 10.2. Under assumptions of Proposition 10.2, we have

Cy = lim w*C, =G

w—00

1—z,142,1—2" 1+2"
1—2—2/,1+z+z/ ’

Partial proof. This formula can in fact be proved for real z = 2’ € [O, %),
though in an indirect way. Consider the solution 1 (r) of the radial sinh-
Gordon equation

1
@ >
satisfying the boundary condition ¥(r,v) ~ 2vKy(r) as r — +o0o. Define
the function

7(r,v) = exp {% /TOO u [sinhW(uW) — (%)T du} .

sinh 21,

Po , 1dv
r dr
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d
and consider the logarithmic derivative 6(§) = ¢ d—€1n7(2\/g, v). It is

straightforward to show that (&) satisfies oPIII equation (46) with z = 2’.
Further, a little calculation shows that, as r — 400,

pe 3 —2
T(r,v) =1—7v o 1—E+O(r ) -

Comparing this asymptotics with (47), we conclude that Djs(§)

7'(2\/2, +

On the other hand, 7(r,v) = 75" (r,v), where 75(r,v) is a special case
of the bosonic 2-point tau function of Sato, Miwa and Jimbo, which can be
represented as an infinite series of integrals (formulas (4.5.30)—(4.5.31) in
Ref. 24 with [; = l). By direct asymptotic analysis of this series, Tracy?®
has proved that for v € [O, %) it has the following behavior as r — 0:

7 (r,v) = "W (14 0(1)),

z=z'

sinmz )

with
2
alv) = g 2(1/), olv) = = arcsin v,
1. 1—-7%2 1 1
ﬁ(l/) = 30[(V) 1n2 + 5 h’l m — 21n <G |: 1+‘2;(") 1 17;”) :|) .
2
From v = :I:Sln e one readily obtains 02 = 2a = 422. Thus, in order to

7r
show that 3(v) reproduces the conjectured expression for C; with z = 2/,
it is sufficient to prove the identity

14+2z,142,1—2,1—=2 452
G[ }—2“ COSWZG[

W=
Nf=
W=

s

1 1 1 :
2+z,2+z,22722:|

[ N[

1422,1-2z2

This, however, is a simple consequence of the duplication formula for Barnes

function and the known evaluation of G (%) |
Appendix A.
Multiplication formula for Barnes function:2®
2 2 2
_(n'z (n—1)(nz —1) n“—-1 5
In G(nz) = ( 5 na:) In2 5 In 27 15 + 15 Inn

n—1ln—1

+(n2—1>lnA+ZZlnG(x+j%k), (A1)

=0 k=0
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where A = exp (15 — ¢/(—1)) denotes Glaisher’s constant.
Asymptotic expansion as |z| — oo, arg z # m:
2

lnG(1+Z):(%—11—2)l z—3i+ 1n27r—lnA+—+O(i2) (A.Q)

Special values (see, e.g. Ref. 1):

1 In2 Inm 3 1
IHG(—) = ﬂ — T* 511’1144‘5,

1nG(—):ln—3 18%-%1@(%)-%111 —12;\/§¢’(%)+%7
lnG<§)=1,r71—23+187\r/§—%1nF(§)—§1n 12771\/§wl(§)+$’
lnG(%) :_11114142 + 207:/3_2 nf‘(%) _%1 - 407:\/§wl (é) +%’
hlG(%) :_%JFQ()TB*;SIHF(%)_%IH 407:\/§1/1’(%)+%,
lnG(i)

3 1 9 3 K
*‘zlnf(z)‘g“‘ 3
LS

4

3 1 3 9 3

where K is Catalan’s constant.
When checking Conjecture 7.1 with explicit examples, one also needs
the relations

2

'(nz) = (2m)~ "7 "o~ Hr(x+) (@) + ' (1- ) = —;

sin” Tx

(A.3)

References

1. V. S. Adamchik, On the Barnes function, Proc. 2001 Int. Symp. Symbolic
and Algebraic Computation, Academic Press, (2001), 15-20.

2. M. Adler, T. Shiota, P. van Moerbeke, Random matrices, vertexr operators
and the Virasoro algebra, Phys. Lett. A208, (1995), 67-78.

3. J. Baik, R. Buckingham, J. DiFranco, Asymptotics of Tracy-Widom dis-
tributions and the total integral of a Painlevé II function, Comm. Math.
Phys. 280, (2008), 463-497; preprint arXiv:0704.3636 [math.FA].

4. A. Borodin, Harmonic analysis on the infinite symmetric group and the
Whittaker kernel, St. Petersburg Math. J. 12, (2001), 733-759.

5. A. Borodin, G. Olshanski, Harmonic analysis on the infinite-dimensional
unitary group and determinantal point processes, Ann. Math. 161, (2005),
1319-1422; preprint math/0109194 [math.RT].



266

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

O. Lisovyy

A. Borodin, P. Deift, Fredholm determinants, Jimbo-Miwa-Ueno tau-
functions, and representation theory, Comm. Pure Appl. Math. 55, (2002),
1160-1230; preprint math-ph/0111007.

O. Costin, R. D. Costin, Asymptotic properties of a family of solutions of
the Painlevé equation Py, Int. Math. Res. Notices 22, (2002), 1167-1182;
preprint math/0202235 [math.CAJ.

. P. Deift, A. Its, I. Krasovsky, Asymptotics of the Airy-kernel determi-

nant, Comm. Math. Phys. 278, (2008), 643-678; preprint math/0609451
[math.FA].

. P. Deift, A. Its, I. Krasovsky, X. Zhou, The Widom-Dyson constant for

the gap probability in random matriz theory, J. Comput. Appl. Math. 202,
(2007), 26-47; preprint math/0601535 [math.FA].

B. Doyon, Two-point correlation functions of scaling fields in the Dirac
theory on the Poincaré disk, Nucl. Phys. B675, (2003), 607-630; preprint
hep-th/0304190.

B. Dubrovin, M. Mazzocco, Monodromy of certain Painlevé VI transcen-
dents and reflection groups, Inv. Math. 141, (2000), 55-147; preprint
math.AG/9806056.

F. J. Dyson, Fredholm determinants and inverse scattering problems, Comm.
Math. Phys. 47, (1976), 171-183.

T. Ehrhardt, Dyson’s constant in the asymptotics of the Fredholm determi-
nant of the sine kernel, Comm. Math. Phys. 262, (2006), 317-341; preprint
math/0401205 [math.FA].

L. Haine, J.-P. Semengue, The Jacobi polynomial ensemble and the
Painlevé VI equation, J. Math. Phys. 40, (1999), 2117-2134.

A. R. Its, A. G. Izergin, V. E. Korepin, N. A. Slavnov, Differential equations
for quantum correlation functions, Int. J. Mod. Phys. B4, (1990), 1003—
1037.

M. Jimbo, Monodromy problem and the boundary condition for some
Painlevé equations, Publ. RIMS, Kyoto Univ. 18, (1982), 1137-1161.

M. Jimbo, T. Miwa, Y. Méri, M. Sato, Density matriz of an impenetrable
Bose gas and the fifth Painlevé transcendent, Physica 1D, (1980), 80-158.

M. Jimbo, T. Miwa, K. Ueno, Monodromy preserving deformations of lin-
ear ordinary differential equations with rational coefficients I, Physica 2D,
(1981), 306-352.

I. V. Krasovsky, Gap probability in the spectrum of random matrices and
asymptotics of polynomials orthogonal on an arc of the unit circle, Int. Math.
Res. Not. 2004, (2004), 1249-1272; preprint math/0401258 [math.FA].

O. Lisovyy, On Painlevé VI transcendents related to the Dirac opera-
tor on the hyperbolic disk, J. Math. Phys. 49, (2008), 093507; preprint
arXiv:0710.5744 [math-ph].

O. Lisovyy, Yu. Tykhyy, Algebraic solutions of the sizth Painlevé equation,
preprint arXiv:0809.4873 [math.CA].

S. Lukyanov, A. B. Zamolodchikov, Fzxact expectation values of local fields in
quantum sine-Gordon model, Nucl. Phys. B493, (1997), 571-587; preprint
hep-th/9611238.



23.

24.

25.

26.

27.

28.

29.

Dyson’s constant for the hypergeometric kernel 267

J. Palmer, M. Beatty, C. A. Tracy, Tau functions for the Dirac operator
on the Poincaré disk, Comm. Math. Phys. 165, (1994), 97-173; preprint
hep-th/9309017.

M. Sato, T. Miwa, M. Jimbo, Holonomic quantum fields IV, Publ. RIMS,
Kyoto Univ. 15, (1979), 871-972.

C. A. Tracy, Asymptotics of a T-function arising in the two-dimensional
Ising model, Comm. Math. Phys. 142, (1991), 297-311.

C. A. Tracy, H. Widom, Level-spacing distributions and the Airy kernel,
Comm. Math. Phys. 159, (1994), 151-174; preprint hep-th/9211141.

C. A. Tracy, H. Widom, Fredholm determinants, differential equations
and matriz models, Comm. Math. Phys. 163, (1994), 33-72 ; preprint
hep-th/9306042.

1. Vardi, Determinants of Laplacians and multiple gamma functions, STAM
J. Math. Anal. 19, (1988), 493-507.

T. T. Wu, B. M. McCoy, C. A. Tracy, E. Barouch, Spin-spin correlation
functions for the two-dimensional Ising model: exact theory in the scaling
region, Phys. Rev. B13, (1976), 316-374.



This pageisintentionally left blank



269

REPRESENTATION THEORY OF A
SMALL RAMIFIED PARTITION ALGEBRA

PAUL P. MARTIN

Department of Pure Mathematics, University of Leeds
Leeds, LS2 9JT, UK
E-mazil: p.p.martin@leeds.ac.uk

Here n € N, k is a field, Sy, is the symmetric group, ¢ € k, and P, (9) is the par-
tition algebra over k. Our aim in this note is to study the representation theory
of a subalgebra P of kS, ®j, Pn(d) with certain interesting combinatorial and
representation theoretic properties.

In Section 1 we discuss the motivating combinatorial background. In Sec-
tion 2 we define P (see Proposition 1). In Section 3 we determine its complex
representation theory.

Keywords: Partition algebra; symmetric group wreath product.

Foreword. Tetsuji Miwa, together with Michio Jimbo, kindly invited me to RIMS
Kyoto in the spring of 1989. That was an exciting time in Mathematical Physics.
In the inspiring environment which Miwa and Jimbo created at RIMS, I had some
fun with Potts transfer matrix algebras. (Miwa—Jimbo themselves, of course, were
working on more important things,6 but their encouragement was vital to me.)

Twenty years on, there is still fun to be had with partition algebras.

1. Introduction

The Young graph'® has vertex set the set A of all finite Young dia-
grams (equivalently of all integer partitions), and encodes the induction
and restriction rules for ordinary irreducible modules of the sequence

. C S, C Suy1 C ... of symmetric groups.!! That is, the Young graph
is the Bratteli diagram for this sequence [13, §1.1]. It can be considered
to lie at the heart of the analysis of these groups, and much of combina-
torics.!31® The multiplicity free graph (see Figure 1) and simple associated
combinatorics allows a gentle build up of what, eventually, becomes a deep
and powerful representation theory.0:11:14,26
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Fig. 1. The Young graph up to rank 5

2,19 4,11,27 5

In various areas of Physics, algebra and analysis2® one is led

also to study the wreath products of symmetric groups:

U U

So1S1 C S8, C ...
U U

S1181 C S8 C ...

Here however, no such multiplicity free Young graph can exist in general (at
least, without further refinement), and one confronts a much more rapid on-
set of combinatorial complexity. By working at the level of suitable Morita
equivalents, we might aim to bypass this obstruction and assemble an ana-
logue of Young’s theory of comparable reach. The challenge is to find a
sequence of algebras with suitable properties.

For example, as we shall see here, in the Bratteli diagram for the se-
quence ... C PX C PX.; C ..., the vertex set A is replaced by A*", the set
of functions from A* to A (where A* is the set of finite Young diagrams
excluding the empty diagram); while the combinatorial representation the-
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ory can also be closely tied to that of wreaths. (We do not claim here that
this sequence, encountered by chance while working on a different problem,
is the ideal tool for this purpose, but at least that it is worth studying.)
The original idea for this approach (inflating, in the sense of Ref. 16, from
one combinatorial structure to another through Morita equivalences) comes
serendipitously from observations on the representation theory of the ram-
ified partition algebra.?® We suspend all technical details for now, until
we have reviewed the relevant components of representation theory — see
Section 3.5.

Partition algebras play potentially important roles in Statistical Me-
chanics, in combinatorics, and in invariant theory. This is partly captured
by the Schur-Weyl duality diagram here:

GL(N Sp

&
v
=

Sn-1 (V)

where the groups/algebras in each layer give a dual pair of (left) actions on
tensor space. In each successive layer the action shown on the left-hand side
is included in the one above (and the action on the right correspondingly
includes the one above). Thus O(N) and B, (N) are the orthogonal group
and the Brauer algebra respectively;® Sy acts by permuting the standard
ordered basis of k¥~ and P, (N) acts by the Potts representation (§8.2.1 of
Ref. 20, Ref. 12). The Sy_1 layer corresponds to breaking the global Sy
symmetry of the N-state Potts model by applying a magnetic field.?? (From
an invariant theory perspective this dual pair sequence has been extended
below (Sn, P,(N)) in a number of ways. See for example Refs. 4,24.)

The complex reductive representation theory (i.e. Cartan decomposi-
tion matrices and so forth, in case k = C) of all the algebras appearing in
this diagram is reasonably well understood. It has been noted that ram-
ified partition algebras (RPAs) have applications in similar areas,?® but
these are much less well understood. Particularly intriguing is the relation-
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ship between RPAs and wreaths (which, independently, also have roles in
Physics?'® and combinatorics'®). The ramified partition algebras P2 (8, 8)
are physically motivated subalgebras of P,(¢') ®x P, (0) (see Ref. 23 for a
definition; §,d’ are independently chosen parameters). As we shall see in
Section 2, we have algebra inclusions

Py (8") @3, Po(6 >
() ()DP%(af,a) S5

and the representation theory of P provides, from one perspective, a kind
of approximation to that of P2 (and hence also to that of the assembly of
wreaths). Here, focussing on the representation theory of P, we are able
to get pleasingly complete results on this representation theory (see the
Theorems in the main section, §3.4).

The Bratteli diagram sought for the connection to wreath combinatorics
is then discussed in the final section (we determine the simple restriction
rules in low rank, and give a conjecture for the general form).

2. Definitions
Set n={1,2,....,n} and n' ={1',2,...,n'} and so on. Write
add :nUn = n'Un’”

for the map that adds a prime; and cor™ : nUn” — nUn' for the map
that removes a prime when necessary (i.e. when there are two).

For S a set, Pg is the set of partitions of S, and 3(.5) the power set. Thus
|P.| = B, the Bell number.!” We write (Ps, >) for the usual refinement
order on Pg, that is p > q if each part of p is a union of parts of ¢q. This
order is a lattice.

Define P, = Ppun/- We write P;, for the subset of partitions in P, in
which every part contains both primed and unprimed elements.

The algebra P,(0) has a basis P,,. We now briefly recall the algebra
product. (We refer the reader to Ref. 21 or Ref. 23 for a gentler exposition.)
For a C B(S) (some S) write @ € Pg for the most refined (lowest) partition
such that each part of @ is a union of elements of a. Thus for example
a={{1,2},{2,3},{4}} gives @ = {{1,2,3},{4}}. Note that if p,q € Pnuw
then p U add’(q) C P(nUn’' Un") and we can define

pVq = pUadd’(q) € Paun'un-

For r € Ppunruns we write res(r) for the restriction of this partition to
Prun (so that cor™'(res(r)) € Ppun); and ¢(r) for the number of parts
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containing only elements of n’. Then the multiplication in P, (¢) is defined
on pairs p, g from the basis P,, by

p.g = 6°PYD cor'(res(pvq)).

Note from this construction that the set P}, forms a submonoid in P, (),
and that this submonoid contains an isomorphic image of S,,, defined by
identifying the transposition o; = (4,7 + 1) € S,, with the partition

oo ={{1,1'}{2,2)}, .., {i, G + 1)1, {(i + 1),4'}, ..., {n,n"}}

Write diag-P,, for the subset of P/, of partitions such that i,i’ are in
the same part for all 7. Such partitions are in natural bijection with the
partitions of n, so |diag-P,,| = |P,|. For example

Al’j = {{1’ 1/}7 {27 2/7 }7 ey {/L.’ il?j? j/}7 ccty {n7 n/}}

is in diag-P,.

We write M2 for the monoid generated by {A%},; and Mg for that
generated by S, U{A%},;. Define subalgebras of P, () generated by subsets:
Pd = k(S,,A%); ; and P’ = k(A"), ;. (Note that neither subalgebra
depends on 4.) These are simply the monoid algebras of the monoids above.

From the form of the partition algebra product we have

Lemma 1. P! is a commutative algebra with basis diag-P,, of idempotents.
Indeed P? is isomorphic (via the natural bijection) to the monoid algebra
of the monoid (Pyn, N), where A is the meet operation on (P,,>). O

Note that this remark completely determines the reductive representa-
tion theory of PP (as for any finite commutative monoid of idempotents).

The tensor product algebra kS, ®; P,(d) has basis S,, x P,. Just as
for 5,11 and P?, the complex representation theory of P, () is well under-
stood,?? and hence so are the tensor products.” We get a more challenging
new algebra, however, if we proceed as follows. Define an injective map

X @Sy, x diag-P, — S, X Py
(a,b) — (a,ba)
Write P for the free k-submodule of kS, @y, P¢ with basis x (S, x diag-P,,).
Proposition 1. The k-submodule P is a subalgebra of kS, ®; P2.

Proof: Multiplication is given by (a,ba)(c,dc) = (ac,badc), but badc =
bada~'ac, and bada=! € P°. O
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Proposition 2. The algebra P is generated by (1, A¥) and (0;,0;) (all
i,3), and hence by (1, A*?) and (04,0;). O
We will write [a,b] = x(a,b). Thus
la,blle,d] = [ac, bada™ 1)
and in particular
(0, 1)[1,d] = [a, ada™]
Note that A% s (1, A¥) defines a natural injection of P into P’; and
o; — (04,0;) a natural injection of kS, into P).
Define the set of (2-)ramified partitions
P2 ={(a,b) | a,b € P,; a < b}

From Ref. 23 this is a basis for the RPA P2(8,8') C P,(8) @5 P,(¢"). Note
also from the definition of P%(é, d’) in Ref. 23 that kS, ® P, (d’) is not a
subalgebra of P2(3,8") (for example, any non-identical pair of permutations
lies outside 73%) However

Proposition 3. We have an algebra inclusion P} — P2

Proof: It is easy to see that elements of form [1,b] and [s, 1] are ramified,
and these generate PX. [

Remark: We shall not make explicit use of it here, but for those comfortable
with the ramified diagram calculus (see in particular Fig. 2 of Ref. 23) it
might well be helpful to note that the diagrams for these generators may
be exemplified as follows (in case n = 5):

LTI — R0
KT — &)

3. Representation theory of P

3.1. Shapes and combinatorics

The shape of a set partition is the list of sizes of parts in non-increasing
order. Thus the shape of a partition of n is an integer partition of n. We
will write b = p if set partition b has shape p.
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By convention we shall express shapes in power notation:
n = (Ah )\1, ceey )\1, )\2, )\2, ceey A27 ) ~ AP = ()\1171 , )\527 )

p1 P2

In particular
AP, = AP

Via this notation a shape can be considered as a pair of a strictly descend-
ing integer partition (A1, Ag,...) and a composition (p1,pe, ...) of the same
length.

There is a natural action of S, on P,. For each b € P,, define S(b) as the
subgroup that fixes b. We mention two subgroups in S(b): S°(b) is the group
the permutes within parts: S°(b) 2 (Sy,)*P* x (Sy,)*P2 x ... C S, (in case
b AP); and S'(b) permutes parts of equal order: S*(b) 2 S, X S, X ... C
S,,. We have

Considering S(b) or otherwise (see e.g. Ref. 21), the number of partitions
of given shape is
n! n! (3)
[L(arepit) — |S(bE )]

Write T3 (resp. Tj?) for a traversal of the left (resp. right) cosets of S(b)
in Sp. Le. UyeqrwS(b) is a partition of S,.

D)\p -

3.2. On representations of wreaths

We shall establish later a construction of irreducible representations of our
algebra P directly in terms of representations of S(b). Accordingly we
mention these now. (However the reader may safely skip all the standard
material in this section.)

Write A for the set of all integer partitions including the empty partition,
and A,, for the subset of partitions of degree n. For G a group, write Ac(G)
for an index set for ordinary irreducible representations (together, in prin-
ciple, with a map to explicit representations), so that Ac(S,) = A,. (We
will use the analogous notation, A¢(A), for any algebra A over the complex
field.) Set s¢ = |Ac(G)| and assume there is a natural counting. For S,T
any sets, write Hom(S,T) for the set of maps f : S — T. Thus an element
V of Hom(Ac(G),A) may be expressed as an sg-tuple (Vi, Vs, ..., Vs, ) of
integer partitions (a multipartition). For any Hom(S, A), write Hom(S, A),,
for the subset of multipartitions of total degree n.
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The ordinary irreducible representation theory of S(b) is, in effect, fairly
well understood. Since C is a splitting field it is enough to study the wreath
factors. Now see Ref. 11. In particular we have

Theorem 1. (Cf. [11, COR.4.4.4] or [18, §1.Appendix B])

The construction of irreducible Ly, V € Ac(S; 1 Sy) is then as follows.
The datum V consists (see Ref. 11 or, say, Ref. 2) of a map V : Ac(G =
S1) — A such that ), |Vi| = n. We set v = (v1,v2,...) = (|Vi],|V2],...) and
form a traversal T, of the left cosets of S, in S,. Let B? be a basis for
the irreducible representation §; in our numbering scheme for irreducible
representations of S; (lex order of A, say); and BYi a basis for the irreducible
representation S(V;) of S,, (note that V;  wv;, so this is via the usual
labelling scheme). Thus

B = xi((B)™)
is a basis for the irreducible representation of S;*" obtained from the rep-
resentations (81, Sy, .., 81,82, Sa, .., Sa, ..., Ss) of Sj. Set
v1 copies vy copies

BY, = x;((B")*V x BYY)

or rather in the order

By, = (xi(B")*") x (x;B"%)
Then By, xT, can be equipped with the property of basis for an (irreducible)
representation of S;1.5,.

Let b1 ® ... ® by, ® (bpt1..) ® [t] be an element of this basis. If o € S,,,
t' € T,, then the action of (g1, g2, .., gn;t'c) is given by

(91,92, -, Gn;t'0) b1 @ ... @by, Dby, 11 @ ... @by @ (byy1..) @ [t]

= glbo.—l(l) ®..Q gnbo.—l(n) ® O’(bn+1..) & [t/O't]

where [t'ot] is understood as the coset representative of the coset containing
this element. (See Ref. 11 for a much more detailed exposition, but) Note
that the dimension of Ly, is clear:

! .
dim Ly = = [ du.(d)" 4)

where we write dy for the dimension of the S,, Specht module Sy, and d;
for Specht dimensions for S; labeled using our numbering scheme.
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Recall

= & (5)

AFn

3.3. Useful decompositions of AN

The following will be useful later.

Another way to express an integer partition in an (ascending) power
notation is simply as an element « of Hom(N,Ny) of finite support. The
construct (141, 2%(2) ) determines an integer partition in ordinary power
notation on omitting all terms 4 such that a(i) = 0 and then reversing the
order of the remaining terms.

For example « : (1,2,3,4,...) = (2,4,0,0,...) becomes (2%, 12).

More generally, to specify a function p € Hom(S,T), given x an or-
dered list of the elements of S, we may write 4 : z = y, meaning
w(z;) = y; (as in the example immediately above). But if almost all
w(z;) = to, with ¢y some given element of T, then it is convenient to write
w = (ziy, w(xi) @iy, p(ziy))... where {iy,ia,...} is the set of ¢ such that
w(x;) # to. Depending on circumstances, the alternative layout

(6)

'U/:

may also be useful.
In this notation our example above becomes o = 21 (with tg = 0).
Let us write Hom” (A*, A) for the set of functlonb

AT = A

with only finitely many A € A* such that u(A\) # 0. We also emphasise
that A is the set of integer partitions of finite integers. Thus the degree of

1 € Hom! (A*, A)
=D IIls(A)
A

is well defined. Write Homy (A*, A) for the subset of Hom/ (A*, A) of func-

tions of degree V.
{@ ey @ @m @)m @O Q) }
® @ @@ @ 1) (1) (3)7 (1)’ (13)
The shape of ;1 € Hom’ (A*, A) is an integer partition «(u) defined as
follows. We specify via ascending power notation, in terms of which the

ai) = 3 n(\)

A3

For example, Homs(A*,A) =

partition is given by
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and then recast in ordinary power notation as described above.

Example: 1 (1), (2), (12), (3), ..) = (0, (1), (1%),0,....) has () = (29).
We write Hom» (A*, A) for the subset of functions of shape AP. We have

Homy (A*,A) = |_J Homy (A, A)
APEN
In the simple case in which x has just a single ‘factor’ ™ then
Hom;my(A*, A) is just the set of maps from A; to A of total degree m.
By Theorem 1 then,
Ac(sn l Sm) = Hom(nm)(A*, A)
Thus with b = AP
Ac(S(b)) = Homy» (A, A)
We now have the notation to assert (as we shall show in Theorem 4)

Ac(P)) = Hom, (A", A)

3.4. Decomposing the regular P) -module

We will say that the shape of [a,b] = (a,ba) is the shape of b. It follows
from (1) that the shape of [a,b] = (a,ba) is unchanged by left or right
multiplication by [0y, 1] = (04, 0).

As shapes of set partitions, integer partitions inherit a partial order
from the order on set partitions themselves. E.g.

(11) < (2,1%) < (3,1) < (4)
< (2%) <

Thus left or right multiplication by [1, A¥] either acts like 1 or takes the
shape up in this order. Altogether, then, the left regular P)-module is
filtered by a poset of submodules (indeed ideals) labelled by shape. Set

Exp = Z [].,b]
bi=AP
and note that these are central elements in PX. For example e = [1,1].
We have
PXexw C Pleyy <= X >\

The sections M y» of this poset each have basis the set of elements of x (.S, x
diag-P,,) of fixed shape. The number of basis elements of shape AP is n!D)».
We want to decompose the sections as far as possible.
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As a vector space we have

Mo = P E[Sn.0] = D P kIS(b)w,b] (7)

bi=AP b=AP weT R

Note that the S(b)-module k[S,,, b] is isomorphic to kS, as an S(b)-module,
and hence is simply #é)l copies of the regular module.

Consider the quotient algebra of P by all the ideals Pey»s below AP.
The central element eyr is idempotent in this quotient. Thus we can regard
Mr as an idempotent subalgebra of the quotient, with identity element
exr. The category of left Myp-modules thus fully embeds in the category
of left PX-modules (§6.2 of Ref. 9), with the simple modules not hit by this
embedding coming from the other M ,/.

Now consider the idempotent [1,bp], by = AP, and note that in the

algebra M» we have [1,bo][1,b] = dp, 5[1, bo]. We have
[1,bo]Maw = [Lb] @D klw,bl= €O Kl bollw. bl = @ klw,bo]

WE S, ;b=AP WE Sy, ;bi=AP weS,
Thus
[1,00] M [1,b0] = @D klw, bol[1,bo] = EP klw, bowbow™]
weSn weSy,
= @ k[w, bo] = kS(bo)
weS (bo)
and
Moe[L,bo]Mye = Mo @ klw, bo] = B kbl | P klw, bo]
weSy, TESy; AP weSy
= @ @ klx, b][w, by] = @ klzw, brbor ™) = My
TESy; AP weS, TE€Sy; AP, wes,
Thus

Theorem 2. The algebras My» and kS(by) (with by & AP) are Morita
equivalent.

Recall that P has a subalgebra isomorphic to P?. By restricting to this
we see that no two sections contain any isomorphic factors. Thus each simple
factor will appear in its section with multiplicity given by the dimension of
its projective cover (with this dimension bounded from below, ab initio, by
the dimension of the simple itself).
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It also follows that
Ac(Pr) =,,, Ac(Ma)

so we have determined Ac(P)) (by Theorem 2 and the results in §3.2 —
equation(2) and Theorem 1). We will unpack the details shortly.

Next we compute the dimensions of these simple modules, and the over-
all algebra structure.

Consider the left submodule generated by an arbitrary non-zero element
> i Cijlwi, y;] of the AP-th section, M». Choosing I so that some scalar
¢y # 0, then in the section,

Loyl Y eileays] = eillwllmnys] =D eiles yys] = Y calwi, vl
ij ij ij i
Thus this submodule itself contains a submodule generated by >, cii[z4, yi].
Further, by (1) this submodule contains, for every partition of shape AP, an
element of this form whose partition part is that partition. (These elements
are of course all linearly independent.) Thus

Lemma 2. Any submodule of Mjy» contains a non-vanishing element of
form Y~ ci[z;, b], with b= \P.

How does P = ([1, A'?],[S,,1]) act on this element? As noted, [1, A'?]
acts as 1 or 0. We consider the action of [S,,1] in two parts: [S(b),1]; and
a traversal. The first part is simply a copy of S(b) — PX,
in Lemma 2 generates at least a simple S(b)-module. But since S(b) fixes
b, the S(b)-module generated will be spanned by elements of this form, so
there will be an element of this form which generates precisely a simple

S(b)-module. Meanwhile the action of an element w of a traversal is

chi[xi,b} = [w, 1] Zci[xi,b] = Zci[wxi,b“’]

% %

so the element

Note that the right hand side generates an S(b™)-module that is isomorphic
(via the natural group isomorphism) to the original S(b)-module. This tells
us that every P‘-submodule of M, decomposes as a vector space in to
summands, indexed by b F AP, the b-th of which is an S(b)-module iso-
morphic (via the various group isomorphisms) to all the other summands.
Clearly then, in particular every simple P)-submodule is at least a sum
(as a vector space) of Dy» spaces each of which is an (isomorphic) simple
module for S(b) for the appropriate b.
In particular
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Proposition 4. For each inequivalent simple S(b)-module L, (i.e. with
p € Homyp(A*,A) and \P 4 b) of dimension m, and basis {gi'z,li =
1,..,mu}, say (see §3.2), there is a simple P} -module L} of dimension

dim L = m, Dx» (8)

and basis {[wg!'z,,0”] | i = 1,.,m,, w € T}, The modules {L)} are
pairwise inequivalent. [

Similarly,

Theorem 3. The decomposition of the b-th summand (any b) of My it-
self, S(b)[1,b], into a series of simple S(b)-modules passes to a complete
decomposition of Myr into a series of simple P)-modules of this construc-
tion.

That is, every simple PX*-module arises this way (for some \P).

Working over k such that kS(b) is split semisimple for every shape (e.g.
over the complex numbers), the multiplicity of L, in the b-th summand is
m,, Dyr, since the summand is Dy» copies of the regular S(b)-module. Thus
(or by Theorem 2) each M y» is semisimple (cf. §1.7 of Ref. 3 for example),
and hence

Theorem 4. Let n € N. Quer k as above, PX is split semisimple. The
simple modules may be indexed by the set Hom, (A*,\). The dimensions of
the simple modules are given by (8), using (2) and (4). O

We give some concrete illustrative examples in the next Section. For
each AP we have

Dy = > (m) D)’
peHom ,» (A*,A)

n! = Z(mﬁp)QDAp (9)

m

[I(aDPepy = (m)")?

% “w

This is not a trivial identity, but it is simply the S(b) version of the hook
dimension formula (cf. Ref. 15). Note that the solution to this when Dy = 1
is given by the hook dimension formula.
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Fig. 2. Bratelli diagram for P (drawn rotated to fit on the page).
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3.5. Examples and combinatorial restriction

First we unpack Theorem 4 a little. The explicit simple module index sets
for the first few algebras PX (n =1,2,3,4,...) are given in figure 2. In the
figure they appear as the vertices in the n-th layer of a certain directed
graph. In a vertex, i.e. in an element u € Hom, (A*,A), we use here the

notation 2 ((A for each ‘factor’ (i.e. each remaining (A, u(A))-pair after

removing pairs of form 7). (We further omit the brackets, if there is only
a single factor in p.) The slight redundancy here (the exponent on the
‘numerator’ — a redundant addition to our notation in (6)) facilitates some
useful consistency checking in practical calculations.

To explicitly illustrate the application of the structure Theorem we com-

pute the dimensions of certain modules dim Lj; explicitly. For p = ((2)) ((112))2

we need Dy2i2 = (2,)%('1,)22‘ = 45, dimL% = jd@)d(z) = 1, and

dim LJ = %d(lz)d%l) = 1 (from the formula (4)), giving dim L}; = 45. For
a2

() (1% (2) a® 2?2 M

DeEn o (13) and "5y (7 we have Dy = 2,3, =10, and Dgy2; = (2!5)!22! =
15. We have dim L ;3 = g: d(gl)d? ) = 2, and all the other dim Ly s are 1. Al-

1)
together then dim L7, =20, dim LT, =10, and dim LY, , , = 15.
@ @2

1 (2 )

21 1

13

Next we turn attention to restriction rules. The graph in the figure shows
the Bratteli diagram of the sequence P ; C PX for n < 4 (computed by
direct calculation of characters). A heuristic explanation for the general
process of restriction is as follows. (We assume that the reader is familiar
with induction and restriction rules for S,,.) A representation of the ‘right-
hand end’ of a diagram in a typical simple P *-module is as in Figure 3.
Here we shall call a collection of ‘strings’ with symmetrisation A a A-string.
Thus the last string in line in any diagram (i.e. string n) is involved in a
A-string for some A. The action of P} ; on this P)-module excludes the
last string, which has the following effect. Firstly it ‘destroys’ a A-string
into (M), so we need to restrict p(A) ~ > . u(A) —e; (cf. the first term
n (10) below). At the same time this creates a new A — eg-string for each
suitable k. And for each such k this extra string gives rise to an induction
on p(X — ex), hence p(X —er) ~ >, (A — ex) + e for each suitable [.
(Note that the overall degree of every term produced in this way is n — 1,
as required.)

In light of the above heuristic, we define another directed graph G with
vertex set Hom(A*, A) as follows. Consider an element p. Each non-trivial

factor is of the form ﬁ (or % in the redundant notation) as noted.
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We first define a linear map M from ZHom(A* A) to itself by
Mn= 3 Y s S e et 00

where the sum ZA is over partitions not mapped to () by u; and all the
sums involving rows of partitions are restricted to the appropriate addable
or subtractable rows as usual (if A = (1) then the ), nominally consists
in a single summand contributing a factor with ‘numerator’ (1) —e; = 0
and ‘denominator’ undefined — this overall-undefined factor is omitted, but
the term is kept); and p|x y—e, means p with the images of A\, A — e, both
omitted (NB, they are replaced by the explicitly given factors). We draw
an edge between p and p/ in G if p/ appears in My above.

The edges of G up to level 4 are again as in figure 2. For example

Mgg (;) (2)(+121 = % and M((12)) = Ei)ﬂ % omitting the undefined

factor. A more challenging example is (( ))2 (( )) Here we have

2
M= AW L @0F | PO )
(M1 — MA2) — (2)1)

Note that the dimensions of the corresponding simple modules were com-
puted in our examples above, and indeed obey 45 = 20 4 10 + 15.

We conjecture that the graphs coincide. (If the conjecture is true then
the Bratteli diagram is multiplicity-free and, noting the results at the end
of Section 3.3, our ‘unification’ of wreaths would have the property sought

in our first motivating example.)

cen H(\)

Fig. 3. Right-hand end of a representative diagram in a simple module over C, with
the last string marked.

3.6. Discussion

We remark that there is an established setting in which the Faa di Bruno
coefficients Dy» appear ensemble in a way intriguingly analogous to their
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role in P). This is in the combinatorics of Bell matrices (that is, of Taylor

series of composite functions).! Let g(z) = >._, ng—: be a formal power

series with g(0) = 0. The Bell matriz is the matrix whose j** column

contains the coeflicients of the corresponding power series for 947(‘3:)

e.g. (13.66) of Ref. 1). This begins

(see

g1 0
92 9% 0
g3 39192 gi 0
Bl = | 91 Aogs+ 395 69792 91 0

g5 59194 + 109293 109793 + 159195  10g3go g 0
69195 + 15 15924 + 60 2043
9195 + 159294 159394 + 60919293 9295 15010, g8 0

g6 +10g2 1543 +45¢243

The coefficients (within the entries) in Blg| are the Faa di Bruno coefficients.
The intriguing point is that these coincide with the multiplicities Dy» from
(3), specifically with Dy» the coefficient of [[, g%'. It would be interesting
to extend this connection to the dimensions of the simple modules of P
(cf. Ref. 7 for example).
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We review developments made since 1959 in the search for a closed form for
the susceptibility of the Ising model. The expressions for the form factors in
terms of the nome ¢ and the modulus k are compared and contrasted. The
A generalized correlations C'(M, N; \) are defined and explicitly computed in
terms of theta functions for M = N =0, 1.

1. Introduction

There are three important thermodynamic properties of any magnetic sys-
tem in zero magnetic field: the partition function from which free energy
and the specific heat are obtained; the magnetization; and the magnetic
susceptibility. For the two dimensional Ising model in zero field defined by

&= — Z{Evaj,ko'j+1,k + Ehaj,kcrj,kﬂ} (1)
3.k

with ;5 = +1 the free energy was first computed by Onsager! in 1944
and the spontaneous magnetization was announced by Onsager in 19482
and proven by Yang® in 1952. To this day a closed form for the magnetic
susceptibility has never been found. We will here trace the saga of the quest
for this susceptibility.

If we could solve the Ising model in the presence of a magnetic field H
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which interacts with the total spin of the system as
E=E&—-HY ojx (2)
Jik

then the magnetic susceptibility would be computed as

oOM(H
) = 22U Q
where the magnetization is
1
M(H) = — 0'070 e_g/kBT 4)
7,2, (

with the partition function defined by
Z(H)= Y e &kt (5)
O'J)k::l:l

However, because the Ising model has only been solved for H = 0 we are
forced to restrict our attention to x(0) which from (2)-(5) is given in terms
of the two point correlation functions as

ksTx(0) = ) _{(o0.00n.n) — M(0)°} (6)
M,N

where M (0) is the spontaneous magnetization of the system which is zero
for T >T,. and for T < T,

M(0) = (1-K%)Y® (7)
where
k = (sinh2K"sinh2K")~! (8)
with K" = EV"/kpT and T, is defined by
k=1 9)

The first exact result for the susceptibility was given in 1959 by Fisher*
who used results of Kaufmann and Onsager® to argue that as T — T, the
susceptibility diverges as |T' — T..|~7/4. The saga may be said to begin with
the concluding remark of this paper:

In conclusion we note that the relatively simple results (1) and (3)
suggest strongly that there is a closed expression for the susceptibility in
terms of elliptic integrals. It is to be hoped that such a formula will be
discovered,- - - .
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One year later Syozi and Naya,® on the basis of short series expansions,
proposed such a formula for T' > T, which does not involve elliptic integrals
(1 — sinh? 2K sinh? 2K7)1/4
cosh2K? cosh2K" — sinh 2K — sinh 2K"
However, when higher order terms were computed this conjecture was

shown not to be exact.

To this day the “closed expression” for the susceptibility hoped for in
Ref. 4 has not been found.

kTx(0) =

(10)

2. Form factor expansion and the A extension

To proceed further a systematic understanding of the two point correlation
function is required. For short distances the correlations are well represented
by determinants®” whose size grows with the separation of the spins. How-
ever, in order to execute the sum over all separations required by (6) an
alternative form of the correlations which is efficient for large distances is
needed. The study of this alternative form was initiated in 1966 by Wu®
who discovered that for the row correlation (0,000 n) that when
NIT-T,>1for T < T,

(Go000.8) = (L=t {1+ [+ (11)

with ¢+ = k? with k given by (8). For T > T. we define k =
sinh 2K? sinh 2K" and find

(Go000n) = (L= OV {f R + -} (12)

with ¢ = k2. In (11) and (12) fé?, is an n fold integral which exponentially
decays for large N. The results (11) and (12) are the leading terms in what
has become known as the form factor representation of the correlations
which in general for T' < T, is

(o00oarn) = (L= {143 2 (13)
n=1
and for T > T,
(Go0ouy) = (L=pVA 3" i (14)
n=0

where fj(\;)N is an n dimensional integral. For general M, N these f](\Z)N
were computed in 1976 by Wu, McCoy, Tracy and Barouch® and related
forms are given in Refs. 10,11. However, for the diagonal correlations an
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alternative and simpler form is available which was announced in Ref. 12
and proven in Ref. 13. For the diagonal form factor for T' < T,

n(N+n) 1 2n — ta;)( -1 _ 1) 1/2
2n t 25 )T
9800 = o | et 11 (=D

(1 -t 1)("32] 1

IT 1II (m)g IT (w21 — 2ak—1)* (o) — za1)?

1<j<n 1<k<n 1<j<k<n

(15)
forT > 1T,

2n+1
J(\rN+ )(t) =

12n+1 n+1

1T dowad’ T] 250 [(0 = taay 1) (2, — 1)]72
k=1 J=1

t(n+1/2)N+n(n+1)
nl(n + 1)lx2nt+1 /

2
-1 1/2 Y
H 172] tl'Qj (:C2j 1)] H H ( — t!EQj 1$2k)

1<j<n+11<k<n

I 21—z ] (w25 —220)? (16)

1<j<k<n+1 1<j<k<n
In particular

N2 I'(N + 1/2)

W () = (L vl .

where F'(a,b;c;t) is the hypergeometric function.

It is often useful and 1nstruct1ve to extend the form factor expansions
(13) and (14) by weighting f ") v by A" and thus we define “A generalized
correlations”

Co(MN3N) = (1—0)V* {1 + 3 a2 (18)

n=1
and for T' > T
C+(M7N’/\) = (1 _ t)1/4 Z )\2n+1f 2n+1) (19)
n=0

This A extension was first introduced in 1977 by McCoy, Tracy and Wu'#
in the context of the scaling limit.
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3. Leading divergence as T — T,

These form factor expansions may now be used in (6) where the sums over
M, N are easily executed under the integral signs to produce a correspond-
ing expansion of the susceptibility? which we write for T < T, as

kpTx(0) = (1—6)"/*- " e (20)
n=1
and for T > T,
kpTx(0) = (1—8)/*. )" x@v (21)
n=0

where

=33 A (22)
M=—oco N=—o0
For n = 1,2 the x(™) are explicitly evaluated.® For the isotropic lattice we
have
1

L

X - (1 _ k1/2)2 (23)
A+kHE - (1-kHK

3m(l —k)(1 —k2)

where K and E are the complete elliptic integrals of the first and second
kind. The form (10) of Syozi and Naya® with KV = K" is seen to be the
first term in (21). It is quite clear that unlike the 1959 argument of Ref. 4
the behavior of the susceptibility as T — T, will be different depending on
whether T' approaches T, from above or below. This dramatic difference
was first seen in 1973 in Ref. 15 where it is shown that for ' — T.+

x? = (24)

kpx(0) ~ Cos - |T —T.|~7/4 (25)
where
Cor = 2712 . coth2K? coth2K" - [K? coth2K? + K" coth2K"~7/4 . I,

and I+ have been numerically evaluated to 52 digits in Ref. 16:

I+ = 1.000815260440212647119476363047210236937534925597789 - - -
_ = % - 1.000960328725262189480934955172097320572505951770117 - - -
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4. The singularities of Nickel

The next advance in the understanding of the analytic structure of the sus-
ceptibility came in 1996 when Guttmann and Enting,'” using resummed
high temperature series expansions of the anisotropic Ising model, argued
that the susceptibility cannot satisfy a finite order differential equation and
raised the question of the occurrence of a natural boundary. This natural
boundary argument was made very concrete for the isotropic case in 19998
and 2000'° by Nickel who analyzed the singularities of the n fold integrals
x™. These integrals, of course, have singularities at T = T where the indi-
vidual correlation functions (co,0on,n) have singularities. However, Nickel
made the remarkable discovery that the integrals, for x(™, contain many
more singularities. In particular he found that, for the isotropic lattice, x(™)
has singularities in the complex temperature variable s = sinh2E/kgT at

§$= Sjp= ik (26)
where
2cos(0j k) = cos(2mk/n) + cos(2mj/n) (27)
For n odd (T > T.) the behavior of {(™ near the singularity is
@D 21y (28)
with
e=1—5/s;p (29)

and for even n (T' < T¢)
X(2n) ~ 627124,/2 (30)

The discovery of these singularities demonstrates that the magnetic sus-
ceptibility is a far more complicated object than either the free energy or
the spontaneous magnetization and that the hope expressed in Ref. 4 of a
closed form in terms of a few elliptic integrals is far too simple.

5. The theta function expressions of Orrick, Nickel,
Guttmann and Perk

In the following year a major advance was made by Orrick, Nickel,
Guttmann and Perk!'S who studied both the form factors and the suscep-
tibility by means of generating on the computer series of over 300 terms.
From these series they then made several remarkable conjectures for the
form factors.
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To present these conjectures we define theta functions as

Bulug) = 23 ()" ¢/ sinf(2n -+ 1) (31)
n=0
O2(u,q) = 2 i g2 cos[(2n + 1)u] (32)
n=0
Os(u,q) = 1 +2§: q”2 cos 2nu (33)
n=1
Os(u,q) = 1 + 2i (=" q"2 cos 2nu (34)
n=1

and for u = 0 we use the short hand
02 - 92(07 q)a 03 = 03(07Q)7 04 - 94(07 Q) (35)

The quantity ¢ is the nome of the elliptic functions and is related to the
modulus & by the relation

(e%e) 4

1_|_q2n

1/2

k= 44V H{W} (36)
n=1

In terms of these theta functions, conjectures for form factors are given
in sec. 5.2 of Ref. 16 by defining an operator ®, which converts a power
series in z to a power series in ¢q as

P (2 C"Zn) - niocnq”% (37)

Conjectures are then given for féjf)), fl(ﬁ), fl(jf)), fQ%) and f2(’"1). In partic-
ular we note

N 17k71/2 n(] — 52
2 (kg = 7 )@o((zlizg)ifl) (38)

and

. a2 (1)1, kY2 2" (1 - 22)
27" (1— k2)1/4f1(,1) = 0,62 ’ 0( (14 22)n+2 ) (39)

where

(L) =1 for T <T. (neven)
kY2 for T >T. (nodd). (40)
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6. Linear differential equations

A second approach to the form factors and susceptibility was initiated in
2004 in Ref. 20 and subsequently greatly developed in Refs. 21-26. These
studies are similar to Ref. 16 in that they expand the form factors and
susceptibility in long series. However, instead of the nome ¢ the expansion
is in the (modular) variable t. The goal of these studies is to characterize
the n particle contributions x(™ () to the susceptibility in terms of finding
a Fuchsian linear ordinary differential equation satisfied by (™ (t). Such
a linear differential equation always exists for an n-fold integral with an
algebraic integrand in some well-suited choice of integration variable and in
the parameter ¢t. However the order and the degree of the equation rapidly
become large for increasing n and it may take series of many thousands of
terms to find the differential equation. Such a study can only be done by
computer.

There are several features of these differential equations to be noted. In
particular the operator which annihilates (™ factorizes and furthermore
the operator has a direct sum decomposition such that ¥("~27) for j =
1, --- [n/2] are “contained” in x(™.

7. Diagonal form factors

With the observation of factorization, direct sum decomposition and Nickel
singularities of the n particle contributions to the bulk susceptibility x(), it
has become clear that the susceptibility is far more complicated than what
was envisaged by Fisher? in 1959. Because of this complexity the question
was asked if there could be a simpler object to study which would yet be
able to give insight into the structures which had been observed. Several
such “simplified” objects have been studied?” which consist of more or less
forcibly modifying parts of the integrals for the ¥("). However, there is one
“simplified” model which commands interest in its own right. This is the
“diagonal susceptibility” which is defined?® by restricting the sum in (6) to
the correlation of spins on the diagonal

kT -xa = Y {{cooon.n) —M*(0)}. (41)
N=—o0

In statistical language this diagonal susceptibility is the susceptibility
for a magnetic field interacting only with the spins on one diagonal. In
magnetic language this is the p = 0 value of the groundstate structure
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function

oo

St (p)= Y e {(ogoy) — M} (42)
j=—o00
of the transverse Ising model
Hrp = Z {ojoj + H?o} (43)
Jj=—00

These interpretations give the diagonal susceptibility a physical inter-
pretation which the other “simplified” models do not have.?” Furthermore
much more analytic information is available for the diagonal Ising corre-
lations than for correlations off the diagonal. Firstly it is known from the
work of Jimbo and Miwa?® that the diagonal correlations are characterized
by the solutions of a particular sigma form of Painlevé VI equation and
secondly the integral representation of the diagonal form factors (15) and
(16) is more tractable than the representation of the general off diagonal
correlations.

The diagonal form factors have been extensively studied in Ref. 12 by
means of processing the differential equations obtained from long series
expansions by use of Maple. Diagonal form factors f ](\? 3\, for n as large as
9 and N as large as 4 have been studied and many examples are given
in Ref. 12 where they have all been reduced to expressions in the elliptic
integrals £ and K. A few such examples are as follows:

For n = 1 (when the hypergeometric function of (17) is reduced to the
basis of F and K by use of the contiguous relations)

6o = (2/m)- K (
22 ) = (2/m) {K - B} (
3tfsy = (2/m) - {(t+2)K —2(t+1)E} (46
15632 (5 = (2/m) {42 + 3t + 8) K — (82 + Tt +8) B}  (
10542 f{1) = (2/m) - {(246° + 17¢% + 16t + 48) K

— (4813 4 40t + 40t + 48) E}; (48)
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forn=2
2f8 = (2/m)? K (K - E) (49)
2f) =1 —(2/n)? K-{(t-2)K +3E} (50)

6t i = 6t

—(2/m)? {6t =11t +2) K* + (15t —4) KE +2(t +1) E*}  (51)
9042 £ = 135¢% — (2/m)? - {(1376> — 24262 + 52t +8) K2 (52)
—(8t3 — 3192 + 112t + 16) KE + 4(t + 1)(2t* + 13t + 2)E?}  (53)
3150 4% £%) = 630043

—(2/7)% - {(32t° + 6440t* — 11191¢> + 2552t + 464t + 128) K>
—(128t° + 576t* — 14519¢% + 5648t + 1056t + 256) K E

+8(1 +t)(16t* + 58t° + 333t* + 58t + 16) E*}; (54)
forn=3

650 = 2/n)- K —(2/n)* K*{(t—2)K +3E)} (55)

662 1) = 4(2/n)- (K — E) — (2/7)* - K{(2t — 3) K* + 6KE — 3E?}

(56)

18t £ = 7(2/m)-{(t+2)K —2(t+1) E} (57)
—(2/7)® - {3(t* = 2) K3 —3 (2t — 11t +2) K*E

—36 (t— 1) KE? — 24E3)} (58)

270¢%/2 %) = 30(2/m){(4t> + 3t + 8) K — (8¢ + 7t + 8)t E}

—(2/m)% - {(72t* — 158t> + 189t — 156t + 8) K®

—6(24t* — 108t + 29t* — 6t +4) K*E

—3(232t> — 111¢* — 180t — 8) KE?

—4(t+1)(2t* + 103t + 2) t B3Y; (59)
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forn=4

24 [ = 4(2/m)? K (K — B)

(2/77)4 : K2{(2t - 3)K? + 6KE — 3E?} (60)
24f1 ;=9 —(2/7)* 10K{(t—2)K +3E}

(2/7r) 2{(t2 —6t+6)K? +10(t —2) KE + 15E%} (61)
721 f{ = T2t

—(2/m)? 16 - {(6t> — 11t +2) K + (15t — 4) KE + 2(t + 1) E?}
+(2/m)* - {243 — 98t + 113t — 36) K* + 2 (74t> — 157t + 66) K°E
+3 (71t — 60) K2E? +12(t +9) KE® — 245}, (62)

These examples are sufficient to illustrate the following phenomena
which hold for all examples considered in Ref. 12 and which are certainly
true in general:

2n 2
I(V,I\?' - Z ] ng( J) (63)
2n+1 27+1
v = 3 a0 (64)
7=0

where cfn are constants independent of ¢ and g%?N(t) for even j are of the
form

a0t = S Pt K2R (65)
j=0
a0 = . P () K2R (66)
3=0
2n

gSm) = NN pr (KPR for N>2 0 (67)
=0
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and for odd j

3

g0 ) = > P () KR (68)
j=0
n+1
g5 = t—”zz i () K2 I (69)
2n+1
gy =t NN PE GO KPR for N >2 0 (70)
7=0

where Pjin m(t) are polynomials.
The decompositions (63) and (64) represent a direct sum decomposition
of the form factors.?® The functions g%?N individually are annihilated by
Fuchsian operators which are equivalent to the j 4+ 1 symmetric power of
the second order operator associated with the complete elliptic integral F
(or equivalently K).
We also observe the relation between fl(?ll)( t) and f ("H)( t)

@/m) - K- fE0 ) = @n+1)- f550 @) (71)
@2/m) 2 KT = 2 (e 1) - £ () (72)

8. Nome g-representation versus modulus k-representation

We will need the following identities which relate functions of the nome
q = €™ where 7 = iK(k')/K (k) with functions of the modulus k

92

k= 2 F=0-k)72=2 73
-1 (k2= G (73)
2 9 dq 2 q
;K = 93, and % = 7kk/2K2 (74)
which we will use as
d 2 9 5 d
2 - 2 K2
q aa — kk oy (75)
We will also use
dK E—k?K dFE F-K

dk kk'2 dk k
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8.1. f&&
We first write (38) for j = 2n using (73) as
n 1 22n 2n 1— 2
(2n) '@o( 227 z)) (77)

00 T (1 + 22)2n+1
Thus, by use of the elementary expansion
22n . ZZn ) (1 _ 22) (_1)n o0 ) . n—1
= 2 —1)J 2% 4[5% —m? 78
(14 22)2n+1 (2n)! ];0( ) 2 ngo [j m-] (78)

and the definition (37) of the operator ®y we find that in terms of the nome
q

( ) ( 1)n qn oo n—1
2n - P52 .2 2

= 2~ . —1) ¢ _
0,0 94(277,)' ]:ZO( ) q n:!;[()[] m }
N G VT SR VYR o S S

7=0 m=0

e od . d
= gl[q 7 m?] qdq94. (79)

To convert this to an expression in terms of the modulus k we first use
(73) to write

2
07 = =k K 80
g = 2 (50)
and thus using (74)
d 2 2 /2 2 d 2 /
qdqt94 = kK" K e 7Tk;K (81)
which using (76) reduces to
d 2 2
—0; = -k -K*-Z{E-K}. 82
qdq 4 7_(_2 ’]T{ } ( )
Using (80) on the right hand side we find
d 2
294~qd—q6‘4: ;-GE-K-{E—K} (83)
and thus
1 d 1
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To evaluate fé?()) we use (84) in (79) with n =1 to obtain
2
Iso = = K-{K-F} (85)

which is in agreement with (49). For arbitrary n the form factor fé?on ) is
obtained from (79) by repeated use of (84) and (76).

f(2n+1)

To study f(2”+1) we first use (73) to write (38) as

(2n+1) _ 03 . (22”+1Z2n+1(1 — 22)) (86)
0.0 020, O\ (14 22)2nt2
and then, using the elementary expansion
92n+1  2n+1 (1 _ 52
z (1—2%) (87)
(1 + 22)2n+2
n 00 n—1
= 1)7 . 22t 2§ +1)2 — (2m + 1)?
et X @) (0 T+ 1 1))
and the definition (37) of the operator ®y we find
(2n+1)
0,0
0 2 00 , n—1
b3 2(— ; ; .
= (2§ +1)-(—1)7 . q@FD/4. 2j+1)*— (2m+1)?
= 5.0, 2n+1,§]+ q ngo[(]+) (2m+1)7]

05 2 (-1 "= d >
=2 - 77 . 4q— — (2 1)2 (25 + 1)( J(2J+1)/
6201 (2n + 1)! ngo[ agg ~ @mA DT (2 +

(88)

Thus, if we write

; 0
2 Z (2 +1) - (—1)7 - gD = £91(U7Q)|u:0 = 02030, (89)

where in the last line we have used a well known identity, we find the result
n—1
(2n+1) fs (=)™ d ,
= oo 1] Ao — 2m+1)7] 020504 90
o0 0204 (2n + 1)! 71—:[0[ g (2m + 1)7] 026304 (90)

We may now use (73)—(76) to reduce (90) from a function of ¢ to a
function of k.
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For n = 0 we use (74) to find
2
1
foo = 0=~ K (91)

which agrees with (44).
For n > 3 we need an expression analogous to (84) for the product
020364. From (73), (74)

030207 = kk' - (2K/7)? (92)
and thus

d d 2 d
— 020307 = 209050, - q—020504 = — - kK? K% —{kk'(2K/7)3
qdq234 234qdq234 2 dk{ ( /7)°}

= %.kk’.(QK/w)S.K.{(kQ—z)K + 3E}

2
:?-0§0§92-K-{(k2—2)K+3E}. (93)
Therefore we obtain
d 1
q—020304 = —02030, -K{(k2 —2)K +3E} (94)
dq 2

which when used in (90) with n =1 gives
@ — Lt K — @) K[ - 2K +3E 95
foo = 3 1(2/m) (2/m)” K- [( )K +3E]} (95

which is in agreement with (55).

8.3. ")

The equalities (71) and (72) which express fl(nl) in terms of fé,rg) follow
immediately from (38) and (39) by use of (73) and (74).

9. The X generalized correlations

For N = 0,1 the diagonal A generalized correlations defined by (18) and
(19) may be obtained by using the expressions for (1 — t)1/4f](\;2v in terms
of the operator ® as given by (38) and (39). In this form the sums over
n are easily done as geometric series and the operator ®¢ is then used to
convert the series in z to series in the nome ¢ which can then be expressed
in terms of # functions as was done in the previous section. Then, setting

A= cosu (96)



302 B.M. McCoy et al.

we obtain the following results

C_(0,0;)\) = Z‘Z&)‘Z; (97)

C4(0,0;)) = zzggfg)) (98)
. —05(u; q)

O-(L1:A) = Sh1@092(8;q)030kq)2 (89)

CL(1,1;)) = —03(u; q) (100)

sin(u)03(0; ¢)63(0; q)

where prime indicates the derivative with respect to w. The result (97) was
first reported in Ref. 12. The results (98)—(100) have recently been given in
Ref. 30. For u a rational multiple of 7 these diagonal generalized correla-
tions reduce to algebraic functions of the modulus k. Several examples for
C_(0,0; ), C_(1,1;A) and C_(2,2; A) are given in Ref. 12.

10. Diagonal susceptibility

We may now explicitly obtain®® the diagonal susceptibility by using the
form factor expansion (13)—(16) in the definition (41) and evaluate the sum
on N as a geometric series. We obtain for T < T,

n=1
with
n? 1 1 2n n
~(2n) _t 1 / / 1 4+t" 2 Xop
t) = . dp, - — - 7% ©en
Xa  (t) (n)2 727, A kl;[l T T —
o ﬁ ( x2j—1(1 — 295)(1 — taa;) )1/2
j=1 xQJ(l_mQJ—l)(l _tm2]—1)
x H (1 —tzojq zop) 2
1<j<n1<k<n
X Toj—1 — $2k71)2 (225 — xgk)2 (102)
1<j<k<n
and for T > T,

n=0
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with
n(n+1)) 1 1 2n+1
(2n+1) t
H = - 0 . d
Xd (t) 72l (n + 1) /0 /0 kl;[l T

n
1 +tn+1/2x1 C Top4
T — /20y gy

1/2
((1 —@2j)(1 —txg) - $2j)
j=1
ntl ~1/2

X H ( (1 —29j—1)(1 —tagj—1) -ng—l)
X H H (1 —taoj_1 zok) 2 (104)

1<j<n+11<k<n

X H ($2j—1 - -732k—1)2 H (962]' - $2k)2-

1<j<k<n+1 1<j<k<n

This diagonal susceptibility has been extensively studied in Ref. 28.

The integrals for X( )( t) and )Z((f) (t) are explicitly evaluated as

1

Sy
Xa' ) = T (105)

and

~ . .
o = _]{ A -t — 7)) A(l—t) (106)

Fuchsian equations have been obtained for ~(3)( t), )2&4) (t) and )2&5) (t).

From these equations we find that X( )( t) has a direct sum decomposi-
tion into the sum of three terms. One term is just )Zl(il)(t) as given by (105);
the second is

R 1

and the three solutions to the differential equation for the third term are
two Meijer G functions and

(1 + 2k)(k + 2)
A—k)(1+k+k)

i ? CF(1/6,1/3:1;Q)F(7/6,4/3:2:Q)} (108)

{F(1/6,1/3;1;Q)°

where
27 (1 +k)%k?

@=7 (k% +k+1)?

(109)
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Furthermore the )Zgn)(t) have singularities on |t| = 1 which are the
analog of the Nickel singularities for the bulk susceptibility. For T' < T, the

2n?

singularities in ¥(>™)(t) are at " = 1 and are of the form " ~!Ine and for

T > T, the singularities in Y?**1) are at t"*'/2 = 1 and are of the form
e(nt+1)?-1/2

11. Natural boundary

The most intriguing feature in both the bulk and the diagonal susceptibility
are the singularities on the unit circle of the modular variable £ = 1. As n
increases the number of these singularities increases and becomes dense as
n — oo. Therefore, unless a massive cancellation occurs the susceptibility
will have a natural boundary on the circle |k| = 1. Recently further argu-
ments in favor of such a natural boundary were given in Ref. 23. In terms
of the nome ¢ the circle |k| = 1 corresponds to the curve in Fig. 1.

0.08 4

-0.04\1

-0.06

-0.08 4

Fig. 1. The curve in the plane of the nome g of the unit circle |k| =1

12. Conclusion

We have seen that since 1959 a great deal of progress has been made in
understanding the susceptibility of the Ising model and that the analytic
structure is vastly more complicated than was envisaged 50 years ago in
Ref. 4. In particular the existence of a natural boundary is a completely
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new phenomenon which has never before appeared in the study of critical
behavior. The connections with elliptic modular functions are profound and
extensive and much of the structure still remains to be discovered. It is quite
remarkable that in 50 years the problem has not been solved.
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Consider a tensor product of finite-dimensional irreducible gl ;-modules and
its decomposition into irreducible modules. The gly; Gaudin model assigns to
each multiplicity space of that decomposition a commutative (Bethe) algebra
of linear operators acting on the multiplicity space. The Bethe ansatz method
is a method to find eigenvectors and eigenvalues of the Bethe algebra. One
starts with a critical point of a suitable (master) function and constructs an
eigenvector of the Bethe algebra.

In this paper we consider the algebra of functions on the critical set of the
associated master function and show that the action of this algebra on itself
is isomorphic to the action of the Bethe algebra on a suitable subspace of the
multiplicity space.

As a byproduct we prove that the Bethe vectors corresponding to different
critical points of the master function are linearly independent and, in particu-
lar, nonzero.

Keywords: Bethe ansatz; Gaudin model.

1. Introduction

Let L be the irreducible finite-dimensional gl , ;-module of highest weight
A Let Ln = ®[_;Lys be a tensor product of such modules, and
LA = @) Lyo) ® Wy() the decomposition into irreducible represen-
tations. The multiplicity space Wjy(~) of Ly can be identified with
Sing LA[A®] C Ly, the subspace of singular vectors of weight A(°.
To each multiplicity space Sing L [)\(OO)] and distinct complex numbers
Z1,...,%n, the gly 1 Gaudin model assigns a commutative subalgebra of
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End (Sing La [)\(OO)]) called the Bethe algebra and denoted by B ) -

The B, () ,-module Sing L AMAC] has an interesting geometric real-
ization. In Ref. 6 we constructed an isomorphism of the B, j () ,-module
Sing L A[)\(oo)] and the regular representation of the algebra of functions
on the scheme-theoretical intersection of suitable Schubert cycles. This iso-
morphism can be viewed as the geometric Langlands correspondence in the
gly 1 Gaudin model. In Ref. 7 we argued that this geometric Langlands
correspondence extends to the third, equally important, player — the al-
gebra of functions on the critical set of the corresponding master function.
In this paper we prove another result supporting that principle.

The master and weight functions are useful objects associated with each
multiplicity space Sing L A[)\(OO)L see Ref. 13. They are functions of some
auxiliary variables t = (t;l)). The master function ®(¢) is a scalar function
and the weight function w(t) is an La-valued function. They are used in
the Bethe ansatz method to construct eigenvectors of the Bethe algebra
B A .- Namely, if p is a critical point of the master function then the
vector w(p) lies in Sing L [A®?] and is an eigenvector of the Bethe algebra,
see Ref. 5.

In this paper we consider the algebra Ag of functions on the critical
set of the master function. With the help of the weight function, we con-
struct a linear embedding a : Ag — Sing LA[A?] and show that a(Ag)
is a By (=) o-submodule of Sing La[A®]. We denote the image of B in
End(a(Ag)) by Ap. We construct an algebra isomorphism 3 : Ag — Ap
and show that the Ap-module a(Ag) is isomorphic to the regular represen-
tation of Ag. That statement is our main result, see Theorems 5.5 and 7.1.
As a byproduct we show that for any critical point p of the master function,
the vector w(p) is nonzero. For a nondegenerate critical point that fact was
proved in Ref. 10 and Ref. 15.

The paper is organized as follows. In Section 2 we define the master
function ® and the algebra Ag of functions on the critical set Cg of the
master function. The algebra Ag is the direct sum of local algebras Ap
corresponding to points p € Cp. In Theorem 2.1 we describe useful gener-
ators of the algebra A, . We prove Theorem 2.1 in Section 3. In Section 4
the Bethe algebra is introduced. We define the weight function in Section 5
and formulate our first main result Theorem 5.5. We prove Theorem 5.5 in
Section 6. Our second main result, Theorem 7.1 is formulated and proved
in Section 7.

The authors thank P.Belkale for help in proving Theorem 2.1. The
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2. Algebra As
2.1. Lie algebra gln 4

Let e;j, 7,5 = 1,..., N 4+ 1, be the standard generators of the Lie algebra
gl satisfying the relations [e;;, esk] = 0js€in — dines;. Let b C glyyy
be the Cartan subalgebra generated by e;, ¢ = 1,..., N 4+ 1. Let h* be
the dual space. Let ¢;,7 = 1,..., N + 1, be the basis of h* dual to the
basis e;;,71 = 1,...,N + 1, of h. Let a,...,any € bh* be simple roots,
a; = €; — €;+1. Let (, ) be the standard scalar product on h* such that the
basis €;, i =1,..., N 4+ 1, is orthonormal.

A sequence of integers A = (A1,..., An41) such that Ay > Ay > ---
An+41 = 0 is called a partition with at most N + 1 parts Denote ||
ZNH Ai. We identify partitions A with vectors Ajeq + -+ + Ayt1€n41 O

b*.

1AV

=h

2.2. Master function
Let A = ‘()\(1),...,)\‘(”)) be a collection of partitions, where A =
SR )\g\’,)ﬂ) and )‘E\ZI)H =0.Let I = (I1,...,ln) be nonnegative integers
such that

n , N

A = N A =N a,

i=1 j=1

is a partition. Denote [ =11 + - -- + Iy,
to= (0, D P ey

Fix a collection of distinct complex numbers z = (z1,..., 2z,). Let ®(t) be
the master function associated with this data,

N
o =11 T[ -4
1=11<5<j' <l
N—-1 1l; liq1 | ( N I; n @ .
© 1—0—1) 1 4 —(A® ,al)
x [1& =5 I
=1 j=1j'=1 i=1j=1s=1

Denote

U ={peC"|®is well-defined at p and ®(p) # 0}. (1)
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The set U is the complement in C! to a union of hyperplanes. The master
function is a rational function regular on U.

Denote by C(t)y the algebra of rational functions on C' regular on U.
The partial derivatives

Uy = dlog®)/otl’,  i=1,... N, j=1,..1,
are elements of C(t)y. Denote by Is C C(t)y the ideal generated by ¥,;,
i=1,...,N,j=1,...,1; and set
Ap = (C(t)U/Iq>. (2)
Denote by Cg the zero set of the ideal. The zero set is finite, Ref. 9. The
algebra Ag is finite-dimensional and is the direct sum of local algebras,
Ap = ®pecsip,s

corresponding to points p € Cy. For p € Cy, the local algebra A, ¢ may be
defined as the quotient of the algebra of germs at p of holomorphic functions
modulo the ideal I, ¢ generated by all the functions W;;. The algebra Ay
contains the maximal ideal m;, generated by the germs of functions equal
to zero at p.

2.3. Generators of the local algebra of a critical point
Let u be a variable. Define an N-tuple of polynomials T1,...,Ty € Clu],

n
A(S),ai
- [J-s00.

s=1

an N-tuple of polynomials y1,...,yn € Clu, ],

~

i

— L1,

Jj=1

and the differential operator

Do = (9 — log’(w))
Y
T ... T _
< (0 —log (LT (9, — o (Y1), — log/ (y),
Y2 YN
where 9, = d/du and log’ f denotes (df /du)/f. We have
N+1 e ‘
De = 00T+ GoYT Gi=) Giyu, (3)

i=1
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where G;; € Ct].
For p € Cg, f € C(t)y denote by f the image of f in Ap 5. Denote

B N+1
Do = Oy 4+ Gyt

i=1
where G; = Z;; Gijud.

Theorem 2.1. For any p € Cg, the elements Gij7 t1=1,...,N, j > 1,
generate Ap o.

Theorem 2.1 is proved in Section 3.4.

2.4. Polynomials h;
Let A be a commutative algebra. For gi,...,¢9; € Afu], denote by
Wr(g1(u),...,g:(u)) the Wronskian,
i1
ga<u>...g§ 1§<u>
Walgs(u). ., gi(u)) = det [ 92(1) 92(0) -+ 027 (1)

i1
gi(u) gi(w) .. g (w)
where gU) (u) denotes the j-th derivative of g(u) with respect to w.
Introduce a set

P ={ddy....dvs1},  di=A 4 N1 (4)
Theorem 2.2. There exist unique polynomials hi,...,hxi1 € Apalu] of
the form

d;
hi=ub+ Y hgyutI (5)

such that hyy1 = yn and

Wr(hyi1, AN ... ANt1—j)

j nj—1
=y TET T II @-da) (o
N+1—j<i<i’'<N+1

for j = 1,...,N, where yo = 1. Moreover, each of the polynomials
hi,...,hny1 is a solution of the differential equation Dyh(u) = 0. O
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Proof. The existence of unique polynomials h; satisfying (6) is proved in
Ref. 3 generalizing the corresponding result in Section 5 of Ref. 9. The
fact that the polynomials h; satisfy the differential equation Dgh(u) = 0 is
proved like in Section 5 of Ref. 9. |

Lemma 2.3. The subalgebra of Ap e generated by elements Gij, i =
1,...,N, j > i, contains all the coefficients h;yj, 1 = 1,...,N+1, j =
1,...,d;, di—j & P.

The proof of the lemma is the same as the proof of Lemma 3.4 in Ref. 6.

3. Algebra Ag,

3.1. Algebra Oy ()

Let A = ()\(1), R )\("))7 AR 2 = (21, ..., 2n) be partitions and numbers
as in Section 2.2. Let d be a natural number such that d — N — 1 > )\goo)
andd—N—-1> A" fori=1,...,n.

Let Cg4lu] be the space of polynomials in u of degree less than d. Let
Gr(N +1,d) be the Grassmannian of all N + 1-dimensional subspaces of
Cd[u]

For a complete flag F = {0 C Fy C F» C --- C Fy = Cy4u]} and a
partition A = (A1,...,An+1) with Ay < d — N — 1, define a Schubert cell
Ox(F) € Gr(N + 1,4d),

Q\F) = {q € Gr(N +1,d) | dim(q ﬂFd_j_)\j) =N+1-3j,
dim(q n Fd,j,)\jfl) =N —j}
We have codim Qx(F) = |A].
Let P = {di,dz,...,dny1} be defined in (4). Introduce a new partition
AV = (d=N-1-X) d-N-1-2 ... d-N-1-2). (7)
Denote
F(oo) = {0 C Cy[u] C Cafu] C --- C Cqlu]}.
Consider the Schubert cell Q) (F(oo)). We have dim Qy ) (F(oo)) =
IAC].

The Schubert cell 25 v) (F(o0)) consists of N 4 1-dimensional subspaces

q C Cylu] with a basis {f1,..., fnv+1} of the form
d;

fi=uhit Y fygutid (8)

Jj=1, di—j¢P
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Such a basis is unique.

Denote by Oy () the algebra of regular functions on €2, ) (F(c0)). The
cell Q) (F(00)) is an affine space with coordinate functions f;;. The alge-
bra Oy () is the polynomial algebra in variables f;,

Oy o0 Z(C[fij, i=1,....,.N+1, j=1,...,d;, dl—jQP] (9)

3.2. Intersection of Schubert cells
For z € C, consider the complete flag
F(z) = {0C (u—2)""C1{u] C (u—2)"2Calu] C -+ C Cqlu]}.

Denote by £ A=), the set-theoretic intersection and by Agr the
scheme-theoretic intersection of the n + 1 Schubert cells Q) (F(c0)),
Oy (F(zs)),s = 1,...,n, see Section 4 of Ref. 6. The set-theoretic inter-
section {25 () , is a finite set and the scheme-theoretic intersection Ag;, is
a finite-dimensional algebra (“of functions on Q4 () ,”). The algebra of
functions on Q4 y() , is the direct sum of local algebras,

Agr = @qGQA_’)‘(OO)’qu,Gra

corresponding to points g € Q4 =) .. The algebra Ag, is the quotient
of the algebra O,(~) of functions on €,)(co) by a suitable ideal. For
q € Qp z=), and [ € Oy denote by f the image of f in Ag ;.

Lemma 3.1. For any q € p z) ., the elements ﬁj, where i =
1,...,N+1,5=1,...,d;, di — j & P, generate Aq . O

3.3. Isomorphism of algebras

Theorem 3.2 (Ref. 9). Let p € Cy. Let h,...,hnt1 € Ap alu] be poly-
nomials defined in Theorem 2.2. Denote by hq,...,hxy1 the projection of
the polynomials to Ap e /mplu] = Clu]. Then (hi,...,hni1) € Qp s ,-
O

Denote g = <]~“L1, ce ]N“LN+1>. Let fij € Ag r be elements of Lemma 3.1.
Let h;; be coefficients of the polynomials A, ..., hy41 in Theorem 3.2.

Theorem 3.3 (Ref. 3). The map fi; — hij, where i = 1,...,N + 1,
j=1,....d;, d; — j € P, extends uniquely to an algebra isomorphism
Agcr — Apa. O

Corollary 3.4. The elements h;j, where i = 1,..., N +1, j =1,...,d;
d; —j & P, generate Ap o. |
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3.4. Proof of Theorem 2.1

By Lemma 2.3 the subalgebra of A, ¢ generated by all the elements G’ij
contains all the coeflicients h;;. By Corollary 3.4 the coeflicients h;; generate
Ap,o. Theorem 2.1 is proved.

4. Bethe algebra
4.1. Lie algebra gln 4[]

Let gly 1 [t] = gly,1 @ C[t] be the Lie algebra of gl ;-valued polynomials
with the pointwise commutator. For g € gly 1, we set g(u) = > 00 (9 ®
t)u—s"L,

We identify gl ; with the subalgebra gly,; ® 1 of constant polynomi-
als in gly[t]. Hence, any gl [t]-module has a canonical structure of a
gly,1-module.

For each a € C, there exists an automorphism p, of gly_[t], pa :
g(u) — g(u—a). Given a gly, [t]-module M, we denote by M (a) the pull-
back of M through the automorphism pg. As gl -modules, M and M (a)
are isomorphic by the identity map.

We have the evaluation homomorphism, gly,[t] — glyq, g(u) —
gu~'. Its restriction to the subalgebra gly_ , C gly[t] is the identity
map. For any gl ;-module M, we denote by the same letter the gly ,[t]-
module, obtained by pulling M back through the evaluation homomor-
phism.

4.2. Definition of row determinant

Given an algebra A and an (N + 1) x (N + 1)-matrix C = (c¢;;) with entries
in A, we define its row determinant to be

rdet C' = Z (=1)7 €15(1)C20(2) - - - CN+1 o(N+1) -

TEXN+1

4.3. Definition of Bethe algebra
Define the universal differential operator D by the formula
8u —611(1&) —egl(u) —eN+11(u)

Dy = rdet —e1a(u) Oy —exa(u) ... —ent12(u)

—ern+1(u) —eang1(u) ... Oy — eng1n+1(uw)
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We have
N+1 ) oo

Dy = 63)’“ + Z B; 85“'1_2, B, = ZBijU_]7 Bij € U(gly1[t]) -
i=1 =i

(10)
The unital subalgebra of U(gly[t]) generated by By, i = 1,...,N +1,
j =1, is called the Bethe algebra and denoted by B.

By Ref. 14, cf. Ref. 5, the algebra B is commutative, and B commutes
with the subalgebra U(gly 1) C U(gly,[t])-

As a subalgebra of U(gly,,[t]), the algebra B acts on any gly[t]-
module M. Since B commutes with U(gly ), it preserves the gly_ ; weight
subspaces of M and the subspace Sing M of gl ;-singular vectors.

If L is a B-module, then the image of B in End(L) is called the Bethe
algebra of L.

4.4. Bethe algebra of Sing LA[A(°)]

For a partition A with at most N + 1 parts denote by Ly the irreducible
gl ;-module with highest weight A.
Let A = ()\(1), ce )\(")), )\(OO), z = (z1,...,2n) be partitions and num-
bers as in Section 2.2. Denote Ly = Ly ® -+ ® Ly . Let
LA = {v e Lp | esv = Ay fori=1,... N+ 1},

7

Sing LAA®] = {v € LAIN®)] | €0 =0 for i < 5}

be the subspace of vectors of gl -weight A and the subspace of gl
singular vectors of gly_ ;-weight ) respectively. Consider on La the
gl [t]-module structure of the tensor product of evaluation modules,
Lan = @™ Ly (zs). Then Sing LA[A®] is a B-submodule. We denote
by B ace) . the Bethe algebra of Sing LA

4.5. Shapovalov Form

Let 7 : gl 1 — glyy1 be the anti-involution sending e;; to ej; for all (i, 7).
Let M be a highest weight gly, ;-module with a highest weight vector w.
The Shapovalov form S on M is the unique symmetric bilinear form such
that

S(w,w) =1, S(zu,v) = S(u, 7(z)v)

for all u,v € M and x € gly ;.
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Fix highest weight vectors vy() € Ly, s =1,...,n. Define a symmet-
ric bilinear form on the tensor product Ln = Lyu) ® -+ ® Lyw) by the
formula

SA = S1®@--® 85, (11)

where S is the Shapovalov form on Ly (). The form S} is called the tensor
Shapovalov form.

Theorem 4.1 (Ref. 5). Consider the space La as the gly,[t]-module
®7_1 Ly (25). Then any element B € B acts on LA as a symmetric op-
erator with respect to the tensor Shapovalov form, Sa(Bu,v) = Sa(u, Bv)
for any u,v € L. O

5. Weight function
5.1. Definition of the weight function
Let A = ()\(1), ol )\("))7 A o= (21, ..., z5) be partitions and numbers
as in Section 2.2. Recall the construction of a rational map
w i C = LA
called the weight function, see Ref. 13, cf. Ref. 4, Ref. 12.
Denote by P(l,n) the set of sequences
C = (c1,.. ¢ oo Ciich)

of integers from {1,..., N} such that for every i = 1,..., N, the integer ¢
appears in C' precisely [; times.

Denote by X(C) the set of all bijections o of the set {1,...,l} onto

; (1) (1) (2) (2 (N) (N)y s

the set of variables {t;,.. .., 7, t;", ..., ;.7 ..., t; ... ¢ '} with the
following property. For every a = 1,...,l the a-th element of the sequence
C equals i, if o(a) = t;z).

To every C' € P(l,n) we assign a vector

ecv = ec%+1)c% ce ecl1>1+17cl171 V(1) R ® 6011+17011 N ecgln+17cgn Ux(n),

ecv € LA[)\(OO)}.
To every C € P(l,n) and o € 3(C), we assign a rational function

wWe o

= Wo;1,2,..01(21) "0 Wobytobbp_1+ 1,014 tbn—14+2,.b1 b —1+by (20)5
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where

Wosa,a+1,...,a+j (2)
1
(0(a) —o(a+1))...(o(a+j—1)—ala+j))(ola+j) —2)

w(t) = Z Z we,eecv . (12)

CeP(l,n) cex(C)
Examples. If n =2 and (I1,13,...,Ix) =(1,1,0,...,0), then

We set

1
YO = G ) e S0

1

e oo RS
1

! (# = 2)(t — 22) €210x ® €320x()
1

! (t?) — z1)(t§1) — 22) €32UA0) @ €21Ux()
1

' () — Pt — 2) UA() @ €21€52U@
1

+ (t(12) _ tgl))(t(ll) ) Va1 & €32€21Vy(2) -

If n =2 and (I1,l2,...,ly) = (2,0,...,0), then
1
W(t) = ( 1 1 1 + 1 1 1 ) 63111)\(1) ®UA(2)
() =t (e — ) (@5 — ) - 2)
1 1
+ (1) (1) T & ) €21051) ® €21V )
(tl - Zl)(tg - ZQ) (t2 — Zl)(tl — ZQ)
1 1 ,
* ( (1) ) V1) ® e31U5(@) -

+
() =t —z) () — (Y — z)

Lemma 5.1 (Lemma 2.1 in Ref. 10). The weight function is regular
onU. ]

5.2. Grothendieck residue and Hesstan

Let

82
Hess log d = det (W log (I)>
J J’



318 E. Mukhin, V. Tarasov & A. Varchenko

be the Hessian of log ®. Let p € U be a critical point of ®. Denote by Hp
the image of the Hessian in the local algebra Ap ¢. It is known that Hp, is
nonzero and the one-dimensional ideal CH, C Ap ¢ is the annihilator of
the maximal ideal my, C Ap o.

Let pp : Ap o — C, be the Grothendieck residue,

1 /
f e — Res .
(2mi)! i Hij Wij

It is known that pp(Hp) = pp, where pp = dim Ay o is the Milnor number
of the critical point p. Let (, )p be the Grothendieck residue bilinear form
on Ap7q> y

(f:9)p = pp(fg) -

It is known that (, )p is nondegenerate. These facts see for example in
Section 5 of Ref. 1.

5.3. Projection of the weight function
Let p € Cg be a critical point of ®. Let
wp € LAA®] @ A, 5

be the element induced by the weight function. Let S be the tensor Shapo-
valov form on L.

Theorem 5.2 (Ref. 10, Ref. 15). We have
Sa(wp, wp) = Hp . (13)
(|

Theorem 5.3 (Ref. 13). The element w, belongs to Sing LA[A™] @
Ap.a, where Sing La [)\(oo)] C La [)\(oo)] is the subspace of singular vectors.
O

Theorem 5.3 is a direct corollary of Theorem 6.16.2 in Ref. 13, see also
Ref. 11 and Ref. 2.

5.4. Bethe ansatz

Let p € Cg be a critical point of ®. Consider the differential operator

N+1 oo
Do =00 '+ > Go) ™", Gi=) Gyu™, Gy eC[t,
i=1 j=i
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described by (3), and projections G;; of its coefficients to A, ¢. Consider
the differential operator

N+1 fo'e)
Dy = oYM+ Bial ™' Bi =) Byu, ByeU(alyplt]),
i=1 j=i

described by (10).

Theorem 5.4 (Ref. 5). For anyi=1,...,N+1,j >1i, we have
(Bij@Dwp = (10 Gyj)wp (14)

in Sing LAN ) ® Aps. O

This statement is the Bethe ansatz method to construct eigenvectors of
the Bethe algebra in the gly; Gaudin model starting with a critical point
of the master function.

5.5. Main result

Let g1,...,9,, be a basis of A, ¢ considered as a C-vector space. Write
wp = Y., V; ® g;, with v; € Sing L [A()]. Denote by M, C Sing LA[A?]
the vector subspace spanned by v1,...,v,,. Define a linear map

Hp

a: Ape — Mp, f= (fawp)pzz (f, 9i)pvi - (15)

i=1
Theorem 5.5. Let p € Cg. Then the following statements hold:

(i) The subspace M, C Sing LA[A™] is a B-submodule. Let App C
End (M,,) be the Bethe algebra of M,. Denote by B;j the image in
Ap B of generators B;j € B.

(i) The map a : Ap e — Mp is an isomorphism of vector spaces.

(iii) The map G'Z-j — Bz-j extends uniquely to an algebra isomorphism [ :
Ap’q;. — Ap,B-

(iv) The isomorphisms « and B identify the regular representation of Ap &
and the B-module My, , that is, for any f,g € Ap e we have a(fg) =

B(f)a(g)-

Corollary 5.6. Let p € Cy. Then the value w(p) of the weight function at
p is a nonzero vector of Sing LA[A™].

Theorem 5.5 and Corollary 5.6 are proved in Section 6.4.
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6. Proof of Theorem 5.5
6.1. Proof of part (i) of Theorem 5.5

It is sufficient to show that for any f € Ape and any (i,j) we have
Bija(f) € Mp. Indeed, we have

Hp Hp

Bija(f) = Z(ﬂ ag1)pBiju = Z(ﬂ Giig)pt

=1 =1

Here the second equality follows from Theorem 5.4 and the third equality
follows from properties of the Grothendieck residue form.

6.2. Bilinear form (, )s

Define a symmetric bilinear form (, )g on A, &,

(fvg)s = SA(Oé(f),O[(g)) = Z SA(vi7vj) (fvg’b)P (gvgj)P

i,j=1

for all f,g € Ap .

Lemma 6.1. For all f,g,h € Ap o we have (fg,h)s = (f,gh)s.

Proof. By Theorem 2.1 the elements G;; generate A, ¢. We have

(Gijf,h)s = SA(Ol(G'ijf)»Ol(h)) SA(Bija(f)»a(h))
= Sa(a(f), Bija(h)) = Sale(f), a(Gijh)) = (f, Gijh)s-

Here the third equality follows from Theorem 4.1. O

Lemma 6.2. There exists F' € Ap .o such that (f,h)s = (Ff,h)p for all
f,he Ap’q;.,

Proof. Consider the linear function Ap e — C, h +— (1,h)s. The form
(, )p is nondegenerate. Hence there exits F' € Ap ¢ such that (1,h)s =
(F,h)p for all h € Ap o. Now the lemma follows from Lemma 6.1. m|
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6.3. Auxiliary lemmas

Lemma 6.3. For any f € Ap o, we have
1
fHpy=—(f,Hp)pHp . (17)
Hp

Proof. The lemma follows from the fact that formula (17) evidently holds
for 1 € Ap o and for any element of the maximal ideal. O

For f € Ap ¢, denote by Ly the linear operator Ap ¢ — Ap @, h — fh.
Lemma 6.4. We have tr Ly = (f, Hp)p.

Proof. The linear function Ap e — C, f +— trLy, is such that 1 — py
and f — O for all f € m,. Hence this function equals the linear function

f = (f7 HP)P' O

Let g7,...,9;, be the basis of Ap e dual to the basis g1,...,g,, with
respect to the form (, ),. Then H, = > 1% (Hp,g;)pgi- Indeed for any

f € Ap o, we have f =3 (f,97)pgi-

Lemma 6.5. We have Y ', gfg; = Hyp

Proof. For f € Ap o, we have tr Ly = > .(g97, fgi)p = O_; 9i9i, f)p- By
Lemma 6.4, we get (3, 979i, f)p = (Hp, f)p- Hence Y. g¥g; = Hyp, since
the form (, )p is nondegenerate. |

Lemma 6.6. Let F' € Ap o be the element defined in Lemma 6.2. Then F'
is invertible, FHp = Hp, and the form (, )g is nondegenerate.

Proof. By definitions we have

(f.h)s =Y Sa(i,v:)(gi: Fp(gi: hp

]
and
(f,h)s = (Ff h)p Z(gzaFf) (95, h)p = Z(ngv (i h)p

Hence >, Sa(vi,v;)9i ® gj = >_; Fg; ® g7 and therefore by Lemma 6.5 we
get

ZSA (vi,v5)9i95 = ZFglgz = FHp.

ij
By Theorem 5.2, -, Sa(vi,v;)9i9; = Hp. Hence FHp = Hp, the element
F is invertible, and the form (, )s is nondegenerate. O
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6.4. Proof of Theorem 5.5 and Corollary 5.6
Part (i) of Theorem 5.5 is proved in Section 6.1.

Assume that Y 5, \;jv; = 0. Denote h = >, \;jg;. Then a(h) = 0 and
(f,h)s = Sa(a(f),a(h)) =0 for all f € Ay s. Hence h = 0 since (, )g is
nondegenerate. Therefore, A\; = 0 for all 4 and the vectors vy,...,v,, are
linearly independent. We have a(g;) = v; for all 4. That proves part (ii) of
Theorem 5.5.

Parts (iii-iv) easily follow from part (ii) and formula (16).

We have

ppw(p) = (Hp,wp)p = a(Hp). (18)

That implies that w(p) is a nonzero vector.

7. Concluding remarks

Theorem 7.1. Let Co = {py,...,p;}, be the critical set of ® in U. Let
My, C Sing LA[)\(OO)], s=1,...,k, be the corresponding subspaces defined
in Section 5.5. Then the sum of these subspaces is direct.

Proof. It follows from Theorem 5.5 that for any s and any (i, j) the oper-
ator B;; — G;;(p,) restricted to My, is nilpotent. Moreover, the differential
operators Dg|t—p , s = 1,...,k, which contain eigenvalues of the operators
B;j, are distinct. These observations imply Theorem 7.1. O

Let a(Ag) = ®%_; M, . Denote by Ap the image of B in End(a(As)).
Consider the isomorphisms

k k k

o = EBs:lO‘S : EBs:lAPs@ - EB521]\4 )
k k k

ﬂ = 69.9:168 : EBS:IAPy@ - EBSZIAPS’B

of Theorem 5.5.
Corollary 7.2. We have

(i) Ap = @1 Ap. B
(i) The isomorphisms «, (3 identify the reqular representation of the algebra
Ag and the Ag-module a(Ag).

The corollary follows from Theorems 5.5 and 7.1.
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The T-systems and Y-systems are classes of algebraic relations originally as-
sociated with quantum affine algebras and Yangians. Recently they were gen-
eralized to quantum affinizations of quantum Kac-Moody algebras associated
with a wide class of generalized Cartan matrices which we say tamely laced.
Furthermore, in the simply laced case, and also in the nonsimply laced case
of finite type, they were identified with relations arising from cluster algebras.
In this note we generalize such an identification to any tamely laced Cartan
matrices, especially to the nonsimply laced ones of nonfinite type.

Keywords: T-systems; Y-systems; quantum groups; cluster algebras.

1. Introduction

The T-systems and Y-systems appear in various aspects for integrable sys-
tems. Originally, the T-systems are systems of relations among the Kirillov-
Reshetikhin modules in the Grothendieck rings of modules over quantum
affine algebras and Yangians. The T and Y-systems are related to each
other by certain changes of variables. See, for example, Ref. 1 and refer-
ences therein for more information and background.

Let I = {1,...,r} and let C' = (Cyj):jer be a (generalized) Cartan
matriz in Ref. 2; namely, it satisfies C;; € Z, Cy; = 2, Cy; < 0 for any i # j,
and C;; = 0 if and only if C}; = 0. We assume that C is symmetrizable, i.e.,
there is a diagonal matrix D = diag(ds,...,d,) with d; € N := Z+( such
that B = DC is symmetric. We always assume that there is no common
divisor for dy,...,d, except for 1. Following Ref. 4, we say that a Cartan
matrix C' is tamely laced if it is symmetrizable and satisfies the following
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condition due to Hernandez:®
If Cij < —1, then d; = —Cji =1. (1)

Recently, the T-systems were generalized by Hernandez® to the quantum
affinizations of the quantum Kac-Moody algebras associated with tamely
laced Cartan matrices. Subsequently, the corresponding Y-systems were
also introduced by Kuniba, Suzuki, and the author.*

Remarkably, these T and Y-systems are identified with (a part of) re-
lations among the variables for cluster algebras,>® which are a class of
commutative algebras closely related to the representation theory of quiv-
ers. For the T and Y-systems associated with simply laced Cartan matrices
of finite type, this identification is a topic intensively studied by various
authors recently with several reasons (periodicity, categorification, positiv-
ity, dilogarithm identities, etc.)'571¢ In Ref. 4, such an identification was
generalized to the simply laced Cartan matrices. In Refs. 15 and 16, it was
also extended to the nonsimply laced Cartan matrices of finite type.

In this note we present a generalization of the above identification to
any tamely laced Cartan matrices, especially to the nonsimply laced ones of
nonfinite type, thereby justifying Sec. 6.5 of Ref. 4 which announced that
such a generalization is possible. Basically it is a straightforward extension
of the simply laced ones* and the nonsimply laced ones of finite type,'®:'6
but it is necessarily more complicated. At this time we do not have any
immediate application of such a generalization. However, we believe that
this is a necessary step toward further study of the intriguing interplay of
two worlds — the representation theories of quantum groups and quivers
— through cluster algebras.

2. T and Y-systems

In this section we recall the definitions of (restricted) T and Y-systems. See
Ref. 4 for more detail.

With a tamely laced Cartan matrix C, we associate a Dynkin diagram
X (C) in the standard way: For any pair ¢ # j € I with C;; < 0, the vertices
i and j are connected by max{|C;;|,|Cji|} lines, and the lines are equipped
with an arrow from j to ¢ if C;; < —1. Note that the condition (1) means

(i) the vertices ¢ and j are not connected, if d;,d; > 1 and d; # d;,
(ii) the vertices ¢ and j are connected by d; lines with an arrow from
to j or not connected, if d; > 1 and d; =1,
(iii) the vertices 7 and j are connected by a single line or not connected,
if d; = d.
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As usual, we say that a Cartan matrix C is simply laced if C; = 0 or
—1 for any i # j. If C' is simply laced, then it is tamely laced.
For a tamely laced Cartan matrix C, we set integers ¢ and ¢, (a € I) by

t
t =lem(dy, ..., d,), ta:d—. (2)
For an integer ¢ > 2, we set
1
Io:={(a,m,u) laeI;m=1,... .t —L;u€ ;Z} (3)

For a,b € I, we write a ~ b if Cy, < 0, i.e., a and b are adjacent in X (C).
First, we introduce the T-systems and the associated rings.

Definition 2.1. Fix an integer ¢ > 2. For a tamely laced Cartan matrix
C, the level £ restricted T-system T¢(C) associated with C (with the unit
boundary condition) is the following system of relations for a family of
variables Ty = {Ty(,il)(u) | (a,m,u) € Iy},

) (= da) TS (w4 42) = T ()T (u +HT (W) if dg > 1,

b:b~a

(4)

T (u— ) T3 (u+ L) = T8 () T) (w) + [] SP ) if da =1,
b:b~a

(5)

where To(a)(u) = 1, and furthermore, Tt(:é) (u) = 1 (the unit boundary con-
dition) if they occur in the right hand sides in the relations. The symbol
Sy(,l,’)(u) is defined as follows. For m = 0,1,2,... and 0 < j < dj,

Sc(zi)mﬂ(u) {HTr(nbL (u + %(] +1- 2k)> }

k=1
dp—J
{HT(b) (u+ db—j+1—2k)>}.

For the later use, let us formally write (4) and (5) in a unified manner
T3 (= %) T (u+ %) = T (T3 ()

b via,m,u 7
R L T
(b,k,v)EIg

Definition 2.2. Let T¢(C) be the commutative ring over Z with identity
element, with generators T(a)( )Y ((a,m,u) € T;) and relations T,(C)
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together with T\ (u)T4” (u)~ = 1. Let T¢(C) be the subring of T(C)
generated by T\ () ((a,m, u) € Ty).

Similarly, we introduce the Y-systems and the associated groups.

Definition 2.3. Fix an integer ¢ > 2. For a tamely laced Cartan matrix
C, the level £ restricted Y-system Y¢(C') associated with C' is the following
system of relations for a family of variables Y = {Y,Sf) (w) | (a,m,u) € I},

Y7$la) (u _ d_a) YTSL‘I) (u T ﬁ) — o) bib~a @ if d, > 1,
I+ Y, 2 w) D)+ Y, 5 (w)™h)
(8)

. blb'[ (1+Y;%’>(u))

ma U da) = o if d, =1,

)Y %) (14 Y, (w)=1)(1 + Y, (u)-) d=
(9)

where Y% (u)~1 = Ytiag) (u)~t = 0 if they occur in the right hand sides

in the relations. Besides, erf/) 4, (w) = 01in (9) if m/dy ¢ N. The symbol

Z,gb,zn(u) (p € N) is defined as follows.

Yy,(@a) (u —d

Aa
t

p—1 =7l
Zim@ = T { IT (1+ Y0+ de—lil+1-20)) ¢ (10
j=—p+1 | k=1

One can write (8) and (9) in a unified manner as

b t via,m,u
[I 4yt )yctsvens

VA (= ) Y (u 4 da) = DR = . (11)
1+ Y2 () =) (A+ Y0 (u) ™)
where G (b, k, v;a,m,u) := G(a, m,u; b, k,v).
A semifield (P,®) is an abelian multiplicative group P endowed with
a binary operation of addition @ which is commutative, associative, and
distributive with respect to the multiplication in P.

Definition 2.4. Let Y,(C) be the semifield with generators v, (u)
((a,m,u) € Zy) and relations Y,(C). Let Y7(C) be the multiplicative sub-
group of Y,(C) generated by VA (u), 1+ VA (u) ((a,m,u) € Zp). (Here we
use the symbol + instead of @ for simplicity.)
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3. Cluster algebra with coefficients

In this section we recall the definition of cluster algebras with coefficients
following Ref. 6. The description here is minimal to fix convention and
notion. See Ref. 6 for more detail and information.

Let I be a finite set, and let B = (B;;); jer be a skew symmetric (integer)
matrix. Let x = (z;)icr and y = (y;)ier be I-tuples of formal variables.
Let P = Q«(y) be the universal semifield of y = (yi)icr, namely, the
semifield consisting of the subtraction-free rational functions of y with usual
multiplication and addition (but no subtraction) in the rational function
field Q(y). Let QP denote the quotient field of the group ring ZP of P.

For the above triplet (B, x,y), called the initial seed, the cluster algebra
A(B, x,y) with coefficients in P is defined as follows.

Let (B’,2’,y’) be a triplet consisting of skew symmetric matrix B’ an I-
tuple 2’ = (2})ier with 2} € QP(z), and an I-tuple y' = (y})ier with y, € P.
For each k € I, we define another triplet (B”, 2", y") = ux(B’, 2, y"), called
the mutation of (B',z',y') at k, as follows.

(i) Mutations of matriz.

—B!. i=korj=kF,
BZ; = / ! 1 ! ! / / 3 (12)
Bi; + §(|Bik|Bkj + Bl-k|Bkj|) otherwise.
(i) Exchange relation of coefficient tuple.
i ! i=k,
" y’ Bis
k
vi(l@y) P ik By <0.
(i4i) Exchange relation of cluster.
By, — B,
Y Hj:B;.k>0 x4 Hj:B_;k<0 xp L
zf = 1@y}, e (14)

It is easy to see that uy is an involution, namely, uprp(B”,z"”,y") =
(B’,2',y"). Now, starting from the initial seed (B, z,y), iterate mutations
and collect all the resulted triplets (B’,z’,y"). We call (B’,z’,y’) the seeds,
y' and y} a coefficient tuple and a coefficient, ' and x}, a cluster and a clus-
ter variable, respectively. The cluster algebra A(B, xz,y) with coefficients in
P is the ZP-subalgebra of the rational function field QP(x) generated by
all the cluster variables. Similarly, the coefficient group G(B,y) associated
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with A(B, z,y) is the multiplicative subgroup of the semifield P generated
by all the coeflicients y} together with 1 & y.

It is standard to identify a skew-symmetric (integer) matrix B =
(Bij)ijer with a quiver Q without loops or 2-cycles. The set of the ver-
tices of @ is given by I, and we put B;; arrows from ¢ to j if B;; > 0. The
mutation Q" = up(Q') of a quiver Q' is given by the following rule: For
each pair of an incoming arrow ¢ — k and an outgoing arrow k — 7 in Q’,
add a new arrow ¢ — j. Then, remove a maximal set of pairwise disjoint
2-cycles. Finally, reverse all arrows incident with k.

4. Cluster algebraic formulation: The case |I| = 2; t is odd
4.1. Cartan matriz M;

We are going to identify T,(C) and Y,(C) as relations for cluster vari-
ables and coeflicients of the cluster algebra associated with a certain quiver
Qu(C).

To begin with, we consider the case I = {1,2}, which will be used
as building blocks of the general case. Without loss of generality we may
assume that a Cartan matrix C is indecomposable, i.e., X (C) is connected.
Thus, we assume that our tamely laced Cartan matrix C' has the form

t=1,2,...)
C =M, := (_Qt _21> D= (é 2) (15)

We have the data d; = t, do = 1, t = lem(dy, ds), t1 = 1, t2 = t, and the
corresponding Dynkin diagram looks as follows (¢ lines in the middle and
there is no arrow for ¢ = 1):

O==0

1 2

We ask the reader to refer to Refs. 4, 15, and 16, where the cases t = 1
(type As2), 2 (type B2), and 3 (type G2), respectively, are treated in detail.

It turns out that we should separate the problem depending on the
parity of ¢. In this section we consider the case when ¢ is odd.

4.2. Parity decompositions of T and Y-systems
For a triplet (a,m,u) € Z;, we set the parity conditions Py and P_ by
P, :m+tuis odd for a = 1; m + tu is even for a = 2,

16
P_:m+tuiseven for a = 1; m + tu is odd for a = 2. (16)
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We write, for example, (a,m,u) : Py if (a,m,u) satisfies P,. We have
Ty = To+ UTZ,—, where Zy. is the set of all (a,m,u) : P.. Define T (M),
(e = %) to be the subring of T7(M;) generated by Tfyf)(u) ((a,m,u) € Zye).
Then, we have T7 (My)4 =~ T5 (M) - by TT(,?)(U) — TT(,?)(U + 1) and

T2 (M) = T2 (My)+ © TS (M) (17)

For a triplet (a,m,u) € Z;, we introduce another parity conditions P’,
and P’ by

P’ :m+tuis even for a = 1; m + tu is odd for a = 2, (18)

P’ :m+tuis odd for a = 1; m + tu is even for a = 2.
Since P/, = P, it may seem redundant, but we use this notation to make
the description unified for both odd and even ¢t. We have

(a,m,u) P, <= (a,myut):P,. (19)

Let Z;. be the set of all (a,m,u) : PL. Define Y3(M;). (¢ = %) to be
the subgroup of Y5(M;) generated by v, (u), 1+ Yn(@a)(u) ((a,m,
;). Then, we have Y9(M;) 4 =~ Y3(My)— by Vi (u) — Vi (u+ 1), 1+
Vi (w) 1+ Y (u + 1), and

Yo (M) ~Yg (My) 1 x 7 (My)-. (20)

4.3. Quiver Q¢(M;)

With the Cartan matrix M; and ¢ > 2 we associate a quiver Qg(M;) as
below. First, as a rather general example, the case t = 5 is given in Fig. 1,
where the right columns in the five quivers Q1,...,Q5 are identified. Also
we assign the empty or filled circle o/e and the sign +/— to each vertex
as shown. For a general odd t, the quiver Q¢(M;) is defined by naturally
extending the case t = 5. Namely, we consider ¢ quivers Q1,...,Q:. In each
quiver Q; there are £ — 1 vertices (with o) in the left column and ¢£ — 1
vertices (with e) in the right column. The arrows are put as clearly indicated
by the example in Fig. 1. The right columns in all the quivers Q1, ..., Q:
are identified.

Let us choose the index set I of the vertices of Q¢(M;) so that i =
(i,1") € I represents the vertex at the i'th row (from the bottom) of the left
column in Q; for i = 1,...,¢, and the one of the right column in any quiver
fori=t+1. Thus,i=1,...,t+1,ands =1,...,4—1if ¢ #¢+ 1 and
v=1,...,tf—1ifi=1t+1.
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o+ o+ o+ o+ :H—
%:; N O
B Zoa TR Zog SRR o U= SRR 1
\o— \0— \0— \o— 1 —
xo-l— \0-‘- \0+ o+ /:H—
B S O S O

o+ \0 + X‘ﬂ + §0 + §A€. +
o+ o+ o+ o+ ::-4_—
~ Zo_'_ . /éu; - A//(“_T_ . /1;; N i;;
§::+ A S A
i i i i i

Q@1 Q2 Q3 Qa Qs
i I i - /1
b A A
o+ \0 + x‘« + §0 + §A€. +
o+ o+ o+ o+ ::—T—
Zo—l— . %0; A//'u— /1;— ‘ ¢ —
RGO RS T T

1 §o+ xu—l— \1H_r o-l— /éii- 1

I SIS S S S £
o+ \0 + \*ﬁ + \*ﬂ + x‘i‘i +
o+ o+ o+ o+ ::—T—
‘Zﬂ—’_ . Z«— A//(o— /u— ‘ in—
B S i A
§o+ \0—&- \0+ o+ éH—
i i i i i

@1 Q2 Qs o Qs
Fig. 1. The quiver Q(M¢) with ¢t = 5 for even ¢ (upper) and for odd ¢ (lower), where
we identify the right columns in all the quivers Q1, ..., @s.



T-systems, Y-systems, and cluster algebras 333

For k € {1,...,t}, let I ; (vesp. I° ;) denote the set of the vertices i
in @y with property o and + (resp. o and —). Similarly, let I (resp. I*)
denote the set of the vertices i with property e and + (resp. ® and —). We
define composite mutations,

pS=I1 m w2p= ] m wt=]]m wo=]]m @
iere i€, el il

Note that they do not depend on the order of the product.

For a permutation w of {1,...,t¢}, let w be the permutation of I such
that w(i,i") = (w(i),i’) for i # ¢t+1 and (¢t+1,4") for i = t+1. Let w(Qe(My))
denote the quiver induced from Q¢(M;) by w. Namely, if there is an arrow
i— jin Qu(My), then, there is an arrow w(i) — w(j) in W(Q¢(My)). For a
quiver @), let Q°P denote the opposite quiver.

Lemma 4.1. Let Q(0) := Q¢(M;). We have the following periodic sequence
of mutations of quivers:

ning s

Q) = Q) TEET Q) T Q) TR k)
R e T e
npl B g B pl B
Q) QEE) " Q(H2) T ()
e TSR S Q@) =)
(22)
Here, the quiver Q(p/t) (p =1,...,2t) is defined by
W, (Q(0))°P  p: odd
Q) = | 'O (23)
W, (Q(0)) p: even,
and w, s a permutation of {1,...,t} defined by
w, = ryr_---ry (p terms) p: odd (24)
ryr_---r_ (p terms) p: even,

ry = (23)45)---(r—1,r), r—=(12)(34)---(r — 2,7 — 1), (25)
where (ij) is the transposition of i and j.
Proof. Let Q1, ..., @ be the subquivers in the definition of Q,(M;) as

in Fig. 1. By the sequence of mutations (22), one can easily check that Q1
mutates as

Qr=QF «Qr=Q3" = Q - Q1= --Q3 = Q5" = Q1, (26)
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Q2 mutates as
Qe Q% = o QP = Qe Q0 = Q1 Q) = Qy (27)
(s mutates as

Qs = QY o Qo 0@ Qe = QF Qs (28

and so on. The result is summarized as (23). O

Example 4.2. The mutation sequence (22) for ¢ = 5 is explicitly given in
Figs. 2 and 3, where only a part of each quiver is presented. (Caution: the
mutations of the top and bottom arrows may look erroneous but they are
correct because of the effect from the omitted part.) The encircled vertices
are the mutation points of (22) in the forward direction.

4.4. Embedding maps

Let B = By(M,) be the skew-symmetric matrix corresponding to the quiver
Q¢(M;). Let A(B,x,y) be the cluster algebra with coefficients in the uni-
versal semifield Qg (y), and let G(B,y) be the coefficient group associated
with A(B,z,y) as in Section 3.

In view of Lemma 4.1 we set z(0) = z, y(0) = y and define clusters
z(u) = (zi(u))ier (u € +Z) and coefficient tuples y(u) = (yi(u))ier (u € +7Z)
by the sequence of mutations

e o e ©

np? nEng,
" (B(0),2(0),9(0)) <" (B(}),2().y(7)
pe pd pepl ulps (29)
—Hy 1 iy +Hy1
— — (B(2),x(2),y(2)) A
where B(u) is the skew-symmetric matrix corresponding to Q(u).
For (i,u) € I x $Z, we set the parity condition p,. by
ieli Ul oy u="%20<p<t—1,p:even
ielI* UIs u=L20<p<t—1,p: odd
Prig. o L (30)
ielfUI?,, , wu=%t<p<2t—1,p even
iel* Ul ., u=%1t<p<2t—1,p:odd,

where = is modulo 2Z. We define the condition p_ by (i,u) : p— <
(i,u — 1/t) : p4+. Plainly speaking, each (i,u) : p4 (resp. p—) is a mutation
point of (29) in the forward (resp. backward) direction of u.

There is a correspondence between the parity condition p4 here and
P,, P/, in (16).
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. @7%“ —m\—{g +N\<‘<§>§ o% +O§V§
P —éé/lfi +oé/i£ 64 +QZ.<2>; —04%1
T +o—-%—r —oi\%} oi.g:?; —oi\:z—t +oi.%—_
0w | AL |} : : :
MG al +o<\—.<§>; —o§<§>; O — —o<§.<§>; +o§<§>;
Q3) 1 \;l ﬁ \91 $-
T3 4o o —o—.gzy o—.g? —o—-(zy +o—.<z}
RGN
o e I—w/'é'%); +Oe—eo+ —/Z% +2></—'<§>; —oﬁ;
P2 o e —0+—8— dox—9e— —0+—9e— +O—eo—
MYy
e I—OZ.& -I-o—»é; _oé.él +‘o¥.®; —04

Fig. 2. (Continues to Fig. 3.) The mutation sequence of the quiver Q¢(M;) in (22) for
t = 5. Only a part of each quiver is presented. The encircle vertices correspond to the
mutation points in the forward direction.

Lemma 4.3. Below = means the equivalence modulo 27.
(i) The map g : Tey — {(u) : p4}

((2j+1,m),u) a=1lm+u= 273

(j=0,1,..., (t—1)/2)
(a,m7u—d7“)H ((2t — 24, m),u) a=1;m+u5% (31)

G=0t+1)/2,..., t—1)
((t+1,m),u) a=2
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1;m+u5%
(j=0,1,...,(t=1)/2)

a=1m+u

a =

Fig. 3. (Continues from Fig. 2.)
—{@uw) Py}

(25 +1,m),u)
((2t = 2j,m), u)

£+

U

(i) The map g :
(a,m,u) —

is a bijection.
s a bijection.
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Proof. The fact (i) is equivalent to (ii) due to (19). So, it is enough to prove
(ii). Let us examine the meaning of the map (32) in the case t = 5 with
Fig. 2. Each encircled vertex therein corresponds to (i,u) : p4, and some
(a,m,u) is attached to it by ¢’. For example, in Q(0), (1,m,0) (m: even)
are attached to the vertices with (o,+) in the first quiver (from the left),
and (2,m,0) (m: odd) are attached to the vertices with (e,4). Similarly,
in Q(1/5), (1,m,1/5) (m: odd) are attached to the vertices with (o,+) in
the fourth quiver (from the left), and (2,m,1/5) (m: even) are attached to
the vertices with (e,—). Then, one can easily confirm that ¢’ is indeed a
bijection. A general case is verified similarly. |

We introduce alternative labels x;(u) = @ (u—dg/t) ((a,m,u—dg,/t) €
Zyy) for (i,u) = g((a,m,u — d,/t)) and y;(u) = y,(ff)(u) ((a,m,u) € Ij,)
for (i,u) = ¢'((a, m, u)), respectively.

Remark 4.4. In the case t = 1, i.e., the simply laced case, the map ¢ in
Lemma 4.3 reads (a,m,u) — ((a,m),u + 1), thus, differs from the simpler
one (a,m,u) — ((a,m),u) used in Refs. 1 and 4. Either will serve as a
natural parametrization and the transferring from one to the other is easy.

4.5. T-system and cluster algebra

We show that the T-system T,(M;) naturally appears as a system of re-
lations among the cluster variables x;(u) in the trivial evaluation of co-
efficients. (The quiver Qy(M;) is designed to do so.) Let A(B,z) be the
cluster algebra with trivial coefficients, where (B, ) is the initial seed. Let
1 = {1} be the trivial semifield and 71 : Qs (y) — 1, y; — 1 be the projec-
tion. Let [z;(u)]1 denote the image of x;(u) by the algebra homomorphism
A(B,z,y) — A(B,z) induced from my. It is called the trivial evaluation.

Lemma 4.5. Let G(b, k,v;a,m,u) be the one in (7). The family {xgﬁ) (u) |
(a,m,u) € Tpi} satisfies a system of relations

(a)
a y (u) b v,a,m,u
9 (0= ) ) (u ) = UL T ke
1+ ym’ (u) (b,k,w)ETey
1 a a
+ 371(71)—1(10)955711-1(“)7

1445 (u) -
33

where (a,m,u) € I, . In particular, the family {[z%)(u)]l | (a,m,u) €
Zvy} satisfies the T-system To(M;) in A(B,x) by replacing Trgf)(u) with
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[t ().

Proof. This follows from the exchange relation of cluster variables (14)
and the property of the sequence (22) which are observed in Figs. 2 and 3.

Let us demonstrate how to obtain these relations in the case t = 5 using
Figs. 2 and 3. For example, consider the mutation at ((1,2),0). Then, the
attached variable xél)(—l) is mutated to

1 50 vy L g
2 (-1) {1+y§1)(0) o O+ gy (O (0)}7 (34)

which should equal to xgl) (1). Also, consider the mutation at, say, ((2,9),0).
Then, the attached variable sz)(—l /5) is mutated to

: { 0670001, (- 3 D (R ()

2 2
27 (=3) L1445 0)
1 @ ()22
+ ————uxg  (0)x35 (0) 7, (36)
O R
which should equal to xéQ)(l /5). They certainly agree with (4) and (5).
(The quiver Q¢(M;) is designed to do so.) |

Definition 4.6. The T-subalgebra Ar(B,x) of A(B,x) associated with the
sequence (29) is the subring of A(B, z) generated by [zi(u)]1 ((i,u) € I x
17).

¢

By Lemma 4.5, we have the following embedding.

Theorem 4.7. The ring Ty (M) is isomorphic to Ar(B,x) by the corre-
spondence Tfﬁ)(u) — [z,(;‘f) (u)]1-

Proof. The map p : T,Sf)(u) — [xg,‘,l) (u)]1 is a ring homomorphism due
to Lemma 4.5. We can construct the inverse of p as follows. For each
iel let u; € %Z be the smallest nonnegative u; such that (i,u) : p4.
Then, thanks to Lemma 4.3 (i) there is a unique (a,m,u; — dq/t) € Zot
such that g((a,m,u; — do/t)) = (i,u;). We define a ring homomorphism
¢ ¢ Zrier — To(My) by it Tn(f)(ui — d,/t)*!. Thus, we have
: [mgff) (ui — dg/t)]1 — Ty(,?)(ui — d,/t). Furthermore, one can prove that
s’ (u)]1 — T (u) for any (a, m,u) € Zy4 by induction on the forward
and backward mutations, applying the same T-systems for the both sides.
By the the restriction of ¢ to Ar(B,z), we obtain a ring homomorphism
¢ Ar(B,x) — T7(M;)4, which is the inverse of p. O

At Y
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4.6. Y-system and cluster algebra

The Y-system Y, (M) also naturally appears as a system of relations among
the coefficients y;(u).

The following lemma follows from the exchange relation of coefficients
and the property of the sequence (22).

Lemma 4.8. The family {y(a)( ) | (a,m,u) € )} satisfies the Y-system
Yo(My) by replacing Y,&La)( ) with y(a)( ).

Proof. Again, let us demonstrate how to obtain these relations in the
case t = 5 using Figs. 2 and 3. For exaunple7 consider the mutation at
((1,2),0). Then, the attached variable yQ (0) is mutated to yél)(())_l. Then,

the following factors are multiplied to y( )(0)’1 during u = %, e %:
1 +4i7(2)),
L+ (3N +u3(2)),
(1+ 93 N+ 3 (3 + 32 (2),
(L+y3 N+ ENA + () A + (),
(1+ 35 (0 + i EN+ 5 ()1 + i (D) + 3 (2)),
(L4303 + 58 (ENA + (9 + 57 (),
A+ u2ENA+yPENa+yP (D)),
(L+yP 3N+ (2)),
1+ (2)),
-+’

The result should equal to yé )( 2). Also, consider the mutation at, say,

((2,9),0). Then, the attached variable y( )( 0) is mutated to yéz) (0)~L. Then,

the following factors are multiplied to y( )(O)*1 at u = 1

=
1+ ()77 A+ g ()77
The result should equal to y( )(%) They certainly agree with (8) and (9).

O

Definition 4.9. The Y-subgroup Gy (B,y) of G(B,y) associated with the
sequence (29) is the subgroup of G(B,y) generated by y;(u) ((i,u) € Ix 1Z)
and 1+ 41(u) (5,) : s or p_).
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By Lemma 4.8, we have the following embedding.

Theorem 4.10. The group Y5 (M) is isomorphic to Gy (B,y) by the cor-
respondence Y (u) — v\ () and 1+ Y3 (w) — 1 + 35 ().

Proof. The map p : ngf)(u) — y§3>( ), 1+ Yé{”(u) — 1+ yﬁff)(u) is a
group homomorphism due to Lemma 4.5. We can construct the inverse of p
as follows. For each i € I, let u; € %Z be the largest nonpositive u; such that
(i,ui) : p+. Then, thanks to Lemma 4.3 (ii) there is a unique (a,m,u;) €
T, such that g'((a,m,u;)) = (i,u;). We define a semifield homomorphism
@ : Qs (yi)ier — Ye(My) as follows. If u; = 0, then y; — Y,&”(o). If u; <0,

we define
I] a+ v

3(n) = V@ ()1 )
(b,k,v)

where the product in the numerator is taken for (b, k,v) : Z;, such that
up < v < 0 and Bji(v) < 0 for (j,v) = ¢'((b,k,v)), and the product in
the denominator is taken for (b,k,v) : Zj, such that u; < v < 0 and
Bji(v) > 0 for (j,v) = ¢'((b,k,v)). Then, we have ¢ : o9 () = Vi ().
Furthermore, one can prove that ¢ : y(a)( ) — Yn(@a)( ) for any (a,m,u) €
7, by induction on the forward and backward mutations, applying the
same Y-systems for the both sides. By the restriction of ¢ to Gy (B, x),
we obtain a group homomorphism ¢ : Gy (B, x) — Y7(M)+, which is the

inverse of p. O

5. Cluster algebraic formulation: The case |I| = 2; t is even

In this section we consider the case |I| = 2 when t is even. Basically it is
parallel to the former case and we omit proofs.

5.1. Parity decompositions of T and Y-systems

For a triplet (a,m,u) € Zy, we reset the ‘parity conditions’ P, and P_ by
P, : tuisevenif a=1; m+tuiseven if a = 2,
P_: tuisoddifa=1; m+tuis odd if a = 2.

Let Zy. be the set of all (a,m,u) : P.. Define T5(M;). (¢ = £) to be the
subring of T3 (M) generated by T&a)(u) ((a,m,u) € Zye). Then, we have

(38)
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Ty (My)4 ~ Tg (M) - by T,(,?)(u) — éf)(u—f—%), and the decomposition (17)
holds.
For a triplet (a,m,u) € Z; , we set another ‘parity conditions’ P’ and
P’ by
P, : tuisevenifa=1; m+tuisoddifa=2,

, . . . . (39)
P_: tuisoddif a =1; m+ tu is even if a = 2.

We have
(a,m,u) P, < (a,m,ut):P,. (40)

Let Zj. be the set of all (a,m,u) : PL. Define Y3(M;). (¢ = %) to be
the subgroup of Y5 (M;) generated by Ve (u), 1+ Yn(@a)(u) ((a,m,
;). Then, we have Y9(M;) 4 =~ Y3(My)— by Ya (u) — Vit (u+ 1), 1+
Vi () = 1+ Vi (u+ 1), and the decomposition (20) holds.

5.2. Quiver Q.(M;)

With the Cartan matrix M; and ¢ > 2 we associate the quiver Qg(M;).
Again, as a rather general example, the case ¢ = 4 is given by Fig. 4,
where the right columns in the four quivers Q1,...,Q4 are identified. Also
we assign the empty or filled circle o/e and the sign +/— to each vertex
as shown. For a general even ¢, the quiver Q¢(M;) is defined by naturally
extending the case t = 4. Even though it looks quite similar to the odd
t case in Fig. 1, there is one important difference due to the parity of ¢;
that is, when t is even, any vertex in the right column of @; has the sign
‘—” whenever it is connected to a vertex in the left column by a horizontal
arrow. This is not so when ¢ is odd.

Let us choose the index set I of the vertices of Q¢(M;) as before so that
i = (i,7") € I represents the vertex at the i’th row (from the bottom) of
the left column in @; for ¢ = 1,...,¢, and the one of the right column in
any quiver for ¢ = ¢+ 1. We use the same notations 17 , I% as before. For
kE e {1,...,t}, k # K, let I3 o = I3, UIS ;. We define composite
mutations,

IS H tis P g = H Wiy, pE = H i, pdo= H Wi

iel° ic1° ieIe. icIe

+.,k,k/ — kK’
(41)

Lemma 5.1. Let Q(0) := Q¢(M;). We have the following periodic sequence
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§0+ &04— \si + o+

i i i i
Q1 Q2 Qs Q4

o+ o+ o+ o+

S S ¢

e P
-NE Y LR /::t
T S O S P S V2% &
o+ \0+ NH— §0+
_Z::i s S O A T
§0+ %04— \‘:H— o+
SO SR SO

Fig. 4. The quiver Q¢(M¢) with ¢t = 4 for even ¢ (upper) and for odd ¢ (lower), where
we identify the right columns in all the quivers Q1, ..., Q4.

of mutations of quivers:

Q) "R Qi) L5 Q) TR g
t

L] o L] o
HiHy 5t—a HiHly 1,2
R .

(5
lf‘%’u QL) Lo Q(2) “jﬂ%ﬁ? Q(L3) J‘_—) Qi)
e TS Q) S5 Q(2) = Q)
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Here, the quiver Q(p/t) (p=1,...,2t) is defined by

_ Wp(Q)°P  p: odd
Q/t) {%(Q) o (43)

and wy s a permutation of {1,...,t} defined by

ryr_---ry (p terms) p: odd
w, =
P ryr_---r_ (p terms) p: even,

ry =(23)45)---(r—2,r—=1), r—=(12)(34)---(r—1,7), (45)
where (ij) is the transposition of i and j.

Example 5.2. The mutation sequence (42) for ¢t = 4 is explicitly given in
Fig. 5. where only a part of each quiver is presented as before.

5.3. Embedding maps

Let B = By(M;) be the corresponding skew-symmetric matrix to the quiver
Qe(My) for even t. Let A(B,x,y) be the cluster algebra with coefficients in
the universal semifield, and let G(B,y) be the coefficient group associated
with A(B, x,y) as before.

In view of Lemma 5.1 we set x(0) = z, y(0) = y and define clusters
z(u) = (zi(u))ier (u € $Z) and coefficient tuples y(u) = (yi(u))ier (u € +7Z)
by the sequence of mutations

S (B(0),2(0),9(0) " (B e uE) (46)
= I (B@),(2),y(2)

where B(u) is the skew-symmetric matrix corresponding to Q(u).
For (i,u) € I x %Z, we set the parity condition py4 by

ielLUIS 11,y =2,0<p<t—1,p:even
p:Qielf Ul g o, u=5t<p<2t—1,p:even (47)
iel® u="%0<p<2t—1,p:odd,

where = is modulo 2Z. Again, each (i,u) : p4 is a mutation point of (42)
in the forward direction of w.

Lemma 5.3. Below = means the equivalence modulo 27.
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4.

I i WN s fas e
I Y P 2 2 Y E

Fig. 5. The mutation sequence of the quiver Qy(M;) in (42) for ¢
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(i) The map g : T+ — {(i,u) : p+}

(2j+1,m),u) a=1lm4u=2

da

(a.mou— ) o L (2t —2j,m),u) a=lim+u= 2 (48)

((t+1,m),u) a=2
is a bijection.
(i) The map g': T;, — {(i,u) : p4}

((2J+1am)au) aZl;m+u5
(a7m7u)|—) ((2t—2j,m),u) a:l’m+UETJ

((t+1,m),u) a=

is a bijection.

5.4. T-system, Y-system, and cluster algebra

All the properties depending on the parity of ¢ are now absorbed in the
quiver Q¢(M), the mutation sequence (46), and the embedding maps g
and ¢’ in Lemma 4.3. Lemmas 4.5, 4.8, and Theorems 4.7, 4.10 are true for
even t.

6. Cluster algebraic formulation: Tree case

In this section we extend Theorems 4.7 and 4.10 to any tamely laced Cartan
matrix C' whose Dynkin diagram is a tree, by patching parity conditions
and quivers introduced in Secs. 4 and 5. This is an intermediate step for
treating the most general case in Sec. 7.

6.1. Parity decompositions of T and Y-systems

Throughout this section we assume that C' is a tamely laced and indecom-
posable Cartan matrix whose Dynkin diagram X (C) is a tree, i.e., without
cycles.

We decompose the index set I of X (C) into two parts I = Iy LIT_ such
that the following two rules are satisfied:
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+ - + +ta+B + -

Fig. 6. Example of a decomposition and a coloring of I.

(I) If @ and b are adjacent in X (C) and both d, and d}, are odd, then
eitherac I, bel_orac I, be l_ holds.

(IT) If @ and b are adjacent in X (C) and at least one of d, and dp is
even, then either a,b € I or a,b € I_ holds.

To each a € I with d, even, we also attach the ‘color’ ¢, = «a or
satisfying the following condition:

(III) If a and b are adjacent in X (C'), then cq # cp.

See Fig. 6 for an example. (The coloring is not used in this subsection.)
For a triplet (a, m,u) € Ty, we set the parity conditions Q4 as follows.

(o4+) m+tuiseven d,isodd, a € Iy
(o=) m+tuisodd d,isodd,a€l_
Q= : . (50)
(e+) tu is odd d, is even, a € I
(e—) tu is even d, is even, a € I_

Let Q_ be the negation of Q4. Suppose that a and b in [ with d, > dp
are adjacent in X (C). Due to the condition (1), we have four possibilities:
(i) dq is odd and dp = 1, (ii) d, = dp, and d, is odd and not 1, (iii) d, is
even and dp = 1, (iv) d, = dp, and d, is even. For (i), the condition Q. is
compatible with Py in (16) with ¢ = d,, therein. For (iii), the condition Q4
is compatible with Py in (38) with ¢ = d, therein. For (ii) and (iv), one
can directly check that the condition Q. is compatible with (4). Therefore,
we have the parity decomposition

T(C) = T(C)+ @z T((C) -, (51)
where T7(C). (¢ = =) is the subring of T7(C) generated by T,(,f)(u)

((a,m,u) : Q).

Similarly, for a triplet (a,m,u) € Z;, we set the parity conditions Q’,
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as follows.
(o+) m+tuisodd d, isodd, a€ I}
Q. - (o—) m+tuiseven d,isodd, ac I_ (52)
* (e+) tu is odd d, is even, a € I
(e—) tu is even d, is even, a € I_
We have
(a,m,u): Q) < (a,m,ut dT“):Q+. (53)

Let Q" be the negation of Q/,. Then, we have the parity decomposition
9:(C) ~¥5(C)4 x ¥4;(C) -, (54)

where Y5(C). (¢ = £) is the subring of Y3(C) generated by VAR (u), 1+
Yo (u) (a.m.u) - Q).

6.2. Construction of quiver Q¢(C)

Let us construct a quiver Q,(C) for C and ¢. We do it in two steps. In Step
1, to each adjacent pair (a,b) of the Dynkin diagram X (C) we attach a
certain quiver Q(a, b). In Step 2, these quivers are ‘patched’ at each vertex.

Step 1. Q(a,b).

Recall that ¢ is the one in (2). Below suppose that a and b are adjacent
in X(C) and d, > dp.

Case (i). d, is odd and d;, = 1. (a) The case a € I_. We set the quiver
Q(a,b) by the quiver Qp (My) in Sec. 4.3 with t' = d, and ¢ = t¢/d,. We
assign +/— as in Sec. 4.3. (We do not need to assign e/o here.)

(b) The case a € I,. We set the quiver Q(a,b) by the quiver Q(1)
obtained from Q(0) = Q¢ (My) in Sec. 4.3 with t' = d, and ¢/ = t£/d,. We
assign +/— in the opposite way to Sec. 4.3.

Case (ii). d, = dp, and d, is odd and not 1. We can assume that
a€l_andbe .. We set the quiver Q(a,b) as a disjoint union of quivers
@1, - - ,Qa, specified as follows. The quivers Q1, Qs,. .., Qq4, are the quiver
Qe (M) in Sec. 4.3 with ' = 1 and ¢ = t¢/d,. We assign +/— as in
Sec. 4.3. The quivers Q2, Q4,. .., Q4,1 are the opposite quiver of Qg (My)
in Sec. 4.3 with ¢/ =1 and ¢’ = t¢/d,. We assign +/— in the opposite way
to Sec. 4.3.

Case (iii). d, is even and d, = 1. (a) The case a € I and ¢, = .
We set the quiver Q(a,b) by the quiver Qu(My) in Sec. 5.2 with ¢’ = d,
and ¢/ = tl/d,. We assign +/— as in Sec. 5.2.
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(b) The case a € I and ¢, = 5. We set the quiver Q(a, b) by the quiver
Q(1) obtained from Q(0) = Q¢ (My ) in Sec. 5.2 with ¢/ = d, and ¢/ = tl/d,,.
For /o in Sec. 5.2, we assign +/— to vertices with e as in Sec. 5.2, while
we assign +/— to vertices with o in the opposite way to Sec. 5.2.

(¢) The case a € I_ and ¢, = a. We set the quiver Q(a,b) by the
quiver Q(—1/t") obtained from Q(0) = Q¢ (My ) in Sec. 5.2 with ¢/ = d,
and ¢ = t¢/d,. For e/o in Sec. 5.2. we assign +/— to vertices with o as
in Sec. 5.2, while we assign +/— to vertices with e in the opposite way to
Sec. 5.2.

(d) The case a € I_ and ¢, = 3. We set the quiver Q(a,b) by the quiver
Q((t' —1)/t’) obtained from Q(0) = Q(My) in Sec. 5.2 with ¢’ = d, and
¢ =tl/d,. We assign +/— in the opposite way to Sec. 5.2.

Case (iv). d, = dp, and d, is even. We can assume that ¢, = o and
¢y, = B. We set the quiver Q(a,b) as a disjoint union of quivers Q1,...,Q4,
specified as follows. The quivers Q1, Qs,. .., Qq,—1 are the quiver Qg (My)
in Sec. 4.3 with ¢’ = 1 and ¢’ = t¢/d,. We assign +/— as in Sec. 4.3. The
quivers Q2, Qu,. . ., Qq, are the opposite quiver of Q¢ (My ) in Sec. 4.3 with
t'=1and ¢ =tl/d,. We assign +/— in the opposite way to Sec. 4.3.

Throughout Step 1, we regard the left column(s) of Q(a, b) (with length
tl/d, — 1) as attached to a and the right column(s) of Q(a,b) (with length
tl/dy — 1) as attached to b.

Step 2. Q¢(C).

The quiver Q(C) is defined by patching the above quivers Q(a,b) at
each vertex. Namely, fix a € I, and take all b’s which are adjacent to a. If
d, = 1, we identify the columns attached to a in Q(b,a) for all b. If d, > 1,
for each ¢ = 1,...,d,, we identify the columns attached to a in the ith
quivers Q; of Q(a,b) or Q(b,a) (depending on the sign and color of a) for
all b. (For Cases (i) and (ii), ; appears in the construction of Q¢(My).)

Some basic examples are given below.

Example 6.1. The two examples below mostly clarify the situation in-
volving Cases (i) and (ii).
(1) Let C be the Cartan matrix with the following Dynkin diagram.
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The corresponding quiver Q¢(C') for £ = 3 is given as follows.
-0 o0+ -0 o)+ -0 o)+
BT s S S
+ - + - + -
Wl ol AR
—@:;}/jo + Ov\\%)ﬂj-ﬁ- - o/+ - +\o+é)+ t?j i 3%+
+8 +0 &4 +0 &3

Q1 Q2 Q3

Here, the long columns at the same horizontal positions in three quivers are
identified with each other. The encircled vertices are the mutation points
at Q(0) = Q¢(C), which will be described in the next subsection. The same
remark applies below.

(2) Let C be the Cartan matrix with the following Dynkin diagram.

+ - + - 4+ -
The corresponding quiver Q;(C) for £ = 3 is given as follows.
-0 @+ -0 @-ﬁ- +

R é) . %;L;J + j%;g*;”@*
+é O#LT\Z +@}>“ J /é>+ @/ ‘ /(é)—&-

O O — O<—O—>O<—O<—O @O—PO<—O—>O<—O

,O,//’—+—+©+ _o/+—+—\@:)>+ +—+§@+

+© o — +© o —
Q1 Q2 Q3
Example 6.2. The four examples below mostly clarify the situation in-
volving Cases (iii) and (iv).
(1) Let C be the Cartan matrix with the following Dynkin diagram.

O0<L0O—0—C>0

+ +Ha+,8+,a +

+

The corresponding quiver Q¢(C) for £ = 3 is given as follows.

Q4 - + QF Q- _/@-F

[T _@, NG

+&- T o+ +&F — o+
Q1 Q2
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(2) Let C be the Cartan matrix with the following Dynkin diagram.

O<O—0—0—0>0

+ +ta+,8+a+,8 +

The corresponding quiver Qg(C) for ¢ = 3 is given as follows.
Q4 -+ -9 B

s o

(3) Let C be the Cartan matrix with the following Dynkin diagram.

OLO—0—C—>0

- —,Q—HB—,Oé -

The corresponding quiver Q¢(C) for £ = 3 is given as follows.

— 0 _ + o — — 0 _ _|_ _ o —
f}j*f*j(?t Ot

o o
X X

+<(:))+O—>—O<— + + OO0+ +
B e B
@1 Q2

(4) Let C be the Cartan matrix with the following Dynkin diagram.

LO—0—0—0O>0

- T, —, ﬁ -, /6 -
The corresponding quiver Q¢(C) for £ = 3 is given as follows.
+ -+ -3 I i iy
+ \O<—O—>O<—Oa€%>+ +<(:3}<~O—>O<—O—>O/ +
e ERAN -+ -
Q1 Q2

6.3. Mutation sequence
We set Q(0) = Q¢(C) and define a periodic sequence of mutations of quivers

n(d) n(%) n(2)

Q(0) Q) — Q%) Q(2) = Q(0) (55)

by patching the ones in (22) and (42). Let My (k/t) (a € I,k =0,...,2t—1)
be the set of the mutation points of u(k/t) in the columns attached to a.

w(0)
—
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It is defined as follows. (Below we use the assignment of 4+/— specified in
Sec. 6.2. Also we use the similar notations in the ones in (22) and (42), e.g.,
I% ; denotes the set of vertices in the column attached to a of ith quiver Q;
with property +. )

(i) dq: odd. (cf. (22))

Ma(o) = Ii,lv Ma(%) = Ii,d,,,—lv Ma(%) = 11,3’ SRR

_ _ (56)

Ma(Qdat 2) = 13,25 Ma(Qd% 1) = Ig,da’ Ma(Z?a) = Ma(o)’ e
In particular, for d, = 1,

Ma(0) =14 1, Ma(7) =12, Ma(3) = Mo(0), (57)
(ii) dy: even, a € I (cf. (42))
Ma(o) :Ii,l7daa Ma(%) = Qv Ma(%) :11,341@—27"'7

2d,—2 a 2d,—1 2d, (58)

Ma( t ): I—,da—1,2ﬂ Ma( ): (Z), Ma( n ): M0(0)7

(iil) dg: even, a € I_ (cf. (42))

Ma(o) — @7 Ma(%) — I?hl,da’ Ma(%) = (Z), Ma(%) = Ii 3.d,—27° ">
Mo (4=2) = 0, Mo(P4=1) =10, 5, Ma(32) = Mo(0), ...

6.4. T-system, Y-system, and cluster algebra

Now it is straightforward to repeat the formulation in Secs. 4 and 5. The
compatibility of mutations is the only issue, but it has been already taken
care of in the construction of Q(C) as self-explained in Examples 6.1 and
6.2.

Let I be the index set of the quiver Q¢(C). Let B the skew-symmetric
matrix corresponding to Q¢(C). Using the sequence (55), we define cluster
variables x;(u) and coefficients y;(u) (i € I,u € 17Z) as before. Define the
T-subalgebra Ar (B, z) and Y-subgroup Az (B, y) as parallel to Definitions
4.6 and 4.9.

Repeating the same argument as before, we obtain the conclusion of
this section.

Theorem 6.3. Let C' be any tamely laced and indecomposable Cartan ma-
triz whose Dynkin diagram is a tree. Then, the ring T7(C)4 is isomorphic
to Ap(B,x). The group Y5(C)4 is isomorphic to Gy (B, y).
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7. Cluster algebraic formulation: General case

It is easy to extend Theorem 6.3 to any tamely laced Cartan matrix C
with suitable modification. Due to the lack of the space, we concentrate on
describing the construction of the quiver Q¢(C). Throughout the section
we assume that C' is a tamely laced and indecomposable Cartan matrix.

Before starting, we introduce some preliminary definitions. We call a
subdiagram Y of X (C) an even block, if Y is an maximal indecomposable
subdiagram of X (C) such that d, of each vertex a of Y is even. Due to
the condition (1), d, is constant for any vertex a of Y. Below we suppose
that X (C) has n even blocks Y7,..., Y,. (n may be zero.) Let X'(C) be
the diagram obtained from X (C) by shrinking each even block Y; into a
vertex ‘®’ while keeping any line from Y; to its outside. For example, for
the following X (C)

£ O—0—0—0>0 (60)

X'(C) is given by
<R >0 (61)

7.1. The case X'(C) is bipartite

Let us assume that X'(C) is bipartite, i.e., it contains no odd cycle.

First, consider the case when all the even blocks Y7, ..., Y, are also
bipartite. Then, X (C') admits a decomposition and a coloring of I satisfying
Conditions (I)—(III) in Sec. 6.1, and one can construct Q¢(C) as in Sec. 6.2.

Next, consider the case when some of the even blocks, say, Y7, ..., Yk
are nonbipartite. Then, X (C) does not admit a coloring of I satisfying
Condition (III) in Sec. 6.1. Following Ref. 4, we define the bipartite double
Y# of any tamely laced Dynkin diagram Y as follows. Let .J be the vertex
set of Y. The vertex set J# of Y# is the disjoint union J# = .J, LI.J_, where
Jr={jy+|jeJ}and J_ = {j_ | j € J}; furthermore, we write a line (or
multiple line with arrow) in Y# from i, to j_ and also from i_ to j, if
and only if there is a line (or multiple line with arrow) from ¢ to j in Y. Let
X (C) be the diagram obtained from X (C) by replacing each nonbipartite
even block Y; (i = 1,..., k) with its bipartite double YZ#7 while connecting
i+ in Y; to any vertex j outside Y; by a line (or multiple line with arrow)
if and only if ¢ and j are connected in X (C) by a line (or multiple line
with arrow). The diagram X (C) now admits a decomposition and coloring
satisfying Conditions (I)—(IIT) in Sec. 6.1. See Fig. 7 for an example. Then,
we repeat the construction of the quiver Q(C) in Sec. 6.2 for the diagram
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4_ 2, 5_
+,08 +,a +,08

1 2 3
1 3
AN N
+

7a +7ﬂ +7a
54 2 4y

Fig. 7. Example of Dynkin diagram X (C) (left) and X(C) (right).
+ - a0, /8 - +

1 2 3 4
6 5
5y 4- 3 2 1_ 64

Fig. 8. Example of Dynkin diagram X (C) (left) and X (C) (right).

6. 1, 2 3 4+ 5_
- + +Ha+B8 + -

X (C) with the following modification: In Step 1 of Sec. 6.2, in Cases (iii)

and (iv), we only take the do/2 subquivers Q1, Qs,..., Qa4,—1 for those

Q(a,b) involving the vertices of Yl#, e Yk#. We write the resulted quiver

as Q¢(C). Accordingly, we also replace I ; ; , I 5 ; 5, ...in (58) and (59)

with I 1, I 5, .... The rest are defined in the same way as in Sect. 6.4.
Now we have the first main result of the paper.

Theorem 7.1. Let C be any tamely laced and indecomposable Cartan ma-
triz such that X'(C) is bipartite. Let B the skew-symmetric matriz cor-
responding to the quiver Q¢(C) defined above. Then, the ring T5(C)4 is
isomorphic to Ar(B,x). The group Y3 (C)+ is isomorphic to Gy (B, y).

7.2. The case X’(C) is nonbipartite

Let us assume that X'(C) is nonbipartite. Then, X (C') does not admit a de-
composition of T satisfying Conditions (I) and (II) in Sec. 6.1; consequently,
neither 77 (C) nor Y9(C') admits the parity decomposition.

First, consider the case when all the even blocks Y7, ..., Y, of X(C) are
bipartite. We take the bipartite double X'(C)# of X'(C). Then, in X'(C)#,
restore each even block of X (C'), which appears twice in X’(C)#, in place of
®. The resulted diagram X (C') now admits a decomposition and a coloring
satisfying Conditions (I)——(III) in Sec. 6.1. See Fig. 8 for an example. Now
we repeat the construction of the quiver Q¢(C) in Sec. 6.2 for the diagram
X(C). We write the resulted quiver as Q,(C).
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Next, consider the case when some of the even blocks of X (C), say, Y1,
..., Yi are nonbipartite. Then, in the above construction of X (C), we fur-
ther replace each nonbipartite even block Y; (i = 1,..., k) with its bipartite
double Yi# as in Sec. 7.1. We write the resulted diagram as X(C’) Then,
repeat the construction of the quiver Q,(C) in Sec. 7.1 for the diagram
X (C). We write the resulted quiver as Q(C).

The rest are defined in the same way as before. Then, as in the simply
laced case,* we have the counterpart of Theorem 7.1, which is the second
main result of the paper.

Theorem 7.2. Let C be any tamely laced and indecomposable Cartan ma-
triz such that X'(C) is nonbipartite. Let B the skew-symmetric matriz cor-
responding to the quiver Q¢(C') defined above. Then, the ring T;(C) is iso-
morphic to Ar(B,x). The group Y3(C') is isomorphic to Gy (B,y).
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We study the relation between the periodic Benjamin-Ono equation with dis-
crete Laplacian and the two-dimensional-Toda hierarchy. We introduce the
tau-functions 74 (z) for the periodic Benjamin-Ono equation, construct two
families of integrals of motion {M;, Ma,---}, {M1, Ma,---}, and calculate
some examples of the bilinear equations using the Hamiltonian structure. We
confirmed that some of the low lying bilinear equations agree with the ones
obtained from a certain reduction of the 2D-Toda hierarchy.

Keywords: Benjamin-Ono equation; 2D-Toda hierarchy.

1. Introduction

1.1. Periodic Benjamin-Ono equation with discrete
Laplacian

Let v be a complex parameter satisfying Im(vy) > 0. Let = and ¢ be real
independent variables, and n(z,t) be an analytic function satisfying the
periodicity condition n(x + 1,t) = n(z,t). In Refs. 1 and 2, we considered
the integro-differential equation

i (12
gt =a )5 L (8 cottrty—a))nte s, ()

where the discrete Laplacian A, is defined by (A, f)(z) = f(z—v)—2f(z)+
f(z+7), and the integral f means the Cauchy principal value. This can be
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regarded as a periodic version of the Benjamin-Ono®* equation associated
with the discrete Laplacian A,.

For the sake of simplicity, set z = e2™® and ¢ = e>™. By abuse
of notation, we use the notation 7(z) to indicate the dependence on z.
From the spatial periodicity, we have the Fourier series expansion 7(z) =
Yonez Mz " Set ni(2) = D oqN-n2" and n_(2) = >z~ ". Note
that we have n(z) = n4(2) + 1o + n—(z). Then the equation (1) can be
expressed as

dm(z) = n(z) Y _sen(l)(1 — g")n—2"

10
=n(2)(n+(2) — n4-(2q) — n-(2) +n-(2/q))- (2)

1.2. Poisson algebra and Toda field equation

We show that one can introduce another time ¢ and obtain the 2D Toda
field equation® by using the Poisson Heisenberg algebra for our periodic
Benjamin-Ono equation with discrete Laplacian.!? As for the Hamiltonian
structure for the usual Benjamin-Ono equation, see Refs. 6 and 7. See Ref.
8 also.

Our Poisson algebra is generated by o, (n € Zyg) with the Poisson
brackets

{an, am} =sgn(n)(1 - Q‘n|)5n+m707 (3)

where sgn(n) = |n|/n for n # 0 and sgn(0) = 0. Namely, the «,,’s are the
canonical coordinates being introduced to the study of the Hamiltonian
structure associated with (2).

Definition 1.1. Set

T4(z) = exp (— Z la:;ln z”> , T_(2) =exp (— Z T ?nqnz”> . (4)

n>0 n>0

We call 71 (z) the tau-functions.

Express the dependent variable 7(z) in terms of the tau-functions and
a constant ¢ as

n(z) = Z Nnz " = egexp Zanz_" = 6M. (5)

= = 7 (2)74(2)
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We need to introduce another dependent variable £(z) by

£(z) = Z §nz™ " = lexp - Zaanlnlﬂzfn

13
nez n#0

(g ) g )
G P ) ©

The Poisson brackets among our dependent variables can be calculated
as follows.

Lemma 1.1. We have

{n(z),n(w)} = n(z)n(w) Zj san()(1 g (2) (7)
{£(2), €(w)} = €(2)(w) ;sgnm(q*“' -1 (%), (8)
(0(6).6(w)) = 8¢ 2 z) P L)

oty ) HELE G, )
(). 7} = n(w)r—() 3 ()", (10)
(w42} = =nw)re(2) 3 ()" (1)
(€(0). 7 (21} = €l () 30 ()", (12)
{£(w), 7+ (2)} = E(w)ri (2) gqnﬂ (2)" (13)

where 6(2) = Y, c7 2"

Remark 1.1. In Ref. 9, a deep connection was found between the Mac-
donald Polynomials'® Py(z;¢,t) and the level one representation of the
quantum algebra of Ding-Iohara U(q,t). We note that the o, n(z) and
£(z) in the present paper are the level one generators of the Ding-Iohara
algebra in the classical (namely commutative) limit given by letting the
parameter as t — 1. (Note that ¢ here is one of the two parameters ¢, ¢ for
the Macdonald polynomials and should not be confused with the time t.)
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As a special case of (7) in Lemma 1.1, we have

{0, n( (2) ) _sen(D)(1—¢")n2". (14)

1£0
By looking at this and (2), one is lead to the following definition.

Definition 1.2. Let 79 be our Hamiltonian, and define the time evolution
equation over the Poisson algebra by setting 0y = {no, *}.

Proposition 1.1. The periodic Benjamin-Ono equation with discrete
Laplacian (2) is written in the Hamiltonian form 0yn(z) = {no,n(2)}.

Now we move on to the study of another Hamiltonian derived from &£(z).

Proposition 1.2. We have {no,&} = 0.
Proof. This follows from (9) in Lemma 1.1. |

Remark 1.2. Since our Poisson algebra is the classical limit of the Ding-
Iohara algebra, we have two sets of mutually Poisson commutative families,
having 79 and & respectively, in the same way as was discussed in Ref. 9.
As for the explicit form of them, see (38) and (39) below.

Because of the commutativity {no,&} = 0, we may interpret &, as
another Hamiltonian corresponding to time £.

Definition 1.3. Define Opx = {*,&,}.
Proposition 1.3. From (9) we have

_ (7 (2/q)  T-(29)7-(2/q)
N N & R P )

Next we turn to the equations for the tau-functions 74 (2).

Proposition 1.4. From (10), (11), (12) and (13), we have
Ot (2) =n-(2)7-(2), O (2) = —n4(2)74(2), (16)
Or—(2q7%) = - ()7-(2q7 V%), O (20'?) = —E4 ()74 (20'2),
where €4(2) = Yo €on” and € (2) = X pog nz™

Suitable combinations of these may give us equations written in terms
of the Hirota derivatives.
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Definition 1.4. Define the Hirota derivative Dy, , Dy,,--- by
(DED ) - an

:3§f6§§"'f(t1 +a1,t2 +az, - )g(th — a1, t2 —az, )

a1=ag=-=0
Proposition 1.5. We have the Hirota equations
Dir(2) - m4.(2) = em—(2/ Q)74 (2q) — no7—(2)74(2), (18)
Dy (2q7"?) - 74.(24'/?) (19)
= e ' (2¢"?) i (2q7?) = Eor—(2a7 V)74 (2"),
S DD (2) 7 () (20)

+ 74(2q) - Tx(2/q) — T£(2) - Tx(2) = 0.

Proof. From (16), we have 0;7_(2) - 7(2) — 7—(2) - O74(2) = (n(z) —
10)7—(2)74(z). Using (5) we have (18). The equation (19) can be derived
in the same way. Eq. (20) is obtained from (15) and (16). O

Remark 1.3. Note that Eq. (20) is nothing but the Toda field equation
written in terms of the tau-function.®

One finds that the Heisenberg generators correspond to the standard
dependent variables of the Toda field theory.

Definition 1.5. Set

61(:) =Y amnz®,  6-(z)=— anm (21)

n>0 n>0
Proposition 1.6. The ¢4 (z) satisfy the Toda field equation
005 (2) = P () ~9£(2/0) _ o92(20)=92(2) (22)

Proof. This follows from Egs. (3) and (9). O

Motivated by the appearance of the Toda field equation (22), in this
article we will try to understand how the 2D Toda hierarchy appears from
the point of view of the Hamiltonian structure.

The present paper is organized as follows. In Section 2, we recall the
Hirota-Miwa equation!*? (23) for the 2D Toda hierarchy. Based on the n-
soliton solutions, we derive some variants of the bilinear equations (Propo-
sition 2.1). In Section 3, two sets of integrals of motion My, Ms,--- and
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My, Ms, - areintroduced (Definition 3.2). Since at present we lack enough
technologies to handle the evolution equations in general, we need to restrict
ourself to some low lying cases. To show some evidences of the agreement,
we check up to certain degree that exactly the same equations are obtained
both from Proposition 2.1 and the Hamiltonian M}y’s. Our observation is
summarized in Conjecture 3.2.

2. Hirota-Miwa equation for 2D Toda hierarchy
2.1. Hirota-Miwa equation

We briefly recall the Hirota-Miwa equation!!*2 for the 2D Toda hierarchy.®
Using the n-soliton solution, we derive several variants of bilinear equations
which can be connected to Egs. (18), (19) and (20) obtained in the previous
section.

Let s, t = (t1,t2,+-+) and t = (1,12, - ) be independent variables, and
7(s,t,t) be the tau-function of the 2D Toda hierarchy. For a parameter A,
we use the standard notation for the infinite vector [A] = (X, $A%, A3, .-+ ).

The Hirota-Miwa equation for the 2D Toda hierarchy is written as fol-
lows.

(1 —ap)r(s, t,)7(s,t + [al, £+ [8]) — 7(s,t + [a],)7(s, t, £ + [B])
+ afr(s+ 1,t+ [a],O)7(s — 1,t,t+ [B]) = 0. (23)

It is well known that the n-soliton solution to the Hirota-Miwa equation
is given by

h=3 3] Gt @

=0 1c{1,2,---,n} {i,j}cCI

= i<j
o T )" S AT ) -S4,
kel
Let a1, -+ ,ay, be parameters. Set A\ = ag, ur = qax for k=1,2,--- n.

S

Write z = ¢~°. Then we have (Ag/ug)® =q ° = z.
We define 74 (z,t,¢) by the n-soliton solution 7(s,t,¢) of 2D Toda hier-
archy under this specialization (A, = ak, px = qag).

Definition 2.1. Set

(2.0 Zz D ‘W (25)
1c{1,2,---,n} {i,j}CI - qa] al —q 1a])
|7 |—' i<j

X [ eE 2 a-a okt £, 00 oa”

kel



Periodic Benjamin-Ono equation

Note that 7, (z,¢,t) is a polynomial in z whose degree is n.
To introduce 7_(z,t,t), we need a Lemma.

Lemma 2.1. We have

TJr(Z?tv t— [/6])

2
_ Z s Z H (a; —aj)
- P — _ -1
r=0 Ic{1,2,--,n} {i,j}CI qaj aZ q aﬂ)
[I|=r i<y

HM S, (=g )l + 52, (1—g~Eiag
kel 1= 6/qax

ai—an

o o —qap)(a —a 1ay)

H 1—5/% X (g a4 2, (g aay
1—5/11%

2
_ —a
XZZ . Z H J) —
r=0 IC{1,2,--,n} {i,j}CI _an i~ g aJ)
[T]=r i<j

X H dk(ﬁ)e_zz?il(l_q )ti“Z—Zﬁl(l—q’i)EiGZi7
kel
where
1 — B/qay (ax — qa;)(ar — g 'ay)
d = —— .
k(0) 1—5/ax H (ak — a;)?

Ak
1<G<n

Now we define 7_(z,t,t) by the following Laurent polynomial.
Definition 2.2. Set

T_(2,t,%)

=714(2, 8,6 — [q"e]) x 27" H (ai — qa;)(a; — q 'ay )

1<i<j<n (a; — a;)?

le_q ‘e/an o T2 (g tial— S 2, (1-g Eiay

1—q"e/ay
n 2
=2 > I ¢ i)
- _ _ =1
r=0 1c{1,2,---,n} {i,j}cI an al g -a; )
[I|=r i<j

X H dp. (qng)e_ Y2 (1—¢)tial, -3 Z‘?il(l—q*i){ia;i .
kel

363
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Proposition 2.1. We have
T_(2,t + [, )T+ (2, L, 1)

——a"snMTz_Tz al,t
_(1 q )kl_[l(l—aqak) *( 7t7t) +< ’t+[ ]’t) (27)

+aeT_(z/q,t + [a],t)Ty (2q,1,1),
T (z/q; t, T+ [5])T+(2 t,t)

— (1= 5/09) [T {1 b (et Dr Gt T+ B (28)

o (1= B/qak)
+(B/e) T-(z,t, T+ [B]) 74 (2/0, 1, 1),
Ti(27t+[a]’5)7i<zvt’t+ [ﬂ]) (29)

= (1 - Oéﬂ)Ti(Z,t,ﬂTi(Z,t-f— [a]vt_+ [6])
+ afBri(z/q,t + [a], )T+ (2q, ¢, t + [B]) = 0.

Proof. Eq. (27) follows from the Hirota-Miwa equation (23), (25), (26)
and Lemma 2.1. Noting that we have 7(s,t — [a],f) = 7(s + 1,t, — [a™]),
we have (28) in the same way. Eq. (29) follows from Eq. (23). O

Remark 2.1. Note that we may write

" = (1 — aay >, i
(1-ag ‘5)Hﬁzexp (—ZM¢a> ) (30)
k=1 qak i=1
n /ak o
— B/q") H —exp (- > Mg, (31)
i ,B/qak P
1—¢ . > -
M; = iq (azl +"'+an +qanz _|_q(n+1)z€z _’_q(n+2)z€z + ) 7(32)
— 1 —q' —i o —ni—i o —(nHl)i—i .
M; = ; ai"+ - +a, +q e +gq e '+ . (33)

Proposition 2.2. By expanding (27) in «, subtracting some constant mul-
tiples or time-differentials of lower order equations, we have the Hirota
equations

(Duy + )7 (2) 74 () = 7 (2/4) - 7+ (20). (34)
(Diy +20M2)7(2) - 74 (2) = <(Dy, + My)7_(3/a) - 7+ (20), (35)
(Diy +3My)7(2) 74 (2) + 5 (Do, + My)*r_(2) - 74(2) (36)

= 2e(Diy + 20a)7(2/q) 4 (20) + S(Diy + M) (3/a) -7+ (20).



Periodic Benjamin-Ono equation 365

Here M;’s are defined in (32).

Thus we found that Eq. (18) coincide with Eq. (34) under the identifi-
cation t = t1,t = t;. Eqs. (19) and (20) coincide with the first nontrivial
equation from Eqs. (28) and (29) respectively.

In the next section, we will check that Egs. (35) and Eq. (36) also agree
with the equations derived from the Poisson structure.

3. Poisson algebra and 2D Toda hierarchy
3.1. elementary and power sum symmetric functions

We need some facts about the symmetric functions.!® Let z = (21,22, )
be an infinite set of independent indeterminates. Let e, (z) be the n-th
elementary symmetric function, and p,, (z) be the n-th power sum function.
The generating functions for them are given by E(y) = Y.~ e, (z)y" =

[12,(1 + 2iy), and P(y) = >0 Lp,(z)y" = —log E(—y). Solving the
equation P'(y) = —F'(—y)/E(—y), we have
er 1 0 ---0
262 €1 1
P = 3ez ea e --- ] (37)
Né€n €En—1 En—2 -+ €1

3.2. Integrals of motion from Ding-Iohara algebra

First we introduce some notations. We denote the constant term fy of a se-
ries f(2) = >, cz fn2" by [f(2)]1. We also use the same symbol for the case
of a series with several variables. For examples, by [f(z1, 22)]1 we denote

the constant term fo o of the series f(z1, 22) = Zm naeZ fra a2l 252

Definition 3.1. Define the integrals of motion by

Iy = H ;Lj.//wi.n(wl)n(wﬂ cen(wr) | (38)
l1<idjck - I !

Iy = 1 —wj/w;

" _1gg§k Wg(wl)g(wﬂ - &(wr) 1 : (39)

where the rational factors in w;’s should be understood in the sense of the
series as (1 — wj/w;) /(1 — ¢= wj/wi) =1+ (1= ¢F) Y, oo (g5 wj /w)".
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For example, we have Iy =ng and Io = 13 + (1 — ¢ 1) >0 0 " 1—n"n,
and so on. Based on the argument given in Ref. 9 with considering the
classical limit (¢ — 1), one can prove the following.

Proposition 3.1. We have the commutativity {Ir, I;} = 0, {Iy,I;} = 0
and {Ik,jl} =0.

3.3. Integrals of motion associated with t and t

Some explicit calculations show us that the integrals I, and I does not
correspond to the Toda times t1,ts, - and 1, %2, -+ in general. Hence our
task is to find a suitable set of integrals, which we call M}, and M.

At present, unfortunately, it is not easy to do the task purely within the
framework of Poisson algebra. However, with the knowledge of the values
of the integrals Iy, and Ij on the n-soliton solution (25), (26), we can guess
the correct formula.

Conjecture 3.1. Let T74(2,t,t) be as in (25) and (26), and set n(t) =
et—(z/q,t, )74 (2q,t,1)/7—(2,t,0)74(2,t,T), namely as in (5). Then one can
define the quantities I},’s and I},’s by (38) and (39) using this n(z) associ-
ated with the n-soliton solution.

Then the quantities I1,’s and I3 ’s are independent of t and t. The val-
ues are given by the follwing specialization of the elementary symmetric
functions as

I =q D21 —g)(1—¢%) - (1-¢Y) (40)
XEk(CLl, crt, Qn, qn€7qn+15a e )7

I =g D21 - (1 -¢?)--(1-¢7") (41)
Xek(al_l’ e ’aglvqingilvqinilgila e )

As for the statement about Iy in Eq. (40), see Ref. 2.
Remark 3.1. For small k£, we have

L=01-q¢)(ar+ - +an) +q"e,
IL=q¢'(1-q(1-q¢*)(aras +araz+ -+ an_1a,)

+¢" N1 = @) (a1 + -+ an)e + ¢

Definition 3.2. Set I}, = ¢**=1/2((1 — ¢)(1 — ¢?)--- (1 — ¢¥))"'I} and
T;, = ¢ FE=D2(1—g N (1—¢72) - - (1—q %))~ T} for simplicity of display.
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Define
I'1 0 -0
oI, I 1 -
Mkzl_Tq ) (A R (42)
kI Dy Tip oo 1
I, 1 0 -0
of, T, 1
-/

- =/
3[3 ,[2 _[1 AR . (43)

—=/

.—/ — — '
KLy Iy Iy g -+ 1y

Remark 3.2. Conjecture 3.1 implies that if 74 (z,¢,) be as in (25) and
(26), My’s and M}’s are given by

M _l_qk n n+1

k= A pk(ah'",an,q €, q 67"')7

— 1—qF _ 1 el 1 —
Mk: ,Z{} pk(alla”'7an17q nE 17q " 15 1)"')‘

3.4. Formulas for My and M3

Now we come back to our study of the Poisson algebra to check the higher
Hirota equations (35) and (36).

It is desirable to find some reasonably simple expressions for My’s. At
present, however, we only have the following partial results.

Lemma 3.1. We have M; = [n(w)], and
M = (54 T2 Y wanaten)| (44)

21— qws/un 1

~ (L qws/w w1 )n(w2)n(w
M; = [(3+ <1—qw2/w1><1—qw3/wz))”( V)l )] (45)

Proof. From (42), we have M; = I = [n(w)]1, and
l+q » 4
Mg = I - IZ
21-¢q) " 1-g¢

G e I L)

(1—q) 1-q1—quw/un

— [(5+T2e) o )nes)|

2 1—quwz/w

1

1
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Next, we have

_1-4¢ 5 91— ¢
Ms=si— gl "o gra " 2t -

_ [( 1-¢ q(1 —¢*) 1 — w3 /ws

I3

3(1-9? (1-9)2(1—¢*)1—qus/we

q3 1—w2/w1 1—w3/w1 1—w3/w2
1-q)(1—¢%)1—quwz/wi1—qus/wi1—qus/ws

1

xn(wl)n(wl)n(wl)] :
1

Since we have the property of the constant term [f(wi,we,ws)]; =

[SYMy, g g f (W1, W2, w3)]1, and
Sym 1-¢*  q(1-¢% 1-ws/wy
s\ 3(1—q)?  (1—¢)*(1 —¢?) 1 — quz /w2
N ¢ 1—wo/wy 1—ws/wy 1—ws/wsy
(1-q¢)(1—=¢*) 1—qwz/w1 1 — quz/wi 1 — quz /w2

1 qws /wo
= S —
Y wa s (3 - (1 = qwa/w1)(1 — qwg/w2)>’

(45) holds. Here the symbol Sym,, ., ,,, denotes the symmetrization with
respect to wi,we and ws. O

Remark 3.3. It is an open problem to find a simple expression as above
for My, M5, - - -.
3.5. Main conjecture and equations with respect to to, ts
Definition 3.3. Set 0y, * = { My, x} and 0, * = {*, My}.

Now we are ready to state our conjecture.

Conjecture 3.2. Calculating 0y, and 05, by using the Poisson brackets
giwen in Definition 3.3, we recover the same equation derived from the
Hirota-Miwa equations (27), (28) and (29) within the Hamiltonian for-
malism.

The rest of the paper is devoted to give some evidence of our conjecture.
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Proposition 3.2. Calculating O, and 0y, by using the Poisson brackets
given in Definition 3.8, we recover the same equation as in Eq. (35).

For the sake of simplicity, we introduce a notation. For a series

f(z,wy,we, - Jwy) in z and wi,ws, - -w,, we denote the constant
term with respect to w;’s by the symbol [f(z, w1, w2, -, Wn)]1,w1, w0, -
For example, for f(z,wi,we) = Zi’j)kezfi,j,kzlw’fwé, we have

[f (2, w1, w2) 11wy s = iz fi0.07"

Proof. From (10), (11) and (44), we have
O, 7 (2) _ O, (2)
7(2) 7+(2)

_ {(5(101 /2) + 8(ws /=) (3 + M) U(wl)n(w2)]

2 1—quwz/un

+ 2M>,

1,wi,w2

= Min(2) +1(2) [%n(wQ)sz +n(z) {%U(M)Lwl

= Mun(z) +n(z)n-(2/q) +n(z)n+ (2q).
Using (5) and (16) (with ¢ = ¢1), we have the result.

O

Finally, we study the Hirota equation involving the third time t3.

Proposition 3.3. Calculating 0:,, O, and 0, by using the Poisson brack-
ets given in Definition 3.3, we have

(Dry +3Ms) 7-(2) - 74(2) (46)
= 5 (Diy +20Ma) 7 (/) 74.(20) + 3¢ (Dey + My)* 7 (/) - 4 (20),
(Do + M) 7 (2) 74 (2) (47)

= 2¢ (D, + 2M2) 7 (2/q) - 74-(2q) — & (Do, + M1)* 7—(2/0) - 7+ (2q)-

Corollary 3.1. As a linear combination of the above two, we recover (36)
from the the Hamiltonian structure.

Remark 3.4. For small n, we can check that n-soliton solution (25), (26)
satisfy both (46) and (47). At present, however, we do not have a proof for
general n.

Proof of Proposition 3.3. They follow from (7), (10), (11) and Lemmas
3.2, 3.3, 3.4 and 3.5 below. O
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Proofs of Lemmas 3.2, 3.3,3.4 and 3.5 can be obtained by using Lemma
3.1. All the calculations are tedious but straightforward. Therefore we omit

them.
Lemma 3.2. From (10), (11) and (45), we have
Dy +3M3s)7_(2) - 74.(2)
() )

= 1(2) (Mo 3082+ M ) + 1 (a/0) + G- e 19))

+n(2) Kl Eu;lu{ﬁ)g 1 31%5/2

qua /w1 qz/ws
1 —qwa/wy 1 — qz/w2> ”(w1)77(w2)]

1, w1 ,we
Lemma 3.3. From (7), (10) and (11), we have

(Di, + M) 7 (2) - 74.()
7(2) - 74(2)

=n(z) <4M2 — M7 + My(n4(2q) +1-(2/q)) — 277+(Z€1)?7(Z/61)>

+21(2) K qijwe | _qua/w )

1—qwi/wy 11— quwa/w

x (1 zlfu/;j/z + 1 32(1/57102) n(wl)ﬁ(wz)]

1,w1,w2
qui /W2 quz /W1
()
1—quwi/wy 11— quwy/uy
quso/z qz/wa ) ]
X - w1 )n(w2
(1 - qw2/z 1- qz/w2 n( )n( ) 1,w1, w2

Lemma 3.4. From (10), (11) and (44), we have

(D, +2Ms) 7-(2/q) - 7+ (29)
7-(2/q) - 74+ (2q)
=2Ms + Mi(n4+(2q) +1-(2/q))

+K qui/wa | qua/ws )

1—quwi/wy 1—qwy/wy

x( qua/z_ | _gz/w )n(wl)n(w)}

1—qwa/z  1—gqz/ws

1wi,w2
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Lemma 3.5. From (7), (10) and (11), we have

(Dy, + M1)? 7 (2/q) - 74 (2q)
7-(2/q) - 7+ (29)
= M7 + Mi(n4(2q) + n-(2/9)) + 20+ (2q)n-(2/q)

+K qui/ws quz/wy )

1 — qwy /ws 11— qwa/wq
(el

1—quws/z 1 qz/wa

) atwnnt)|

1wy ,w2
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KP AND TODA TAU FUNCTIONS IN BETHE ANSATZ
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Recent work of Foda and his group on a connection between classical integrable
hierarchies (the KP and 2D Toda hierarchies) and some quantum integrable
systems (the 6-vertex model with DWBC, the finite XXZ chain of spin 1/2, the
phase model on a finite chain, etc.) is reviewed. Some additional information
on this issue is also presented.

Keywords: Six-vertex model; XXZ model; domain wall boundary condition;
Bethe ansatz; KP hierarchy; Toda hierarchy; tau function.

1. Introduction

Searching for a connection between classical and quantum integrable sys-
tems is an old and new subject, occasionally leading to a breakthrough to-
wards a new area of research. One of the landmarks in this sense is the quan-
tum inverse scattering method, also known as the algebraic Bethe ansatz.
Stemming from the classical inverse scattering method, the algebraic Bethe
ansatz covers a wide class of integrable systems including solvable models
of statistical mechanics on the basis of the Yang-Baxter equations.! More-
over, remarkably, it was recognized later that a kind of classical integrable
systems (discrete Hirota equations) show up in the so called nested Bethe
ansatz.?

Recently a new connection was found by Foda and his group.®>” They
observed that special solutions of the classical integrable hierarchies (the
KP and 2D Toda hierarchies) are hidden in quantum (or statistical) inte-
grable systems such as the 6-vertex model under the domain wall boundary
condition (DWBC),? the finite XXZ chain of spin 1/2,%5 and some other
quantum integrable systems.®” Their results are based on a determinant
formula of physical quantities, namely, the Izergin-Korepin formula for the
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partition function of the 6-vertex model® 1% and the Slavnov formula for the
scalar product of Bethe states in the XXZ spin chain.'"''? Those formulae
contain a set of free variables, and the determinant in the formula is divided
by the Vandermonde determinant of these variables. Foda et al. interpreted
the quotient of the determinant by the Vandermonde determinants as a tau
function of the KP (or 2D Toda) hierarchy expressed in the so called “Miwa
variables”.

In this paper, we review these results along with some additional infor-
mation on this issue. We are particularly interested in the relevance of the
2-component KP (2-KP) and 2D Toda hierarchies. Unfortunately, this re-
search is still in an early stage, and we cannot definitely say which direction
this research leads us to. A modest goal will be to understand the algebraic
Bethe ansatz better in the perspective of classical integrable hierarchies.

This paper is organized as follows. In Section 2, we start with a brief
account of the notion of Schur functions that play a fundamental role in
the theory of integrable hierarchies, and introduce the tau function of the
KP, 2-KP and 2D Toda hierarchies as a function of both the usual time
variables and the Miwa variables. Section 3 deals with the partition function
of the 6-vertex model with DWBC. Following the procedure of Foda et
al., we rewrite the Izergin-Korepin formula into an almost rational form
and show that a main part of the partition function can be interpreted
as a KP tau function. Actually, the partition function allows two different
interpretations that correspond to two choices of the Miwa variables. We
examine a unified interpretation of the partition function as a tau function
of the 2-KP (or 2D Toda) hierarchy. In Section 4, we turn to the finite XXZ
chain of spin 1/2, and present a similar interpretation to the scalar product
of Bethe states (one of which depends on free variables) on the basis of
the Slavnov formula. Section 5 is devoted to some other models including
the phase model,' which is also studied by the group of Foda.® For those
models, a determinant formula is known to hold for the scalar product of
Bethe states both of which depend on free parameters.'* We consider a
special case related to enumeration of boxed plane partitions.

2. Tau functions
2.1. Schur functions

Let us review the notion of Schur functions. We mostly follow the notations
of Macdonald’s book.!?
For N variables € = (z1,...,2n) and a partition A = (A1, Aa, ..., AN)
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(A > A2 >--- > Ax >0) of length (A\) < N, the Schur function sy (x) can
be defined by Weyl’s character formula

det( 1 Z+N)1J 1 1
A(:c) ’ ()
where A(z) is the Vandermonde determinant

A( ) - det( 71+N)zj 1= H (mi - .I'j).

1<i<j<N

S\(X) =

By one of the Jacobi-Trudi formulae, sy(x) can be expressed as a de-
terminant of the form

sa(x) = det(hx, —it; (@)1, (2)
where h, (), n =0,1,2,..., are the completely symmetric functions
hn(x) = Z Xy Thy -~ Tk, for m>1, ho(x) =1.

1<ki <ko<--<kn <N

The complete symmetric functions A, (x) themselves can be identified with
the Schur functions for partitions with a single part:

hn(x) = sy (x), (n):=(n,0,...,0).

Another form of the Jacobi-Trudi formulae uses on the elementary sym-
metric functions e, (). Since we shall not use it in the following, its details
are omitted here.

The complete symmetric functions have the generating function

N

Zhn(m)z” = H(l —2,2) " = exp < Zlog 1— a2z ) .
n=0

k=1

Since log(1 — z12) has a Taylor expansion of the form

log(1l — zx2) Z

3 |N

this generating function can be rewritten as

Z hn(2)z" = exp (Z tnz> ) (3)
n=0 n=1

where t,,’s are defined as

N
1 n
= > g (4)
k=1
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In view of (2) and (3), one can redefine the complete symmetric functions
and the Schur functions as functions h,[t] and sy[t] @ of t = ({1, t2,...),
namely,

Z hn[t]z" = exp (Z tnz"> (5)
n=0 n=1
and

salt] = det(h)\i_i_i_j[t])%:l, (6)

where A is understood to be an infinite decreasing sequence A = (A1, Ag,...)
with A; = 0 for all but a finite number of i’s, and N is arbitrary integer
greater than or equal to [(A\) = max{i | A; # 0}. The right hand side of (6)
is independent of N, because the lower left block of the matrix therein for
1> 1(A) and j < I(X) is zero and the lower right block for 4, j > I()) is an
upper triangular matrix with 1 on the diagonal line.

This is a place where a connection with the KP hierarchy!” shows up.
Namely, the variables t = (t1, to, . ..) are nothing but the “time variables” of
the KP hierarchy, and the Schur functions s, [t] are special tau functions. As
first pointed out by Miwa,'® viewing the tau function as a function of the x
variables leads to a discrete (or difference) analogue of the KP hierarchy. For
this reason, the x variables are sometimes referred to as “Miwa variables”
in the literature of integrable systems.

2.2. Tau functions of KP hierarchy

Let us use the notation 7[t] for the tau function in the usual sense (namely,
a function of t), and let 7(x) denote the function obtained from 7[t] by
the change of variables (4). It is the latter that plays a central role in this
paper.

A general tau function of the KP hierarchy is a linear combination of
the Schur functions

Tt = exsalt], (7)
A

where the coefficients ¢y are Pliicker coordinates of a point of an infinite
dimensional Grassmann manifold (Sato Grassmannian).'® Roughly speak-
ing, the Sato Grassmannian consists of linear subspaces W ~ C of a fixed

2These convenient notations are borrowed from Zinn-Justin’s paper.'6
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linear space V ~ C%. We shall not pursue those fully general tau functions
in the following.

We are interested in a smaller (but yet infinite dimensional) class of tau
functions such that ¢y = 0 for all partitions with /(A) > N. This corresponds
to a submanifold Gr(N,o0) of the full Sato Grassmannian. The Pliicker

coordinates ¢y are labelled by partitions of the form A = (A\q,...,An), and
given by finite determinants as
ex =det(fiy, )Ny, lis=XAi—i+N. (8)

Note that the sequences \;’s and [;’s of non-negative integers are in one-to-
one correspondence:

0>M> Ay >0 — o>l >--->1y>0.

The N X oo matrix

F = (fij)i=1,...,N, j=0,1,...

of parameters represent a point of the Grassmann manifold Gr(V, co).
By the Cauchy-Binet formula, the tau function 7(x) in the x-picture
can be expressed as

det(fi0, )Ny det(@)N,_y  det(fila;)Noy
@)=Y l NG = — A O

oco>l1>>IN>0

where f;(x)’s are the power series of the form
filx) = fua.
1=0

In particular, if there is a positive integer M such that
fij =0 for ¢>M+N

(in other words, f;(x)’s are polynomials of degree less than M + N), the
Pliicker coordinate cy vanishes for all Young diagrams not contained in the
N x M rectangular Young diagram, namely,

ex=0 for NZ (MN):=(M,...,M)

—_———
N

The tau function 7[t] thereby becomes a linear combination of a finite num-
ber of Schur function, hence a polynomial in ¢t. Geometrically, these solu-
tions of the KP hierarchy sit on the finite dimensional Grassmann manifold
Gr(N,N + M) of the Sato Grassmannian.
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2.3. Tau functions of 2-KP hierarchy

The tau function 7[t, t] of the 2-component KP (2-KP) hierarchy is a func-
tion of two sequences t = (t1,t2,...) and t = ({1, s, ...) of time variables,
and can be expressed as

Tt E] =) capsalt]sult], (10)
Ap

where cy,’s are Pliicker coordinates of a point of a 2-component analogue
of the Sato Grassmannnian (which is, actually, isomorphic to the one-
component version).!?

The aforementioned class of tau functions of the KP hierarchy can be
generalized to the 2-component case. Such tau functions correspond to
points of the submanifold Gr(M + N, 200) of the 2-component Sato Grass-
mannian. For those tau functions, the Pliicker coordinates cy, vanish if
I(A) > M or () > N; the remaining Pliicker coordinates are given by finite
determinants of a matrix with two rectangular blocks of size (M + N) x M
and (M + N) x N as

Caxp = det(fi,lj | gi,mk)7 (11)
where ¢ is the row index ranging over ¢ = 1,..., M + N and j, k are column
indices in the two blocks ranging over j = 1,...,M and k = 1,..., N,
respectively. I;’s and my’s are related to the parts of A = (X;)}L; and
p= (i)l as

ljZ)\j—j-i-M, me,uk—k—l-N.

By the change of variables from & and y to

1 Y 1Y
== af, Tn=—> o, (12)
j=1 k=1

the tau function 7[t,#] is converted to the (x,y)-picture 7(x,y). Again
by the Cauchy-Binet formula, 7(x,y) turns out to be a quotient of two
determinants as

_det(fi(zy) | gi(yn))
T(z,y) = A(z)A(y) ’

where the denominator is the determinant with the same block structure
s (11), and f;(x) and g;(y) are power series of the form

(13)

filw) =" far',  gily) = guy'-
=0 =0
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2.4. Tau function of 2D Toda hierarchy

The 2-KP hierarchy is closely related to the 2D Toda hierarchy.?° The tau
function 7s[t,t] of the 2D Toda hierarchy depends on a discrete variable
(lattice coordinate) s alongside the two series of time variables ¢ and t.
For each value of s, 7[t,t] is a tau function of the 2-KP hierarchy, and
these 2-KP tau functions are mutually connected by a kind of Backlund
transformations. Consequently, 75[t,t] can be expressed as shown in (10)
with the coefficients c,y, depending on s.

Actually, it is more natural to use sx[t]s,[—t] rather than sy[t]s,[t] for
the Schur function expansion of the Toda tau function.?! (Note that s,,[—]
can be rewritten as

sul—8 = (—1)ls 18],

where 'y denotes the transpose of u.) Expanded in these product of tau
functions as

Ts[t, t] = Z Csapsalt]su[—t], (14)
A p

the coefficients ¢, become Pliicker coordinates of an infinite dimensional
flag manifold. Intuitively, they are minor determinants

Coap = det(ga, —its,u;—j+s)ig=1 (15)

of an infinite matrix g = (gi;)i jez, though this definition requires justifi-
cation.?! In particular, if ¢ is a diagonal matrix, the coefficients csy,, are
also diagonal (namely, ¢y,  dy,) and the Schur function expansion (14)
simplifies to the “diagonal” form

Ts[t7i] = ch,\S)\[t]s,\[—iL Cs\ = Hg)\i,lurs. (16)
A =1

If we reformulate the 2D Toda hierarchy on the semi-infinite lattice
s > 0, the infinite determinants defining c)’s are replaced by finite determi-
nants, and 7s[t, t] itself becomes a finite determinant. We shall encounter
an example of such tau functions in the next section.

3. 6-vertex model with DWBC
3.1. Setup of model

We consider the 6-vertex model on an N x N square lattice with inho-
mogeneity parameters u = (uq,...,uy) and v = (v1,...,vy) assigned to
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Y
A

Y
A

Y
A

v1 Vo . . . UN

Fig. 1. Square lattice with DWBC

the rows and columns. The boundary of the lattice is supplemented with
extra edges pointing outwards, and the domain-wall boundary condition
(DWBC) is imposed on these extra edges. Namely, the arrows on the extra
edges on top and bottom of the boundary are pointing outwards, and those
on the other extra edges are pointing inwards (see figure 1).

The vertex at the intersection of the i-th row and the j-th column is
given the following weight w;; determined by the configuration of arrows
on the adjacent edges:

wij = a(ui — v;)

wij = b(ul — U]‘)

wij = c(u; — vj)

fob
Fr

The weight functions a(u),b(u), c(u) are defined as
a(u) = sinh(u + ), b(u) =sinhu, c(u)=sinh~, (17)

where 7 is a parameter. Thus the partition function of this model is defined
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as a function of the inhomogeneity parameters w and v:

N
ZN:ZN(’U,,’U): Z H Wsj -

configuration ¢,j=1

3.2. Izergin-Korepin formula for Zn

According to the result of Korepin® and Izergin,? the partition function Z
has the determinant formula

Zn = Hf\;:l sinh(u; — v; + ) sinh(u; — v;)
[i<icj<nsinh(u; — u;) sinh(v; — v;)
sinh N
x det | — 7.
sinh(u; — vj + ) sinh(u; — v;)

, (18)

4,J=1

which one can rewrite as

SinhN'y
ZN = - -
H1§i<j§N sinh(u; — u;) sinh(v; — v;)
N
« dot H,JCV:I sinh(u; — v + 7y) sinh(u; — vk) (19)
sinh(u; — v; + ) sinh(u; — v;) .
i,j=
and
Zn sinh? ~

o H1§i<j§N sinh(u; — uj) sinh(v; — v;)

N . . N
« det Hk:'l sinh(uy —v; + 7) sinh(uy — v;) (20)
sinh(u; — vj + ) sinh(u; — v;)

If we introduce the new variables and parameters3

x =i,y =e?i, gi=e 7,
we can rewrite these formulae as
N
-1
Zy =Cn H (g™ —y0) (i — y;)
Q=1
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Cnlg ' —a)V Y @i — )@ —y)
o o —1 L4 [
N =T A@Ay) " t( @ = 5,0) e~ 9) )_ 22
and
_Onlg =™ TTiss (wrg ™" = yi0) 2k — y5) "
N T Away) t( (g™~ 40) s — 33) )_ =)

where Cy = Cn(u,v) is an exponential function of a linear combination of
u;’s and v;’s. Apart from this simple factor, Zy thus reduces to a rational
function of = (x1,...,zx) and y = (y1,...,YN)-

3.3. KP and 2-KP tau functions hidden in Zn

As pointed out by Foda et al.,® two KP tau functions are hidden in these
determinant formulae of Zy. Firstly, if y;’s are considered to be constants,
the z-dependent part of (22) give the function

_ det(f; (i)Y, Filw) = [y (eg ' = yra) (@ — wi)
Al) 7 (gt —yjq) (@ —y;)

This is a tau function of the KP hierarchy with respect to t,, = % Zszl Ty

71 (x) (24)

Moreover, since f;(z)’s are polynomials in z, this tau function is as a poly-
nomial in t. In the same sense, if z;’s are considered to be constants, the
y-dependent part of (23) gives the function

det(gi(y))7j=1 [l (g™t = ya)(zi — y)
Y =——Frs " iy = — , (25)
Ay) (@ig™" —yg)(zi — y)

which is a polynomial tau function of the KP hierarchy with respect to
T N
th = % > k=1 Yk

Thus, apart from an irrelevant factor, Zy is a tau function of the KP
hierarchy with respect to @ and y separately. It will be natural to ask
whether a tau function of the 2-KP hierarchy is hidden in Zy.

A partial answer can be found in the work of Stroganov?? and Okada.?3
According to their results, if ¢ = e™/3, the partition function coincides, up
to a simple factor, with a single Schur function of (x,y) as

Zn = (simple factor)sy(x,y), (26)
where A is the double staircase partition

A=(N—1,N—-1,N—2,N—2,...,1,1)
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of length 2N. By the way, for any partition A = (Aq,..., Aen) of length
< 2N, the Weyl character formula for sy (x,y) reads

det(m;‘i —i+2N | y]ij\l 7i+2N)
Az, y) ’

where the row index ¢ ranges over ¢+ = 1,...,2N and the column indices
j,k in the two blocks over j,k = 1,..., N. Multiplying this function by

Az, y)/A(x)A(y) gives
MS o) = det(a) 2N | g2
A(z)A(y) MY = A(z)A(y) )

which may be thought of as a 2-KP tau function of the form (13).
Another answer, which is valid for arbitrary values of ¢, was found by

sx(z,y) =

(27)

Zinn-Justin (private communication). Let us note that (21) can be rewritten
as

N
Zn=Cn(g ' =" J] O - ¢ Pziy; YO =2y ] (—viws)
i,j=1 1<i<j<N

N
1 1
“A@Ay ) det <(1 —q 2zy; (1 - xiyj1)> o @8)

1,j=1
where

y =ty

The last part of thins expression, namely the quotient of the determinant
by the Vandermonde determinants A(x)A(y~!), may be thought of as a
2-KP tau function with respect to the time variables

1 1
_ - n ryo_ - —n
tn—ank, t, = nZyk . (29)
k=1 k=1
This is a special case of the tau functions

det(h(ziy; ")) —1

A@AG D (30)

T(m7y =

considered by Orlov and Shiota,?* where h(z) is an arbitrary power series
of the form

h(z) = Z hnz", hp#0 for n>0.
n=0
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By the Cauchy-Binet formula, 7(x,y) can be expanded as

N
T@y)= Y, as@a@ ), o= ][k (81
A=(AyeAN) i=1

This is an analogue (for a semi-infinite lattice) of the Toda tau functions
of the diagonal form (16). Note that the role of the lattice coordinate s is
played by N. Since the number of the Miwa variables in (29) also depends on
N, translation to the lanugage of the 2D Toda hierarchy is somewhat tricky,
but this tricky situation is rather common in random matrix models.?*
Thus, though not of the type shown in (13), the last part of (28) turns out
to be a 2-KP tau function.

Lastly, let us mention that Korepin and Zinn-Justin considered the par-
tition function in the homogeneous limit as u;, v; — 0.2° In that limit, the
partition function reduces, up to a simple factor, to a special tau function
of the 1D Toda equation, and can be treated as an analogue of random
matrix models.

4. Scalar product of states in finite XXZ spin chain
4.1. L- and T-matrices for spin 1/2 chain

We consider a finite XXZ spin chain of spin 1/2 and length N with in-
homongeneity parameters &, [ = 1,..., N. To define local L-matrices, let
us introduce the 2 x 2 matrix L(u) = (L;j());,j=1,2 of the 2 x 2 blocks
1+ 03 1—o3
b
;T

1+03 1—03
+a(u) 2 ?

Li1(u) = a(u) Lis(u) = c(u)o™,

Lot (u) = c(u)o™,  Las(u) = b(u)

where oF and o3 are the Pauli matrices

01 00 10
+ - _ 3 _
#=fao) =) = GA)

These 2 x 2 blocks are understood to act on the single spin space C2. The
structure functions a(u), b(u), c(u) are the same as the weight functions (17)
for the 6-vertex model, and built into the R-matrix

alu—v) 0 0 0
0 bu—v)clu—0ov) 0
0 c(u—0v)blu—0o) 0
0 0 0 alu—vw)

R(u—v) =
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Let LU (u—&) = (LE? (u — €))i j=12 be the local L-matrix at the [-th
site,
Ll(';')(u_fl) = Ql0Lju-§)1®- -,

and define the T-matrix as

= (3 50) -

The matrix elements of these matrices, hence the trace of the T-matrix
T(u)=TrT(u) = A(u) + D(u)
as well, are operators on the full spin space V = ®;i1 C2. The L-matrices
satisfy the local intertwining relations
R(u—v)(LD(w) @ I)(I ® L™ (v))

=L @)LYw) @ HR(u—v), (32)
where R(u — v), LW (u) ® I and T ® K™ (v) are understood to be 4 x 4
matrices (of scalars or of spin operators on V') acting on the tensor product

C?2 ® C? of two copies of the auxiliary space C2. These local intertwining
relations lead to the global intertwining relation

Ru—v)(T(w)H(IRTW)=IT)(T(u) @ )R(u—v) (33)
for the T-matrix. This is a compact expression of many bilinear relations
among the matrix elements of T'(u) and T'(v), such as

A(u)B(v) = f(u—v)B(v)A(u) — g(u — v)B(u)A(v),
D(u)B(v) = f(u—v)B(v)D(u) — g(u—v)B(u)D(v), (34)
C(u)B(v) = g(u —v)(A(u)D(v) — A(v)D(u))

and
[A(u), A(v)] = 0, [B(u), B(v)] = 0, (35)
[C(w),C(v)] =0, [D(u),D(v)] =0,

where
a(u)  sinh(u+ ) c(u) _ sinhy

flu) = = »oglu) = bu)

b(u) sinh u u)  sinhu’
A consequence of those relations is the fact that 7 (u) and 7 (v) commute
for any values of u, v:

[T (w), T (v)] = 0. (36)

The algebraic Bethe ansatz is a method for constructing simultaneous eigen-
states (called “Bethe states”) of 7T (u) for all values of w.
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4.2. Algebraic Bethe ansatz

Let us introduce the pseudo-vacuum 0) and its dual (0]:

<0\:(§(10)ev*, 0>:(§<é>ev.

=1 =1
They indeed satisfy the vacuum conditions
(0[B(u) = 0, C(u)|0) =0,
A(u)[0) = a(u)]0), D(u)|0) = 6(u)[0), (37)
(01A(u) = a(u){0], (0[D(u) = d(u){0],

where

N N
a(u) = H sinh(u — & +7), d(u) = Hsinh(u —-&).
=1

1=1
For notational convenience, we introduce the reflection coefficients
o(u)

r(u) = )

Bethe states are generated from |0) by the action of B(v;)’s. Suppose
that v;’s satisfy the Bethe equations

sinh(v; — v; — ) )
T(Ut) Sil’lh(’l}i — U_j ¥ 7) ) 1 ) , N (38)

i
The state []"_, B(v;)|0) then becomes an eigenstate of 7 (u):

n

T(u) [T B(wi)l0)

i=1
= (a(u) [T fi—w)+o() ] f(u— Uz’)) [IBw)lo). (39)

i=1 i=1 i=1
Let us remark that the operators A(u), B(u), C(u), D(u) are related to

a row-to-row transfer matrix of the 6-vertex model on the square lattice.
One can thereby derive the identities'®

N
OITIC(w) = 01Zn (urs .. un. &1, En),
i=1

N

[[B@)I0) = Zy(us, ... ,un. &, ..., &n)I0),
=1
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where u;’s are free (namely, not required to satisfy the Bethe equations)
variables, and |0) and (0| denote the “anti-pseudo-vacuum” and its dual:

0 =R (01) v, |o>:®((l)>ev.

=1

4.3. Slavnov formula for scalar product

Let u = (u1,...,u,) be free variables and v = (v1, ..., v,) satisfy the Bethe
equations (38). The Slavnov formula!!'? for the scalar product

Su(u.v) = (0| [] ou) [ Bwlo)

reads
[Ty 6(us)d(v;) szzl sinh(u; — v +7) N
Sp(u,v) = 0 sinh(u; — ;) sinh(v; — v, det(Hi;);’j—1, (40)
1<i<j<n i j) S111 (UJ v;)
where
Hyy = sinh y ) T H sinh(u; — v — )

sinh(u; — v; + ) sinh(u; — v; sinh(u; — vk + )

ki
One can rewrite this formula as

sinh™ y [T, 6(v;)
n 9 = . = . d t KZ“ n: 5 4.1
Sl v) [Ty sith(u; — ;) sinh(v; — v7) (Kiglig= (41

where

0 (uy;) H sinh(u; — vg +7) — a(u;) H sinh(u; — v — )
k#j k#j
sinh(u; — vj)

Kij =

4.4. KP tau function hidden in S, (u,v)
If we introduce the new variables and parameters*

2u;

I ; 20
T, =emr, oy i=ett,

zi=e2%, gi=e,

the Slavnov formula can be converted to the almost rational form

Crsinh” y TTi, (vi) det(f5(@i))7 -
A(y) Al) 7

Sp(u,v) = (42)
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where C), = Cy(u, v) is an exponential function of a linear combination of
u;’s and v;’s, and

=

N
(@—z) [[a e —que) = [J(a 'z — az) [ [ (g — ¢ ")
1 k£ 1=1 k)
fiz) =
j z—y;

Thus, as pointed out by Foda et al.,* a KP tau function of the form (9)
is hidden in S(u,v). Moreover, since the Bethe equations (38) imply the

equations
N
[Twi =20 [T v — awe)
=1 k#j

,':]2

(¢ 'yi—az) [J(ayi —a ') (i=1,...,n)

1 k#j

~

for y;’s, the numerator of f;(x) can be factored out by the denominator
z —y;. Thus f;(z)’s turn out to be polynomials in z.

5. Scalar product of states in models at ¢ = 0

A class of solvable models, such as the phase model'® and and the totally
asymmetric simple exclusion process (TASEP) model,?® can be formulated
by a set of 2 x 2 L-matrices L) (u), I = 1,2,..., N, and an R-matrix of the
form

flu—w) 0 0 0
B 0 1 glu—w) 0
Ru—v) = 0 glu—v) O 0 ’
0 0 0 flu—v)
where
2
f(u_v):ﬁv g(u_v):ugu_vvg'

This R-matrix is obtained as a “crystal” (namely, ¢ — 0) limit of the R-
matrix of the 6-vertex model and the XXZ spin chain. Unlike the XXZ chain
of spin 1/2, the L-matrices are not given by 2 x 2 blocks of the R-matrix
and take a model-dependent form. We define the T-matrix as

T(u)T (1) = (éﬁﬁi g%) — L) - L)
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and consider the scalar product

n n

Sn(u,v) = (0] [T C(wi) [ B(wi))0).
i=1 i=1
Remarkably, even if both w = (u1,...,u,) and v = (vy,...,v,) are free

variables, the scalar product for those models has a determinant formula'
of the form

. UiUj VU5
Sn(u, 'U) = (sunple factor) H N I R)
LL 2 — w2 vt — v

1<i<j<n * J 7 ?

det(Ki;)il =1, (43)

where

ou;)d(vy) (v /ui)" ™1 = 6(uq)a(vy) (ui/v;)" !
(uf —v3)/uiv;

)

Kz‘j = —
K3
a(u) and d6(u) being determined by the action of A(u) and D(u) on the
pseudo-vacuum. If a(u) and é(u) are given explicitly, we will be able to
obtain a KP tau function (and hopefully a 2-KP tau function as well).
Such an interpretation can be found most clearly in the cases of the
phase model?”2° and the 4-vertex model,?® both of which are related to
enumeration of boxed plane partitions. The scalar product of Bethe states
in these cases becomes, up to a simple factor, a sum of products of two
Schur functions:

S(u,v) = (simple factor) Z sa(u?, .. ud)sa(vr?, .. %), (44)
AC(N™)

By the same reasoning as the interpretation of (31), one can see that this
sum is a tau function of the 2-KP hierarchy (or, rather, the 2D Toda hier-
archy as Zuparic argued®) with respect to the time variables

t = 1 . 2n t_ _ 1 . —2n
n—gzzzguz, n—-g;’l}i .

Actually, this case admits yet another interpretation. In the course of
deriving (44), the scalar product is shown to be a generating function for
counting plane partitions in a box of size n x n x N. It is more or less well
known'6 that the Schur function s(nn) gives such a generating function.
Thus, in terms of this Schur function, the scalar product can be expressed
as

S(u,v) = (simple factor)s ) (ui, ..., uk,vf,...,v}). (45)
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This is similar to the formula (26) of the partition function of the 6-vertex

model for ¢ = e™/3; one can thereby find an interpretation as a KP or 2-KP

tau function with respect to the time variables
1< 1

=_ n o p o= 2n

tn—nzlul , In nzlvz .
= i=
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INTRODUCTION TO MIDDLE CONVOLUTION FOR
DIFFERENTIAL EQUATIONS WITH IRREGULAR
SINGULARITIES

KOUICHI TAKEMURA*

Department of Mathematical Sciences, Yokohama City University
22-2 Seto, Kanazawa-ku, Yokohama 236-0027, Japan

Dedicated to Professor Tetsuji Miwa on his siztieth birthday

We introduce middle convolution for systems of linear differential equations
with irregular singular points, and we present a tentative definition of the index
of rigidity for them. Under some assumption, we show a list of terminal patterns
of irreducible systems of linear differential equations by iterated application of
middle convolution when the index is positive or zero.

Keywords: Middle convolution; irregular singularity; Euler’s integral transfor-
mation; index of rigidity.

1. Introduction

Middle convolution was originally introduced by N. Katz in his book ”Rigid
local systems”,” and several others studied and reformulated it. Dettweiler
and Reiter®* defined middle convolution for systems of Fuchsian differential

equations written as

dy L A®

- = Z — |V (1)
i=1

Note that Eq.(1) has singularities at {¢1,...,t.,00} and they are all reg-

ular. On the theory of middle convolution, the index of rigidity plays im-

portant roles and it is preserved by two operation, addition and middle

convolution. Addition is related to multiplying a function to solutions of

*Current address: Department of Mathematics, Faculty of Science and Technology, Chuo
University, 1-13-27 Kasuga, Bunkyo-ku Tokyo 112-8551, Japan.
E-mail: takemura@math.chuo-u.ac.jp



394 K. Takemura

differential equations, and middle convolution is related to applying Euler’s
integral transformation to them. Middle convolution may change the size
of differential equations. It was essentially established by Katz” that every
irreducible system of Fuchsian differential equations whose index of rigid-
ity is two is reduced to the system of rank one. The procedure to obtain
rank one system is called Katz’ algorithm. Subsequently it is shown that
the system has integral representations of solutions which are calculated by
following Katz’ algorithm.

In this paper we study middle convolution for systems of linear differ-
ential equations with irregular singularities, which are written as

dy mo © roomy AW
_ j—1 J
4z _z;Aj 2 +Z;Z;(thi)j+1 Y. (2)
iz =1 =

If m; =0 (i # 0) (resp. mg = 0), then the point z = t; (resp. the point
z = 00) is regular singularity. In particular if mg = --- = m, = 0, then the
system is Fuchsian. There are several important linear differential equations
which are not Fuchsian, e.g., Kummer’s confluent hypergeometric equation
and Bessel’s equation. We want to extend the theory of middle convolution
to include those equations.

A pioneering work on middle convolution with irregular singularities
was carried out by Kawakami.? He focused on the differential equations

dv
(21, _T)E = AU, (3)
which is called Okubo normal form if T is a diagonal matrix. Eq.(3) is called
generalized Okubo normal form, if 7" may not be diagonalizable. Kawakami
constructed a map from generalized Okubo normal forms to linear differ-
ential equations with irregular singularities with the condition mo = 0, and
he showed that the map is surjective, i.e. every irreducible equation written
as Eq.(2) with the condition my = 0 corresponds to an irreducible equa-
tion of generalized Okubo normal form. He considered middle convolution
by using generalized Okubo normal forms, because Euler’s integral trans-
formation is on well with (generalized) Okubo normal forms. Yamakawa!?
gave a geometric interpretation to Kawakami’s map and investigated mid-
dle convolution with irregular singularities with the condition mo < 1 by
Harnad duality.
In this paper, we construct middle convolution including the case mg # 0
directly, i.e. without generalized Okubo normal forms nor Harnad duality.
Our construction is explicit as we will discuss in sections 2 and 3.
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We firstly define convolution matrices, which are compatible with Eu-
ler’s integral transformation (see Theorem 2.1). The size of convolution
matrices is nM, where n is the size of given matrices A;i) in Eq.(2) and
M =r+ Z::o m;. The module defined by convolution matrices may not
be irreducible. We consider a quotient of convolution matrices to obtain
irreducible modules in section 3, which leads to the definition of middle
convolution. We can describe the quotient spaces explicitly, and it is an ad-
vantage of our construction. We propose a tentative definition of the index
of rigidity, which is expected to be preserved by middle convolution. .

We study middle convolution further on the case that m; < 1 and Agz)
is semi-simple for all 7 in section 4. In particular, we show that the index of
rigidity is preserved by middle convolution on this case. By applying middle
convolutions and additions appropriately, the size of differential equations
may be possibly decreased. Under the assumption of this section, we show
that if the index of rigidity is positive and the system of differential equa-
tions is irreducible, then the size of differential equations can be decreased
to one by iterated application of middle convolution and addition. More-
over we show a list of terminal patterns obtained by iterated application of
middle convolution and addition for the case that the index of rigidity is
Z€ro.

We give some comments for future reference in section 5.

2. Convolution

Let A = (Ag,?g, ... ,A§0>, AV Aér)) be a tuple of matrices acting on the
finite-dimensional vector space V' (dimV = n). The tuple A is attached
with the system of differential equations (2). We denote by (A) the algebra
generalted by A;Z) (i=0,...,m, j = 8i0,-..m;). The (A)-module V (or
(A)) is called irreducible if there is no proper subspace W(C V') such that

A?W C W for any 1, j.
Set

M:r+imi, V’:éW“:C"M, (4)
1=0 1=0

VO = yeme Y@ — yeimitD) (> 1),

We fix p € C and define convolution matrices Ay) (i=0,....,m, j =
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di0,...m;) acting on V' by

"o v
0 0
0| NO
uE}J ’ 117(52
o)
Wherev](,)7u, eV @#=0,....r,j =dvo,...
ol =i, j >,

u(ll) = 0]”—5 0
i

mgn

1'=03"=d;1m ¢

Namely
pln
mo—j

- pdn

0) _
A7 = AQ _..Aéo) Ago) AL ...Aél) A2

pdn

D
S~
AR
=
3
;
d

pln
A AGD AR AP AP o,

v
?
mi) and u;

Z// Z//) 3 .
g g A 0 v ' 1=0,1

MOMZ SooAU W i £0, =i =],

0 otherwise.

Af

mo+(mi+1)+-+(m;—1+1)

AU+D

Mi+1

are given by
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where I,, is the unit matrix of size n. We denote the tuple of convolution
matrices by A = (21522], . ,flgo), 1217(72, ce fl(()r)). Note that the definition of
convolution matrices is a straightforward generalization of Dettweiler and
Reiter.? Then we can show that the convolution corresponds to Euler’s inte-
gral transformation on linear differential equations, which is also analogous
to Dettweiler and Reiter.*

vi(2)
Theorem 2.1. Assume that Y = : is a solution of
o r )
1
- ZA 2371 Z Z N Y. 9)
=1 j= 0
Let «y be a cycle such that f (w)y;(w)(z — w)*)dw = 0 for any j and
any rational function r(w). Then the function U defined by
Ut (2)
O J, Wy (w) (2 — w)tdw
7= iy | 96 z U
' " fw w Ly, (w) (2 — w) dw
U5 (2)
(0 Jo(w =)y (w) (2 — w)dw
U."(z) = .
(£ 0 ’ "
i
f'y(w ti) =y (w)( Hdw
satisfies
room; A(z
1 5
ZA 2 +ZZ i U. (12)
=1 j= O
The proof will be given in our forthcoming paper.!2
Let ¢ is a cycle turning the point w = t anti-clockwise. Then the

contour [yz,7,] = ’yzfyti’yz_lvt_il for i = 0,...,r (o = o) satisfies the
condition of Theorem 2.1. We should also consider cycles which reflect the
Stokes phenomena if there exists an irregular singularity.
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3. Middle convolution and the index of rigidity
3.1. Mziddle convolution

We have defined convolution in section 2, although convolution may not
preserve irreducibility. We now consider a quotient of convolution. We define
the subspaces KC, £'(y) and L(p) of V' = VEM by

o A AD a0\ [0\ /o

k@ = | |0l - 0 AD Al | [, 0
c = . )

(1>1) : 0 0o .o : :

KO ={0}cv®), £=PKk?,

o) ’Uj(*i) =0, (i#0,j#0),
|t
0 0 40
o 0 A© ” A© 4O s vl 0
1}7(7}2 0 Amo to Al = |
: o 0 . ; U§O) ’
e 0 .. 0 A9 ¢ '
i)
('0) s () ()
L(n) = /() LO) =9 | b | |22 2 A" =0,
(lu 7& 0) U} =0 j=6;,0
e
where A( (A(l) iy AE)T))'

Proposition 3.1. We have fl;i)lC cK, Ay)ﬁ(u) C L(u) and fly)ﬁ/(u) C
L'(w) for alli,j.

Proof. We show that flgi)ﬁ’( ) C L' (). Assume that v= (1)523 . v§°)v$,13
v(()r))TEE’(u).Thenv( =0(i#£0,7#0),v ":UO ) — ¢ and
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(117(7?3 . vﬁo) 0)T satisfies the definition of £’(). In particular we have

Z Z AL ZAQU, ZAW (14)

i'=035'=6,/ ¢

- Z ADVD 1 AP0 = e,

Then fléo)v (j # 0) is written as

(0) @

HUmo—j Ymo—j
) © ©
A0, _ KUy N T (15)
m 0) (0 T i i )
’ Zj:ol A; )”§ ) + o1 A(())v(()) 4
0 0
and (v ( ()) e (O) 20...)T satisfies the definition of £’(11). Hence fl(o)
L'(p) for j =1,. mo WealsohaveA()v—Oforz#O becausev()—

_vg) —Oand;wo + 30 OZ, 6/0 f)v(f) =—pl+ ul = 0.
The other cases are shown similarly. |

We define mc, (V) to be the (mc,(A))-module VM /(K + L(p)) where
me,(A) is the tuple of matrices on VM /(K + L(u)) whose actions are
determined by A, and we call it the middle convolution of V with the
parameter p. The following propositions are analogues to Dettweiler and
Reiter,® which will be shown in our forthcoming paper.'?

Proposition 3.2. (i) If u # 0, then KN L(u) = {0}.

(i) If w =0, then K + L£'(0) C L£(0).

(i11) If the (A)-module V is irreducible and p = 0, then N L'(0) = {0}
and dim K + dim £/(0) < n(M —1).

Proposition 3.3. Assume that the (A)-module V is irreducible.

(i) meo(V) =~V as (A)-modules.

(it) The {(mc,(A))-module mc, (V') is irreducible and V ~ mc_,(mc,(V))
for any .
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3.2. Addition
Let Y be a solution of Eq.(2). Then the function

(0) r r
(@
r_ _ L S Y
Y’ =exp Z z Z z—t = H(z t)*Y  (16)
j=1 =1 j= 1 =1
satisfies the equation
romy (8 (4)
dy’ (0) (0) j—1 A +'U'J I /
= ;(A +py 1)z +Z;]ZO e Y. (17)

We now define addition for the tuple A = (A,(qu7 el Ago)7 A%i, ol Aér))

by
My(A) = A+l = (AQ + 1O L AT 11, (18)
where T = (p

st i 1) € CM

3.3. Index of rigidity
Let A = (AST%, cee A§0), As,llz Yoy AST)) be a tuple of matrices acting on V.
Set
A AD Ay

0 Af%) e Agz) € End(V®mi+D)

A = 0 0 . (i=0,...,7) (19)
0o - 049
and
ow e _y...cy
cH = ol = 0 () C.Y) ADCH = cHAD L (20)
0 0 R
0 - 0CY
We define the index of rigidity by
idx(A) = dim(C?) — (M — 1) (dim(V))?, (21)

where M = r + 3°7_;m;. The condition A®C® = CW AW is equivalent
to

k
Z( W_ocw o AD j):o, k=0,...,m.  (22)
7=0
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The following proposition is readily obtained by Eq.(22):

Proposition 3.4. The index of rigidity is preserved by addition, i.e.
idx(Mgz(A)) = idx(A).

Conjecture 3.1. If the (A)-module V is irreducible, then the index of
rigidity is preserved by middle convolution, i.e. idx(mc,(A)) = idx(A).

We will prove the conjecture for a special case in section 4 (see Proposition
4.2).
We define the local index of rigidity by

idxi(A) = idx[AD .., AY] = dim(CD) — (m; + 1) (dim(V))2. (23)

Then we have

idx(A) =) idx;(A) + 2(dim(V))?. (24)
=0

3.4. Example

We consider irreducible systems of differential equations of size two written

as
LA NG AgY vy - (9
dz ( 1 2 o (y2(2)>' (25)

It has an irregular singularity at z = oo and a regular singularity at z = 0.

First we consider the case that Ago) is semi-simple. It follows from ir-
reducibility that A(lo) is not scalar. By applying addition (i.e. multiplying
e”'22% to the solution Y) and gauge transformation (i.e. multiplying a
constant matrix to the solution Y'), we may assume that Ago) is a diagonal
matrix with the eigenvalues 0 and —v(# 0) and A((Jl) has the eigenvalues 0
and —v. Then we may set

o (00 O k
Al - <0 —V)’ AO - (a('yka) O[—’Y) . (26)

It follows from irreducibility that k # 0 and « # 0. By eliminating y2(2) in
Eq.(25), we have a second order linear differential equation,
d? d
z% +(y- VZ)% —avy; = 0. (27)
If v = 1, then Eq.(27) represents the confluent hypergeometric differential
equation. Eq.(27) for the case v # 0 reduces to the confluent hypergeometric
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differential equation by changing the variable z’ = vz. The index of rigidity
for Eq.(25) is two, because dim(C(*?)) = 4 and dim(C™") = 2 which follows
from v # 0 and k # 0.

We investigate middle convolution mc,, for the matrices in Eq.(26). Con-
volution matrices are given as

00 -a &k
Ao _ (AT AP [0 0rta—y (28)
1 )
0 0 00 0 0
00 0 0
00 0 0
40 0 0 00 0 0
0 AP AW 4 ur 00 —a+p k
0—v 2029 o 54y

The dimension of the space K(~ K1) is one and the space is described as

0
0 0
k= (Ker(Ag”)) =Cle | (29)

The space L(u) (p # 0) is described as

MO A(10) —Aél) _ 7Jgo) 0
co={ ()] (4 ) (1) - ()}

00 —a+pu k

= Ker O_Vwa_7+u
00 0 0
00 0 —v

Hence the dimension of the space L(«) for the case p # « (resp. u = «)
is one (resp. two). We concentrate on the case u = a(# 0). A basis of the
space L(«) is given by

oly—a) | (31)
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Set
01 0 0
_|10a(y—a)0
5= 00 kv k (32)
00 0
Then we have
-0 0 O a—v000
150 g | 0 0—kval 1) o 0 000
STATS = 00 0 0]’ 5T A5 = 1/ae 000 (33)
00 0 O —v/a 00«

Since the second, the third and the fourth columns of the matrix S are
divisors of the quotient space mc,(C?) = (C?)®2?/(K + L()), the ma-
trix elements of flgl) and /ngo) appear as (1,1)-elements of Eq.(33). Hence
Eq.(25) is transformed to

% - (u + %) y (34)
by the middle convolution mec,. The solutions of Eq.(34) is given by y =
cexp(vz)z®~7 (c: a constant).

We are going to recover Eq.(25) from Eq.(34) and obtain integral repre-
sentations of solutions of Eq.(25), which arise from the equality mc_,me, =
id. We apply middle convolution mc_, to Eq.(34). Then we have

) e

It follows from Theorem 2.1 that the function

([ exprw)w* Y (z — w) " “dw
W= <f2 exp(rw)w* 7" 1(z — w)_adw) ’ (36)

is a solution of Eq.(35) by choosing a cycle C' appropriately. For simplicity
we assume v € Rsg. Then we can take cycles C' which start from w = —o0,
move along a real axis, turn the point w = z or w = 0 and come back to
w = —o0. By setting

W:(O‘;V_()k>w, (37)

we recover the matrices in Eq.(26) such as the function W satisfies Eq.(25).
Consequently we obtain integral representations of solutions of Eq.(25)
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which are expressed as
=1 /0 &k Jo exp(rw)w* 7 (z — w) " *dw
W= kv <—V a— 'y) (fc exp(rw)w* 7"z —w)"%dw ) (38)

In particular, the function
y(z) = / exp(vw)w® 7 (z — w) “dw (39)
c

satisfies Eq.(27), and we obtain integral representations of solutions of the
confluent hypergeometric differential equation.
Next we consider the case that Ago) is nilpotent. Set

0 0-1 1 a1,1 G1,2
A§>=(O o)’ Ag>:(a271a2’2). (40)
Then it follows from irreducibility that as; # 0. The index of rigidity is
also two. But we cannot reduce to rank one case by applying additions
Ago) — Ago) +als, A(()l) — Aél) + 31> and middle convolution mc,,, because
dim(L'(p)) < 1 for any «, 3, u, which follows from as; # 0. Note that
solutions of the differential equations determined by Eq.(40) are expressed

in terms of Bessel’s function by setting z = 2.

4. The case m; < 1 for all 2

In this section, we investigate the index of rigidity and middle convolution
for the case m; < 1 for all ¢ (see Eq.(2)). The case m; = 0 is included to
the case m; = 1 by setting Agi = 0. We assume that Agi) is semi-simple
for all ¢ and V(= C") is irreducible as (A)-module.

4.1. Index of rigidity

To study the index of rigidity, we investigate Eq.(22) for the case m; = 1.
We ignore the superscript (). Then Eq.(22) is written as

ACL =C1A,  ACy— CoAy + AgCy — C1Ag = 0. (41)

By the assumption that A; is semi-simple, we diagonalize A; as

dil,, 0 ... 0
X 0 doln, ... O o
P AP = 0 o , di A dy (i #7). (42)

0 - 0 dily,
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Write

At Al Al
AR AR gl

PlAp= |0 0 T (43)
Al A2 Al

where Ag’j] is a n; x n; matrix. It follows from A;C; = C1A; that C; is
written as

c oo .0

» 0o ¢ 0
PP = N (44)

.k

0 - 0cH

where Cy] is a n; X n; matrix. Then
P71 (AoCy — C1Ag)P = (45)
AE’HC’P] - CP]AE’H A([)1,2]C£2] - C{”A([)l’z] . A%l,lc]cyc] - C{”A([)l’k]
AgQ,l]OP] - OF] AgQ,l] Ag2,2] C{Q] - C{Q]AEQQ] AgQ,k] C{k] - C{Q]Agzk]
Agg’l]C'ﬁl] - C{k] Ang] Ang] CP] - C{k] Agc,2] . Agc,lc] O{k] - C{k] Agc,lc]

By writing
(o SRl S e
[2,1] [2,2] [2,k]
ci ol
e e R (46)
ool ol
we have
P YACy — CoAy)P = (47)
0 (dy — do)CM . (dy — dy)CiH
(dy — dy)CY 0 o (dy — dy)CEM
(dy, — dy)CYM (dy — dp)C ) 0

It follows from A;Co — CoA; + AgCy — Cy Ag = 0 that A1l = ¢l o[-
and Ci7) (i # j) is determined as O = —(Al eV — Al /(d; - d;).



406 K. Takemura

Elements of C'([)i7i] are not restricted by relations. Hence the dimension of
solutions of Eq.(41) is
k
> _{(m)* +dim Z (A"} (48)
=1
where Z(AM) = {x e croou|x Al = Al X1V Let I, be the a x b
matrix whose (i, j)-element is given by 6; j, 9 = (q1,...,¢p) € ZP (g1 +- - -+
G=n,q > >qy,>1), A= ()\,...,),) € CP. Following Oshima,'? set

)‘1[41 ILJ17Q2 0

0 /\21112 Iqmq:s e
L(g; A) = e (49)
0 0 )\3[q3 .

Every matrix is conjugate to L(q; A) for some q, A. Note that if A; # A;
(i # j) then the matrix L(q; A) is conjugate to the diagonal matrix whose
multiplicity of the eigenvalue A; is ¢;. If the matrix A[Ol Ui conjugate to
L(ni1,...,nup; dia,...,dip,), then the dimension of solutions of Eq.(41)
is given by

k pi

S )P+ )’y (50)
=1 j=1

We denote the type of multiplicities of the matrices (A;, Ag) which

are expressed as Eqgs.(42), (43) and A[Ol’l] (I =1,...,k) is conjugate to

L(nl717 e ,m,pl;)\l,h ey )\l7pl) by

(nl, no, ... ,nk) — ((n1717 e ,nl’p1)7 (ﬂg’l, ey ngypz), ey (nk,l, ey nk,pk)).

(51)
Note that n; = ng1 +---+nyp, (I = 1,...,k). Then the local index of
rigidity of the matrices (A1, Ag) is calculated as

k P
2m® =) S () + > (i)’ p (52)

1=1 j=1
If Ay = 0, then £k = 1, ny = n and we simplify the notation
(n1) — ((n1,1,-..,M1p,)) by (R11,...,n1,p,). Note that the notation
(N1, ..,n1,p ) was already adapted by Kostov® and Oshima'? for the case

of regular singularity.
By combining Eq.(52) with Eq.(24) we have the following proposition:
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Proposition 4.1. We assume that mg = --- = m, = 1, A?) are semi-
simple for i =0,...,r and C" is irreducible as (A)-module. Let
(n(-) , n;), .. kl()l)) (53)
(1) l) (4) (1) (1) (1)
((nl,l, e ,angi) ), (N33, .- ,n27pgi)), ey (nk(i),l’ ey nk(l)7p(l(> ) ),

(nf? > ng) > - > nff

NOTRL (l) > > n(l o = 1,..., k@) be the type

J:p;
of multiplicities of (Agl), Ao ). Then the index of rigidity is equal to

r k@ ;i)
idx(A Z Z ;l) Z (nﬁ/f —2rn?. (54)
=0 j=1 i'=

4.2. Subspace

Next we investigate solutions of the equations
Arvg =0, Ajvy + Agvg =0, (55)

for the case that the matrices Ay and Ay are expressed as Egs.(42), (43)
and d; = 0 to understand the subspaces K and £'()\). Write

ol ol
1 0
=Pt s =Pt o |, O ey, (56)
,Ugn] U([Jn]
It follows from Ajvy = 0 that U([)i] =0 (¢ > 2). Hence
11 [
Ag ] ([3]

. A([)l 2]110 +da vl
P~ (A()’UQ + Alvl) = . =0, (57)

Agl’k} U([Jl] + dkvgk]

v([)l} € Ker(A[1 1]) and Ugl] (I > 2) is determined as —Agl’l]v([)l]/dl. The
elements of UP] are independent. Hence the dimension of solutions of
Eq.(55) is n1 + dim(Ker(Agl’l])). If the matrix Agl’l] is conjugate to
L(nia,...,n1py; d1a,....dip,) and di1 = 0, then the dimension of so-
lutions of Eq.(55) is n1 + nq 1.
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4.3. Middle convolution

We now study the matrices for which the middle convolution is applied.
Let i € {1,...,r} and m; = 1. We investigate the matrices Agl) and A(()Z)
for the case that the matrices A" and AY are expressed as Eqs.(42), (43),

dy = 0 and C" is irreducible as (A)-module. By changing the order of the
direct sum V/ = (C")®M | the matrices A" and A} are expressed as

P~YA,P P~YAyP + ul, P~1AP®M-2)

(QPEM)~1 AV QpoM — 0 0 0 ,
0 0 0
(58)
> W 0 0
(QPM)~TAYQPOM = | P~1A\P P'AgP + pul, P~ APEM-2)
0 0 0

where A = (AES% .. .Agﬁjl) A%*j} .. ) and Q represents the change of the

order of the direct sum (C")®M. Set

0-I,, 0 ... 0
0 (dz)_lln 0
A¥ =p ° ' Pt (59)
0 0 . :
0 ce 0 (dp) M,

X = —P7'AY (Ao + pI,, A) PEM-D),
R=—P 'A% (A + ul,)P.

Since the j—th row blocks of the matrix P~'(A;A¥ — I,,)P zero for
j > 2, the j—th row blocks of the matrix X’ = P '4,PX +
P~ (A + pl, A) PPM=1 and P='A;PR + P~'(Ay + pl,)P are also
zero for j > 2. We denote the size of the matrices flgi), flgi) on the space
M = mec,(C") by (= nM — 31, dim K@ — dim £(p)). Restrictions of
the matrices jlgi) and fl(()i) to the space KU) (j # i) and L(u) are zero,
which follow from the definitions of the spaces. Thus the matrix fi(li) on M
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is diagonalized as

-1

Irx aMy-1 () Hpem (1 X
(57) @ taporen (4 (60)
M/
dolp, 0 - 0
_(P—lAlPX’N I B
o o), a0

-1
where M’ = (é )I(> (QP®M)=I M, I is a unit matrix of the suitable size

and the dimension of the kernel of flgz) |amt is & — n + nq. Since the matrix
P~1A, P is diagonal, the [[,{]-block of RP~1A; P coincides with that of
P~1A; PR, and it is equal to the [I,l]-block of —P~1(Ag + ul,)P, if | > 2.
Hence
—1
(67) @i (1) ‘ (6)
M
_ (p—RP AP uX - XX'
(AT,

AE’Q] +2ul,, * e *

* Agc’k]—i—Q,uInk *

-/

* X

— .
where X is expressed as

y/ _ Z([Jl,l] +ul Y// |
0 0

Z([)Ll] is the matrix obtained by replacing the domain and the range of Ag’l]
to C™t/ KerA([)l’l]. It follows from irreducibility that the rank of X is equal

to the size of Z([)l’l]. Thus, if the matrix AE’I] is conjugate to

L(ny”, ... on) 50,00 @ Ling ™. onf ) s—py =) (62)

> oy Yo p<7“>;7ua
EBL(le, .. '5m1,p/1;)‘1717 .. .,)\1,1,/1) ()\1,]‘ 75 07—u)7
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then we have n —n + n§0> > n{™ and the matrix X is conjugate to

LR —n+n"n"" .  nlm0,...0) (63)

P(—p)’

EBL(né(”’”_7n1<7?(>)>;u7...,u) ©L(maa, .My AL+ ey At ).

If the matrix A([)l’l] (I > 2) is conjugate to L(my1,...,Mip A1, Ap)s

then the matrix A[Ol’l] + 2ul,,, is conjugate to L(myi,...,mip; 1 +
2p, ..., N p, +2p). Hence

k

idx;(me,(A)) —idx;(A) = (R —n +n1)* + z:(nj)2 (64)
j=2

+ (dim Z(ZE My W)+ (R —n+niq1)?+ Z(dim Z(AP 4 21))2 — 2732
j=2

k 1 k o
— [ ) + (@im 22 4 03, + D (dim Z(AFT))? - 207
Jj=1 j=2

=2(n—n)(2n —ny —ni1) = 2(n —)(2n — dim £D),

where ny 1 = dim(KerAE’l]).

We investigate the matrices Ago) and ;180) for the case that mg = 1,
the matrices Ago) and A((JO) are expressed as Eqgs.(42), (43) and d; = 0. By
changing the order of the direct sum V' = (C")®M | the matrices 2150) and
/L()O) + pl are simultaneously conjugate to

P 14,P P 1A P P-YAP®(M-2)

AP ~ 0 0 0 7 (65)
0 0 0
n 0 0
AP fpul ~ | P71A P P71 AGP PTAPS(M2)
0 0 0

where A = (ASJ .. Agl) Agﬁg .. ) It follows from similar argument to the



Middle convolution with irregular singularities 411

case A?), fléi) (i #0) that flﬁo) and fléo) are simultaneously conjugate to

doln, O -+ 0
ap| o~ i (66)
M . dil, 0
AT
A(O)‘ ~ 67
 lm - A[Ok’k] « | (67)
« X

— .
where X is expressed as

7/ _ Zgl,l] —ul YH
0 —ul )’

Zgl’ll is the matrix obtained by replacing the domain and the range of A([)l’l}
to (C"l/Ker(Agl’l] — pI). If the matrix Agl’l] is conjugate to

L(nim,...,né‘(‘i);u,...,u)@L(nim,... ni% 50,...,0) (68)

»pioy?

D L(ml,ly cees M pr 3 >\1,17 BREE) )‘171)/1)7 (>\1,j # 0, /1')7
then we have n —n + nYL) > n§0> and the matrix X is conjugate to

LAa—n+nl 0l 00—y ) (69)

) p<0>7
@L(n;”)w"’nélj,zﬁo""’o)®L(m1,1""’m1m’1;>‘1’1 — Ly ALt — ).

3Py

Hence we also have
idxo(mey,(A)) — idxo(A) = 2(n — 7)(2n — dim L()). (70)

We include the case m; = 0 to the case m; = 1 by setting A(li) =0 and we
have i = n(2r +1) — Y1, dim K@ — dim £(y). Tt follows from Eqgs.(64),
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(70) that

idx(me,(A)) — idx(A) = 2/ — 2n? + Z {idx;(mc, (A)) —idx;(A)}
i=0

(71)

=27% — 2n% 4+ 2(n — 1) <2(r +1)n = dim K@ — dim c(u)>

=1
=2n% —2n? +2(n —a)(n+n) = 0.

Hence the index of rigidity is preserved by application of middle convolu-
tion, i.e. idx(mec,(A)) = idx(A). Namely we obtain the following proposi-
tion.

Proposition 4.2. If m; < 1, the matrices Agi) are semi-simple for all i
and (A) is irreducible, then the index of rigidity is preserved by application
of middle convolution, i.e. idx(mc,(A)) = idx(A) for all p € C.

4.4. Classtfication

Proposition 4.3. Assume thatm; <1 (i=0,...,r), Aﬁi) are semi-simple
for all i and (A) is irreducible. We identify the case m; = 0 with the case
m; =1 and Agi) =0.

(i) If idx(A) = 2, then A is transformed to the rank one matrices by ap-
plying addition and middle convolution repeatedly.

(i) If idx(A) = 0, then A is transformed to one of the following cases by
applying middle convolution and addition repeatedly, where d € Z>1.

Four singularities :  {(d,d), (d,d), (d,d), (d,d)}, (72)
Three singularities :  {(d,d,d), (d,d,d), (d,d,d)},

((2d,2d), (d,d,d,d), (d,d,d,d)},

{(3d,3d), (2d,2d,2d), (d,d,d,d,d,d)},

{(@d) - (@), @), (@.d), (dd},
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Two singularities : d) — ((d),(d)), (d,d) — ((d),(d))},
d,d,d) - ((d), (d),(d)), (d.d,d)},
d,d,d,d) — ((d), (d), (d), (d)), (2d,2d)},
2d,2d) — ((d,d), (d,d)), (d,d,d,d)},
3d,2d) — ((d,d,d), (2d)), (d,d,d,d,d)},

{(d,

{(

{(

{( (
{(
{(2d,2d,2d) - ((d, d), (d,d), (d,d)), (3d,3d)},
{(

{(

{(

{(

{(

{(

(d,

—~

(
(
) —
3d,3d,2d) — ((d,d, d), (d,d, d), (2d)), (4d,4d)},
5d,4d,3d) — ((d,d, d,d,d), (2d,2d), (3d)), (6d,6d)},
(
(
(
(

~—

5d,4d) — ((d, d, d, d, d), (2d,2d)), (3d,3d,3d)},
3d,3d) — ((d,d,d), (d,d,d)), (2d,2d,2d)},
5d,3d) — ((
4d, 3d) — ((

d,d,d,d,d), (3d)), (2d,2d,2d,2d)},
2d,2d), (3d)), (d,d,d,d,d,d,d)}.

Proof. (i) It is enough to show that the size of matrices can be decreased
by appropriate application of addition and middle convolution, because the
size of matrices is reduced to one by applying many times.

Let

(nll)7 ng . 7”1(:<)'i) )— (73)
() (@) (@) () (i) (0
((ny AL <z>) (ns, 1»~~~vn2’p<2i))v- »(n Pty 10 <1>,p<1(>)))7

(n(i) > n(i) > > n,(c()l), ngq > > n, )@)) be the type of multiplicities

of (Agl)7 A(l ). Note that ngq -+ ngz))y) = ny). Then
j/

There exists a number (9 such that

19 J

? ( n,0)) +Z z<> )ZZ(ngi))2+ZZ(n§f;,)2, (75)
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because if not we have contradiction as

Sl )+ Z (n\?, j (76)

l

<;§ S0+ XS0 = Tf - S

J

By combining with Eq.(74) we have
% )
n(ny) +n z() )z Z g +ZZ(”§'J')2' (77)
VI

Recall that the index of rigidity is calculated as

s

idx(A) =3 [ S ()2+ 33" (al))? | - 2rm?. (78)

i=0 \ j
If Zl 0 l() l(z)) 1 < 2rn, then
- (1 - (i) (i)
Z Z " + ZZ J,J ) < (e + nlm,l) <2rn?, (79)
1=0 J i=0

which contradicts to idx(A) = 2. Hence

Sl +nf ) =21, (80)
i=0
We apply addition in order that dim K®) = nl(f)) + nl( i fori=1,...,r

and the dimension of the kernel of Ago) is nl(?(])). Let 1 be the value such

that dim L(u) = 1(2’)> + nl(?o)) - If 4 =0, then it follows from Eq.(80) that

dim K + dim £/(0) — n(M — 1) = S_(nfl) +nlf), ) — 2nr < 0 and it
contradicts to Proposition 3.2 (iii). Thus p # 0, the size of matrices obtained
by middle convolution is
@+ Dn =Y (i) + ) ), (81)
i=0
and it is no more than n — 1, which follows from Eq.(80). Hence the size
can be decreased by addition and middle convolution.
(ii) Tt is sufficient to consider the case that the size of matrices cannot
be decreased by addition and middle convolution. Let [ be the number
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which satisfies Eq.(75). If >°7_ O( ny; ) + nl(()) 1) > 2rn, then the size is de-
creased by middle convolution (see Eq.(81)) or the system is reducible (the

case 1 = 0). Hence >_'_,(n 1((3) +nl(<3>7 ) <2 1Y (n 1(3) +nl(<2> ) < 2rn,
then we have Y., (Z] (ng-i))2 +3; Zj,(njyj,y) < 2rn? as Eq.(79) and
it contradicts to idx(A) = 0. Thus Z;O(nl(fi)) +n{) ) = 2rn. Since

1D,1
idx(A) = 0, all mequahtles 1n Eqs.(77), (79) are equalities. In particu-

lar we have (nl( )2 4 > (n! n,; ) 2P = nl((i))( l((l)) + nl((l)) ), which leads to
nl(ZB)J = nlm Qfor 1 < j < pl(z)) Then ((n l(l)) + Z ( l(l) J) )n/nlm =
n(n 1(2> + nl(ZB) ) = Zj(nj >+ 220 j,j,) . Hence if Eq.(75) is sat-
isfied, then the inequality in Eq.(75) is replaced by equality. Therefore
n((nf”)? + 32, ?) < i (2,072 + 3, 2 ( ()2 for all L. It fol-
lows from summing up With respect to [ that (( ) + > (“z j) )n/nl

> ( 9)2 4 DI ( ) for all I. By setting | = I and repeating the
dlscuss1on above we have

(4)
i n A 7 7 7
ny) =mni) = Nok n e +1) =l + 1), (82)

1

forall j € {1,... ,pl(i)} and [ € {1,...,k®}. Since Z;O(ng") +n§”1) = 2rn,

we have
r (@) (@)
ny’ +n
Z (2 _ g) =9. (83)
i=0 "
Hence r>1
If ngl) =n and pg =1, then the matrices A and A are scalar, and

we may omit the singularity corresponding to Ag) and Aé), because they
are transformed to Agz) = A(()Z) = 0 by applying addition. If n = n and
pgl) > 2, then we have k() = 1, ngl)l = n( )(1) and 2— (n; ® +n1 1)/n =

1—1/p{”. Thus 1/2 < 2 — (n{" + ngz)l)/n < 1 and the equality holds iff
(i) = 2. Since the matrix Ag " is scalar, this case can be regarded as m; =0
by applying addition.

If ng) #n, then k() > 2 and we have n = n(z) <+ nfj()i) > k(W (1)1),
](;()) 1 < n( )) and
ntd (@) (4) (4) (4)
+n Ny TN G n, G 2
o T _ o O T RO 5o ThHO 5o 2 (»y)

n n n k(1)
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Hence we have 2 — ( @ 4 nl })/n > 1 and the equality holds iff k() =
p(i) (Z =1 and nl = n2 =n/2.

We con81der the case k¥ =1 for all 4. Then >°;_ (1 — 1/p1 ) =2 and
we have solution for the cases r = 3 and r = 2. If r = 3, then p(o) = pgl)
p? =pi¥ =2, ie. the case {(d, d), (d,d), (d,d), (d,d)} (d =n/2).1fr =2,
then (pg ), pgl), pg )) = (3,3,3), (2, 4, 4), (2, 3, 6) or their permutations,
i.e. the cases {(d,d,d), (d,d.d), (d,d,d)} (d = n/3), {(2d,2d), (d,d,d,d),
(d,d,d,d)} (d = n/4) or {(3d,3d), (2d,2d,2d), (d,d,d,d,d,d)} (d = n/6).

We con51der the case #{i | k® > 2} > 2. Then it follows from Eq.(84)
that #{i | k@) > 2} =2, k0 = k()—2pl)—pé)—landng)—né):
n/2 (i = 0,1). Hence we obtain the case {(d, d)—((d), (d)), (d,d)—((d),(d))}
(d=n/2).

We consider the case #{i | k¥ > 2} =1 and r > 2. We set k(9 > 2,
k'(l) = = k" =1 for Slmpllclty It follows from Eq.(83), 2 — (ny (0)
nl 1)/n >1land2— (n—!—nl,l)/n >1/2(i>1)thatr =2, n§°) = ngo = n/27

:(L ) _ §2) =2 and ngz)l = ngzz =n/2 (i = 1,2). It corresponds to the case
{(d,d) = ((d), (&), (d,d), (d d)} (d =n/2).

The remaining case is #{i | k() > 2} = 1 and r = 1. We set k(©) > 2

k() =1 for simplicity. By Eq.(83), we have

nl” +ni’) 1

- =1- 2@ (85)
It follows from p( ) > 2 and Eq.(84) that 2 — (ny o 4 ngoi)/n < 3/2 and
kO <4,

If £(©) = 4, then inequalities in Eq.(84) must be equalities, p(o) ( ) =
p(o) pfl ) =1 and ngo) = ngo) = ngo) = 51 = n/4. We have pg ) = 2 and
ngl) = nél = n/2. Hence we obtain the case {(d,d,d,d) — ((d), (d), (d),
(d), (2d,2d)} (d =n/4).

If £(©) = 3, then we have (n} o4 n(o))/n < 2/3. Since (n; © +n(10%)/n +
1/p(1) 1, we have p( ) = 3 or 2, ie. (ngo) + nﬂ)/n = 2/3 or 1/2. If
(ny o 4 ngo))/n =2/3, then p(o) p(QO) = pgo) =1, nz(-o) = Z 1 =n/3 (i =
1,2,3), 5” =3 and n1 = gl) (1) =n/3, i.e. the case {(d,d,d) — ((d),
(d), (d)), (d,d,d)} (d=n/3). If (n! o +n%)/n = 1/2, then we have

201 (" +1) = 2053 (0" + 1) = 203 (b + 1) = (86)
0 0 0 0 0 0 0 0 0
n(” +nf + 0l = np{” +nfpl” + éipé*
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By summing up, we have 2(ng i+né i+n(0)) ﬂpﬁo) +n éozpéo) +n§?{pg0).
Since n(O) > néo) > n(o) we have n(o) < ng? < ng?i, p§°> > éo) > pgo) and
é) < 2. If pO) = 2, then p(o) = péo) = 2. If p(o) 1, then we have
M%ﬁMWDﬂ%ﬁHmMM—ﬂWM%Q
Hence néof = ngoi + n2 1 and 1/(p1 +1)+ 1/(p2 + 1) = 1/2. Therefore
PO+ 1,50 1+ 1,50 1 1) = (3.3,3), (6,3,2) or (4,4,2). 7t (0 +1,p +
l,pé )+ 1) = (3,3,3), then nﬂ = néoi = ngoi = n/3 and we obtain the case
{(2d,2d,2d) — ((d,d), (d,d), (d,d)), (3d,3d)} (d=n/6). If (p\” +1,p" +
1 p(o) +1)=(6,3,2), nloi =n/12, né i =n/6and néoi = n/4 and we obtain
the case {(5d,4d,3d) — ((d,d,d,d,d), (2d,2d), (3d)), (6d,6d)} (d = n/12).
If (p; O 41 p(o) +1 p(o) +1) = (4,4,2), then n:(loi = néoz =n/8, ngoi =n/4,
and we obtain the case {(3d,3d,2d) — ((d,d,d), (d,d,d),(2d)), (4d,4d)}
(d=n/8).

We investigate the case k() = 2. Tt follows from Eq.(83) and n =
(0) (0) (0) (0) that

1101 UDRYZ)
0 0 1 0) (0 0) (0
A+ 1) =0 +1) = Gﬂmy@Muw@%.@n
D
By erasing the term pgo), we obtain
0 1 1 0
ngt + (i = Dnily = (1) — 201l (88)

Hence p( ) > 3. It follows from n(o) > n(o) that n(o) < néoi, go) > péo),
“>1ﬂ“’nwiﬂ—<9—m9ww@<wwm—m
We consider the case pg) = 3. Then péo) <3 If p( ) = 1, then nﬂ =
0 and it cannot occur. If p(O) = 2, then né?) 2n1 and p =5 It
corresponds to the case {(5d, 4d)—((d, d, d,d, d), (2d, Zd)) (3d, 3d, 3d)} (d=
n/9). If p(o) = 3, then nﬂ = ngoi and pgo) = 3. It corresponds to the
case {(3d,3d) — ((d,d,d), (d,d,d)), (2d,2d,2d)} (d = n/6). We consider
the case pgl) > 4. Then péo) < p(ll)/(pgl) —2) <2 If pgo) = 2, then
pgl) =4, ngoi = n(QOi and p(o) = 2. It corresponds to the case {(2d,2d) —
((d,d), (d,d)), (d,d,d,d)} (d = n/4) If p) = 1, then n{’} = ng;< M-
3)/(p§1) —1) and p(o) =1+ 4/( — 3). Hence 4 is divisible by p1 -3
and we have pg ) — 4,500 7. If p(l) = 4, then p( ) =5 and Sng(’)i = néoi
It corresponds to the case {(5d,3d) — ((d,d,d,d,d), (3d)), (2d,2d,2d,2d)}
(d =n/8). If pgl) = 5, then pgo) = 3 and Qng?i = néoi It corresponds to
the case {(3d,2d) — ((d,d,d), (2d)), (d,d,d,d,d)} (d = n/5). If p{") =7,
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then p§°> = 2 and 3nﬂ = ang. It corresponds to the case {(4d,3d) —
((2d,2d), (3d)), (d,d,d,d,d,d,d)} (d=n/7).
Thus we have exhausted all the cases. O

Remark that some patterns in the list of Proposition 4.3 may not be real-
ized as an irreducible system of differential equations. In fact the patterns
corresponding to Fuchsian systems as

{(d,d), (d,d), (d.d), (d,d)}, (89)
{(d,d,d), (d,d.d), (d,d,d)},

{(2d,2d), (d,d,d,d), (d,d,d,d)},

{(3d,3d), (2d,2d,2d), (d,d,d,d,d,d)},

for the case d > 2 (resp. d = 1) cannot be realized (resp. can be realized)
as irreducible systems, which was established by Kostov? and Crawley-
Boevey.?

5. Concluding remarks

We give comments for future reference.

In this paper we gave a tentative definition of the index of rigidity
for systems of linear differential equations which may have irregular sin-
gularities, and we should clarify the correctness (or incorrectness) of our
definition. A key point would be Conjecture 3.1, which is compatible with
Proposition 4.2, and we should consider the case that the coefficient matri-
ces are not semi-simple.

Crawley-Boevey? made a correspondence between systems of Fuchsian
differential equations and roots of Kac-Moody root systems, which was
applied for solving additive Deligne-Simpson problem. Boalch! gave a gen-
eralization of Crawley-Boevey’s work to the cases which include an irregular
singularity. It would be hopeful to develop studies on this direction to un-
derstand several properties of differential equations.

Laplace transformation (or Fourier transformation) has been a powerful
tool for analysis of differential equations. It is known that Okubo normal
form fits well with Laplace transformation. In fact, Okubo normal form

dv
I, —T)— = AU,
(ol =TV (90)

is transformed to

QZ(T_AjLIn)V? (91)

dz z
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which is Birkhoff canonical form of Poincaré rank one by Laplace transfor-

mation
V(z) :/ exp(zz)¥(z)dx. (92)
c
Assume that the matrices T and A are written as
tle 0 ... 0 AT A2 gl
0 tolp, ... 0 AR AR22] AR
T = . , A= . . . ;o (93)
0 0 .o : : .o
0 o 0 tgly, AT AlR2D - AlRoK]

where t; # t; (i # j) and A% is a n; x n; matrix, and we further assume
that A, Al (i = 1,..., k) are semi-simple and Eq.(90) is irreducible. Then
the index of rigidity for Okubo normal form (Eq.(90)) is equal to

k
S~ ((0)? + dim(Z(459)) ) + dim(Z(4)) - n?, (94)
j=1
which was described by Haraoka® and Yokoyama.!* On the other hand, the
index of rigidity of Eq.(91) can be calculated as a special case of section 4
(see Eq.(54)), and it is equal to Eq.(94). Hence the index of rigidity in this
paper fits well with Laplace transformation.
We now observe an example of Laplace transformation. Set

01 a1 +1 are
T = A=_ (% :
(0 0)’ ( az1 G232 ~6—1)7 (95)

in Eq.(91), which corresponds to Eq.(40). It follows from irreducibility that
az,1 # 0. By (inverse) Laplace transformation, we obtain Eq.(90), which is
rewritten as

dv 1 asq aso+1 1 fa11+1 aio
_ = —_— ) ’ - ) I \Ij
dx { 22 ( 0 0 x az1  ag2+1 ’ (96)

and it can be reduced to a scalar differential equation by middle convolution
as the example in section 3.4. Therefore we should develop a theory of
Laplace transformation as well as the theory of middle convolution which
is based on Euler’s integral transformation (Theorem 2.1).

Several important functions are written as a solution of single differential
equations of higher order

v+ ar(2)y" Y 4 a2y +an(z)y =0, (97)

where a;(z) (i = 1,...,n) are rational functions which may have poles
at prescribed points {¢1,...,t,}. Note that we need to treat delicately on
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writing Eq.(97) into the form of systems of differential equations (2) to
reflect the depth of the singularities. Oshima'! formulated middle convo-
lution (Euler’s transformation) for single differential equations of higher
order, and Hiroe® studied it for the case that the differential equation has
an irregular singularity at z = oo and regular singularities. Hiroe’s result
includes a part of the content of section 4 in this paper with a different sit-
uation. Moreover he clarified a structure of Kac-Moody root system, which
is based on Boalch’s study.! Studies on this direction should be developed
further.
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We give differential equations compatible with the rational qKZ equation with
boundary reflection. The total system contains the trigonometric degeneration
of the bispectral gKZ equation of type (C)Y, Cy,) which in the case of type GLy
was studied by van Meer and Stokman. We construct an integral formula for
solutions to our compatible system in a special case.

Keywords: Boundary rational qKZ equation; bispectral qKZ equation; double
affine Hecke algebra.

1. Introduction

In this paper we give differential equations compatible with the rational ver-
sion of the quantum Knizhnik-Zamolodchikov (qKZ) equation® with bound-
ary reflection, which we call the boundary rational ¢KZ equation.

Let V = C?N be a vector space of even dimension. The boundary ra-
tional qKZ equation is the following system of difference equations for an
unknown function f(z|y) on (C*)N x C" taking values in V®":

fl@l...;ym—c,...)

= Rimm—1Um — Ym-1—¢) - Ry 1(Ym — y1 — ) K (ym — ¢/2 |z, B)

X Rim (Y1 +Ym) - Rne1,m (Ym—1 + Ym)

X Rm,m-&-l(ym + ym+l) T me(ym + yn)

X Ko (yYm |1, @) B (Ym = Yn) -+ Byt (Y = Y1) S (2] Yo

for 1 < m < n, where ¢, and [ are parameters and 1 = (1,...,1) €
(C*)N. The linear operator R(A\) on V®? is the rational R-matrix, and
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K(X|z,0) € End(V) is the boundary K-matrix which is a linear sum of the
identity and the reflection of the basis of V' with exponent z = (x1,...,zN)
(see Eq. (2) below). The indices of R and K in the right hand side signify
the position of the components of V®" on which they act. The boundary
rational qKZ equation can be regarded as a slight generalization of an ad-
ditive degeneration of Cherednik’s trigonometric qKZ equation® associated
with the root system of type C,,. Such equation was also derived as that for
correlation functions of the integrable spin chains with a boundary.®!° Re-
cently combinatorial aspects of a special polynomial solution have attracted
attention. !>

In this paper we give commuting differential operators in the form

Du(ely) = razo— + La(zly)  (1<a<N),
La

where L,(z|y) (1 < a < N) are commuting linear operators acting on
V®" and prove that the system consisting of the boundary rational qKZ
equation and the differential equations D, (z|y)f(z]y) =0(1 <a < N)is
compatible (see Theorem 3.1 below). Such compatible system is obtained
for the differential KZ or the qKZ equations without boundary reflection
by Etingof, Felder, Markov, Tarasov and Varchenko in more general set-
tings.6:715:16

In Ref. 11 van Meer and Stokman constructed a consistent system of
g-difference equations, which they call the bispectral gKZ equation, using
the double affine Hecke algebra (DAHA)* of type GL,,. The key ingredients
are Cherednik’s intertwiners and the dual anti-involution. As mentioned in
Ref. 11, their construction can be extended to arbitrary root system. In this
paper we consider the case of type (C,/,C,,). The DAHA of this type also
has intertwiners and dual anti-involution,'* and hence we can construct the
bispectral qKZ equation. Now recall that the DAHA has a trigonometric
degeneration.* In this degeneration the bispectral gKZ equation turns into
a system of differential equations called the affine KZ equation (see Section
1.1.3 of Ref. 4) and additive difference equations. We prove that the system
is contained in our compatible system of differential equations and the
boundary rational qKZ equation with N = n restricted to a subspace of
V@ jsomorphic to the group algebra of the Weyl group of type C,. As
will be seen in Sec. 4.6 the differential operator D, (z|y) does not literally
appear in the affine KZ equation because some of its parts act by zero on
the subspace. Thus our compatible system gives a non-trivial generalization
of the trigonometric degeneration of the bispectral qKZ equation of type
(CY,Cy).
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As previously mentioned the boundary rational qKZ equation can be
regarded as an additive degeneration of the qKZ equation on the root sys-
tem of type C,. For the qKZ equation of type C,, Mimachi obtained an
integral formula for solutions in a special case.'? Similar construction works
for the boundary rational qKZ equation with o = 8 = k/2, where k is a
parameter contained in the R-matrix, and the exponent z restricted to the
hyperplane zo = --- = zx = 1. We prove that the solutions obtained in
this way satisfy the differential equation Di(z1,1,...,1]y)f = 0. Thus we
get solutions of our compatible system in a special case.

The rest of this paper is organized as follows. In Sec. 2 we give the def-
inition of the boundary rational qKZ equation. In Sec. 3 we construct the
commuting differential operators and prove that they are compatible with
the boundary rational gKZ equation. In Sec. 4 we calculate the trigono-
metric degeneration of the bispectral gKZ equation of type (C)Y,C,) and
prove that it is contained in our compatible system. In Sec. 5 we give an
integral formula for solutions of our compatible system with o = 8 = k/2
and z = (z1,1,...,1).

2. Boundary rational qKZ equation
Let n and N be positive integers, and ¢, k,a and 3 be generic non-zero
complex numbers. Let V = @2, (Cv, ® Cvz) be a vector space with the

basis {vi},—1 N1 N-
The rational R-matrix acting on V'®2 is defined by

A+ EP
R(\) := T

where P is the transposition P(u ® v) := v ® u. It is a rational solution of
the Yang-Baxter equation
Ria(A1 — X2)Riz(A1 — A3) Raz(A2 — Az)
= Ras(A2 — A3)R13(A1 — A3)Ri2(A1 — A2) (1)

on V3, where R;;(X) is the linear operator acting on the tensor product
of the i-th and the j-th component of V3 as R()).

For z = (z1,...,2n) € (C*)N we define the reflection operator T'(z) €
End(V) by
T(x)(ve) =z, 'vg, T(x)(vg) := Ta¥q (1<a<N)
and set
AT (x) +
Ko, ) = 22D )

A+
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Then the operator K (A |z, 3) satisfies the boundary Yang-Baxter equation:
Ri2(A1 — A2) K1 (M1 | @, B) Rar (A1 + A2) Ko (M2 | @, 3)
= Ka(A2 |z, B)Ra1 (A1 + A2) K1 (A1 | 2, B) Ri2 (A1 — A2) (3)

on V®2 where K;(\ |, 3) is the linear operator acting on the j-th compo-
nent of V2 as K(\ |z, 3).

For x = (z1,...,2n) € (C)N and y = (y1,...,yn) € C", we define the
linear operator Q,(z]y) (1 < m < n) acting on V®" by

Qm(x|y)

= Rm,m—l(ym —Ym-1—0C) - Rm,l(ym —y1 — ) Kpn(Yym —¢/2 |z, 5)
X Rim(Y1 + Ym) - Roe1,m (Ym—1 + Ym)

X Rm,m+1(ym + Ymy1) - Rm,n(ym + Yn)

X Ky (Ym |1, 0) Rnon(Ym — Yn) -+ Ronyms1(Ym — Yma1),

where 1 := (1,...,1) and the lower indices of R and K in the right hand
side signify the position of the components in V®" on which they act.

Proposition 2.1. For 1 <I,m <n we have
Qumx| ...y —c,..)Qux|y) = Qx| ..., ym — ¢, )Qum(x|Y).

Proof. It follows from Eq. (1) and Eq. (3). |

Let f(x|y) be a function on (C®V) x C" taking values in V®". We
denote by A,, (1 <m < n) the shift operator with respect to yy,:

A f(x]y) = f@|y1, - Ym — oo Yn)-

From Proposition 2.1 the following system of difference equations is consis-
tent:

Apf(z|y) = Qu(x|y)flz|ly) (m=1,...,n). (4)

Definition 2.1. We call the system (4) of difference equations the boundary
rational ¢KZ equation.

3. Compatible differential equations
3.1. Commuting differential operators

We denote by eq, € End(V) (a,b € {1,...,N,1,...,N}) the matrix unit
acting by eqpvp = 0Oppvq. In this section, for u € End(V) and 1 < j <
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n, we denote by ul) € End(V®™") the linear operator acting on the j-th
component of V®™ as u. For 1 < a,b < N we set

Eab = €ap + g3, Eap := €5 + €ap,
and define Xp, Yap, Zap € End(VE") by
(

Xa,b = Z

(angereg)E())

1<i<j<n

Yo=Y (B +QEY),
1<i<j<n

Zai= Y. (WE + eV E)).
1<i<j<n

Note that Y, = Yo and Zgy, = Zp,.-
Define the linear operators A,(y) and B,(z) (1 <a < N) on V®" by

YRR
. N N
( S 3 xap+zvap)

p=a+1
and
a—i—ﬁx n —0) a—1 2
Ba(l‘) ZZQﬁZEaJa +k{z “ (Xap+Xpa)
vz -1 o = Ta—Tp
a T N 1
P X, X — (Y, Z, .
3 I (K 4 Xy + Y o (Yo + 2y
p=a+1 p=1
Set

La(z|y) = Aa(y) + Ba(z) (1<a<N).
By direct calculation we can check the commutativity:
Lemma 3.1. For 1 <a,b < N we have
[Aa(y), As@)] =0, [La(z|y), Lo(x|y)] = 0.
Now define the differential operators D, (z|y) (1 < a < N) by
Dulay) 5= eraz + La(a|y).

Proposition 3.1. The differential operators Dy(x|y)(a=1,...,N) com-
mute with each other.
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Proof. It follows from Lemma 3.1 and the equality z, gﬁ = x aw" for

1<a,b<N. O

3.2. Compatibility

In this subsection we prove the main theorem:
Theorem 3.1. For1<a <N and 1 <m <n we have

[Da(]y), Ay Qun( )] = 0. (5)
Hence the system of equations

Amf(zly) = Qmz|y)f(z]y) (1 <m <n),

Do(z|y)f(x]y) =0 (1<a<N)

is compatible.

To prove Theorem 3.1 we rewrite the linear operators L, (z |y) (1 < a <
N) as follows. For A € C* and v € C, we define I,(A|v) € End(V) by

a+ﬁ/\ a+ Bt
ot 2T g tan (1<a<N).

-z @
For # = (x1,...,zx5) € (C*)Y we define M,(r) € End(V®?)(1 < a < N)
by

Ia()‘ | ’Y) = 'Y(eaa eaa) +2——+

_1 (xaeaa +z, eaa) ® (eaﬁ + eﬁa)

MZE

Tp TaTp 1
U, J, K
#a
where
Uab = €at @ Epa + €57 @ Eap, Jap 1= 6a5®Eba+eba®Eab,
Ko := ey ® Epq + €5, © Eap.

Note that Ju,p, = Jpe and Ky = Kpe. Then we have
Lo(z|y) = Z (@aly)D + > M,
Jj= 1<i<j<n

for 1 <a < N, where Ma(x)(i’j) is the linear operator acting on the tensor
product of the i-th and the j-th component of V®" as M, (z).
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Lemma 3.2. For z = (z1,...,2ny) and 1 < a < N we have
Ria(y1 — y2) (Ia(xalyl)(l) + Io(zaly2)® + Ma(ﬂi)(l’2)) Ria(yr —y2) ™"
= Lo (zaly1) + Lu(zaly2)® + Mo (z)>V
on V®2 where M, (x)*Y) = PM,(x)P.
Proof. Note that if A € End(V®?) is symmetric, i.e. PhP = h, then h
commutes with the R-matrix. We extract symmetric parts from the oper-

ator In(za|y1)® + I (24]y2)® + My (z)1?) as follows. In the following we
enclose symmetric parts in a square bracket [ ]. First we have

Ia(xa‘yl)(l) + Ia(xa‘y2)(2)
2 . j a4 BTa o= a4 Bril S
= |y D (e —ez(ija))‘i'QT_lazeéja) +27xf2 e
j=1
(2))_

+ (y2 — yl)(e((l?l) — Caa
Note that Ugyp + Upe and Jgp + K,y are symmetric. Using

Uap = {6(—1—)6(2) + e(l)e@} + e;(sla)egQ) +ellel?

pa “ap ap “pa D ap Epa >
Jap = {61()%)6%) + e%)e;?} + eg—l)e% + e%)egl),
we divide M, (x)1?) as
Mo () = % [wackid el + aytelidel) + a (el el + el el2)
+k~§N:[ P Uy + Upa) + (Jup + K. )}
= Tq — Tp ap pa TaTp — 1 ap ap
pF#a
N
k|3 (e e) 4+ eleps +epdeny) + elpefs) — (el)el2) + efeld)
ba

+EY (eleld + efiely),
p

where Z; is a sum over all indices p € {1,...,N,1,..., N}. Thus we find
L (za|y)W + L (24|y2)® + M, () = [(symmetric part)]

!/
+ (g2 =)@ — el + B (el + el e). (7)
p
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Now we make use of the intertwining property of the R-matrix:

/
R(N) ()\ 1@ epm + kz epm ® elp>

P

— ()\ l®epn +k Z/ e ® epm> R(N),

p

/
R(N) (/\' 1Q® e — kZ ep @ epm>

p

!
= <)\-1®elm—k2 epm®elp> R(\)

p

for any [,m € {1,...,N,1,...,N}. For g € GL(V®?) we denote by Ad(g)
the adjoint action h — ghg~! on End(V®2). Then we see that

Ad(Ri2(y1 — y2)) <(y2 - y1)( 2) + kz e(; gz + ep}l) ﬁ?))
= = (el )+ Y (e @+ i)
= (12 —y1)(ef? — el + 2k flla) @

N
Sl el e i)+ e + el

=1

2

Adding this to the symmetric part in Eq. (7) we obtain I,(z4|y1)™ +
Lo(waly2)® + Ma(z) V). O

Proof of Theorem 3.1. We split the operator @Q,,(z|y) into three parts:
Qm(z|y) = Q) Km(ym — /2|2, 8) @ (y), (8)
where
Qn(Y) = Rinm—1(Ym — Ym-1—¢) -+ Ry (ym —y1 —¢)
and Q! (y) is determined by Eq. (8). Then the equality (5) is equivalent to
0 _
et ol = /212.0) ) Kol = c/2|,)”
+Ad(Q, (W) (La(z |- ym —¢,...))
— Ad (Km(ym — ¢/2]2,)Qn ) (La(x|. - Ym,--.)) = 0. (9)
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The first term of Eq. (9) is equal to
(Ym — ¢/2 m m m
<y(—dm53gzﬁwndmw;>éﬁ)ﬂ@a<>

From Lemma 3.2 we see that the second term is equal to

—1,(m)

ziteln) ) (10)

D La(@a )9 + La(a |y — )T + > M
j#m

4 Z (w)

(11)
1<i<j<n
ij#m

) (me9)

=
Jj#m

Let us calculate the third term. Using Lemma 3.2 and

Ad(K(y|L @) Ta(A 7)) = La(A ] =),
Ad(K2(v |1, @) (Ma(2) ) = My (2)?,

we obtain

Ad@r, (1) (La(|9)) = D Ta(a | y))P + La(a| = ym)™

+ Z M m,j) + Z M (1 J)
1<i<j<n
j#m i,j#m
What remains is to calculate the image of the second and the third term
above by the operator Ad(K,,(ym — ¢/2]|z,3)). By direct calculation we
find

Ad(K(y —¢/2]z, 8))Ta(xa | — 7))

— x 765 e — €57 —C — Tq€
= Io(za |7) + CE {B(eaa — €aa) + (v — ¢/2)(z, Caa) }
and

Ad(K1 (7|, 8)(Ma(2) M) = Mo(a) 2.
Using these formulas we see that the third term of Eq. (9) is equal to

(ZI (2a|95) (])+ZM Jma) 4 Z )6
1<i<j<n
J;ﬁm i,j#m
cp (m) _ (m) ~1,0m) (m)
— el 2 . .
e B = )+ (o — /2w e~ waeli))}

(12)
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The sum of (10), (11) and (12) is zero and this completes the proof. m|

4. The bispectral qKZ equation and its degeneration
4.1. The double affine Hecke algebra of type (C,,Cy)

Here we recall the definition and some properties of the dou-
ble affine Hecke algebra of type (C),C,).'* We denote by F :=
(C(ql/Q,tl/z,t(l)/Q, }L/Z,u(l)/z,u,l/z) the coefficient field.

Definition 4.1. The double affine Hecke algebra H of type (C)/,C,,) is the
unital associative [F-algebra generated by XijEl (1<i<n)and T;(0<i <
n) satisfying the following relations:

(1) quadratic Hecke relations

(T — )T+ 67 =0 (0<i<n),

where t3/2 =t2for1<i<n.
(ii) braid relations

T,Ti1 TiTir = T T Ty (i = 0,n — 1),
TiTi+1Ti = Ti+1TiTi+1 (1 <1< ’I’L), TZTJ = T'jjﬁZ (‘Z — j‘ > 2).

(iii) relations between X and T

XZXJ :XJXZ (VZ,]), T;X] :XJT; (|’L—]| 2201' (z,j):(n,n—l)),
TXTy=Xip1 (1<i<n-—1), X 'T7'=T,X,+ ul/?—u;?),
q_1/2T071X1 _ ql/QXfng + (u(l)/Q _ ual/Q).

Noumi found the polynomial representation of H given as follows.'3 Let

W = (sg,...,8n) be the affine Weyl group of type C,,. The group W acts
on the Laurent polynomial ring F[X*+!] = F[de, o, X by

(Sof)(X):f(le_l,Xz,...,Xn), (13)
(Szf)(X):f(,XH_l,X“) (1 §Z<’I’L), (14)
(snf)(X) = f(X1,. ., X1, X01). (15)
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Define the F-linear operators T; (0 < i < n) on F[X*1:

N 1/2t1/2 1/2X 1/2151/2 1/2X_1
T() = t1/2 + t71/2( )( + q 1 )(50 _ 1)’
0 0 1 —gX 2
1
2]. _tXl/Xl+1
Xi/Xiv1
(1 _t}L/QuTlL/QX ) +t1/2 1/2Xn)
11— x2 (sn —1).

T, = tY2 1V (si—1) (1<i<n),

Ty =ty + 4,172

Then the map T; — T, and X; — X, (left multiplication) gives a rep-
resentation of H on F[X*!]. It is faithful and hence H is isomorphic to
the F-subalgebra of the smashed product algebra F(X)#W generated by
the difference operators ﬁ (0 <4 < n) and the multiplication operators
f(X) € FIX*1] (see, e.g., Sec. 2.1 in Ref. 11 for the definition of the smashed
product algebra). Hereafter we identify H with the subalgebra of F(X)#W.

The subalgebra Hy generated by T; (1 < ¢ < n) is isomorphic to the
Hecke algebra of type C,. Denote by Wy := (s1,...,$,) the finite Weyl
group of type C,,. Let w = s;, ---s;, be a reduced expression of w € Wj.
Then the element T, := T}, --- T}, is well-defined for w € Wy. The set
{Tw}wew, gives a basis of Hy.

Set

Y, =T Tpi (T TO)Ty - T (1<i<n).
They satisfy
VY =YiYe (Vig), T =T (li—jl = 2or (i,5) = (nyn 1),
TY,inTi=Y, 1<i<n-1), T;%V, =Y 'T,+ t)/*—t;'?)
and
q71/2Y1—1Unfl - ¢?U, Y, + (ué/Q _ u51/2)7
where U,, := X, 'TyY; *. The subalgebra H generated by T; (1 < i < n)

and YjEl (1 <1i < n)is called the affine Hecke algebra of type C,,.

Let % : F — F be the C-algebra involution defined by (¢ 1/2) = uy/* and
the other parameters ¢'/2,¢1/2 tL/?, é/ % are fixed. It uniquely extends to

the C-algebra anti-involution on H such that
Ty =U,, T;=T, X;=Y' Y'=X1 (1<i<n).

The anti-involution * is called duality anti-involution. For a Laurent polyno-
mial f of n-variables with the coefficients in F, we define f° by the equality

oY) = (f(x)"
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Define the elements S; (0 < i < n) in F(X)#W by
§o — t61/2(1 . ql/zt(l)/2u(1)/2xl_1)(1 +q1/2t(1)/2u61/2X1_1)so,
gi = t_1/2(1 — tXi/Xi+1)Si (1 <i< n),
S =t V2(1 = t2ul2 X)) (1 + t 20 Y2 X)) s
In fact they belong to the subalgebra H since we have
So= (1= Xy *)To — (8" = 10 %) = (ug/™ — g *)g /X7,
Si=(1—X;/Xop1)T; — (2 =t7Y2) (1<i<n), (16)
S = (1= X))Tp = (6> = 1,7%) = (w}/* = u V/*) X,

The elements S; and their dual gj‘ (0 <i < n) will play a fundamental role
in the construction of the bispectral qKZ equation.

4.2. The bispectral qKZ equation

Here we construct the bispectral gKZ equation of type (C,/, C,,). See Ref. 11
for the details in the case of type GL,,.

Hereafter we set the parameters ¢'/2,¢'/2, ... to generic complex values
and consider H as a C-algebra. Then we have the Poincaré-Birkhoff-Witt
(PBW) decomposition of Hy and H as C-vector spaces:

H~Hy®ClY* ], H~C[X*]®H,oCy*!.

Set L := C[X*!] ® C[Y*!]. The DAHA H has L-module structure de-
fined by

(f@g)h=f(x)hgly) (f®geL,heH). (17)

We consider L as the ring of regular functions on 7" x T', where T is the n-

dimensional torus T := (C*)™. From the PBW decomposition, any element

of H can be regarded as an Hy-valued regular function on 7" x T'. Let K

be the field of meromorphic functions on 7" x 7. Then HY := K @y, H is a

left K-module of Hp-valued meromorphic functions on 7' x T'. Any element

F € HE is uniquely written in the form F = Y wew, fuTw (fu € K).
Denote the translations in W by

€ ::Si"'sn—l(sn"'so)sl"'Si—l (IS’LSTL)

Then W is a semi-direct product W ~ Wy x I of the finite Weyl group Wy :=
(81,...,8n) and the lattice I' ~ Z™ generated by ¢; (1 < i < n). Define the
involution © : W — W by w§ = wy for wg € Wy and € = ei_l (1<i<n).
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Then W xW acts on L by (w,w")(f(X)®g(Y)) = (wf)(X)®(w®g)(Y). The
action naturally extends to that on K. Now we define the action of W xW on
Hi by (w,w')(F) := Y ew, (W, W) (fuw) Tw for F =37y fuTw € Hy

Let w = s;, - -+ 55, be a reduced expression of w € W. Then the element
Sy = gjl e gjz € His well-defined. We denote by d,,(X) the Laurent poly-
nomial uniquely determined by the equality Sy = dy(X)w in F(X)#W.

For (w,w") € W x W, consider the C-linear endomorphism &, .,y on
H defined by

F(wwy(h) = Suw h Sk
Then we have
g(w,w’)(f'h) = (wvw/)(f)‘g(w,w’)(h) (f €L, he H) (18)

The map o,y extends to the C-linear endomorphism on HE satisfying
Eq. (18) for all f € K and h € H.
We define 7(w,w’) € Endc(HE) (w,w' € W) by

T(w,w')(F) = dp(X) 'Sy (V) G (F)  (F € HY).
Using the equality
dwl (X)il(wldwz)(X)71§w1§w2 = Wi1w2 = dw1w2(X)71§w1w27

we see that 7 is a group homomorphism 7 : W x W — GL¢ (HY). From the
definition of 7, the operator

C(w,w') = m(w,w') - (w,w)™?

acting on HY is K-linear.
Now consider the equation

) (F)=F  (Vawel)
for F € HE. It is rewritten as
Clou (X [ 1Y) = F(X|Y)  (urel),  (19)

where pZ = (¢" Zy,...,q" Zy) for Z = (Z1,...,Zy) and p = € -+ - ¢elin €
I'. Thus Eq. (19) is a system of linear ¢-difference equations. Since 7 is a
group homomorphism, the system is holonomic.

Definition 4.2. We call the holonomic system of g-difference equations
(19) the bispectral qKZ equation of type (C),Ch).
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The bispectral gKZ equation (19) essentially consists of the two systems:

Clea, VF (..., qXa,. .. [Y)=F(..., X4,...]Y) (1<a<n), (20)

Clyem)F(X|...,q Wy ) =F(X|...,Y,...) (1<m<n). (21)
The system (20) is called the gquantum affine Knizhnik-Zamolodchikov
(QAKZ) equation of type C,,. See Section 1.3.6 of Ref. 4 for construction
of the QAKZ equation associated with arbitrary root system. The system
(21) is dual of (20). In the rest of this subsection we compute the operator
C(1,em) (1 <m < n) explicitly.

Denote by H* the subalgebra of H generated by XF'(1 < i < n)
and T; (1 < ¢ < n). The duality anti-involution * gives the isomorphism
H ~ H*. We define the anti-algebra homomorphism ng : H* — Endg (HY)
by

nr(A) < > fw.Tw> = > fu(TwA),
weWy weWy

where A € H* and f, € K(w € WO).~Applying the dual anti-involution to
(16), we obtain explicit formulas for S} in terms of T; (1 < i < n), U, and
YA (1 <i < n). Then we see that C(1,s;) (0 < i < n) are given by

Ko(Y1) (i =0),
0(1,31‘) = Rz(i/z-&-l/)/z) (1 <1< Tl),
Kn(Yn) (Z = n)v
where Ko(Y),R;(Y) (1 <i < n) and K,,(Y) are defined by

1/2
Un/

ICO(Y) =
(1 _ q1/2u(1)/2u}1/2y)(1 + q1/2u(;1/2U71L/2Y)

x {1 = V) na(Ua) = (ulf* = u; ) = (=g )2 v},

RuY) = 2 {1 = Vyn(T) — (2 =) (1< i<,
1/2
Kn(Y) = n

(1— 2602y 1)1 + 5262y 1)
(=Y (L) — (/2 - 1) - (3 - 5y 1)
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Then we have

X Rt (V'Y ) - Ron (Vi Vi)

X Rt (Yo 21 Yo ) - Ra(Y1Y0 )
x Ko(Y, YR1(qY1/Ym) - Ron—1(qYm—1/Yom). (22)

4.3. The degenerate double affine Hecke algebra

In this subsection we consider the trigonometric degeneration of the DAHA
of type (CY, Cy,). We refer to Ref. 4 for the general theory on degeneration
of the DAHA.

In the following we make use of X;, T;,Y; (1 < i < n) as generators of H.
Note that T is recovered from them by Ty = T, ' -+ T, Y - Tt -+ T Y.
Let A be a small parameter. We set

gl/% = ehe/2 | 41/2 — phk/2 (23)

1/2 1/2 *
to/ _ ehko/27 t,ll/2 _ ehkn/27 /2 _ ehk0/2,

1/2 Rk’ /2
u /2 _ ghkn/2

un

X;=a;, T,=s;+h+o(h), Y;=e™  (1<i<n) (24)

and take the limit # — 0. In Eq. (24) we introduced accessory generators

T; (1 <i < n) to avoid rewriting formulas in the form of Lusztig’s relations.
For example, substitute Eq. (23) and Eq. (24) into the relations

(T; —t'2)(T;+t7 %) =0, TY;inT,=Y; (1<i<n)

and expand them into power series of h. Taking the zeroth and the first
order terms we obtain

s2=1, sT;+Tisi = ksi, Tisi + siyir1si + siT; = yi.
Eliminating fi, we find y;8; = siyi+1 + k. Thus we get closed relations
among z;, s; and y; (1 < i < n). The parameters ko, k,, ki and k) appear
only in the form of kg + ky, and k% + k. Setting o := (ko + ky)/2 and
B := (k§ + kX)/2, we obtain the trigonometric degeneration of H:

Definition 4.3. The degenerate double affine Hecke algebra H of type
(CY,C,) is the unital associative algebra generated by x;, s; and y; (1 <
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1 < n) satisfying the following relations:

s7=1 (1<i<n), $:8i418i = Sit18isi+1 (1 <i < n),
Sn—18n8n—15n = SnSn—15n5n—1,

8 = xip1 (1 < i< n), SpTpSn = x;l,

¥isi = SiVit1 + k(1 <i<n), YnSn = —Sn¥n + 2a,

[si,a;] = 0= [ssy5] (li —j| > 1or (i,5) = (n,n — 1)),

k(850 = sji)x; (i>7)
cx; + 2(0436;1 + B)r;

TR 1 <ics SUTLF Xici<n SaTi + 3y Sumi) (i = j)
k‘(gij.’l,'j — s”xz) (Z < ]),

[yi, zj] =

where

Sij = 8ji = (8i---8j-1)(8j-2--8i) (i <j),

rii= (8 8n)(Sn—1---8;) (1<i<n), 8ij 1= TiT;Sij.

The subalgebra generated by s; (1 < i < n) is isomorphic to the
group algebra C[WW;]. The subalgebra H generated by s; (1 < i < n) and
yi (1 < i < n) is called the degenerate affine Hecke algebra of type C,,.
The subalgebra generated by z; (1 < i < n) and s; (1 <1 < n) is isomor-
phic to the group algebra C[W] of the affine Weyl group through the map
xflrl — so and s; — s; (1 < i < n). Hereafter we identify them. We have
the PBW decomposition:

CW] ~Clz*'] ® C[Wo], H ~ C[Wo]®C[y],
H ~ Clz*] ® C[Wo] ® Cly],
where Clz*!] := C[zi?, ..., 2 and Cly] := Cy1, ..., yn].

We regard L := C[z*!]®C[y] as the ring of regular functions on (C*)" x
C". Denote by K the field of meromorphic functions on (C*)" x C". We
give L-module structure to H in the same way as Eq. (17). Then C[W,]¥ :=
K @ H is the vector space of C[Wp]-valued meromorphic functions. Any
element G € (C[VVO]K is uniquely represented in the form G =3 . guw-w
where g, € K.

We define two maps

7 o H = Endg(CIWo]%), 7 : CW] — Endg(C[Wo]¥)  (25)
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7, (h (Z G W > : Z Guw-(hw),
weWy weWy

5) ( Z gw-w> : Z gw'(wE)'
weWy weWy

Then the map 7, (resp. 7jz) is an algebra (resp. anti-algebra) homomor-
phism. Hence they determine (H, C[W])-bimodule structure on C[Wy]¥.

4.4. Degeneration of the bispectral qKZ equation (Y -side)

In the following two subsections, we consider the trigonometric degeneration
of the bispectral ¢KZ equation (20) and (21).

First we consider Eq. (21). Recall that the operator C' (1, € ) is explicitly
given by (22). Denote by Ko(y), Ri(y), Kn(y) the zeroth order term of the
power series expansion of KCo(e™), R;(e™), K, (e") as h — 0. We have

o(y) = vt B 12 ((y +¢/2)Tp(a1 ' r1) + B)
Ri(s) = — Win(s) +8) (1< <)
K4w=yfa@m@0—w.

Suppose that F = F(X |Y) € HY is expanded as
F=i"(@+o(1)  (h—0) (26)

for some M € Z and G € C[W]¥\ {0}. Taking the lowest degree term with
respect to A, we obtain the trigonometric degeneration of Eq. (21):

O(l,e,)A,G =G (1 <m<n), (27)
where
6(1, €m) = R (Ym+1 — Ym) - 1(Yn ym)zn(ym)
X Rnfl(_ym Yn) - (=Ym — Ym+1)

X ﬁm—l(_ym—l - ym) e 'Rl(_yl - ym)
X K0(_ym)ﬁ1 (yl —Ym + C) te 'ﬁm—l(ym—l —Ym + C). (28)

“Rn-
‘R
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4.5. Degeneration of the bispectral ¢KZ equation (X -side)

Next we consider the trigonometric degeneration of Eq. (20). One can cal-
culate it by rewriting the operator C(eq, 1) into the form of Eq. (22) and
taking the limit as A — 0. Here we calculate the limit more directly.

The QAKZ equation (20) is equivalent to 7(€q,1)(F) = F (1 < a < n),
which is explicitly given by

Z ((€as 1)(fw) - de (X ) SEaT Z Jw-Tw, (29)
weWo weWpy

where F'= 3" . fu-Tw (fw € K). By direct calculation we have

de, (X) =d (2) (1 - hdl () +o(h)),

where
dES) (2) := (1 —a3)? H (1 —xa/2p)(1 — zexp)
p(#a)
and
14 22
[ (@)=t te 4o
“ 1—2a2 1—2a2
xQ a—1 -
a _ k a .
+c 1—a2 Zxa—xp + Z( 1 — x4, xa—ﬂfp)
p=1 p(Fa)

To calculate the limit of gea as h — 0, we use the accessory generators
T; (1 <i < n) and the relations

sf + Tsz =ks; (1<i<n), snfn + fnsn = kpSn,
Tixi = 21 (T — k), 2Ty = (T — k)zipr (1 <i<n),
(T; = k) = k?i

derived from (i) and (iii) in Definition 4.3. Then we obtain

Se = d0(@) (14057, +o(n))

Txn:x;

where
_ xz a—1 2
Sl=d,—c ¢ — L,
T et W
a—+ Bz
q)a = a+2 ) la a
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Note that

~ 1
dla (x) + Sga =, + cxaw

where

X H ((1—:Ep:rl)(xp—xl))

1<p<i<n

Suppose that F = F(X |Y) € HY is expanded as in Eq. (26). Then we
have

(30)

(€0, 1)F — F = BM Y (cx, oG

1)).
o ol1)
Hence the trigonometric degeneration of Eq. (29) is given by
0 8log U(z)\ =
a L, ——= | G =0, 31
(cx 310 + +c o1, (31)
where
_ o+ fBra_
Lo :=71(ya) +2 2777L(7"a)
5 —1
a—1
k a a a
[, 43 ) 4 il
p=1 p=a+1

Remark 4.1. The equation (31) is the semi-classical limit of the QAKZ
equation (20), and hence it could be regarded as the affine KZ equation of
type (CY,Cy). See Section 1.3.2 of Ref. 4 for details of such correspondence
in the GL,, case.

4.6. Embedding into the compatible system

As was seen in Sec. 4.4 and Sec. 4.5, the trigonometric degeneration of
the bispectral qKZ equation is the system of equations (27) and (31) for
G € C[Wy]¥. Compatibility of the system formally follows from the relation
7(1, €m)(7(€a, 1) — 1) = (7(€a,1) — 1)7(1, €,). In this subsection we prove
that the system is contained in our compatible one (6).

Define G € C[W,]F

G(z|y) =U(@)G(x|y), (32)
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where U(z) is given by Eq. (30). Note that the operator C(1, €,,)A,,, com-
mutes with multiplication by any function in x. Hence the modified func-
tion G also satisfies Eq. (27). Thus the system of equations (27) and (31)
is equivalent to

C(l,em)AnG =G (1 <m < n), (33)
(cxaaixa—i-La)G_O (1<a<mn) (34)

for G € C[Wy|¥. B
We realize the (H,C[W])-bimodule C[W,]¥ in the scalar extension
(VemME .= K @c VO as follows. First we define the left action of Wy
on V by
Si(va) = Vo;(a)s Si(vﬁ) = (1 << TL),

oi(a)

where o; := (i,7 + 1) is the transposition, and

s ={en o= {0

View V®™ as a tensor representation of Wy. We extend it to the K-linear

action on (VK. Let (V®")q := C[Wp](v1 ® --- ® vy,) be the cyclic sub-
module and (V&K .= K®c (V®")o. Denote the left action on (VemE py
pr : C[Wy] — Endg(VE™)§.

Note that the operators A, (y), Bs(x) and Q,,(z|y) are K-linear, and
hence belong to EndK(V®”)6K.

Lemma 4.1. The following relations hold on (V‘Xm)éﬁ:

Ai(y)pr(si) = pr(si)dini(y) + & (1 <i<n),
Ay, (y)PL (Sn) = *pL(Sn)An (y) + 2q,
[Ai(y), pr(s;)] =0 (i —j| > Lor(i,j) = (n—1,n)).

From Lemma 4.1 the action py, is extended to that of H which maps
Ya — Aq(y). We also denote it by pr. Now consider the K-linear map

¢ CIWo]* — (VEE wis pr(w) (1 ®@--- @) (w € Wo).

Proposition 4.1. The map ¢ gives an isomorphism between the
left H-modules (7, C[Wo]*) and (pr, (VE™)E). In particular we have
o7 (Wa)d ' = Aa(y).
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Proof. It is clear that ¢ commutes with the left action of C[Wy]. From
Ad) (11 ® - - ® Up) = Yav1 ® -+ ® v, and Lemma 4.1, ¢ commutes also
with the action of y, € H (1 < a < n). m|

Recall that C[W,]¥ is a right C[W]-module with the action 7 (see
Eq. (25)). Now we define a right action of C[W] on (V®m)&:

Lemma 4.2. There exists an anti-algebra homomorphism pr : CIW] —
Endg(VE™)§ such that

pr(s0) =T1(x), pr(si)=Piix1 (1<i<n), pr(sn) = Tn(l).

Lemma 4.2 follows from T(x)?> = 1 and the braid relation
Pii1PiviitoPiivt = PipvivePrivi Pipiv2 (1 < 0 < n— 2). We denote
the right action of C[W] on (V™)X by pg.

Proposition 4.2. The map ¢ commutes with the right action of C[W] on
CIWol® and (VE™)E. Therefore ¢ is an isomorphism between (H,C[W])-
bimodules.

Proof. Set vl :==v; ® -+ @ v,,. For w € Wy we have

$(ws;) = pr(w)pr(si)o’ = pr(w)Pip10" = Prigipr(w)o’ = P iid(w)
for 1 <i < n, and

¢(wsn) = pr(w)pr(s2)v" = pr(w) T, (Lo = T, (L)pr(w)o' = Tr(1)d(w).

If way' is equal to acj_lw (resp. zjw) in C[W], the first component of
pr(wri)vt € VO™ is v; (resp. v;). Hence we get

b(wso) = d(war'r) = Bl wri) = a7 Glury)
= Ty(@)pr (who = T1(2)g(w). 0

Now we send the equations (33) and (34) on C[Wp] by ¢. First consider
Eq. (33). From Eq. (28) and Proposition 4.2 we find

(1a€m)¢71

Pm (y)_1 ((ym — Ymt1) Promir — k) - (Um — yn) Pa—1.n — k)
X ( )((ym +Yn)Pp-1,n — k) T ((ym + Ym+1) Prymt1 — k?)
X ((ym + Ym-1)Pr—1m = k) -+ (Um + y1)Pr2 = k) ((ym — ¢/2)T1(z) - B)
X ( —y1—c)Pro— k) . ((ym — Ym-1—C)Prm—1m — k),
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where

Pm(y) = (Ym — @) (Ym — B —¢/2)

m—1 n
x [Twm—yi—c=k) I Wn—vi—k I Wn+yv -k
=1 j=m+1 J(#m)

Using
AP —k=(\—k)PRN)"Y, A(z)—8=\—BKM\|z,8) ",
we obtain
$C(1,em)d™" = Qmlz|y)~!
Hence, sending Eq. (33) by ¢, we get the boundary rational gKZ equation
And(G) = Qm(z|y)d(G) (1 <m<n)

on (V&m).
Next let us consider Eq. (34). Note that the following equalities hold on
(VE)o:

Z E(J) Ta Yaa + Zaa = O,

Xab + Xba = pL(Sab>7 Yab + Zab = pL(gab) (a 7é b)

Therefore we have

¢La¢_1 = Au(y) + Ba(x) = La( | y).

The Euler operator z,, 83 commutes with ¢. Consequently, sending Eq. (34)
by ¢, we obtain the differential equation

Do(z|y)p(G) =0 (1 <a<n).
As a result we find

Proposition 4.3. The trigonometric degeneration (27) and (31) of the
bispectral qKZ equation of type (CY,C) is equivalent to the compatible
system (6) with N = n restricted to (V®™)y through the gauge transform
(32).
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5. Integral formula for solutions in a special case
We construct an integral formula for solutions to the compatible system (6)
with
a=p=k/2
and the variable z restricted to the hyperplane
z=(x1,1,...,1).

Hence only one differential operator D (x |y) enters in the system. In the
following we set
2y = e2miA
and assume that
Ime >0, Imk >0

for simplicity’s sake.

Our solutions take values in the 2n-dimensional subspace of V®" de-
termined as follows. Denote by V the subspace of V' spanned by v, and
vz (2 < a < N). We fix a non-zero vector v € yen-1) satisfying

Pi,i+17~} = (]. S Vi S n — 2), Tnfl(l) 0 =".
Now define the vectors u; € V®" (1 < j < 2n) by
uj =Py (01 ®0), uzpi1—j = Pjp(0®@v)  (1<j<n),

where P, = P, , = id. Our solutions take values in the subspace V :=
Define the rational functions g;(t) = ¢;(t |y) (1 <j < 2n) by

1 =

pi LT

i(t) :=
9;(t) t—y;

n

1 oty —k Trt—vyp—k
Gont1-j(t) = ,
oy AL = =2y

for1<j<m.Set§G:= Z?Zl Cg;(t).

Denote by W the C-vector space spanned by the functions in the form
P(627rit/c)

Hn (1 — ezﬂi(t*yp)/‘:)(]_ — 627ri(t+yp)/c)’

p=1

(35)

where P is a polynomial whose coefficients are entire and periodic functions
in y1,...,y, with period c.
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Now we define a pairing I between G and W by
o W)= [ plg@WE @ GG W ew), (0
y

where the kernel function ¢ is defined by

(t yp_k> T (t+yp—k)

27r7./\t —C

p(t]y): H (t yP)F(tf—yf) :

The contour C(y) is a deformation of the real line (—oo,+00) such that
the poles at £y, + k + cZ>op (1 < p < n) are above C(y) and the poles
at +y, + cZ<o (1 < p < n) are below C(y). Suppose that W(e?™/¢) is
given by Eq. (35). From the Stirling formula we see that the integral (36)
converges if

Re X < deg P < Re A+ 2n. (37)
For W € W satisfying the degree condition (37) we set
2n
F ) = T(g;, W)u;. (38)
j=1

Proposition 5.1. The function f satisfies the boundary rational gKZ equa-
tion (4) with o = 8 =k/2 and x = (>**,1,...,1).

Proof. In the proof below we need to signify the dependence of W € W
on y. For that purpose we set

9(ty) Z%ﬂy Ju,

Pl I = [ 11y W g
Yy

for y' = (y1,...,y;) such that each coordinate y; belongs to the set {+y, +
cdll<a<n,leZ}.

By direct calculation we get

PRy — ) 9@y v, ) = 9@y v )
for1<l<n-—1,and

Kn(yn |1, k/2)3(t Y1, Yn—1,Yn) = G| Y15+ Yn—1, —Yn)-

Since (t|y) and C(y) are invariant under the transposition y; < y;+1 and
the reflection y, — —y,, the above equalities where g(¢| ...) is replaced by
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f(\]...|y) also hold. From this fact and the periodicity of W in y, it is
enough to prove that

Kl(yl —C/2|$,]€/2)f()\| _ylay27"'ayn|y) :f(A|y1 _CayQa'”:yn|y)
(39)
with z = (e?™*,1,...,1). We abbreviate y) = (—y1,y2,...,9n) and y?) =
(y1 — ¢, Y2, ..., yn). Taking the coefficients of u; (1 < j < 2n) in Eq. (39)
we have the equalities to prove:

/ (] g™ )g; (¢ |y O (20t
Cy™)

- /c( ) o(t[yD)g; (¢ [yW (™) dt  (j #1,2n), (40)
Yy
1y €7 @1 = ¢/2)gon(t|yD) + (k/D91(¢1y™) |1 orirse
oty ™) - Wiem )t
C(y(l)) yl C/2+k’/2
B /c( @) o(t|y®N)gr (t |y W (™) dt, (41)
y 2
" e~2mN (yy — ¢/2)g1 (¢ | y(l)) + (k/2)gan(t ] y(l)) W (e2Tit/e\d
ot |y ™) - S
CyM) v /24 k)2
- /c< o, PP gy W ()t (42)
Yy

First we prove Eq. (40). If j # 1, 2n, we have
gtlyM) t+yi—k t—y+ec

, 43
g;(t|y?@) t+y1 t—yi—k+c 4
Note that ¢(t|y™1M)) = ¢(t|y) and
Hu@Y ¢ —k t—
o(t|y?) _t+um yrte (44)

p(tly) — t+y t—ypi—k+c
It is equal to the right hand side of Eq. (43), and hence

p(t1yM)gi(t1y™) = o(t[yD)g;(t1y®) (G #1,2n).
Thus the integrands in the both hand sides of Eq. (40) are the same. Since
the integrand has no poles at —y; + k, —y1 + ¢,y1 and y1 + k — ¢, we can
deform C(y™M) to C(y?) without crossing poles. Thus we obtain Eq. (40).
In the rest we only prove Eq. (41). The proof of Eq. (42) is similar. We
separate the integrand in the left hand side and first consider

y1—c/2 / (1) 2miA (1) 27it/c
_ t e n(t Wie dt. 45
v —c/2+ k)2 C(y(l))sp( ly*) g2n(t]y )W ( ) (45)
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We have

. 1
¢ (1)y 27 o (t (1) — t— .
e(t|y") e ™ gan(t|y*) = o( C|y)t—y1—k
Changing ¢t — t + ¢ we see that the integral (45) is equal to

W _C/2 / 2mit/c
—_— t — Wi(e dt.
y1—0/2+k/2 C(y(l)),cw( |y)t+c—y1—k ( )

Since the integrand has no poles at +y; (1 < j < n), the contour C(yV)) —c
can be deformed to the contour C’, which is a deformation of the real
line such that the points —yi + k + cZ>0,y1 + k + cZ>_1 and *y; + k +
cZ>o (2 < j < n) are above C’, and the points —y1 + ¢Z<o, y1 + ¢Z<_1 and
+y,; + cZ<p (2 < j <n) are below C’. The integrand of the rest part of the
left hand side of Eq. (41) has no pole at y1, hence the contour C(y)) can
be deformed to C’. As a result the left hand side becomes

/ (t] )< y1 —c¢/2 1 N k/2 1 >
o N T2 k2t ey —k g —c/2+ k2t
x W (2™ dt

1 bty — ko onit
= t W (e2™t/e)dt.
//QO( |y)t+c—y1—k t+n (e )

On the other hand, using Eq. (44) we see that the right hand side of Eq. (41)
is equal to

1 t+uy —k it
t W (e2mit/¢)dt.
/(,*(y<2>)@(|y)t+c—y1—k t+ ( )

Since the integrand is regular at ¢t = —y; + ¢, the contour C(y(®) can be
deformed to C” without crossing poles. Thus we get the equality (41). O

Proposition 5.2. If a = 3 =k/2 and v = (e*™*1,...,1), we have

fee2miA
Di(zy)f(AMy) = ——mx—7 F (A w)-
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Proof. Since Y17 and Z;; act as zero on V, we find
Di(x|y)ly = 5 Za)\+zy3 (el —ef?)
j
+ e2mix _ | Zeil + Z(Xpl +Z1p)
j=1 p=2
2771)\ ( ) N
6271'1)\ Z € ; + Z XlP + Ylp)
p=2
if = (e?™*,1,...,1) and a = 8 = k/2. For 1 < j < n we have
N 2n—j 2n N Jj—1
DX+ Zplui= 3wt dow D X+ Y =) u
p=2 l=j+1 1=2n+2—j p=2 =1
and
N 2n
> XKt + Zipvantj = > w,
p=2 l=2n+2—j
N j—1 2n—j
Z(Xm + Y1) vonqi—j = sz + Z .
p=2 1=1 I=j+1
From the calculation above we obtain
2n
Di(x|y)f(Ay) =D I(hy, W)y,
j=1

where the rational functions h; (1 < j < 2n) are given by

hi(tly) = —(t —y;)g;(t|y) + egm Zgztly
Le2miA 2n

T a1 Z a(t|y),

I=j+1
L 2n—j
hani—(t1y) = —(t+ 9795t |9) + Zmx—g D 9it]y)
=1
Le2miA 2n
T — > altly)
[=2n+2—j

for1 <j<n.
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Note that
- ;
1 (% t—y—k t—y —k
(t = — _ — _— s
5t 1) k(n e I
g (ﬂy):l ﬁ t+y — _Ht+yl ﬁt—yl—k
k= E\ZL trw 2 thw [ tow

for 1 < j < n. Using these formulas we get

ke27ri)\
h](t|y) = _627”‘)\ — 1gj(t|y)

1 o2miA t—y —kt+uy —k
+1—62”i>‘< H t—uy t+y

for 1 < j < 2n. The last term in the right hand side is related to the kernel
function ¢ by

27”>\Ht_yl kt""yl_k_@(t_c'y)

t—uy L+ o(tly)

Therefore we have

t— kt —k :
/ (t | y e2miA H Y — + U W(627r1t/c)dt
C(y) t—u t+uy

:/ (p(t]y) — ot — c|y)) W(e>™™/)dt
C(y)

(/ / ) (t )W (e t/<)dt. (46)

Since the integrand ¢(t | y)W (€2™/¢) is regular at t = +y; (1 < j < n), the
integral (46) is equal to zero. Therefore we obtain

2n
Di(z|y) f(e>™ y) =D I(h;, W)u,
j=1

ke2mid - Lee2miA
:—7e2m_1zlf(9jvw)uj:*mf(/\ly)- 5
‘7:

The linear operator L; (x| y) commutes with multiplication by any func-
tion in z. Hence, from Proposition 5.1 and Proposition 5.2, we finally get
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Theorem 5.1. Set
FOy) == (™ =DM f (A y),

where f is defined by Eq.(38). Then the function f is a solution to the
compatible system (6) with o = 3 = k/2 and v = (e*>™*,1,...,1) for any
W € W satisfying the degree condition (37).
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CLASSIFICATION OF SOLUTIONS TO THE REFLECTION
EQUATION FOR THE CRITICAL Zn-SYMMETRIC
VERTEX MODEL I

YUJI YAMADA

Department of Mathematics, Rikkyo University
3-84-1 Nishi Ikebukuro, Toshima-ku, Tokyo 171-8501, Japan
E-mail: yamaday@rikkyo.ac.jp

We classify and list up all the meromorphic solutions K(z) to the reflection
equation associated to the critical Zy-symmetric vertex model under two as-
sumptions that none of the diagonal elements is constantly zero and that there
is at least a pair of elements K@(2)K%(z) # 0 We make explicit the matrix
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1. Introduction
The Yang-Baxter equation
R (21)R% (21 20) R*(20)
= R'2(23)R"%(212)R" (1) € End(CN @ CN @ CN),
guarantees the commutativity among the transfer matrices 7 (2)
T(21)7 (22) =T (22)7 (1)
under the cyclic boundary condition

T (z) := tro (R°(2)R%(z) - - - R%(2))

! times
——~
cEnd(C¥eCV®...@CM).
Sklyanin! proposed the reflection equation

R (2125 YK (21) R* (2120) K% (22)
= K2(22)R12(z1z2)K1(zl)R21(z1z2_l) IS End(CN ® CN), (1)
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which in turn guarantees the commutativity among the transfer matrices
Tk (z) with a fixed boundary condition specified by K(z), a solution to the
reflection equation (1),

T (z) :==tro (K4 (2)T (27 1) 1K (2)7T(2))
Ko(z) = K (==1qN2),
TK(Zl)TK(ZQ) = TK(ZQ)TK(Zl)

They constitutes another commutative family of transfer matrices 7k (z)
corresponding to a solution K (z) to (1) beside 7 (z).

We classify meromorphic solutions K (z) to the reflection equation (1) in
this paper under two assumptions,

(*) none of the diagonal elements of the K-matrix K(z) is zero,  (2)

(+#) the existence of a pair (a,b) such that K2(2)Kt(z) #0 (3)
and a # b, where K(z) = (Ki(2))

ij

All the discussions are done under these assumptions even when not men-
tioned explicitly throughout except examples in Section 10. The solutions
are completely classified in four classes in Theorem 10.1 according to the
numbers of the elements of the sets P, S and T specified in Definition

1
7.1 and Proposition 7.3. There are §n(n + 1) solutions for each N > 2

(N =2nor N = 2n+ 1), and we make explicit all the elements of solu-
tions, parameters they have and the relations among these parameters in
Theorem 10.1. The investigations on more degenerate cases, which do not
satisfy the assumptions (2) and (3), are left to the subsequent paper.1°

The organization of this paper is as follows. In Section 2 and Section 3,
we describe the R-matrix R(z) and the reflection equation we deal with, and
define the notion of similarities among solutions to the reflection equation.
We review the necessary results from our previous paper® in Section 4. The
notations we employ in this paper are also fixed there. The components
of the reflection equations are divided into fifteen groups. Important is
Proposition 4.1 which states that the reflection equation is equivalent to a
part of them, the components of type I, VI, X, XIII and XIV, and Lemma
4.4. We prove some consequences of Lemma 4.4 in Section 5. We analyze
the components of type I in Section 6, and derive Proposition 6.1, the
equivalent conditions to the type I components. The diagonal elements of
K (z) are determined in Section 7 upto similarities in Definition 3.2. This
part may be the core part of the classifying procedure. Proposition 6.1 is
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invoked to pull out the information of the off-diagonal elements from the
diagonal ones in Section 8. In Section 9, we write down the off-diagonal
elements explicitly, and obtain the relations among parameters in K (z).
The classification is written down in Theorem 10.1, and we end up Section
10 with some examples.

2. Critical Zn-symmetric vertex model

We fix the standard orthonormal basis {eg,e1, - ,enx—_1} of the vector
space CV, and extend their indices to all integers by defining e;+n = e;.
We define the matrix elements M ; of a matrix M € End(C") with respect
to this basis by

Me; = Zel

and two matrices g and h by
gej = wjej7 hej = ejt1,
where w = €2V~17/N They satisfy gh = whg.

The R-matrix of the critical Z y-symmetric vertex model of Belavin

R(z) € End(CN @ CY), R(2)er @ e; = Zel®ej
1,5=0

is defined by
Definition 2.1 (critical Z,-symmetric R-matrices).
R (2) =t bigjpert - SRR (2), (4)

where g # 41 is a parameter in C and

2,2
-1

qui—l fora=b=0

(N—a™) fi =12,---,N—-1,b=
seb(z) =4 ° P

N zV =1

q(b*N).qz_lfOI"G,EO,bEl,Q,-”,N—l

0 fora,b=1,2,--- ,N—1

with a* := a—N {%} , a* being the integer a in the interval [0, N') congruent

to a modulo N
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The following symmetries of critical Zy-symmetric R-matrices are imme-
diate from the definition above.

Proposition 2.1. The critical Z y -symmetric vertex model of Belavin R(z)
has two symmetries,
Zy — symmetry : R;jl(z) = Rﬁ_%]lig(z) for B € Z/NZ
conservation law : R (2) = 0iqj k1R (2),
which are equivalent to
(h®h)"'R(z)(h@h) = (9® g) "' R(2)(9 ® g) = R(2).
It satisfies the Yang-Baxter equation.
Theorem 2.1 (Refs. 4-6). The critical Zn-symmetric vertex model of
Belavin R(u) satisfies the Yang-Baxter equation
ROI(Zl)ROQ(leQ)Rm(ZQ)
= R'(23)R%(2122) R (21) € End(CN @ CN @ CV),
and the unitary relation
PR (2)PR* (271) = pr(2)Idcvgen € End(CYN @ CV),
pr(z) = 8%(2)5% (=7,
where, for ezample, R°?(2) acts as R(z) on the 0th and the 2nd component
of CN @ CN @ CN and as an identity on the 1st component (We are now

counting from zero), and P € End(CN®CN) is the permutation, P(x®y) =
Y.

3. Reflection equation

In this paper, we will consider solutions K (z) € End(C") to the reflection
equation associated to the critical Z y-symmetric vertex model R(z) defined
in (4) and (5).

Definition 3.1 (reflection equation). The reflection equation is
R¥(212; VK (21)R? (2120) K*(22)
= K?(29) R (2122) K (21)R*' (212, 1) € End(CY @ CV), (6)

where R(z) is the critical Z y-symmetric vertex model defined in Definition
2.1 and

R2(2) = R(z), R*{(z)= PR(2)P,
K'(2)=K(z)®Id, K2*z)=Id® K(z).
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The K-matrices inherits the symmetries of the R-matrices in Proposition
2.1 in the following sense.

Proposition 3.1. If K(z) is a solution to the reflection equation (6), then
Kop(2) = g W PK(2)hPg* (o, €{0,1,2,--- ,N —1})

1s also a solution.

The proof is obtained by Proposition 2.1 and Definition 3.1.

Definition 3.2. If two solutions K(z) and K’(z) to the reflection equation
satisfy

K'(z) = f(2)g~*h K (2)h7g*

with some not identically zero function f(z), then we say that K'(z) is
similar to K(z).

4. Summary of results in the previous paper® and notations

In this section, we summarize several results in the previous paper.® The re-
flection equation is a matrix equation in End(C¥ @ CV), whose components
are represented by four indices in {0,1,2,--- , N — 1}.

Definition 4.1 (matrix elements for the reflection equation).
We denote the (ablcd)-element of the reflection equation associated to the
critical Zy-symmetric vertex model R(z) by (ablcd).

R (2125 K (21) B2 (21 22) K2 (22) )“b
cd

(abled) := ( CK2(2) R (2 22) K (21) B2 (257
(a,b,c,d € {0,1,2,--- N —1}).

The reflection equation consists of N* scaler equations. We divide them
into 15 groups according to the situation of the coincidence of these four
indices a,b,c¢,d € Z/NZ.

Lemma 4.1. If we suppose that a,b, ¢, d denote mutually different numbers
in {0,1,2,---, N — 1}, the N* components of the reflection equation are
divided into non-intersecting 15 groups as follows
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I (abled) IX  (ablad)

I (ablce) X (ab|ba)
I (aalbc) XI  (ablaa)
IV (ablac) XIT  (aalab)

V. (ablcb) XIIT  (aalba)
VI (ablbe) XIV  (ab|bb)
VII  (ablba) XV (aalaa)
VIII  (aalbd)

For example, the equations of type I above consists of N(N —1)(N—2)(N —
3) equations. The explicit forms of type I, VI, X, XIIT and XIV are written
in Proposition 4.1. We prepare some notations.

Definition 4.2 (matrix elements of K-matrix).
Let K(z) be a solution to the reflection equation (6). We define {(w) for
a,be{0,1,2,-- N —1} by

w:=2z" and K¢ (w) = 22TPKP(2).

We can write the components (ab|cd) of the reflection equations only in
w’s and kf(w)’s. Because the reflection equation is homogeneous quadratic
equation in ! (w1)’s and kp2(w2)’s, (w1 = 21, wp = 23’ ), we often meet
terms of the type s (w1)k(w2).

Definition 4.3. We abbreviate x§(w1)xG(w2) simply to £25.
Rya = Kp (wi)rg(ws).

We have defined o* by a— N [o/N], which is the integer in {0,1,2,--- , N —
1} equivalent to o modulo N in Definition 2.1. If K'(z) = h=1K(z)h, then

/ o (a—1)*
K(z) = (K(bfl)* (Z)> a,b=0,1,- ,N—1

-

_ 2 (a1 =1 -2 (a=1)" )
=7 (Z ﬁ(b’l)*(w) ab=0,1,- N—1

Remarking that

2N  a=0,b=0
N+4+ba=0,1<b< N
N+al<a<N,b=0 ’
a+b 1<a< N, 1<b< N

(@a—1)+(b-1)"+2=

we have
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Lemma 4.2. If K'(z) = (2727 bx'¢ is defined by

(w))a,b:O,l,»»»7N71

w2k T (w)a=0,b=0

w k) Hw)a=0, 1<b< N

la _
K (w) = w_lfe‘}vill(w) 1<a<N, b=0 ’
K (w) 1<a<N,1<b< N

where K(z) = (z_“_b/-ﬁg(w))a b0 1... N_1» then K'(2) is similar to K(z)

in the sense in Definition 3.2.

Definition 4.4. For two functions f(w) and g(w), we define (f, g)w w by
(f, 9w = F(w)g(w’) = f(w')g(w).

When the variables are explicit, we omit them and simply write (f, g).

Definition 4.5. Three mutually different integers a;,as and as uniquely
determine the element o in the symmetric group Sz such that a1y <
ag(2) < Gg(3)- We define P(ay,az,asz) by

[ 1 when sgn(o) =1
Play, az,as) = {O when sgn(o) = -1~
Definition 4.6. We define §(Q) for a proposition @ by

1 when a proposition @ is true

5(Q) = {

0 when a proposition @ is false -

Definition 4.7. Let f; and g; (j =1,2,---,1) be meromorphic functions
in w. If two functions f; and g¢; satisfy

Ji(wi)gi(w2) = f1(w2)gr(wr)
for arbitrary w; and ws, then we write
fi~g1.

If fj(w)g;(w2) = fj(w2)gj(wr) hold for j = 1,2,---,1 and arbitrary
w1, we, then we write

(f17f27"' 7fl) N(glaQQa"' vgl)'

2

We remark that the relation “~” is not an equivalence one.
Example 4.1.

(i) If f is the identically zero, then f ~ g holds for any function g; 0 ~ g.
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(i) (1,w,w?) ~ (0,w,w?), (1,w,w?) ~ (1,0,w?), (1,w,w?) ~ (1,w,0),
(1, w,w?) ~ (1,0,0), (1,w,w?) ~ (0,w,0), (1,w,w?) ~ (0,0,w?),
(1,w,w?) ~ (0,0,0).

We often invoke the following lemma.

Lemma 4.3. If two meromorphic functions f(w) and g(w) satisfy
(fs Dww = flwg) — f(w)g(w) = 0 for arbitrary w1 and wy in
C, namely f ~ g, then there exist two constants C and C' such that
Cf(w) = C'g(w). If f(w)g(w) # 0, then two constants can be taken as
cC’ £0.

The following Lemma 4.4 and Proposition 4.1 constitute the main part in
our previous paper.?

Definition 4.8. Let a,b,c € {0,1,2,--- N — 1} be a < b < ¢. Then there
are six elements of K(z) whose indices are a,b or c¢. We define a set Cpe
by Cape = {Kf(w), K¢ (w), 2 (w), K} (w), kG (w), K§(w) } .

Lemma 4.4. There are only three possibilities for maximal subsets in Cype
consisting of only non-zero elements, {k(w), k%(w), k%(w), K% (w)},

{Kg(w% ke (w), kg (w), Kj (’LU)}, {’ig(w)v 'ig (w), kg (w), ’iﬁ(w)}, and they sat-
isfy

for some non-zero function f(w).

Proposition 4.1. The reflection equation (6), which consists of N* scalar
equations with the N2 unknown functions Ky (w) is equivalent to Lemma
4.4 and five components 1, VI, X, XIIT and XIV,

(P(a,c,b) — P(a,c,d)) (1 - wfle) Kb

+(wiwy 1)@= by — (W1w21)_5(c<d),€32:| =0, (7)

I(a,b,c,d) : [

oy ((omsten

w, —w —1\—
( 1 2 _(w1w2 1) 6(b<c)ﬁgg

VI(a,b,c): | —Pb¢ a)(%l - wy) (1 — wi twy kS | 0, (8)

+(wy — wy) Z (w1w2)76(b<j)’€%
=0
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r —1\—4(b<a) L.ab T
-1 (wrwy ) Kap
w, —w _
( 1 2 )(_(w1w2 1)—5(a<b)ngg>
N—1
X(a,b) : > (wrws) ™D hg =0, (9)
+(wy — wy) Fo—l
_ (wlwz)—(s(bq),ﬁg?
L 3=0 i
(w; —wy ) (ke — (wiwy ') 0= ko)
N—-1
XIII(a, b) : w0y — wy) 3" (wra) 00 =0, (10)
L j=0
[(wy —wy ) (kih — (wrwy 1)@= i)
N—-1
XIV(a,b) : —5(bed) ai =0, (11
(@) | ()~ ) 3 (wran) 50Dt )
L j=0

where roman letter number I, VI, X, XIIT and XIV are corresponding to the
grouping in Lemma 4.1. We are assuming that a,b,c,d € {0,1,2,--- ,N—1}
are all different. We consider X(a,b) only for a < b because X(a,b) and
X(b,a) are equivalent to each other.

5. Consequences of Lemma 4.4

We prove some consequences of Lemma 4.4, which are important in the
latter discussions.

Lemma 5.1. Ezcept the diagonal elements, the number of nonzero ele-
ments in one column of K(z) is at most two.

This Lemma is directly derived from the following Lemma.

Lemma 5.2. One of (k2 (w), k) (w), kS (w)) is zero for mutually different
a,B,7,6 € {0,1,2,--- ,N —1}.

Proof. By Lemma 4.4, we know that, for a < b < ¢ < d,

S]
oo
Q
3
X

c ,.C
a b

Kb

=

o
3

R,

1
0
w1

O =
= o= O

1 0
(i) | 1 1
0 1

—_ o 8
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(iv)|1 1w 1 00
(v)y |1 10 0 11
(vi)|0 0 1 w11

Ky Kg KG Kg ng lﬁlg

(ix) w
Ry R
x)|1 1w 1 00
x) |1 10 0 11
(xi) [0 0 1wt 1 1

upto a common constant and a common factor.

Concerning the elements in the a-th column, we have, where the asterisk

K. RS KO

(i) 1 0 =

| o 1 =«

(iii) |w™t 1 *
iv)f 1 = 0
(v) x 1

(vi) |w™t x 1
(vi)] = 1 0
(viii)] * 0 1
(ix)| » w1

means that we do not know whether the element there is zero or not. We
will first show that one of (k2, k¢, k2) has to be zero. We remark that at

least one of (i), (ii) and (iii) always holds. Similarly, one of (iv), (v) and
(vi), and one of (vii), (viii) and (ix) always hold, respectively.

f (i) holds, Lemma 5.2 is true because k¢ = 0.

f (ii) holds, it is true because k% = 0.

If (iii) and (iv) hold, it is true because k¢ = 0.

f (iii) and (v) hold, it is true because k% = 0.

f (iii), (vi) and (vii) hold, it is true because k% = 0.
f (iil), (vi) and (viii) hold, it is true because ¢ = 0.
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The case left to investigate here is the case when (iii), (vi) and (ix) hold. If
(iii), (vi) and (ix) hold, then

Ko Ko Ka
(iii)| w=t 1
(vi)|w™t x 1
(ix)| * w1

There are only three possible cases of nonzero elements which satisfy (iii),
(vi) and (ix) simultaneously. They are

(w™*,1,0)
("igﬂ%gﬂ%g) = (w_laovl)
(0,w™1,1)

up to a common factor and a common constant. We can find that Lemma
5.2 is true about the a-th column. The proofs for the b-th, c-th and d-th
column are all the same. We omit them. O

Lemma 5.3. If there are mutually different p,q € {0,1,2,--- , N —1} such
that kI1 # 0, then

H%:Oforanyj#p, and/{g:()foranyk#q.

Proof. By Lemma 4.4, we know that, for mutually different a <

b < ¢, that there are only three possibilities among the six elements

Kp ng,n’;,ng, kg, ki, that are

K Kg Ko Ko Ky Kj
|1 1w 1 00
@) [1 10 0 11
(ii)|0 0 1wt 11

upto a common constant and a common factor.

We will study the cases when a set {a,b,c} C {0,1,2,--- N — 1} (a,b,c
are mutually different) contains p and ¢, where kK # 0 and p < g.

e If a < p < ¢, namely the case (iii) above

P P e 4
kD kDKL K]

()0 0 1wl 1]

then xj(w) = 0.
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e If p < b < ¢, namely the case (ii) above,

P .p b b .q 4
I{b :‘{q /iq :‘{p lﬁplﬂib

G)[1 1001 1]

then /ig(w) = 0.

e If p < g < ¢, namely the case (i) above,

P P g ol K€ €
kb kP KL RD Ky KRG

11 w100

then xg(w) = 0.

We proved that HZ, = /fg =0 for j # p,q if shrj # 0. O

6. Type I components of the reflection equation

We consider the type I components (7) of the reflection equation in this
section. When we fix a < b < ¢ < din {0,1,2,--- ,N — 1}, there are 24
type I components. We divide them into 6 subgroups;

(i) I(a,b,c,d),1(a,b,d,c),1(b,a,c,d),1(b,a,d,c),
(ii) I(e,d, a,b),1(c,d, b, a),1(d, c,a,b),1(d, c, b, a),
(iii) I(a, ¢, b,d),1(a,c,d,b),1(c,a,b,d),1(c,a,d,b),
(iv) I(b,d,a,c),1(b,d,c,a),1(d,b,a,c),I(db,c, a),
(v) I(a,d,b,¢),1(a,d, c,b),1(d, a,b,c),1(d,a,c,b),
(vi) 1(b, ¢, a,d),1(b,c,d,a),1(c,b,a,d),I(c,b,d, a).

In each subgroup, only the two equations are independent of the four. We
write them down explicitly.

(i) w"ﬁg(w)v Kg(w» =0,
wi — w2 )wy kG = (KY(w), kG(w)),
(ii) weig (w), kj (w)) =0,

wi —wa)wi kY £ = (ki (w), KG(w)),
(iii) wry (w), kg(w)) =0,

Hg(w)’ chz(w» =0,

(
(
(
(
(
(
(iv) (wrl (w), k¢ (w)) = 0,
(
(
(
(
(

c

(vi)
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For example, the relation wyx? § —wakY ¢ = 0 can be written in wk?(w) ~

k%(w) in the notation in Definition 4.7. We have proved the following

Lemma.

Lemma 6.1. The type I components of the reflection equation in Lemma
4.1, which consists of N(N — 1)(N — 2)(N — 3) scalar equations, is equiv-
alent to that the following 12 relations hold for any a < b < ¢ < d in
{0,1,2,--- /N —1};

wrg (w) ~ kh(w) (12)
wrl (w) ~ K (w) (13)
wekg (w) ~ rg(w) (14)
wrig (w) ~ kg (w) (15)
kg(w) ~ kg (w) (16)
Ke(w) ~ kg (w) (17)
Ke(w) ~ i (w) (18)
rg(w) ~ kg (w) (19)
(w1 —wa)wy kg ¢ = (ke (w), £G(w)) (20)
(w1 — wa)wi kY § = (kG (w), k5 (w)) (21)
(w1 —w2)rf § = (wrf(w), ke (w)) (22)
(w1 — wa)wg G = (kG(w), wrd (w)) (23)

For example, the equation (20) above gives us the information about the
relation between k%(w) and &%(w). If kK42 = 0, we have k%(w) ~ K2(w).
If k5% # 0, then k%% # 0. Because k%% # 0, the first case of Lemma
4.4 implies the existence of the nonzero constants C; and C5 such that
Crwrd(w) = Carb(w). Because k%% # 0, also the first case of Lemma
4.4 implies the existence of the nonzero constants C3 and Cj such that
Cswk(w) = Cyrb(w). Because k%Y # 0, also the first case of Lemma
4.4 implies the existence of the nonzero constants Cs and Cg such that
Cskb(w) = Cgrb(w). So we have wrd(w) ~ kY (w), k&(w) ~ k%(w) and
wk(w) ~ k%(w). The similar arguments for (21), (22) and (23) lead to

Lemma 6.2. For anya<b<c<de {0,1,2,---,N — 1}, we obtain

(i) If K52 = 0, then k% (w) ~ K%(w).
If ke # 0, then k3l # 0, KY(w) ~ wrg(w), ki(w) ~ K§(w) and

kG (w) ~ wkd(w).



464 Y. Yamada

(i) If ki< =0, then k§(w ) ~ Kld(w)
If/{ # 0, then kj d £ 0, ki (w) ~ wkg(w), kG (w) ~ ki(w) and
Kip(w) ~ wrg(w).

(#i3) Iflicb =0, then k% (w) NU}/ib( w).
If K&4 #£ 0, then k3¢ # 0, k(W) ~ K¢ (w), K2 (w) ~ K (w) and KL(w) ~
Ky (w )

(iv) I;/iad =0, then wrl(w) ~ kG(w).
If Iia # 0, then ngg # 0, kG(w) ~ w2kt (w), kE(w) ~ wkl(w) and

kG (w) ~ wkl (w). ’

6.1. Relations between diagonal and non-diagonal elements
of K-matrix

In this subsection, we derive formulas that express

ab

Kje (a,band ¢ are mutually different)

by
k% and kLY (W =0,1,2,--- N —1)

from type VI, XIII and XIV components in Lemma 4.1.
By interchanging w; and we in (10), we have

(w2 — wi ") ((wiwy )<Vl — k)
y _ N-1 B
XIII (a,b) : —(U)l —U)Q)Z('LU1U12) 6(a<g)l€a] =0.
j=0
When we fix two different integers a, ¢ € {0,1,2,---, N—1}, we can consider
that N equations; XIII'(a, ¢), VI(a b,c) (b 75 a,c) and XIV(a,c) are the
simultaneous equations for x¢% (b=0,1,2,--- , N —1).

We write down these equatlons and solve them after defining some notation.

Definition 6.1.

A7 = wp(wrwy )< 58— wn
B¢ = wy(wiwy ") TPV kEp — wy (wywy ) OO e
+P(a,b,c)(wy —wo)kd
O = wats — wr(wwg )
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With the notation above, XIII'(a, ¢), VI(a,b,c) (b # a,c) and XIV(a,c) are

written as

2

XIII' (a, ¢) : (w1 — ws) (wle)—S(a<j)K% = (1 —wytwy 1 )AS, (24)

<.
Il
o

2

(wiwz) <D 27 = (1 — wi'wy ) Bge, (25)

(]

VI(a,b,c) : (w1 —ws)

<.
I
o

2

XIV(a,c) : (w1 —w2) Y (wiwa) *C k2 = (1 — witwy 1)CL. (26)

<.
I
o

We will write (24), (25) and (26) in a matrix form.
Definition 6.2.

M := ((w1w2)_5(i<j)>ij:0 1,2 ,N—1

-1, -1 -1, -1 -1, -1
1wy w, w11w21-~-w11w21
1 1 W] Wy W] Wy
= )
11 1wy twy?
1 1 1 1
. a0 al N-—1
k(a,c) . (K’OC7K’1C7"' K’N lc )7
v(a,c)
t ac c ac ac a ac ac
(BO [ a 17A Ba+17"' Bc 1,CC,BC+1,--- 7BN—1)
(a <c)
= t ac ac a ac ¢ pac ac ‘
(BO P c— 170 c+1s" "7 a lvA a+17"'7BN—1)
(c<a)

Then the simultaneous equations, (24), (25) and (26), turn into one N-by-N

matrix equation

(w1 — w2)Mk(a,c) = (1 —w;  wy M)v(a,c). (27)
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Because the inverse of the matrix M is

1 0 0 - 0 —wtwy?
-11 0 0 - 0
[y 1 0-11 0
1—10117112_1 : o 0 7
0 - —11 0

0 0 .---0 -1 1

the equation (27) is solved as

(w1 — wa)k(a,c)o = (w1 — wa)kAY = v(a,c)o — wy 'wy 'via,c)n_1,

(w1 —we)k(a,c)p = (w1 — wg)mbg = —v(a,c)p—1 + v(a,c)p
for b=1,2,---,N — 1.

With some care about the order of ¢, b, and ¢ involved in A%, B¢ and C¢,
we have the equivalent conditions to all of the components of types VI, XIII
and XIV.

Proposition 6.1. The following conditions are equivalent to the N?(N —1)
components VI (8), XIII (10) and XIV (11) of the reflection equation (3.1).

(i) If 0<a<c<N-—1, then

0= (kg, wikg — K5 1) wrws

0= (K¢, KTl — K wiwas
(w1 —w2)rGe = (ke WRG — W KN Dwrwss
(w1 — wo)KEE = (K, w(k) — mgj))wlw2 for 1<b<a-1,
(wy — wg)mgg = w2<ﬁc7mlgﬂ mlg))wm for a+1<b<c-1,
(w1 — w2)KPe = (WK, kY — K" ) gy,  for c+1<b<N—1.

(i) If a=0<c<N —1, then

< 2 wKO wilﬁ% b’wlwzﬂ
= (K 8 1 ’€8>w1w2
(w1 — w2)/€bi’ = w2<ﬁ27f€gﬁ — K)wyw, for 1<b<c—1

(w1 — wo)kY = (WK, K — KY 1 wrws for c+1<b<N -1
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(i) If 0<c<a<N-—1, then
—1
0= <HZ,/€Z - ’{Z—l wiw2
1
0= (umﬁ, ’igil - /€$>w1w2,

wl—wg)/sz:</iz,w(ngﬁ K ) wwy for 0<b<c—1,
ws)

(
(w1 KEY = wy (kS K — K" yws  for c+1<b<a—1,
(w1 —we)kK blg = <wnc,lﬂzi} mlg)>w1wg for a+1<b<N-2,
(w1 —wo)ky_10 ' = (W, wlwkg —w KN T))wws-
(iv) If 0<c< N —1=a, then
0= (kY wk) — w BN D wrwas
0= (ke ™' RN = KN Shuwnwss
(w1 —w2)rp 0= (kL w(/cgﬂ ) ) wrwy for 0<b<c—1,
(w1 —wa)kp 0 = wi (kY KL — K s for c+ 1< N -2

7. Determination of the diagonal elements

In this section, we determine the diagonal elements of the K(z) under the
assumptions (2) and (3), in the case that there exist integers p < ¢ such that
wbhd # 0. We remark that, when we specify an integer p € {0,1,2,---, N —
1} the integer ¢ such that <57 # 0 is uniquely determined by Lemma 5.3.

Definition 7.1. For a solution to the reflection equation K(z) :=
(z*“*bmg(w))a‘b:o 1 5., we define three sets P,Q, R C {0,1,2--- ,N — 1}
by =0,1,2,

P .= {p there exists an integer ¢ such that x?7 # 0 and p < q} ,
Q= {q there exists an integer p such that k7 # 0 and p < q}
R=SuT:={0,1,2,--- ,N - 1}\ (PUQ),
g.— 1 kot =0 for any r # s,

o and there exists an element ¢ € Q such that s <q [’

T := {t‘mié:Oforanyr;ét,andq<tf0ranyq6Q}.

The elements of P are denoted by p1 < p2 < --- < p;, and ¢; € @ denotes
the corresponding element p; € P, which satisfies nq; ffj # 0. We call such
an element ¢ € @) the corresponding element to p € P. We remark that p;
is the least element in P U Q. The elements of S and T are also denoted by
51 <89 < < spandt; <ty < - <tp (m' = N—2l—m), respectively.
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The goal of this section is to prove the following theorem.

Theorem 7.1. If a solution K(z) to the reflection equation (3.1) satisfies
the assumptions (2) and (3), then there are integers L and m such that
1 <1< [N/2] and 0 < m < N —2l, and K(z) is similar to the solution
K'(z)= (z_a_bm(w))a b0 19... N1 Which has the following properties
(i) The subsets P, S, Q and T defined in Definition 7.1 for K'(z) are
P={0,1,2,-+,0—1}, S={lL1+1,- l+m—1},
Q={l+ml+m+1,---,20+m—-1}, T={2+m,---,N—1},
and the corresponding element top € P isq=2l+m—p—1€ Q.

(i) The diagonal elements of K'(z) are described by at most four param-
eters in C,

Ao, Ar (Ay exists if 4(S) =m >0),
As (Ag ezists if 4(T) = N — 2l —m > 0), As,

and some not constantly zero function f(w) as follows,

kh(w) = f(w) [(Ag — A1)w™" — Ay + As] for 0<p<I-1,

ri(w) = f(w) [Agw™ — Ay + A3 — Ayw] for 1 <s<l+m—1,

ki (w) = f(w) [-A2 + Az + (Ao — Ay)w] for 1+m < qg<20+m—1,

ki(w) = f(w) [As + (Ag — A w — Asw?] for 20+m <t < N —1.
(i4) For 0 <p <1 —1 and the corresponding q € Q, kb (w) and rf(w) has

the forms

rh(w) = upf(w)(w —w™),  wl(w) = vpf(w)(w —w™),

where u, and v, are parameters in C.
(iv) Among the parameters there are relations,

upvy = upvy (p,p’ =0,1,---,1-1)

ApAy = AxAs  (if m > 0)

AgAr =upv, (p=0,1,---,1—1 and if m > 0)

AsAs =wupv, (p=0,1,---,I—1and if N -2l —m > 0)

for any p € P. None of up, vy, Ao, A1, A and As is zero if it exists
because of the assumption (3); /ngg”]l 40 forj=1,2,---1.

And the solution K'(z) which has the properties specified above satisfies all
the components of type X (9) of the reflection equation.



Classification of solutions to the reflection equation 469

We will prove Theorem 7.1 step by step.

Proposition 7.1. There exist four parameters By, Dy, up, vp and a not
constantly zero function fp(w) such that

rp(w) = fp(w)(Byw™ = Dy),  wi(w) = fo(w)(Byw — D),

rh(w) = up fp(w)(w —w™),  Kl(w) = vpfp(w)(w —w™).

Proof. Because of Lemma 5.3, (9) is equivalent to

(w1 —wy ") ((wiwy ) 70O g — (wywy ) TP 1)

X(p,q) : N—1 N-1 o
pq): + (w1 — wy) Z (wiwy) ~0P<D g q] Z(wlwz)f‘s(K])dﬁ
Jj= 7=0
) (wiwy 1) wED)
| +(w1 — wa) (k3P + (wiws) "t KIS — dBE — KID)
[(wn = wy ) (w57 = (wiwy ') 1”35)]
)
K

1
+(w1 — ws) ((wrwz) "1KkIL — K2D)
L PP

_ [ (sh(wn) = mg(w1)) (warh(wa) — wy ' wG(w2)) } —0
| — (wikD(wr) — wy 'k (21)) (KB(w2) — k(W)

in this case. By Lemma 4.3 we have

f%’é(w) = fp(w)(Bp“Fl — Dy), Hg(w) = fp(w)(Byw — Dp),

where B, D, and f,(w) are constants and a not constantly zero function
by the assumption (2). We remark ¢ € @ is uniquely determined by p € P.
We substitute above into XIII(p, ¢) and XIII(q, p),

)
(wq —w2 (/1

(e = oy ) 200g)
XIII(p, q) : i) . d
R A 30<i) i
7=0
_ w21 (pr ,ipp) _0
o ) o+ oy =
(wy — w;l)gﬂglg (wlwz_l)_é(pqmgg)
XIII(q, - i) pd
(g;p) —(wy — ws) (wiws) 5(Q<J),€;?
=0
_ [ —wy ) (s — (wrwy ) Ngh) ] _
—(wy — wg) (KB + K19) ’
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then we obtain

kb(ws) [Kh(wr) - fy(wa)(we — w3 ) = fp(wi)(wy —wi) - kh(ws)] =0,
KL (wa) [KL(w1) - fp(wa)(wa — w3 ") — fp(wr)(wy — wit) - K (ws)] =0,
respectively. Because xb(w) and xf(w) are not constantly zero by the as-
sumption (2), we can show the existence of the constants u,, v, € C which

satisfy

kh(w) = upfp(w)(w —w™),  wf(w) = vpfp(w)(w —w™). O

By invoking Lemma 6.1, we will obtain a kind of ”exclusion rule” for el-
ements in P and Q. It helps to decrease the number of cases to study in
the subsequent discussion. We remark that, if p # p’, kb2 # 0 (p < ¢) and

/sf;:gl/ #0 (p' < '), then p,q,p" and ¢ are different from each other owing
to Lemma 5.3.

Lemma 7.1. Ifi < j, then p; <p; < q; < q; orp; < q; <pj < gj.

Proof. It is enough for us to prove that the case of p; < p; < ¢; < gj
cannot happen. If a; < ag < by < ba, (12) and (13) in Lemma 6.1 say that

Crurwaky! b (w) = C’gmgjg’; for some constants C; and Cy, and (18) and

(19) say that angllgll = C’ngg?z for some constants C3 and Cy. One of
a1 by azbo -
Ky, ob OF Ky”q2 must be zero. |

Lemma 7.2. Ifi <j <k, thenp; <p; <qj <@ <pr <qr, »i < ¢ <
Pi <Pk <qr <qj, orpi <pj <pr <qk <q; <g;.

Proof. According to Lemma 7.1, it is enough for us to show that the
cases p; < ¢ < pj < ¢ < pr < g and p; < pj < q; < pr < @ < Gi
are impossible. If ¢ < b < d’ < V', then Clwlwgngg(w) = an‘g,’g', for
some constants C; and Cy. by (14) and (15). If a < o’ < b < b, then
C3k3% = CurfV, for some constants C3 and Cy. by (16) and (17). We

therefore have, for a1 < as < by < az < bz < by,

C5K,a1 b1 _ C6K,a2 ba

by a1 by az?
aiby __ aszbs
C7I€bl a1 — Cglib?’ as>

a3bs

azbs _
ng1w25b2 as — Clolibs as
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We similarly have, for a1 < b1 < as < bs < az < bs,

2ba
anlwzfibl a — 012/%2 azs

sbs
Clawlwwbl L= Cuky 3,

as b3

0151U11U2;‘£b2 as — Clﬁl’iba as

. a1b azb asb
In both cases above, at least one of the three; ry ol , k2 g2, or k252, must

be zero. O

Lemma 7.3. For a solution K(z) to the reflection equation (6), there is
an integer I’ (1 <1 <) such that
Pr<p2<- - <pr<qu<q-1<:-<q
<pr1 <pry2 < - <pr<q <q-1 << Qi

where p; and q; are elements in P and Q) in Definition 7.1, respectively.

Proof. The proof is done by induction on /.

(i) When [ = 1, it is trivial because we are assuming the existence of p < ¢
such that kb7 # 0.
(ii) When [ = 2, 1t is true because of Lemma 7.1.
(iii) When the Lemma is true for I < k, then there is an integer m such
that

Pr<p2<- - <Ppm<Gm<Gm-1<--<q
< Pmt1 <Pm42 < <Pk <k < k-1 < < gm-
By Lemma 7.2, we also have that p,, < pr+1 < qr+1 < gm or ppr <
Qi < pr+1 < qg+1- In the former this Lemma is true with I’ = m + 1.
In the latter case, we know that p1 < ¢1 < pr < @k < Pr+1 < Qr+1 18

impossible by Lemma 7.2. This Lemma is true with I’ = m because
Pk < Pr+1 < Gr+1 < qr by Lemma 7.1. O

Corollary 7.1. For a solution K(z) to the reflection equation (6) there is
a similar solution K'(z) to K(z), whose P and @ defined in Definition 7.1
become
P={pj[l=p1 <p2<---<p},
Q={gla <a-1<-<a},
pr<p2<---<p<q<q-1<--<q,
a—-p<(N—-1)—q.
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Proof. For any solution K(z), there is an integer ! such that

PP<p<---<pr<qr<qr-1<---<q
<pry1 <prgoe < - <p<q<q-1<--<qry1

by Lemma 7.3. We define

a:{pl when ¢y —py <N —-1—q1 +p1,
p1+1+q —pr when q —py < N—-1—q +p1,

Then h~*K(z)h® has the desired property. |

Remark 7.1. If p < p/, kbl # 0 and HZ ;é 0, then it is enough for us to
consider only the case p < p’ < ¢’ < ¢ owmg to Corollary 7.1.

From now on, we only deal with K (z), satisfying Corollary 7.1.

We will show that the function f,(w) and the constants B, and D, are
independent of p € P.

Lemma 7.4. Ifp<p' <q <gq, k1 #0 and Ii 7& 0, then

KE(w) = KD (w) = f(w)(Bw™ — D), mg<w> = mgi (w) = f(w)(Bw — D).
KP(w) = up f(w)(w —w™h),  w(w) = v, f(w)(w —wb),
KD (w) = wp f(w)(w —w™?), Y (w)=vp/f(w)(w—w’1)-

Proof. In Proposition 7.1 we obtained, for p,p’ € P (p < p’)

Kb (w) = upfr(w)(w —w™),  Kl(w) = vpfp(w)(w —w™),

K/Iq)/ (u)) = ’U,p/fp/ (w)(w — wil), K/g/ (u)) = ’l}p/fp/ (w)(w — ’wil),
where ¢,q' € Q are the corresponding elements to p and p’, respectively.
Because p < p’, we only have to consider the case of p < p’ < ¢’ < q.

The equations (16) and (17) in Lemma 6.1 implies the existence of nonzero
constants C' and C’ such that

ORE w1k (w2) = C'KY, (w1)KY, (ws).
Cupvp fp(wr) fp(wa) = Clup’vp’fp’(wl)fp’ (w2).

Without any loss of generalities we can retake the constants u,Cuv,, u, and
vy to satisfy Cupv, = C'up vy, then we obtain f(w) := fp(w) = fp (w) for
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any p,p’ € P. When we substitute xb(w), ki(w), HZ: (w), Hg; (w) and &}, (w)
in Proposition 7.1 into VI(p/,p, q’)

’ ’
(w; —wy ") (wlwgl)*5(1)<1"),§£§, - (wlwgl)*ﬁ(p@')ﬁg/g)

VI(p',p,q) : Nl IV

—1 ’
_ (’LU]_ — Wy ) Pq q'p
+(’LU1 - 'LU2) ((wle)_ K/p/sl + (wle)_lﬁf;/gl)
_ “p'fp(wl)fp(w2)( — wiwz)(wy — wa)
wiwj

X [(Bp - Bp’)(w1w2 +1) - (Dp - Dp/)(wl +we)] =0,
we have
BZ: Bp:Bp’a DZ:Dp:Dp/.

’r 7
: Paq
because we are assuming that x, # 0, namely up vy # 0. ]

We determine 7. (w) for r € R = S UT in Definition 7.1 by VI(p,r,q) (8).
Since k§(w) = 0 for a # g € Q by Lemma 5.3, we obtain

—1\—=é(p<r) L.Tp
_1y ( (wiwy ") K
(wy — Wy ) < _(wlw ) 5(r<3),€pr

qr> —0. (28)

(wywa) <P P )

+(IU1 - 'LUQ) ( +(w1w2) 6(r<q)H§g

Vi(p,7,q) :

When we substitute the results of Lemma 7.4 into (28), we have the follow-
ing Lemma.

Lemma 7.5. If k11 # 0 and r € R, then

f(w) (Bw = D + E,w(w —w™t)) (p<qg<r),
kp(w) = q f(w) (Bu™ =D+ E.(w—w™")) (p<r<q)(29)
f(w) (Bw™! = Dw=2 + Erw_l(w —w™h) (r<p<q),

where B, D and f(w) are specified in Lemma 7.4, and where E,. (r € R) is
a constant.

Proof. The proof will be done by case-by-case study according to the order
among p, q and 7.
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(proof for the case p < ¢ < r) After substituting the results in Lemma
7.4 and k] (w) = f(w)e,(w) with e,(w) meromorphic into (28), we have

upwy 'wy !t f(wr) f(w2)

—w1 (wae,(wz) — B+ Dws)
y (w%—l) |:_|_ (er(wQ)—BwQ—FD’LU%) :| —0 (30)
ws (wiey(w1) — B + Dwy) (w? —1) N
— (er(w) — Bwy + Dw?) |27
Because xL? # 0, we have u, f(w) # 0. The equation (30) becomes
w1 (wae,(we) — B + Dws)
(wi —1) {— (er(wz) — Bwy + Dw3) }
| w2 (wiep(w1) — B + Dwy)

Since the right-hand side of (31) is holomorphic in wsq, the left-hand side
of (31) is holomorphic in wsy. Furthermore, because the right-hand side of
(31) is a polynomial of degree 3 in wsy, the left-hand side of (31) is also a
polynomial of degree 3 in wy. We especially know that wqe,. (ws) and e, (ws)
contained in the left-hand side of (31) are polynomials of degree 3 in ws.
This in turn implies that e,(w) has the form

er(w) = E,w? 4+ Fow + Gy, E,. F. G, ecC.

By (31), both of wae,(ws) — B + Dws and e,(ws) — Bws + Dw3 in the
left-hand side must have the factor w3 — 1 in the right-hand side. It leads
to that F,. — B =0 and E, + G, + D = 0. Then we obtain

kr(w) = f(w)e,(w) = f(w) (EByw® + Bw — D — E,)
=B f(w)w(w —w™) + Ke(w).
It is easy to check that this e, (w) satisfies (31).

(proof for the case p < r < q) The equation VI(p,r,q) (28) turns into
(w2 ) wy(w3e,(w) — Bws + D)
! —(waey(wz) — Bw3 + Dwsg)
_ [wa(wie (w1) — Bwy + Dw?) 2
B {—(wler(wl) — Bw? + Dw?) (wz —1) (32)

Because the right-hand side is a polynomial in ws of degree 4, we know that
both of w3e,(wsz) and wsye,(ws) in the left-hand side are also polynomials
of degree 3. It implies that e,(w) must have the form

er(w)=Ew+F, + Gywt, E,. F. G, ecC.
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Since both of w3e,(ws) and wae,(w2) in the left-hand side have the factor
w3 — 1 contained in the right-hand side, we finally have the result that

kr(w) = f(w)er(w) = f(w) (Erw - D+ (B- Er)w_l)
— B f(w)(w — wh) + wE(w).
It is easy to check that this e,(w) satisfies (32).

(proof for the case r < p < ¢q) The discussion is similar to above two
cases. The equation VI(p,r,q) (28) turns into

) 1(wie,(w) — Bw? + Dwy)

(wy = 1) [ (wie,(ws) — Bw} +Dw§)}

_ |:w2(w:1)’€r(wl) — B+ Duy) } (w3 — 1) (33)
)

—(w?e,(wy) — Bwy + Dw? w2

Because the right-hand side of (33) is a polynomial in ws of degree 3, both
of wie,(w) and w3e,(w) in the left-hand side are also polynomials in wy of
degree 3. It implies that e,(w) must have the form

er(w) = B, + Fow™' 4+ Grw™?, E. F. G,.ecC.

Since wie,(w) — Bws + Dws and w3e,(wz) — Bw3 + Dw? in the left-hand
side of (33) have the factor w3 — 1, we have

kn(z) = f(w) (Er + Bw™' — (D + Er)wfz)
= E.f(w)w H(w—w~ )+w_2/<ag(w).
It is easy to check that this e,.(w) satisfies (33). O

We have used X(p,q) (p € P and g € Q is the corresponding element to p)
to prove Proposition 7.1. Other components of type X (9) yield relations
among the parameters B, D, up, v, (p € P) and E, (re R=SUT).

Proposition 7.2. For p € P, corresponding ¢ € Q andr € R =SUT,
X(p, 1), X(g,7), X(r,p) and X(r,q) are equivalent to the following condi-
tions.

(i) If p<q<rorr<p<gq,then (D+ E,;)E, —upvp, =0.
(i) If p <r <gq, then (E, — B)E, —upvp, = 0.

Proof. The proof is done separately in each three casesp < g <r,p <r <
g and r < p < q. We remark again that we only have to consider X(a,b)
with @ < b (Proposition 4.1).
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(i) In the case of p < ¢ < r, substituting

rh(w) = f(w)(Bw™ = D), rh(w) = f(w)(Bwfl - D),
kr(w) = f(w )(Bw D+ Eyw(w—w™)),
Kb (w) = upf(w)(w —w™),  Ki(w) = vy f(w)(w—w™),

into X(p,r) and X(q,7)
[“pr —wy ?ﬁ]

X(pr) L‘(wl —wg) [wy wy Ky — KD — kgh] ]
= f(w1)f(w2) (w1 — wz)(wl —wi ) (we —wy ")
X [(D+ E)E — upvp] =0,
—wyt Rdr —w ll*irq
X(qu) : |:i7_1801 _ 302)) [[wl lw2 llirr _]qu _ ,QZD’I} :|
= fw) f (w2)(wi — w2)(wr —wi ') (w2 — wy ')
X [(D+ E;)E, —upvp] =0,
we obtain (D + E,)E, — upv, = 0.
(ii) In the case of p < r < ¢, substituting
rh(w) = f(w)(Bw™ = D), wh(w)= f(w)(Bw™' - D),
kr(w) = f(w) (Bw™' =D+ E(w—w")),

K (w) = wpef (w)(w —w™),  wH(w) =z f(w)(w —w™),

into
-1 -1
_ —wy ) [/@’”’ — Wiy Iirp]
X(p7 T) : |:—|—(U)1 o U)2) [wl w3 IH:: _ pr — w; lwglﬁgg]
= flwy) f(w2)(wy — wa)(wy —wy ") (wy —wy ")
X [(Er — B)E, —upvp] =0,
| (wr = w;l) [/ﬁ”’ wlzl/f‘”]
X(r (]) : |:—|—(UJ1 _ UJZ) [qu + imh 1w2 1,€qq _ K:rr]

= — fw) f(w) (w1 — w2)(wi —wi ") (wz —wy ")
x [(Er — B)E, — upvp] = 0,
we obtain (E, — B)E, — u,v, = 0.
(iii) In the case of r < p < g, substituting
rh(w) = f(w)(Bw™" = D), rh(w) = f(w)(Bw™"' - D),
fp(w) = f(w) (w?*(Bw = D) + E,w™H(w —w™)),
rh(w) = upf(w)(w —w™),  KH(w) = v, f(w)(w—w™"),
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into
(w1 —wy ) [w78 — wy' k]
X : pr
(r.p) [—!—(wl — wa) [wl 1w2 lﬁgg + wflwglﬁgg - /c:ﬂ
= —f(w1) f(w2) (w1 — w)(w1 — wy ") (w2 — wy ")
x [(D+ E,)E, —upvp] =0,
(w1 — w;l) [/qu - wml/i‘”’]
X :
e {r [y 'y g+ wi g g — ]
= —f(w1) f(w2) (w1 — w)(wy — wi ")(wa — wy ")
X [(D+ E)E, —upvp] =0,
we obtain (D + E,)E, — upv, = 0. O

We will have another ”exclusion rule” for elements in P, Q and R = SUT
by Lemma 7.5 and Proposition 7.2.

Lemma 7.6. If1 <i<j<landr € R, thenp; <p; <r <gq; <gq; or
pi < pj < qj <¢q <r, where p;,p; € P, q;,q; € Q and R are specified in
Corollary 7.1.

Proof. It is enough for us to show that neither p; < r < p; < q; < ¢
nor p; < p; < q; <r < g occurs. If p; < r < p; < g; < g;, then both
pi <7 <g; and r < p; < g; hold. Lemma 7.5 tells us that

kr(w) = f(w) [Buf1 - D+ E.(w-— wil)]
= f(w) [Bw™' = Dw™? + BE,w™H (w —w™ )],

namely that D = 0 and E, = 0 because f(w) # 0 by the assumption (2).
By Proposition 7.2, E, = 0 implies u,,v,, = 0, but it is in contradiction
with k0 = 0. The proof that p; < p; < ¢; < r < ¢; is impossible is all
the same. O

We can now have the elaborate version of Corollary 7.1.

Proposition 7.3. For any solution K(z) to the reflection equation (6)
there is a similar solution K'(z) to K(z), whose P, Q, S and T in Definition
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7.1 are characterized by two integers | and m such that

1<I<[N/2], 0<m<N-2-m,
P={pj1<j<llp;=j-1},
S={s;,1<j<m|s;=1+j—1},
Q={q,1<j<l|g=21+m—j},
T={tj1<j<N-2—m|tj=2l+m+j—1}.

We remark that 0 < m < N — 2l —m implies §(S) < 4(T).

Proof. The proof is directly obtained from Definition 7.1, Lemma 7.3 and
Lemma 7.6. a

By invoking Lemma 7.5, Proposition 7.3 restricts the forms of «].(w) for
re R=SUT.

Lemma 7.7.

(i) k5(w) = f(w) [Bw™ =D+ Ej(w—w™)] forseS.
(it) ki(w) = f(w) [Bw— D + EByw(w —w™)] fort € T.

Concerning the type X components (9) of the reflection equation (6), we
have used

e X(p,q) (¢ € Q is the corresponding element to p € P) in Proposition
7.1.
o X(p,r), X(¢,7), X(r,q) (p € P, ¢ € Q and r € R) in Proposition 7.2.

Other type X components, X(r,r"), X(p,p’), X(p,¢') and X(q,¢’) for p <
p€P,qd <qeQandr <7 € R.yield relations among parameters B, D
Up, Vp, (p€ P)and E, (re R=SUT).

Lemma 7.8.

(i) If m=4(S) > 1, then F := E; = Ey fors,s’ € S.
(ii) If N -2l —m =#(T) > 1, then G:= E, = Ey fort,t' € T.
(i) If m=14(S) >1 and N =2l —m =§(T) > 1,
then (F— B)F —(G+ D)G =0 fors€ S andteT.
(iv) If I = §(P) > 2, then upv, — upvy =0 for p,p’ € P.
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Proof. We first consider X(r,7') (9) for ;7 € R = SUT (r < 7'). If
r <1, then X(r,7') (9) becomes
(wr —wy?) (k17 —wi )

! ! - O (34)
(wr = ws) (witwg T - )

because k3¢ = k%5 = 0 for a # a.

(i) If s < ¢’ € S, then

~

ki(w) = f(w) [Bw_1 — D+ Es(w— w_l)} ,
ki(w) = f(w) [Buf1 — D+ Es(w— ufl)] ,
by Lemma 7.7. When we substitute them into (34), we obtain
1 -1
wy — wa)(w; —w Wy — W
f(wl)f('LUQ)( 1 2)( 1 1 )( 2 2 )
w1w2
X(ES — ESI)(B — ES/ — Eswlwg) = 0.

Because the function f(w) is not constantly zero by the assumption
(2), we have (Es—Ey)(B—Ey —Eswiws) = 0. If B—Ey —Eswiwg = 0,
namely B—Es = E; = 0, then u,v, = 0 by Proposition 7.2. But it is in
contradiction with k77 # 0 for p € P. We conclude that F':= Fs = Ey
for any s,s’ € S.

(if) If ¢t < t' € S, then

ki(w) = f(w) [Bw — D+ Byw(w — w_l)] ,

K (w) = f(w) [Bw— D+ Epw(w —w™ )],
by Lemma 7.7. When we substitute them into (34), we obtain
wy — wa)(wy —wy ) (we —wy
f(wl)f(w2)( 1 2)( 1 1 )( 2 2 )
wi1ws2

X(Et — Et/)(Et/wlwg + E; + D) =0.

The similar arguments just above leads us to that G := E, = Ey for
any t,t’' € T.
(iii) If s € S and t € T, then (34) becomes

Flwn) f(w2)(wi —wa) (wi —wy ) (wa—wy ") ((G+D)G—(F~B)F) = 0
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(iv) When we substitute

Kp(w) = Kb, = f(w)(Bw™' — D)
kd(w) = &7 = f(w)(Bw — D)
RD(w) = upf (w)(w —w™),  KE(w) = v, f(w)(w - w ),

K2 (w) = wy f(w)(w —w™Y), kL (w) = vy f(w)(w —w?)

into X(p,p"), X(p,q¢"), X(q,¢"), the terms contained the diagonal ele-
ments all vanish. We obtain u,v, — upvy = 0. O

Proof of Theorem 7.1.

(i) Proposition 7.3.
(ii) We define Ag := B—F, Ay := —F, Ay := —G, and A3 := —D — G.
Lemma 7.4, Lemma 7.7 and Lemma 7.8 give the results.
(iii) Lemma 7.4.

(iv) Proposition 7.2 and Lemma 7.8.

And we have checked at each step, the diagonal elements together with
ﬁé’(lu)) and kf(w) satisfies X(a,b) (a,b € {0,1,2,--- ,N—1} = PUSUQUT,
a <b);

e fora=p € P and b= q € Q, where ¢ is the corresponding element to
p, at Proposition 7.1,

fora=pe Pand b=¢q € Q at Lemma 7.8,
for(a=pePandb=p € P)and (a=qg€ Q and b=¢ € Q) at
Lemma 7.8,

for(a=pePandb=rc R=SUT),(a=q€Pandb=teT)
and (a =s € S and b=r € Q) at Proposition 7.2,

o for(a=reR=SUTandb=1r"€ R=SUT) at Lemma 7.8. O

8. Determination of the off diagonal elements
We prove the following theorem in this section.
Theorem 8.1. Let K(z) be a solution to the reflection equation (6) whose

diagonal elements are specified in Theorem 7.1. If a,b,c € {0,1,2,--- N —
1} be three different integers, then

ab —
Iibczo

except the cases



(1)
(i)
(iii)
(i)
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a,b,c) = (p1,q1,t) fort €T,
a,b,c) = (p1,q,s) forse s,
a,b,c) = (q1,p1,t) fort €T,
a,b,c) = (q,p1,s) for s €S,

PR

where the integer | = §(P) is specified in Theorem 7.1.

Lemma 5.3 restrict the range for us to study.

Lemma 8.1. Ifa,b,c€{0,1,2,---, N—1} be three different integers, then

kI =0

except the cases

(i)
(it)
(i)
()

(a,b,c Dj,qj,T ”)forr”eSUT.
qjapj7 )fOTT/IESUT,

(
a,b,c) = (
(r,7' 7" forr,r’' ;7" €T,
(
=(

) =
) =
a,b,c) =
abc) p, v’ r") forpe P and v’ ;7" € SUT,

(
(
(
(a, q,r ”)forquandr’m”ESUT,

where q; € Q) is the corresponding to p; € P.

Proof.

(i)

We will show that ¢ = 0 when ¢ € PUQ. If ¢ = p; € P, then
/-igj (w) # 0 (b # pj;) only when b = ¢; by Lemma 5.3. If a # p,, ¢;, then

#g (w) = 0 also by Lemma 5.3, namely, that g} = 0 for p € P. We

can prove that k% =

bqg —
The cases left to consider are

0 for g € @ in a similar way.

’ o' ’
P q qp r’ T
Kq s sz/,r//, KT/,,‘ 5 KT”I‘ ry K

qr

’ ’ /
K /p K /q /"ipp Kq/q T

P! g ! pl !y g !
for p,p € P(p#9p),q# ¢ € Q (¢ # ¢') and mutually different
rr'yr” € S UT. The first four cases are zero because ry, (w), ki,
wy (w) and k], (w) are zero by Lemma 5.3. The fifth and the sixth cases
are not zero only when p and ¢/, or p’ and ¢’ are corresponding to each
other. O

We prepare one Lemma which is derived from Lemmas 6.1 and 6.2

Lemma 8.2. If sl # 0 for p < g, then ki (w) =0 for anya <p <b<gq,

p <

a<qg<bb<p<a<qgandp<b<qg<a.

Proof. We first recall that k! ~ s (w) by Theorem 7.1.
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(i) Ifa <p < b < qand kj(w) # 0, then kh(w) ~ wry(w) by (12). By
Lemma 6.2-iii, that xjJ # 0 implies that xj(w) ~ kj(w). Because this
is in contradiction to kb ~ ki (w), k§(w) must be zero.

P

(ii) If p < a < g < b and k¢ (w) # 0, then wrf(w) ~ rf(w) by (12). By
Lemma 6.2-iv, that k] # 0 implies that x](w) ~ kj(w). Because this
is in contradiction to k) ~ ki (w), xf(w) must be zero.

(ili) If b < p < a < q and ki (w) # 0, then kf(w) ~ wki(w) by (13). By
Lemma 6.2-iv, that x5 # 0 implies that s} (w) ~ xj(w). Because this
is in contradiction to ) ~ ki (w), xf(w) must be zero.

(iv) If p < b < ¢ < a and kj(w) # 0, then wxi(w) ~ xi(w) by (13). By
Lemma 6.2-iii, that 3% # 0 implies that s} (w) ~ xj(w). Because this
is in contradiction to k) ~ ki (w), xj(w) must be zero. m|

We can directly show that some of non-diagonal elements of K (z) are con-
stantly zero by Lemma 8.2 above.

Proposition 8.1.

ki(w) =0, kKL(w)=0 forseSandteT, (35)
kp(w) =0, K (w)=0 forpeP (p#p1)andteT, (36)
kE(w) =0, kp(w)=0 forpeP (p#p)andseS, (37)
Ki(w) =0, Ki(w)=0 forqeQ (q#q)andteT,  (38)
k{(w) =0, ry(w)=0 forqeQ (q#q)andse S, (39)

where | = §(P).

P1q1
Proof. Because xL!11 # 0 and

pp<s<qg <t forseSandteT,
pr<pi<q <t forl<j<landteT,
p<gi<qg <t forl<j<landteT,

we obtain (35), (36) and (38) by Lemma 8.2. Also Because x}!l # 0 and

pi<p<s<gq forl<j<landsels,
m<s<q<g; forl<j<landsels,

we obtain (37) and (39). O

We will determine the nonzero cases among specified in Lemma 8.1.

Lemma 8.3. 57’:,::, = 0 for mutually different r,r',v" € SUT.
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Proof. If {r,/,7""} contains both elements in S and T, then 7,7, = 0
because k§(w) and k% (w) are zero for seSandteT by Prop051t10n 8.1.
We only have to determine that «%,%, = 0 for mutually different s, s', s” € S
and that &1, = 0 for mutually different ¢,#',¢t” € T. We first show that
Iii,i:/ = 0 by dividing cases according to the order among s, s’ and s”.

(i) If s < s’ <", then

(w1 — wa)KS S = wa (kS (w), k511 (w) — K3 (w)) (40)
by Proposition 6.1. We know s’ + 1 € S because 8’ < s” € S, and that
ﬁs,ﬁ(w) — k% (w) = 0 by Theorem 7.1. We obtain x2,%, = 0 by (40).

(i) If s < s” < s’, then

(w1 — wa)wS S = (kS (w), K3 (w) — &%~ (w)) (41)

by Proposition 6.1. We know s’ —1 € S because s’ > s” € S, and that
fﬁs:(w) — k51 (w) =0 by Theorem 7.1. We obtain %%, = 0 by (41).

S

(i) If s’ < s < §”, then wk?, (w) ~ k%, (w) by Lemma 4.4, and
(w1 — w2)k3 5 = (K3, (W), w(kS (W) — &%~ w))) (42)

by Proposition 6.1. We also have that /is,,( ) ~ K (w) and K5, (w) ~
k& (w) by (17) because p; < s’ < s” < ¢ and p; < s < §" <
q1, respectively Because ! (w) # 0 by Theorem 7.1, we have that
lizu( ) =0 or %, (w) = 0. We obtain x%,%, = 0 by (42).

(iv) If s’ < §” < s, then

(w1 — wa)w3 5 = (&3 (w), w(ks T (w) — K2 (w))) (43)

by Proposition 6.1. We know s’ +1 € S because s’ < s” € S, and that

ﬁziﬁ(w) — &% (w) = 0 by Theorem 7.1. We obtain x%,%, = 0 by (43).
(v) If 8" < s < &', then wk?, (w) ~ k% (w) by Lemma 4.4. We also have

that &3 (w) ~ kit (w) and K5, (w) ~ kb (w) by (17) and (16) because

p1 <s<s' <gq and p; <s” <s' <qi, respectively. Because b1

0 and s (w) ~ k! (w) by Theorem 7.1, we have that K, (w) = 0 or

k5, (w) = 0. We obtain &%,%, = 0.

(vi) If s” < &' < s, then
(w1 — wa)kS % = wi (k5 (w), K5 (w) — &5, (w)) (44)

by Proposition 6.1. We know s’ —1 € S because s’ > s” € S, and that
Hi:(w) Ksl_l( ) = 0 by Theorem 7.1. We obtain 3 ,s,, =0 by (44).
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The proof that xl,%, =0 (t,#/,#" € T) is done in a similar way. In the cases
t<t <t t<t'<t,t<t'<tandt” <t <t weobtain k.l =0
because &}, T} (w) — kb (w) = 0 or K, (w) — &L~} (w) = 0.
Ift/ <t <t then wkl, (w) ~ Kt (w) by Lemma 4.4, and

(w1 — waeh b = (it (w), (il (w) — w63 () (45)

by Proposition 6.1. We also have that /121, (w) ~ wrh(w) and k5, (w) ~
wrdt (w) by (14) because p1 < q1 < t' < t" and p1 < @1 < 5 < 5",
respectively. Because xb!(w) # 0 by Theorem 7.1, we have Ii;:/ (w) =0 or
KL, (w) = 0. We obtain &%, = 0 by (45).

If ¢ < ' < t, then k%, (w) ~ wrl, (w) by Lemma 4.4. 5%, (w) ~ wkd! (w) and
Kby (w) ~ wrd (w) by (15) because py < ¢1 <t <tandp; <q <t" <t
respectively. Because £ (w) # 0 by Theorem 7.1, we have s}, (w) = 0 or
kL, (w) = 0. We obtain /%, = 0. O

Lemma 8.4. /{f,::, =0forpe Pandr' 7" €e SUT (v £1").

Proof. Because x?(w) =0 for p; #p € P and £} (w) =0 for p1 #p € P
by Proposition 8.1 we only have to consider s}/ i/// (t'eT,r” € SUT) and
KPS, (s € S, 1" € SUT). Furthermore since £§(w) = 0 and ! (w) = 0
for s € S and t € T by Proposition 8.1, it is enough for us to study &' t//
(t',t" € Tt #t") and K715, (s',5" € S s # s").

If p1 < s’ <s”, then

(w1 — wa)KD S = wa kPl (w), k5L (w) — kS (w)). (46)

by Proposition 6.1. Because s’ < s” € S, s’ +1 € S. We have & ,ﬂ( ) —
%%, (w) = 0 by Theorem 7.1 and x”%, = 0 by (46).

If p; < s” < ', then
(w1 — w2)kP S, = (wrP, (w), k2 (w) — k%5~ (w)). (47)

Because s’ > s” € S, 5'—1 € S. We have x?% (w)— /isfi( ) = 0 by Theorem
7.1 and K%, s, =0 by (47).

The proof that x}/ U,=0 ', t" e Tt #1t") is all the same. O
Lemma 8.5. k%7, =0 for g€ Q and ',7"" € SUT (r' #1").

Proof. Because k?(w) =0 for ¢ # ¢ € Q and kf(w) =0 for ¢ # q € P
by Proposition 8.1 we only have to consider s}/ f,, t'eT,r €SUT)and
k15, (s € S, " € SUT). Furthermore since &§(w) = 0 and ' (w) = 0

r
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for s € Sandt e T by Proposmon 8.1, it is enough for us to study x}; t,,
1" €Tt #t") and k%%, (s',s" € S 5" #").
If g <t <t”, then

(w1 — wa)kD Ly = wa (kB (w), kb (w) — K (w)), (48)

by Proposition 6.1. Because t' < t” € T, t' +1 € T. We have miiﬂ(w) -
k% (w) = 0 by Theorem 7.1 and %%, = 0 by (48).
If ¢ <t <, then

(w1 = wa)r b = (wil (w), k() = K}, "} (w)), (49)
by Proposition 6.1. Because t' > ¢’ € T, t' — 1 € T. We have sl (w) —
kL~ (w) = 0 by Theorem 7.1 and x%%, =0 by (49).

If s < s” < q, then

(wn = w2l = (s (w), w(rl 3 (w) = w3 (w))), (50)
by Proposition 6.1. Because s’ < s” € T, s' +1 € 5. We have miiﬂ(w) -
%%, (w) = 0 by Theorem 7.1 and %%, = 0 by (50).

If s < s’ < q, then
(wy — UJQ)quS// = wy (kY (w),fﬁji(w) f—isfl( )Y, (51)

by Proposition 6.1. Because s’ > s” € T, s’ — 1 € S. We have % (w) —
%, "1 (w) = 0 by Theorem 7.1 and %, = 0 by (51). 0

Lemma 8.6. rg)" =0 (r € SUT) except k21" (t € T) and kB2 (s € S),
and k7 =0 (re SUT) except k117" (t € T) and KET' (s € S)

Proof. Because r%(w) = 0 except k% (w) (s € S) and ] (w) (t € T) by
Proposition 8.1, we have rg)" =0 (r € SUT) except 27 (t € T) and
kb (s € S). Because kP (w) = 0 except £} (w) (t € T) and kP (w) (s € 5)
by Proposition 8.1, we have r3 7" =0 (r € SUT) except x1:7* (t € T') and

KADL (s € 5). O

Proof of Theorem 8.1. Theorem 8.1 is proved by Lemma 8.1, Lemma
8.3, Lemma 8.4, Lemma 8.5 and Lemma 8.6. O
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9. Relations among parameters

We first prove the following theorem in this section.

Theorem 9.1. Let K(z) be a solution to the reflection equation (6) whose
diagonal elements are specified in Theorem 7.1. If a,b € {0,1,2,--- /N —1}
be two different integers, then

except the cases

(i) (a,b) = (pj,q5), (a5, p;) for j=1,2,---,1

(i) (a,
(i) (
(iv) (

(

(v) (a,

b) = (p1,t) fort €T,
b) = (pi, s) for s €S,
b) = (qi,t) fort €T,
b) = (s,q) for s € S,

where the integer | = #(P) is specified in Theorem 7.1.

Proof. Except the cases specified above, we will show

0 for s € S and a # s,

=0 for ¢ € Q and a # g,

0 fort €T and a # t,

in the followings.

(i)(a) kbl (w) =0 and khi(w) =0 (i # j) by Lemma 5.3.
(b) If k5 (w) # (j #1, s € S), then xb] (w) # 0 by Lemma 6.2 because

that Iipj 220 and that p; < p; < s < ¢. This is in contradiction
to p; (w ) =0.

(c) If kb7 (w) # (j # 1, t € T), then k] (w) # 0 by Lemma 6.2 because

that x}’ 4t # 0 and that p; < p; < ¢ < t. This is in contradiction
to Kpl (w) = 0.

(ii) (a) wp(w) =0 (s € S, p € P) by Lemma 5.3.
(b) If k3, (w) #0 (s,s' € S s <), then

0= (w1 —wp)rgy = (k3 (w), wrg(w) —w™ 'Ky "1 (w))
= Az f(w)(r3 (w), w —w™t) (52)
because of that 0 < s < s’ and of Proposition 6.1 and Theorem

7.1. We remark that the set T" in Theorem 7.1 in not empty in
this case because 1 < #(S) < #(T). It implies that N — 1 € T and



(iii)

~ L~
o
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that wkd(w) — w kN _1(w) = Asf(w)(w — w™?). Moreover we
also have
0= (w1 —w2)r;, & = (wry (w), K2 (w) — Kgij(w»

= Aof (w)(wr (w), w — w™) (53)

because of that s < s’ < ¢, Proposition 6.1 and Theorem 7.1.
We remark that ! (w) — x2~ Hw) = Ao f(w)(w — w™') because

¢ —1 € S. We obtain % (w) = 0 by (52) and (53). If &5, (w) # 0
(s,s' €S s>¢'), then

0= (w1 —wa)ryy 15" = (WK (w), wlwrg(w) —w™ K1 (w)))

= Az f(w)(wrd (w), w(w —w™"))  (54)
28 = (e (), w2 () — 82 ()

— A1 f(w)(k3 (w), w(w —w™))  (55)

because of that s < s < N —1 and p; < s’ < s, respectively,
Proposition 6.1 and Theorem 7.1. We obtain &% (w) = 0 by (54)
and (55).

kg(w) =0 (s € S, ¢ € Q) by Lemma 5.3.

ki(w)=0(se S, tel) by Proposition 8.1.

kf (w) =0 and ki (w) =0 (i # j) by Lemma 5.3.

IfnZ’( ) # (4 #1, s €5), then £ (w) # 0 by Lemma 6.2 because
that xb! G 4£0andthat py <s<q < gj- This is in contradiction
to k! ( )=0.

If /ig] (w) # (j # 1,t € T), then kgl (w) # 0 by Lemma 6.2 because
that <01y % -0 and that p; < gj < q1 <t. This is in contradiction

to kg ( ) =0.

/ﬁé(w) =0 (teT,pe P) by Lemma 5.3.
kt(w)=0 (t €T, s € S) by Proposition 8.1.
kh(w) =0 (t €T, g€ Q) by Lemma 5.3.

If 6 (w) #0 (t,t' € T t < '), then

0= (w1 — wa)rpp = (kf (w), wrf(w) — w™ Ky~ (w))
(

= Asf(w){rp (w),w —w™")

because of that 0 < ¢t < ¢/ and N — 1 € T, Proposition 6.1 and
Theorem 7.1. It implies k! (w) ~ (w —w™'). On the other hand,
we have kf, (w) ~ wrkb! (w) = upwf(w)(w—w~") because of (14) in
Lemma 6.1. We obtain !, (w) = 0. If k!, (w) #0 (t,t' € T t > t'),
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then

t q1

i = (w2 (w), wkg 1 (w) = K8 (w)))

s’ q1+1
= Ao f(w) (wrl (w), w? (w —w™))

because of that ¢; < t’ <t , Proposition 6.1 and Theorem 7.1. On

the other hand, we have k},(w) ~ wkl! (w) = vyw f(w)(w — w™')

because of (15) in Lemma 6.1. We obtain !, (w) = 0. |

0= (w; —wa)k

Lemma 4.4 determine the possible form of the non-diagonal elements.

Proposition 9.1. Let K(z) be a solution to the reflection equation
(6) whose diagonal elements are specified in Theorem 7.1. If a,b €
{0,1,2,--- , N — 1} be two different integers, then

(i) kg} (w) = up, fw)(w —w™") and Ky} (w) = up, f(w)(w —w™) for
j=1,2,-,1,

(ii) K7 (w) =z f (w)(w —w™') and K5 (w) = Ty f(w)(w —w™") for s €S,

(i) WP () = yof (w)(w—w) and w8 (w) = G f)(w—w") fort € T,

where the integer | = §(P) = §(Q) and m = §(S) are specified in Theorem
7.1 and where x5, Ts (s € S) and yi, G, (t € T) are parameters in C. Other
off-diagonal elements K (z) not specified above are constantly zero. These
off-diagonal elements satisfy Lemma 4.4.

Proof. We have to consider C . in Definition 4.8 only when one of a, b and
¢, say a, has two integers 3 and v in {0,1,2,---, N —1} such that k35 # 0,
/@gi‘; # 0 or k27 # 0, and —beta and v are also members of {a,b,c}. If it
is not the case, Cyp. has at most one element, and Lemma 4.4 is trivially
fulfilled.

The elements « in {0,1,2,---, N — 1} which has two integers § and 7 such
that k35 # 0, fffﬁ #0ork2Y #0arep, s€S, p, q,q andt € T. The
relevant Cope are only Cp q,¢ (t € T) and Cp,sq, (s € 5).

In Cpltht (t S T),

Kbt (w) = up, f(w)(w —w™h) #0,
R (w) = vp, f(w)(w —w™h) #0,
and p1 < ¢1 < t, we obtain

for some parameters y:, y;.
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In Cpsq, (s €5),

Kt (W) = up, f (w)(w —w™h) #0,

K (w) = vy, f(w)(w —w™h) #0,

and p; < s < q;, we obtain

q1

for some parameters x5, Ts. O

These parameters have to satisfy the conditions in Proposition 6.1 and
Lemma 6.1. The proof of the following is straightforward from Theorem
7.1.

Lemma 9.1.

wrd(w) —w™ Ry (w) = Ag(w —w ),
0 ifl=4(P)>1
K1(w) — ko (w) = { Ag(w—w™h) ifl=4(P)=1
—Ay(w—w Y ifl=4(P) =1 and m = #(S) >0
(
(

l l Ag — A1) (w—w™h) if m =4(S
i) - ) = { Yo ADE DD i =4

K (w) — K1 (w) = Ag(w —w ™),

I (w) — k2 (w) = —Agw(w —w™ YY) if §(T) >0

wkg(w) —w ky_j(w) ~w—w,

Rl (w) — w3(w) ~w—w Y,

AL (w) = kD (w) ~ w —w

ri(w) — /ﬁgij(w) ~w—wt,
N1} — kN =2 (10)
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Proposition 9.2. Let K(z) be a solution to the reflection equation (6),
whose elements are specified in Theorem 7.1 and Proposition 9.1. The nec-
essary and sufficient conditions for K (z) to satisfy the conditions in Propo-
sition 6.1 is that the parameters Ao, A1, Az, Az, Up,, Vp,, Up,, Up, Salisfy

{uplfs = SCSAO

Up,Ts = TsA1

(s €8S),

{uplyt = ytAQ (t € T)
Up Yt = ytAS

Proof. If %% = 0 and k%(w) = 0, then the conditions in Proposition 6.1
are trivially satisfied as 0 = (0, g), where ¢ is a function of w. If Kgf; =0 and
k% (w) # 0, then the conditions in Proposition 6.1 are satisfied as 0 = (g, g)
or 0 = {g,0) by Corollary 9.1. The relation among the parameters arise
when ££% # 0 and k%(w) # 0. Such case are specified in Theorem 8.1. We
will study them.

(i) In the case of (a,b,¢) = (p1,q1,t) (t € T), we have

+1
(w1 —w2)rgt" = wa Ky (w), kg, 11 (w) — £ (w))

by Proposition 6.1 because p; < ¢1 < t. Substituting the results for
kP (w), kit (w) and L' (w), in Proposition 9.1, we obtain
(w1 — wa) - up, (w1 — wi) - Gywa(wa — w3 )
= wy(ys(w — w1, —Asw(w — w™ 1)),
= —yeAswz (wy — wi)(wy — wi ) (w2 —wyt),
Up, Yy = Y Aa.
(ii) In the case of (a,b,c) = (pi, qi, s) (s € S), we have

-1
(w1 —wo)rgd = (wrg! (w), kg (w) — kg 7 (w))

by Proposition 6.1 because p; < s < ¢;. Substituting the results for
kB (w), k¥ (w) and kB (w), in Proposition 9.1, we obtain
(w1 —wa) - up, (w1 —wy ) T (wz —wy )
= (zow(w —w™), Ag(w — w™t)),
=z Ao (w1 — w2)(wi — wy ) (wa —wyt),
Up,Ts = T5Ap.
(iii) In the case of (a,b,c) = (q1,p1,t) (t € T), we have

(w1 —w2)wfi = (wr —wa)w'} = (k] (w), whp(w) —w ™ wYT1 (w))



Classification of solutions to the reflection equation 491

by Proposition 6.1 because 0 = p; < ¢1 < t. Substituting the results
for k! (w), 7' (w) and £{* (w), in Proposition 9.1, we obtain

(w1 — wa) - vp, (w1 —wi ) - y(wa — wy ")
= <ytw(w - w71)7 A3(w - w71)>7
=T, Ag(wr — wa) (w1 — wy ) (wy —wy ),

Vp, Yt = Yy As.
(iv) In the case of (a,b,c) = (qi,p1, $) (s € S), we have

(w — w2)KIP = (k7 (w), w(KE ] (w) — K2 (w)))

by Proposition 6.1 because 0 = p; < s < ;. Substituting the results
for Kl (w), k& (w) and £¥ (w), in Proposition 9.1, we obtain

(w1 = w3) - vy, (w0 — w7 - (w2 — w5 )
= (Tow(w —w ), —Ajww —w™t)),
= —TsA1(wy —wy)(wy — wl_l)(wg - wz_l),

Up,Ts = TsA7. O

Proposition 9.3. Let K(z) be a solution to the reflection equation (6)
whose elements are specified in Theorem 7.1 and Proposition 9.1. The nec-
essary and sufficient conditions for K(z) to satisfy the conditions in Lemma
6.1 is that the parameters x5, Ts (s € S), yi, G, (t € T'), satisfy

TsTy = Tzxy (8,8 €8),

ytyt’ = Yty (tv t' € T)

Proof. The conditions in Lemma 6.1 we have to consider are

(i) (20) for (a,b,c,d) = (p1,q1,t,t") (t,t' €T),

(w1 — wa)wy 'wH Y = (5] (W), K7} (w)),

(i) (22) for (a,b,c,d) = (p1, 8,5, q) (s,8' € 9),

(w1 —w2)k ¥ = (wkf! (w), K (w)).

s’'s s’

We can check that the other conditions are fulfilled with ease. Substitut-
ing the results of Proposition 9.1 into above, we obtain the results in the
statement. O



492 Y. Yamada

10. Main results

We summarized briefly what we have proved so far.

e Proposition 4.1, which states that, that

K(Z) = (Zia bﬁg(w))a,b:o,17... JN—1 (w = ZN)

is a solution to the reflection equation is equivalent to that K (z) satisfy
the conditions in Lemma 4.4 and type I, type VI, type X, type XIII
and type XIV components of the reflection equation,

e Theorem 7.1, which determines the diagonal elements of K(z) by
Lemma 4.4 and type X components of the reflection equation, and
the results inevitably satisfy the type X components.

e Theorem 9.1, which determines the non-zero off-diagonal elements of
K(2),

e Proposition 9.1, Proposition 9.2 and Proposition 9.3, which describe
the necessary and sufficient conditions for K (z) to satisfy Lemma 4.4,
type VI, VI, VI components, and type I components, respectively.

We already have proved the main theorem for us. We write it down explicitly
below according to the cases

(i) S=0and T =10,
(ii) S=0 and T # 0,
(iii) 4(P) =1, S #0 and T # 0,
(iv) #(P) > 1,8 #0 and T # 0,

where P,Q, R C {0,1,2,---} are in Definition 7.1 and Proposition 7.3. We
remark that the case S # 0 and T' = @) does not occur because §(S) = m <
N =20 —m = #(T).

Theorem 10.1. If K(z) = (z’“’bng(w))a b0 1... N_1 18 a solution to the

reflection equation (6), which satisfies the assumptions (2) and (3), then
there exist two integers 1 <1 < [N/2] and 0 < m < [(N —21)/2] and K (z)
is similar to only one of (i), (i), (i) and (iv) below.

(i) When S =0 and T = 0, namely when N is even and N = 2l, K(z)
has two parameters

A07 A3
for the diagonal elements, and N parameters

u,vp (1=0,1,--- ,N/2-1)
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for the off-diagonal elements, which satisfy the relations
UpVp = Up! Vpy (p7p/:O71’27N/2_1)
The non-zero elements of K(z) are
(w) =Agw™ '+ A3 (p=0,1,2,---N/2—1),
(w) = Apw + A3 (¢q=N/2,N/2+1,--- N —1),
K (W) = up(w —w™") (p=0,1,2,---N/2=1),
( ):vp(w—wfl) (¢=N/2,N/2+1,--- ,N —1).

(ii) When S =0 and T # 0, namely when N > 2,1 <1 <[(N —1)/2] and
m =0, K(2) has three parameters

Ao, Az, A3
for the diagonal elements, and 2N — 21 parameters
Up,p (p=0,1,---1—-1)
ye, ¥, (t=20,2141,--- ,N—1)
for the off-diagonal elements, which satisfy the relations
uptp = AsAs (p=0,1,---,1—1)
Uy =Ty (G =20,20+1,--- N —1),
uogt:ytAQ (t:2l72l+1,,N71),
voy: = Yy As (t:2l,2l+1,---,N—1).

The non-zero elements of K(z) are

Il
b

(w) =Aow ' —Ay+ 43 (p=0,1,2,---1—1),

(w) =Agw —As+As (¢g=1L1+1,---,21—1),

(w) = Az + Agw — Agw? (¢t =20,21+1,--- N — 1),
Koy (W) = up(w — w ) (p=0,1,2,---1—1),

(w) = vp(w—w™t) (¢g=11+1,---,21—1),

(w) =yr(w—w) (E=2,20+1,---,N—1),

(w) =gww —w™t) (t=2,20+1,--- ,N —1),

Y
(i1i) When §(P) =1, S # 0 and T # 0, namely when N > 2,1 =1 and
0<m<[N/2-1], K

, K(2) has four parameters

AOvAla AQa A3
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for the diagonal elements, and 2N — 2 parameters
Uo, Vo
s, Ts ($=1,2,--+,m)

v,y (t=m+2m+3,---,N—1)
for the off-diagonal elements, which satisfy the relations
ugvy = AgAj
ugvg = Ag A3

(5,8 =1,2,---,m),
upTs = ¢sAg (s=1,2,---
(s=1,2,---,m).
Wy =Yy (Gt =m+2,m+3,--- N —1),
uy = yAs (t=m+2,m+3,--- ,N—1),
voyr = ypAs (t=m+2,m+3,--- ,N—1).

TsTsr = Ty

VoTs = ESA].

The non-zero elements of K(z) are
%8(10) = (Ao — Al)w_l — A2 + Ag,
ki(w) = Agw ™! — Ay + A3 — Ayw (s =1,2,--- ,m),

mil(w) = (Ag — A1)w — Ap + As,

Kl (w :A3+(A0—A1)w—A2w2 t=m+2,m+3,---
K1 (w) = uo(w —w™1),
m—+1 —1

(8:1725"' am)a
=y(w—wl) (t=m+2,m+3,---,N—1),

)
71)’ (821727"'7m)7
)

K:n—i_l(w :ytw(w_wil) (t:m+2am+37aN_1)a

When §(P) > 1, S #0 and T # 0, namely when N > 2,1 <1 < [N/2]

and 0 <m < [(N —21)/2], K(z) has four parameters
Ao, A1, Az, As
for the diagonal elements, and 2N — 2l parameters
Up,vp (p=0,1,---,1—-1)
s, Ts (s=01+1,--- I+m—1)
v,y E=2l4+m,2l+m+1,--- N —1)
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for the off-diagonal elements, which satisfy the relations

uptp = AgAd1 (p=0

uptp = AsAs (p=0,1,---,1—1)

TTy = Tsxy (8,8 =L1+1,--  I+m—1),
u—1Ts = xsAg (s=01+1,--- I+m—1),
(s=0Ll+1,---l+m—1).

Uy =Yy (Gt =20+m,2l+m+1,--- N —1),

wy, =y As (Et=2l+m2l+m+1,--- ,N—-1),
voyt = YAz (t=20+m,2l+m+1,--- ,N—1).

V-1Ts = fsAl

The non-zero elements of K(z) are

ng(w) = (Ao—Al)w_l — Ay + Az
(p:0715"'7l_1)7

Hi(w) iA()’LU71 —A2+A3 —Alw,
(s=04,14+1,---,l+m—1),

Iig(w) = (Ao—Al)’LU—AQ—FAg,
(g=l+ml4+m+1,---,2l4+4m—1),

I{i(w) :A3—|—(A0—A1)w—A2w2,
t=204+m,2l+m+1,--- ,N—1),

HQH—m—p—l(w) = up(w — w_l) (p=0,1,---,1-1),
R?}H—m—p-ﬁ-l(w) = v, (w — w) (p=0,1,---,1-1),
re (W) = 2w —w™h), (s=LI+1- lem 1),
REFM ) = Tg(w —w™h) (s=114+1,--- 1 +m—1),
kY (w) = ye(w—w™') (t=20+m2+m+1,- N-1),
RN w) = Guw(w —w™) (=204 m 2+ m+1 N 1),

We can check with the direct calculation that K (z) in Theorem 10.1 satisfies
the initial condition K (1) = poldcny and the unitarity K(2)K(z7!) =
pi (2)Idongon

Proposition 10.1. The K-matriz K(z) in Theorem 10.1 satisfies the ini-
tial condition and the unitarity

K(1) = poldcw,
K(2)K(z") = pr(2)ldcvgen,
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where po and pi(z) are
(1) When S =0 and T = (), namely when N is even and N = 2l,
po = AO + ASa
pr(2) = (Aow™ 4+ A3)(Aow + Az) — ugvo(w — w™ )2,
(2) When S =0 and T # (), namely when N > 2,1 <[ <[(N —1)/2] and
m =0,
po = Ao — Az + As,
pK(Z) = (A(ﬂUfl — A2w72 + Ag)(Ao'w - A2w2 + Ag)
(8) When $(P) =1, S # 0 and T # 0, namely when N > 2,1 =1 and
0<m<I[N/2-1],
po=Ag— A1 — As + A3
pK(Z) = (Aow_l - Alw_l - Agw_Q + Ag)(Aow - Alw - AQU]Z + Ag)
(4) When §(P) > 1, S # 0 and T # 0, namely when N > 2,1 <l < [N/2]
and 0 <m < [(N —21)/2],
P0 :Ao—Al—A2+A3
pK(Z) = (Ao’wil — A1w71 — A2w72 + Ag)(A()’LU —Ajw — A2w2 + Ag)

We can count the number of solutions.

Corollary 10.1. The number of solutions N for N > 2 to the reflection
equation (6) classified in Theorem10.1 is

Ny = %n(n—i—l) (N =2n, N=2n+1).

Proof.

(i) N =2n, S =0 and T = (), the number of solution of this case is 1.
(ii) If N =2n, S =0 and T # (), the number of solution of this case is
n— 1 because l =1,2,--- ,n— 1.
(i) I N =2n,#(P) =1, 5 # 0 and T # 0, the number of solution of this
caseisn — 1 because m =1,2,--- ,n — 1.
(iv) If N =2n, §(P) > 1, S # 0 and T # 0, the number of solution of this
case is
n—1n—I 1 3
1==-n’-Zn 1,
20 1=gntognt

because [ =2,3--- ,n—land m=1,2,--- ;n—1L
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‘We have

2

We can count the number of each kind of solutions.

J\fzn:1+(n—1)+(n—1)+(%n2—§n+l> :%n(n—i—l).

(i) N =2n+1,S5 =0 and T = ), the number of solution of this case is
0.
(ii) f N=2n+1, S =0 and T # 0, the number of solution of this case is

n because [ =1,2,--- ,n.
(iii) f N =2n, §(P) =1, S # 0 and T # ), the number of solution of this
case isn — 1 because m=1,2,--- ,n— 1.
(iv) f N =2n, §(P) > 1, S # 0 and T # 0, the number of solution of this
case is
n—1n—l1 1 3
l==-n?>—=-n+1
22 1=gntognl
because [ =1,2,--- ,nand m=1,2,--- ,n— 1.
We have
1, 3 1
Ngn+1:0+n+(n—1)+<§n —571—1-1):571(714—1). 0O

We define an N-by-N diagonal matrix D(z) to express some example.
Definition 10.1.
D(z) := diag(1, z,2%,--- , 2N 71).

Example 10.1. When N = 2, the solution in Theorem 10.1 is well-
known!.? That is

D(2)K(z)D(z) = (

where there is no relation among parameters.

Aow™ + Az up(w — w™t)
vo(w —w™1t) Agw + A3 ’

Example 10.2.° When N = 3, there is only one solution upto the similar-
ity, which is corresponding to the case (N = 3,1 =1, m = 0) in Theorem
10.1. That is

D(2)K(2)D(2)
Aow™ — Ay + A3 up(w —w™t) yo(w —w™th)
vo(w —w™t)  Agw— Az + Az Pow(w —w) ,
0 0 Ag —Ajw — A2w2
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where there are relations among parameters,
upuo = Az A3,
uoYy = Y2 Aa,
voy2 = Yo Az

The relations above can be rewritten in the determinant form,

rank [uo As %2} =1,
Az vy Yo

by which the parameter space is isomorphic to C & (P1 ® PQ), and bira-
tionally to C @ P3. (The space C corresponds to the parameter Ag.)

Example 10.3. In the case of [ = 1 and m = 0, the relations are rewritten

A _
rank {Uo 3212 g3 gN 1} -1,
A v0 Yo U3+ Yn—1

which implies that the parameter space is isomorphic to C® (P1 o PN _1),
and birationally to C @& PV,
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