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PREFACE

The present volume is the proceedings of the international workshop

“Infinite Analysis 09: New Trends in Quantum Integrable Systems ”, held

at Kyoto University, July 27–31, 2009. About 110 participants gathered

from around the world, including Asia, Australia, Europe and US, and 21

invited talks as well as 22 posters were presented.

This workshop was planned in spirit as a continuation of the research

activities at Kyoto during the last 20 years. Before 2009, the most recent was

a series of workshops held in 2004 as the RIMS Research Project “Method

of Algebraic Analysis in Integrable Systems”. Five years have elapsed since

then, and many exciting new developments have emerged during the period.

We felt it was time to have an occasion for communicating some of these

latest achievements.

We hope that this volume serves as a useful guide to the current ad-

vances in integrable systems and related areas in mathematics and physics.

Last but not least, we wish to dedicate this book to Tetsuji Miwa on

the occasion of his 60th birthday.

Editors

Boris Feigin

Michio Jimbo

Masato Okado
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1

PROPERTIES OF LINEAR INTEGRAL EQUATIONS RELATED TO
THE SIX-VERTEX MODEL WITH DISORDER PARAMETER

HERMANN BOOS and FRANK GÖHMANN

Fachbereich C – Physik, Bergische Universität Wuppertal,
42097 Wuppertal, Germany

One of the key steps in recent work on the correlation functions of the XXZ chain was
to regularize the underlying six-vertex model by a disorder parameter α. For the regular-
ized model it was shown that all static correlation functions are polynomials in only two
functions. It was further shown that these two functions can be written as contour integrals
involving the solutions of a certain type of linear and non-linear integral equations. The
linear integral equations depend parametrically on α and generalize linear integral equa-
tions known from the study of the bulk thermodynamic properties of the model. In this
note we consider the generalized dressed charge and a generalized magnetization density.
We express the generalized dressed charge as a linear combination of two quotients of Q-
functions, the solutions of Baxter’s t-Q-equation. With this result we give a new proof of
a lemma on the asymptotics of the generalized magnetization density as a function of the
spectral parameter.

Keywords: Quantum spin chains; correlation functions.

1. Introduction

In our present understanding of the thermodynamics9 and the finite temperature
correlation functions2,4,6,8 of the XXZ quantum spin chain certain complex valued
functions defined as solutions of linear or non-linear integral equations play an
important role. In first place we have to mention the so-called auxiliary function
a, satisfying the non-linear integral equation

ln(a(λ|κ)) =−2κη−
2J sh(η)e(λ)

T
−

∫

C

dµ
2πi

K(λ−µ) ln(1+a(µ|κ)) . (1)

Here J sets the energy scale of the spin chain, T is the temperature, and η controls
the anisotropya. The bare energy e(λ) and the kernel K(λ) are defined as

e(λ) = cth(λ)− cth(λ+η) , K(λ) = cth(λ−η)− cth(λ+η) . (2)

aThe anisotropy parameter of the XXZ Hamiltonian is ∆ = ch(η) and the quantum group parameter
q = eη. For simplicity we shall assume throughout that Reη = 0 and 0 < Imη < π/2. This means to
consider the XXZ chain in the critical regime.
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The integration contour C encircles the real axis at a distance slightly smaller
than γ/2 = Imη/2. The twist parameter κ is proportional to the magnetic field h,
κ = h/2Tη.

The auxiliary function a determines the free energy per lattice site,

f (h,T ) =−
h
2
−T

∫

C

dλ
2πi

e(λ) ln(1+a(λ|κ)) , (3)

of the spin chain and, hence, all its thermodynamic properties. This explains the
importance of a.

The magnetization, for instance, is defined as

m(h,T ) =−
∂ f (h,T )

∂h
. (4)

It has a simple expression in terms of the logarithmic derivative of the auxiliary
function,

σ(λ) =−T∂h ln(a(λ|κ)) , (5)

namely,

m(h,T ) =−
1
2
−

∫

C

dλ
2πi

e(−λ)σ(λ)

1+a(λ|κ)
. (6)

The function σ satisfies the linear integral equation

σ(λ) = 1+

∫

C

dµ
2πi

K(λ−µ)σ(µ)

1+a(µ|κ)
. (7)

Its zero temperature limit

ξ(λ) = lim
T→0+

σ(λ) (8)

is called the dressed charge. It plays an important role in the calculation of the
asymptotics of correlation functions at T = 0. For the lack of any better name we
shall call σ, and also an α-generalization of σ to be considered below, the dressed
charge as well.

Another possibility of expressing the magnetization per lattice site (6) is by
means of a magnetization density G satisfying

G(λ) = e(−λ)+

∫

C

dµ

2πi
K(λ−µ)G(µ)

1+a(µ|κ)
. (9)

Applying the ‘dressed function trick’ to (7) and (9) we obtain

m(h,T ) =−
1
2
−

∫

C

dλ
2πi

G(λ)

1+a(λ|κ)
. (10)

The integrability of the XXZ chain manifests itself in the existence of com-
muting families of transfer matrices and Q-operators of the associated six-vertex
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model.1 With an appropriate staggered choice of the horizontal spectral parame-
ters the partition function of the six-vertex model on a rectangular lattice approxi-
mates the partition function of the XXZ chain.9 The approximation becomes exact
in the so-called Trotter limit, when the extension of the lattice in vertical direction
goes to infinity. By a modification of the boundary conditions in vertical direc-
tion we can also obtain an expression for the density matrix of a finite segment of
the spin chain.5,6 The column-to-column transfer matrix in this approach is called
the quantum transfer matrix. It satisfies a t-Q-equation as well, which becomes
a functional equation for the eigenvalues of the involved operators due to their
commutativity.

We denote the dominant eigenvalue of the quantum transfer matrix by
Λ(λ|κ). This eigenvalue alone determines the free energy in the thermodynamic
limit, when the horizontal extension of the lattice tends to infinity, f (h,T ) =

−T lnΛ(0|κ). Let the corresponding Q-function be Q(λ|κ). Then Λ and Q sat-
isfy the t-Q-equation

Λ(λ|κ)Q(λ|κ) = qκa(λ)Q(λ−η|κ)+q−κd(λ)Q(λ+η|κ) , (11)

where a(λ) and d(λ) are the pseudo vacuum eigenvalues of the diagonal entries
of the monodromy matrix associated with the quantum transfer matrix,

a(λ) =

(
sh(λ+ β

N )

sh(λ+ β
N −η)

)N
2

, d(λ) =

(
sh(λ− β

N )

sh(λ− β
N +η)

)N
2

, (12)

and β = 2J sh(η)/T .
Using the Q-functions corresponding to the dominant eigenvalue the auxiliary

function a can be expressed as

a(λ|κ) =
q−2κd(λ)Q(λ+η|κ)

a(λ)Q(λ−η|κ)
. (13)

In fact, the auxiliary function a is usually defined by (13), and afterwards it is
shown that a satisfies the non-linear integral equation (1) in the Trotter limit. To
be more precise, the Q-functions, the transfer matrix eigenvalue and the vacuum
expectation values depend implicitly on the Trotter number N. Hence, a as de-
fined in (13) depends on N. One can showb that it satisfies the non-linear integral

bFor a recent pedagogical review on quantum spin chains within the quantum transfer matrix approach
see Ref. 7, submitted to the same Festschrift volume for T. Miwa as this article.
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equation

lna(λ|κ) =−2κη

+ ln

[
sh(λ− β

N )sh(λ+ β
N +η)

sh(λ+ β
N )sh(λ− β

N +η)

] N
2

−

∫

C

dµ
2πi

K(λ−µ) ln(1+a(µ|κ)) . (14)

Clearly this turns into (1) for N → ∞. The integral equation (1) is the reason why
the function a is more useful for practical purposes than Q. It is hard to determine
Q, and Q has no simple Trotter limit. On the other hand, (1) determines a directly
in the Trotter limit and can be converted into a form that can be accurately solved
numerically.

Inserting (13) into (5) we obtain an expression for the dressed charge function
in terms of logarithmic derivatives of Q-functions.

σ(λ) = 1+
1

2η

(
Q′(λ−η|κ)

Q(λ−η|κ)
−

Q′(λ+η|κ)

Q(λ+η|κ)

)
, (15)

where the prime denotes the derivative with respect to κ. For the function G de-
fined in (9) no such simple expression in terms of Q-functions is known.

Below we shall introduce generalizations of the functions σ and G that depend
on additional parameters. For the generalized dressed charge we will derive a gen-
eralization of (15). This will be used in a derivation of the asymptotic behaviour
of the generalized magnetization density as a function of the spectral parameter.

2. Linear integral equations

It was shown in Ref. 8 that all correlation functions of the XXZ chain regularized
by a disorder parameter α can be expressed in terms of two functions, the ratio of
eigenvalues

ρ(λ) =
Λ(λ|κ+α)

Λ(λ|κ)
(16)

and a function ω with the essential part Ψ(λ,µ) that can be characterized in terms
of solutions of certain α-dependent linear integral equations.2 A thorough under-
standing of these two functions is of fundamental importance for the further study
of the correlation functions of the XXZ chain and for the application of the lattice
results to quantum field theory in various scaling limits.3

We define the ‘measure’

dm(λ) =
dλ

2πiρ(λ)(1+a(λ|κ))
(17)

and the deformed kernel

Kα(λ) = q−α cth(λ−η)−qα cth(λ+η) . (18)
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Then, for ν inside C the function G is, by definition, the solution of the integral
equation

G(λ,ν) =

q−α cth(λ−ν−η)−ρ(ν)cth(λ−ν)+

∫

C
dm(µ)Kα(λ−µ)G(µ,ν) . (19)

Clearly G is a generalization of the magnetization density (9) that depends on an
additional spectral parameter and on the disorder parameter α. For simplicity we
keep the same notation also for the generalized function. G enters the definition
of Ψ which, for v1,v2 inside C, is defined as

Ψ(ν1,ν2) =

∫

C
dm(µ)G(µ,ν2)

(
qα cth(µ−ν1−η)−ρ(ν1)cth(µ−ν1)

)
. (20)

For ν or ν1, ν2 outside the contour, G and Ψ are given by the analytic continuations
of the right and side of (19) or (20), respectively.

Lemma 2.1. Asymptotic behaviour of G and Ψ as a functions of the spectral
parameters.

(i)

lim
Reλ→∞

G(λ,ν) = lim
Reν→∞

G(λ,ν) = 0 . (21)

(ii)

lim
Reν1→∞

Ψ(ν1,ν2) =−
q−α−ρ(ν2)

1+q2κ , (22a)

lim
Reν2→∞

Ψ(ν1,ν2) =−
qα−ρ(ν1)

1+q−2κ . (22b)

Proof. We may choose the contour C as the rectangular contour of hight slightly
less than γ and of width 2R depicted in figure 1. R must be sufficiently large to
include all Bethe roots. This is trivially possible for finite Trotter number, but also
in Trotter limit N → ∞.7 Then the right hand side of (19) is holomorphic in λ for
|Imλ|< γ/2. It follows that

lim
Reλ→∞

G(λ,ν) = q−α−ρ(ν)− (qα−q−α)

∫

C
dm(µ)G(µ,ν) = 0 . (23)

Here the the second equation will appear as lemma 2.3 below. We postpone the
proof, because it needs some preparation.

For the calculation of the asymptotics of G for large Reν we have to take into
account that G(λ,ν) as a function of λ has pole at λ = ν with residue −ρ(ν).
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Hence, for ν outside C,

G(λ,ν) = q−α cth(λ−ν−η)−ρ(ν)cth(λ−ν)

−
Kα(λ−ν)

1+a(ν|κ)
+

∫

C
dm(µ)Kα(λ−µ)G(µ,ν) . (24)

Using that

lim
Reν→∞

ρ(ν) =
qκ+α +q−κ−α

qκ +q−κ , lim
Reν→∞

a(ν|κ) = q−2κ (25)

and setting g(λ) = limν→∞ G(λ,ν) we obtain from (24)

g(λ) =

∫

C
dm(µ)Kα(λ−µ)g(µ) . (26)

Then g(λ) = 0, and (21) is proved.
A similar argument can be applied to prove (22b). For ν2 outside C we have

Ψ(ν1,ν2) =

∫

C
dm(µ)G(µ,ν2)

(
qα cth(µ−ν1−η)−ρ(ν1)cth(µ−ν1)

)

−
1

1+a(ν2|κ)

(
qα cth(ν2−ν1−η)−ρ(ν1)cth(ν2−ν1)

)
. (27)

Using the second equation (21) and (25) we obtain (22b).
For the proof of (22a) we note that

Ψ(ν1,ν2) =

∫

C
dm(µ)G(µ,ν2)

(
qα cth(µ−ν1−η)−ρ(ν1)cth(µ−ν1)

)

−
G(ν1,ν2)

1+a(ν1|κ)
(28)

if ν1 is outside C. Using (23) we conclude that

lim
ν1→∞

Ψ(ν1,ν2) =−
qκ−q−κ

qκ +q−κ lim
ν1→∞

G(ν1,ν2)−
q−α−ρ(ν2)

1+q2κ . (29)

Thus, (22a) follows by means of (21).

Here a few comments are in order. For the correlation functions of the XXZ
chain,2,8 it is actually not the function Ψ but the closely related function ω c which
is at the heart of the theory

ω(ν1,ν2) = 2Ψ(ν1,ν2)e
α(ν1−ν2)+

4
((

1+ρ(ν1)ρ(ν2)
)
g(ξ)−ρ(ν1)g(q−1ξ)−ρ(ν2)g(qξ)

)
(30)

cWe follow here the notation of Ref. 3. In Ref. 2 a slightly different notation for ω was used.
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where g(ξ) = ∆−1
ξ ψ(ξ) with ξ = eν1−ν2 should be understood as in (2.10) of Ref. 3.

Using the explicit form of the function ψ(ξ) = ξα

2
ξ2+1
ξ2−1

and the above lemma 2.1
one can see that

lim
ν1→±∞

e−α(ν1−ν2)ω(ν1,ν2) = 0, lim
ν2→±∞

e−α(ν1−ν2)ω(ν1,ν2) = 0 .

This is one of normalization conditions for ω introduced in Ref. 8.
The asymptotics of G and Ψ with respect to the first argument was derived in

Ref. 2. The reasoning there was also based on the second equation (23), which was
obtained rather indirectly by means of the reduction property of the density ma-
trix and a multiple integral representation for the six-vertex model with disorder
parameter. Below we shall present a more direct proof of it in lemma 2.3, based
on a representation of the generalized dressed charge in terms of Q-functions.

Perhaps the simplest proof of lemma 2.3 utilizes the symmetry2,8

Ψ(ν1,ν2|κ,α) = Ψ(ν2,ν1|−κ,−α) . (31)

If we combine this with ρ(λ|κ,α) = ρ(λ|−κ,−α), then (22a) follows from (22b).
But (22a) inserted into (29) implies limν1→∞ G(ν1,ν2) = 0, and lemma 2.3 follows
with the first equation (23).

Still, this is a little indirect and unsatisfactory. Here we are going for a more
direct proof based upon the properties of the dressed charge function defined by

σ(λ) = 1+
∫

C
dm(µ)σ(µ)Kα(µ−λ) . (32)

Lemma 2.2. Dressed charge in terms of Q-functions.

σ(λ) =
qαφ(λ−η)−q−αφ(λ+η)

φ0(qα−q−α)
, (33)

where

φ(λ) =
Q(λ|κ+α)

Q(λ|κ)
, φ0 = ch

(∫

C

dλ
2πi

ln

(
1+a(λ|κ+α)

1+a(λ|κ)

))
. (34)

Proof. We recall from the appendix of Ref. 2 that

φ(λ) =
Q(λ|κ+α)

Q(λ|κ)
=

N/2

∏
j=1

sh(λ−λ j(κ+α))

sh(λ−λ j(κ))
, (35)

where the λ j are the Bethe roots of the dominant eigenstate of the quantum transfer
matrix which are located inside the contour C. Due to the t-Q-equation (11)

φ(λ) =
q−αφ(λ+η)

ρ(λ)
+

qαφ(λ−η)−q−αφ(λ+η)

ρ(λ)(1+a(λ|κ))
. (36)
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Here the first term on the right hand side is holomorphic inside C. Hence,
∫

C
dm(µ)

(
qαφ(µ−η)−q−αφ(µ+η)

)
Kα(µ−λ) =

∫

C

dµ
2πi

φ(µ)Kα(µ−λ) . (37)

The latter integral can be calculated. Note that

φ(λ+ iπ) = φ(λ) , Kα(λ+ iπ) = Kα(λ) (38)

and

lim
Reλ→±∞

φ(λ) = b±1 , b = exp
(N/2

∑
j=1

(
λ j(κ)−λ j(κ+α)

))
. (39)

With the contours sketched in figure 1 it follows that

∫

C̃+C

dµ
2πi

φ(µ)Kα(µ−λ)

=

∫

I2+I4

dµ
2πi

φ(µ)Kα(µ−λ) =−
b+b−1

2
(qα−q−α)

= q−αφ(λ+η)−qαφ(λ−η)+
∫

C

dµ
2πi

φ(µ)Kα(µ−λ) . (40)

Here we have used the periodicity (38) in the first equation, the fact that the inte-
gral is independent of R and the asymptotics (39) in the second equation, and the
fact that φ is free of poles inside C̃ in the third equation. Setting φ0 = (b+b−1)/2
and combining (37) and (40) we obtain (33).
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Fig. 1. Contours used in the proofs of lemma 2.2 and lemma 2.3.
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It remains to show the second equation (34). It follows from

∫

C

dλ
2πi

ln
(
1+a(λ|κ)

)
=−

∫

C

dλ
2πi

λ∂λ ln
(
1+a(λ|κ)

)
=−

N/2

∑
j=1

λ j(κ)−β/2 , (41)

and the proof is complete.

Clearly (33) turns into (15) in the limit α→ 0. Equipped with lemma 2.2 we
can now proceed with proving

Lemma 2.3. An identity for one-point functions.
∫

C
dm(λ)G(λ,ν) =

q−α−ρ(ν)

qα−q−α . (42)

Proof. First of all applying the dressed function trick to (19) and (32) we obtain
∫

C
dm(λ)G(λ,ν) =

∫

C
dm(λ)σ(λ)

(
q−α cth(λ−ν−η)−ρ(ν)cth(λ−ν)

)
. (43)

Then we insert (33) and (36) into the right hand side. It follows that
∫

C
dm(λ)G(λ,ν) =

1
φ0(qα−q−α)

∫

C

dλ
2πi

(
φ(λ)−

q−αφ(λ+η)

ρ(λ)

)(
q−α cth(λ−ν−η)−ρ(ν)cth(λ−ν)

)

=
1

φ0(qα−q−α)

(
q−αφ(ν+η)

+

∫

I2+I4−C̃

dλ
2πi

φ(λ)
(
q−α cth(λ−ν−η)−ρ(ν)cth(λ−ν)

))

=
q−α−ρ(ν)

qα−q−α . (44)

Here we have again referred to figure 1 in the second equation.

3. Conclusions

We would like to conclude with three more remarks. First, all the above remains
valid if we consider a more general six-vertex model with a more general inhomo-
geneous choice of parameters in vertical direction. In that case the functions a(λ)

and d(λ) in (12) and also the driving term in (14) have to be modified as in Ref. 2.
Second, in Ref. 2 the calculation of the limit limν1→∞ Ψ(ν1,ν2) was the only

point, where we had to resort to a multiple integral representation, when we
showed that the functions ω as defined in Refs. 2 and 8 are identical. With the
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proof presented in this note the approach to the correlation functions of the XXZ
chain, based on the discovery of a hidden Grassmann symmetry, as developed in
Refs. 2,4,8 becomes logically independent of the multiple integral representation
that was also obtained in Ref. 2.

Third, the function φ used above to express σ seems quite interesting and may
deserve further attention. Is it possible to express the solutions of other linear
integral equations in terms of φ? And is there a useful integral equation for φ
itself? We hope we can come back to these questions in the future.

Acknowledgment

It a great pleasure and honour to dedicate this note to our dear friend Tetsuji Miwa
on the occasion of his 60th birthday. We are grateful to Fedor Smirnov for suggest-
ing us to prove lemma 2.3 directly. We wish to thank Alexander Seel for drawing
the figure for us. Our work was generously supported by the Volkswagen founda-
tion.

References

1. R. J. Baxter, Exactly Solved Models in Statistical Mechanics (Academic Press, London,
1982).
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We discuss some fundamental properties of the XXZ spin chain, which are

important in the algebraic Bethe-ansatz derivation for the multiple-integral

representations of the spin-s XXZ correlation function with an arbitrary prod-

uct of elementary matrices.1 For instance, we construct Hermitian conjugate

vectors in the massless regime and introduce the spin-s Hermitian elementary

matrices.

Keywords: Correlation functions; XXZ spin chains; algebraic Bethe ansatz;

quantum groups; multiple-integral representations.

1. Introduction

The correlation functions of the spin-1/2 XXZ spin chain have attracted

much interest in mathematical physics through the last two decades. One

of the most fundamental results is the exact derivation of their multiple-

integral representations. The multiple-integral representations of the XXZ

correlation functions were derived for the first time by making use of the

q-vertex operators through the affine quantum-group symmetry in the mas-

sive regime for the infinite lattice at zero temperature.2,3 They were also

derived in the massless regime by solving the q-KZ equations.4,5 Making

use of algebraic Bethe-ansatz techniques such as scalar products,6–10 the
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multiple-integral representations were derived for the XXZ correlation func-

tions under a non-zero magnetic field.11 They were extended into those at

finite temperatures,12 and even for a large finite chain.13 Interestingly, they

are factorized in terms of single integrals.14 Furthermore, the asymptotic

expansion of a correlation function of the XXZ model has been systemat-

ically discussed.15 Thus, the exact study of the XXZ correlation functions

should play an important role not only in the mathematical physics of in-

tegrable models but also in many areas of theoretical physics.

The Hamiltonian of the spin-1/2 XXZ spin chain under the periodic

boundary conditions is given by

HXXZ =
1

2

L∑

j=1

(
σX

j σ
X
j+1 + σY

j σ
Y
j+1 + ∆σZ

j σ
Z
j+1

)
. (1.1)

Here σa
j (a = X,Y, Z) are the Pauli matrices defined on the jth site and ∆

denotes the XXZ coupling. We define parameter q by

∆ = (q + q−1)/2 . (1.2)

We define η by q = exp η. In the massive regime: ∆ > 1, we put η =

ζ with ζ > 0. At ∆ = 1 (i.e. q = 1) the Hamiltonian (1.1) gives the

antiferromagnetic Heisenberg (XXX) chain. In the massless regime: −1 <

∆ ≤ 1, we set η = iζ, and we have ∆ = cos ζ with 0 ≤ ζ < π for the

spin-1/2 XXZ spin chain (1.1). In the paper we consider a massless region:

0 ≤ ζ < π/2s for the ground-state of the integrable spin-s XXZ spin chain.

Recently, the correlation functions and form factors of the integrable

higher-spin XXX and XXZ spin chains have been derived by the algebraic

Bethe-ansatz method.1,16–18 The solvable higher-spin generalizations of the

XXX and XXZ spin chains have been derived by the fusion method in

several references.19–25 In the region: 0 ≤ ζ < π/2s, the spin-s ground-state

should be given by a set of string solutions.26,27 Furthermore, the critical

behavior should be given by the SU(2) WZWN model of level k = 2s with

central charge c = 3s/(s + 1).24,28–40 For the integrable higher-spin XXZ

spin chain correlation functions have been discussed in the massive regime

by the method of q-vertex operators.41–44

In the present paper we discuss several important points in the algebraic

Bethe-ansatz derivation of the correlation functions for the integrable spin-s

XXZ spin chain where s is an arbitrary integer or a half-integer.1 In par-

ticular, we briefly discuss a rigorous derivation of the finite-sum expression

of correlation functions for the spin-s XXZ spin chain.



September 7, 2010 18:10 WSPC - Proceedings Trim Size: 9in x 6in 002˙deguchi

Algebraic aspects of the correlation functions 13

The content of the paper consists of the following. In section 2 we formu-

late the R-matrices in the homogeneous and principal gradings, respectively.

They are related to each other by a similarity transformation. In section 3

we introduce the Hermitian elementary matrices and construct conjugate

basis vectors for the spin-s Hilbert space in the massless regime. In section

4 we construct fusion monodromy matrices. In section 5, we first present

formulas1 for expressing the Hermitian elementary matrices in terms of

global operators. Then, we review the multiple-integral representations of

the spin-s XXZ correlation function for an arbitrary product of elementary

matrices.1 In section 6 we briefly sketch the derivation of the finite-sum

expression of correlation functions for the spin-s XXZ spin chain, which

leads to the multiple-integral representation in the thermodynamic limit.

Here the spin-1/2 case corresponds to eq. (5.6) of Ref. 11.

2. Symmetric and asymmetric R-matrices

2.1. R-matrix and the monodromy matrix of type (1, 1⊗L
)

Let us now define the R-matrix of the XXZ spin chain.7–9,11 For two-

dimensional vector spaces V1 and V2, we define R±(λ1 − λ2) acting on

V1 ⊗ V2 by

R±(λ1 − λ2) =
∑

a,b,c,d=0,1

R±(u)a b
c d e

a, c ⊗ eb, d =




1 0 0 0

0 b(u) c∓(u) 0

0 c±(u) b(u) 0

0 0 0 1


 ,

(2.1)

where u = λ1 − λ2, b(u) = sinhu/ sinh(u + η) and c±(u) =

exp(±u) sinh η/ sinh(u+ η). We denote by ea, b a unit matrix that has only

one nonzero element equal to 1 at entry (a, b) where a, b = 0, 1.

The asymmetric R-matrix (2.1), R+(u), is compatible with the homo-

geneous grading of Uq(ŝl2).
3,18 We denote by R(p)(u) or simply by R(u)

the symmetric R-matrix where c±(u) of (2.1) are replaced by c(u) =

sinh η/ sinh(u+η).18 It is compatible with the affine quantum group Uq(ŝl2)

of the principal grading.3,18 Hereafter, we denote them concisely by R(w)(u)

with w = ± and p, where w = + and w = p in superscript show the homo-

geneous and the principal grading, respectively

Let s be an integer or a half-integer. We shall mainly consider the tensor

product V
(2s)
1 ⊗ · · · ⊗ V

(2s)
Ns

of (2s + 1)-dimensional vector spaces V
(2s)
j

with parameters ξj , where L = 2sNs. Here Ns denotes the lattice size of

the spin-s chain. In general, we may consider the tensor product V
(2s0)
0 ⊗
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V
(2s1)
1 ⊗· · ·⊗V

(2sr)
r with 2s1 + · · ·+2sr = L, where V

(2sj)
j have parameters

λj or ξj for j = 1, 2, . . . , r. For a given set of matrix elements Aa, α

b, β for

a, b = 0, 1, . . . , 2sj and α, β = 0, 1, . . . , 2sk, we define operator Aj,k by

Aj,k =
∑̀

a,b=1

∑

α,β

A
a, α

b, β
I
(2s0)
0 ⊗ I

(2s1)
1 ⊗ · · · ⊗ I

(2sj−1)
j−1 ⊗E

a,b (2sj)
j

⊗ I
(2sj+1)
j+1 ⊗ · · · ⊗ I

(2sk−1)
k−1 ⊗E

α,β (2sk)
k ⊗ I

(2sk+1)
k+1 ⊗ · · · ⊗ I(2sr)

r .

(2.2)

Here E
a,b (2sj)
j denote the elementary matrices in the spin-sj representation,

each of which has nonzero matrix element only at entry (a, b).

When s0 = `/2 and s1 = · · · sr = s, we denote the type by (`, (2s)⊗Ns).

In particular, for s = 1/2, we denote it by (`, 1⊗L).

2.2. Gauge transformations

Let us introduce operators Φj with arbitrary parameters φj for j =

0, 1, . . . , L as follows:

Φj =

(
1 0

0 eφj

)

[j]

= I⊗(j) ⊗

(
1 0

0 eφj

)
⊗ I⊗(L−j). (2.3)

In terms of χjk = ΦjΦk, we define a similarity transformation on the R-

matrix by

R
χ

jk = χjkRjkχ
−1
jk . (2.4)

Explicitly, the following two matrix elements are transformed.

(
R

χ

jk

)21

12
= c(λj , λk)eφj−φk ,

(
R

χ

jk

)12

21
= c(λj , λk)e−φj+φk . (2.5)

Putting φj = λj for j = 0, 1, . . . , L in eq. (2.3) we have

R±jk(λj , λk) = (χjk)
±1

Rjk(λj , λk) (χjk)
∓1

(j, k = 0, 1, . . . , L). (2.6)

Thus, the asymmetric R-matrices R±12(λ1, λ2) are derived from the sym-

metric one through the gauge transformation χjk .

2.3. Monodromy matrices

Applying definition (2.2) for matrix elements R(u)ab
cd of a given R-matrix,

R(w)(u) for w = ± and p, we define R-matricesR
(w)
jk (λj , λk) = R

(w)
jk (λj−λk)
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for integers j and k with 0 ≤ j < k ≤ L. For integers j, k and ` with

0 ≤ j < k < ` ≤ L, the R-matrices satisfy the Yang-Baxter equations

R
(w)
jk (λj − λk)R

(w)
j` (λj − λ`)R

(w)
k` (λk − λ`)

= R
(w)
k` (λk − λ`)R

(w)
j` (λj − λ`)R

(w)
jk (λj − λk) . (2.7)

Let us introduce notation for expressing products of R-matrices.

R
(w)
1,23···n = R

(w)
1n · · ·R

(w)
13 R

(w)
12 ,

R
(w)
12···n−1,n = R

(w)
1n R

(w)
2n · · ·R

(w)
n−1 n . (2.8)

Here R
(w)
ab denote the R-matrix R

(w)
ab = R

(w)
ab (λa − λb) for a, b = 1, 2, . . . , n.

We now define the monodromy matrix of type (1, 1⊗Lw), i.e. of type

(1, 1⊗L) with grading w. Expressing the symbol (1, 1⊗L) briefly as (1, 1) in

superscript we define it by

T
(1, 1 w)
0, 12···L(λ0; {wj}L) = R+

0L(λ0 − wL) · · ·R+
02(λ0 − w2)R

+
01(λ0 − w1)

= R
(w)
0L R

(w)
0L−1 · · ·R

(w)
01 = R

( w)
0, 12···L(λ0; {wj}L) . (2.9)

Here we have put λj = wj for j = 1, 2, . . . , L. They are arbitrary. We call

them inhomogeneous parameters. We express the operator-valued matrix

elements of the monodromy matrix as follows.

T
(1,1+)
0,12···L(λ; {wj}L) =

(
A

(1+)
12···L(λ; {wj}L) B

(1+)
12···L(λ; {wj}L)

C
(1+)
12···L(λ; {wj}L) D

(1+)
12···L(λ; {wj}L)

)
. (2.10)

We also denote the operator-valued matrix elements by

[T
(1,1+)
0,12···L(λ; {wj}L)]a,b for a, b = 0, 1. Here {wj}L denotes the inhomoge-

neous parameters w1, w2, . . . , wL. Hereafter we denote by {µj}N the set of

N numbers or parameters µ1, . . . , µN .

The monodromy matrix of principal grading, T
(1,1 p)
0,12···L(λ; {wj}L), is re-

lated to that of homogeneous grading via similarity transformation χ01···L =

Φ0Φ1 · · ·ΦL as follows.18

T
(1,1+)
0,12···L(λ; {wj}L) = χ012···LT

(1,1 p)
0,12···L(λ; {wj}L)χ−1

012···L

=

(
χ12···LA

(1 p)
12···L(λ; {wj}L)χ−1

12···L e−λ0χ12···LB
(1 p)
12···L(λ; {wj}L)χ−1

12···L

eλ0χ12···LC
(1 p)
12···L(λ; {wj}L)χ−1

12···L χ12···LD
(1 p)
12···L(λ; {wj}L)χ−1

12···L

)
.

In Ref.18 operator A(1 +)(λ) has been written as A+(λ).
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2.4. Operator Ř: Another form of the R-matrix

Let V1 and V2 be (2s+1)-dimensional vector spaces. We define permutation

operator Π1, 2 by

Π1, 2 v1 ⊗ v2 = v2 ⊗ v1 , v1 ∈ V1 , v2 ∈ V2 . (2.11)

In the spin-1/2 case, we define operator Ř
(w)
j j+1(u) by

Ř
(w)
j, j+1(u) = Πj, j+1 R

(w)
j, j+1(u) . (2.12)

3. The quantum group invariance

3.1. Quantum group Uq(sl2)

The quantum algebra Uq(sl2) is an associative algebra over C generated by

X±,K± with the following relations:45–47

KK−1 = KK−1 = 1 , KX±K−1 = q±2X± ,

[X+, X−] =
K −K−1

q − q−1
. (3.1)

The algebra Uq(sl2) is also a Hopf algebra over C with comultiplication

∆(X+) = X+ ⊗ 1 +K ⊗X+ , ∆(X−) = X− ⊗K−1 + 1⊗X− ,

∆(K) = K ⊗K , (3.2)

and antipode: S(K) = K−1 , S(X+) = −K−1X+ , S(X−) = −X−K, and

coproduct: ε(X±) = 0 and ε(K) = 1.

It is easy to see that the asymmetric R-matrix gives an intertwiner of

the spin-1/2 representation of Uq(sl2):

R+
12(u)∆(x) = τ ◦∆(x)R+

12(u) for x = X±,K . (3.3)

Here we remark that spectral parameter u is arbitrary and independent of

X± or K.

3.2. Temperley-Lieb algebra

Operators Ř±j,j+1(u) are decomposed in terms of the generators of the

Temperley-Lieb algebra as follows.48

Ř±j,j+1(u) = I − b(u)U±j . (3.4)
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U+
j s (U−j s) satisfy the defining relations of the Temperley-Lieb algebra:48

U±j U
±
j+1U

±
j = U±j ,

U±j+1U
±
j U
±
j+1 = U±j , for j = 0, 1, . . . , L− 2,

(
U±j
)2

= (q + q−1)U±j for j = 0, 1, . . . , L− 1,

U±j U
±
k = U±k U

±
j for |j − k| > 1 . (3.5)

We remark that the asymmetric R-matrices Ř±j,j+1(u) derived from the

symmetric R-matrix through the gauge transformation are related to the

Jones polynomial.49

3.3. Basis vectors of spin-`/2 representation of Uq(sl2)

Let us introduce the q-integer for an integer n by [n]q = (qn−q−n)/(q−q−1).

We define the q-factorial [n]q! for integers n by

[n]q ! = [n]q [n− 1]q · · · [1]q . (3.6)

For integers m and n satisfying m ≥ n ≥ 0 we define the q-binomial coeffi-

cients as follows
[
m

n

]

q

=
[m]q !

[m− n]q ! [n]q!
. (3.7)

We now define the basis vectors of the (` + 1)-dimensional irreducible

representation of Uq(sl2), ||`, n〉 for n = 0, 1, . . . , ` as follows. We define

||`, 0〉 by

||`, 0〉 = |0〉1 ⊗ |0〉2 ⊗ · · · ⊗ |0〉` . (3.8)

Here |α〉j for α = 0, 1 denote the basis vectors of the spin-1/2 representation

defined on the jth position in the tensor product. We define ||`, n〉 for n ≥ 1

and evaluate them as follows18 .

||`, n〉 =
(
∆(`−1)(X−)

)n

||`, 0〉
1

[n]q!

=
∑

1≤i1<···<in≤`

σ−i1 · · ·σ
−
in
|0〉 qi1+i2+···+in−n`+n(n−1)/2 . (3.9)

We define the conjugate vectors explicitly by the following:

〈`, n|| =

[
`

n

]−1

q

qn(`−n)
∑

1≤i1<···<in≤`

〈0|σ+
i1
· · ·σ+

in
qi1+···+in−n`+n(n−1)/2 .

(3.10)
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It is easy to show the normalization conditions:18 〈`, n|| ||`, n〉 = 1. In the

massive regime where q = exp η with real η, conjugate vectors 〈`, n|| are

Hermitian conjugate to vectors ||`, n〉.

3.4. Conjugate vectors

In order to construct Hermitian elementary matrices in the massless regime

where |q| = 1, we now introduce another set of dual basis vectors. For a

given nonzero integer ` we define 〈̃`, n|| for n = 0, 1, . . . , n, by

〈̃`, n|| =

(
`

n

)−1 ∑

1≤i1<···<in≤`

〈0|σ+
i1
· · ·σ+

in
q−(i1+···+in)+n`−n(n−1)/2 .

(3.11)

They are conjugate to ||`, n〉: 〈̃`,m|| ||`, n〉 = δm,n . Here we have denoted

the binomial coefficients for integers ` and n with 0 ≤ n ≤ ` as follows.
(
`

n

)
=

`!

(`− n)!n!
. (3.12)

We now introduce vectors |̃|`, n〉 which are Hermitian conjugate to 〈`, n||

when |q| = 1 for positive integers ` with n = 0, 1, . . . , `. Setting the norm

of |̃|`, n〉 such that 〈`, n|| |̃|`, n〉 = 1, vectors |̃|`, n〉 are given by

∑

1≤i1<···<in≤`

σ−i1 · · ·σ
−
in
|0〉q−(i1+···+in)+n`−n(n−1)/2

[
`

n

]

q

q−n(`−n)

(
`

n

)−1

.

(3.13)

We have the following normalization condition:

〈̃`, n|| |̃|`, n〉 =

[
`

n

]2

q

(
`

n

)−2

. (3.14)

3.5. Hermitian elementary matrices

In the massless regime we define elementary matrices Ẽm, n (2s +) for m,n =

0, 1, . . . , 2s by

Ẽm, n (2s +) = ˜||2s,m〉 〈2s, n|| . (3.15)

In the massless regime where |q| = 1, matrix ||`, n〉〈̃`, n|| is Hermitian:

(||`, n〉〈̃`, n||)† = ||`, n〉〈̃`, n||. However, in order to define projection opera-

tors P̃ such that P P̃ = P , we have formulated vectors |̃|`, n〉.
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3.6. Projection operators

We define projection operators acting on the 1st to the `th tensor-product

spaces by

P
(`)
12···` =

∑̀

n=0

||`, n〉 〈`, n|| . (3.16)

Let us now introduce another set of projection operators P̃
(`)
1···` as follows.

P̃
(`)
1···` =

∑̀

n=0

|̃|`, n〉〈`, n|| . (3.17)

Projector P̃
(`)
1···` is idempotent: (P̃

(`)
1···`)

2 = P̃
(`)
1···`. In the massless regime

where |q| = 1, it is Hermitian:
(
P̃

(`)
1···`

)†
= P̃

(`)
1···`. From (3.16) and (3.17),

we show the following properties:

P
(`)
12···`P̃

(`)
1···` = P

(`)
12···` , (3.18)

P̃
(`)
1···`P

(`)
12···` = P̃

(`)
1···` . (3.19)

In the tensor product of quantum spaces, V
(2s)
1 ⊗ · · · ⊗ V

(2s)
Ns

, we define

P̃
(2s)
12···L by

P̃
(2s)
12···L =

Ns∏

i=1

P̃
(2s)
2s(i−1)+1 . (3.20)

Here we recall L = 2sNs.

The projection operators are also constructed by the fusion method. For

` > 2 we can construct projection operators inductively with respect to `

as follows.25,46

P
(`)
12···` = P

(`−1)
12···`−1Ř

+
`−1, `((`− 1)η)P

(`−1)
12···`−1 . (3.21)

The projection operator P
(`)
12···` gives a q-analogue of the full symmetrizer

of the Young operators for the Hecke algebra.46

4. Fusion construction

4.1. Higher-spin monodromy matrix of type (`, (2s)⊗Ns)

We now set the inhomogeneous parameters wj for j = 1, 2, . . . , L, as Ns sets

of complete 2s-strings.18 We define w
(2s)
(b−1)`+β

for β = 1, . . . , 2s, as follows.

w
(2s)
2s(b−1)+β

= ξb − (β − 1)η , for b = 1, 2, . . . , Ns. (4.1)
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We shall define the monodromy matrix of type (1, (2s)⊗Ns) associated with

homogeneous grading. We first define the massless monodromy matrix by

T̃
(1, 2s +)
0, 12···Ns

(λ0; {ξb}Ns
) = P̃

(2s)
12···LR

(1, 1 +)
0, 1...L (λ0; {w

(2s)
j }L)P̃

(2s)
12···L

=

(
Ã(2s+)(λ; {ξb}Ns

) B̃(2s+)(λ; {ξb}Ns
)

C̃(2s+)(λ; {ξb}Ns
) D̃(2s+)(λ; {ξb}Ns

)

)
.(4.2)

Let us introduce a set of 2s-strings with small deviations from the set

of complete 2s-strings.

w
(2s; ε)
2s(b−1)+β

= ξb − (β − 1)η + εr
(β)
b , for b = 1, 2, · · · , Ns,

and β = 1, 2, . . . , 2s. (4.3)

Here ε is very small and r
(β)
b are generic parameters. We express the el-

ements of the monodromy matrix T (1,1) with inhomogeneous parameters

given by w
(2s; ε)
j for j = 1, 2, . . . , L as follows.

T
(1, 1 +)
0, 12···L(λ; {w

(2s;ε)
j }L) =

(
A

(2s+; ε)
12···L (λ) B

(2s+; ε)
12···L (λ)

C
(2s+; ε)
12···L (λ) D

(2s+; ε)
12···L (λ)

)
. (4.4)

Here A
(2s+; ε)
12···L (λ) denotes A

(1+)
12···L(λ; {w

(2s; ε)
j }L).

Ã
(2s+)
12···Ns

(λ; {ξp}Ns
) = lim

ε→0
P̃

(2s)
12···LA

(2s+; ε)
12···L (λ; {w

(2s; ε)
j }L)P̃

(2s)
12···L . (4.5)

We define the massless monodromy matrix of type (`, (2s)⊗Ns) by

T̃
(`, 2s +)
0, 12···Ns

= P̃
(`)
a1a2···a`

T̃
(1, 2s +)
a1, 12···Ns

(λa1)T̃
(1, 2s +)
a2, 12···Ns

(λa1 − η) · · ·

× · · · T̃
(1, 2s +)
a`, 12···Ns

(λa1 − (`− 1)η) P̃ (`)
a1a2···a`

. (4.6)

4.2. Integrable spin-s Hamiltonians

We define the massless transfer matrix1 of type (`, (2s)⊗Ns) by

t̃
(`, 2s +)
12···Ns

(λ) = trV (`)

(
T̃

(`, 2s +)
0, 12···Ns

(λ)
)

=
∑̀

n=0

a〈`, n|| T̃
(1, 2s +)
a1, 12···Ns

(λ)

× T̃
(1,2s +)
a2, 12···Ns

(λ− η) · · · T̃
(1, 2s +)
a`, 12···Ns

(λ− (`− 1)η) |̃|`, n〉a . (4.7)

It follows from the Yang-Baxter equations that the higher-spin transfer

matrices commute in the tensor product space V
(2s)
1 ⊗ · · · ⊗V

(2s)
Ns

, which is

derived by applying projection operator P
(2s)
12···L to V

(1)
1 ⊗ · · · ⊗ V

(1)
L .
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The massless spin-s R-matrix R̃
(2s, 2s +)
1 2 (u) becomes the permutation

operator at u = 0: R̃
(2s, 2s +)
1 2 (0) = Π1, 2.

45,50 Therefore, putting inhomo-

geneous parameters ξp = 0 for p = 1, 2, . . . , Ns, we show that the trans-

fer matrix t̃
(2s, 2s +)
12···Ns

(λ) becomes the shift operator at λ = 0. We derive

the massless spin-s XXZ Hamiltonian by the logarithmic derivative of the

massless spin-s transfer matrix.

H
(2s)
XXZ =

d

dλ
log t̃

(2s, 2s +)
12···Ns

(λ)

∣∣∣∣
λ=0, ξj=0

=

Ns∑

i=1

d

du

˜̌
R

(2s,2s)

i,i+1 (u)

∣∣∣∣
u=0

. (4.8)

5. Spin-`/2 massless XXZ correlation functions

5.1. Spin-s local operators in terms of global operators

In the massless regime, we can express the Hermitian elementary matrices

in terms of global operators as follows.1 For m ≥ n we have

Ẽ
m, n (` +)
i =

(
`

n

) [
`

m

]

q

[
`

n

]−1

q

P̃
(`)
1···L

(i−1)`∏

α=1

(A(1+) +D(1+))(wα)

×

n∏

k=1

D(1+)(w(i−1)`+k)

m∏

k=n+1

B(1+)(w(i−1)`+k)
∏̀

k=m+1

A(1+)(w(i−1)`+k)

×

`Ns∏

α=i`+1

(A(1+) +D(1+))(wα) P̃
(`)
1···L . (5.1)

For m ≤ n we have

Ẽ
m, n (` +)
i =

(
`

n

) [
`

m

]

q

[
`

n

]−1

q

P̃
(`)
1···L

(i−1)`∏

α=1

(A(1+) +D(1+)(wα)

×

m∏

k=1

D(1+)(w(i−1)`+k)

n∏

k=m+1

C(1+)(w(i−1)`+k)
∏̀

k=n+1

A(1+)(w(i−1)`+k)

×

`Ns∏

α=i`+1

(A(1+) +D(1+))(wα) P̃
(`)
1···L . (5.2)

By the quantum inverse-scattering problem (QISP) of Ref. 10 the local

spin operators are expressed in terms of global operators and the transfer

matrices for the integrable spin-s XXX spin chain. However, it is not clear

how one can derive (5.1) and (5.2) by the QISP method even for q = 1.
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5.2. Symbols for expressing sequences

Let us denote by (aj)m a sequence of numbers aj for j = 1, 2, . . . ,m, i.e.

(aj)m = (a1, a2, · · · , am).

Definition 5.1. We say that a sequence (bk)n is a subsequence of (aj)m

if (i) n ≤ m, (ii) bk ∈ {a1, . . . , am} for k = 1, 2, . . . , n, (iii) for any pair of

integers j and k satisfying 1 ≤ j < k ≤ n, there exists a pair of integers

`(j) and `(k) such that aj = b`(j), ak = b`(k) and `(j) < `(k).

For a pair of sequences (aj)m and (bk)n, we define the product

(aj)m#(bk)n by a sequence (c`)m+n such that cj = aj for j = 1, 2, · · · ,m

and cj = bj for j = m+ 1,m+ 2, . . . ,m+ n.

5.3. Conjecture of the spin-s ground-state solution

Let us now introduce the conjecture that the ground state of the spin-s

case |ψ
(2s +)
g 〉 is given by Ns/2 sets of 2s-strings:

λ(α)
a = µa− (α−1/2)η+ ε(α)

a , for a = 1, 2, . . . , Ns/2 and α = 1, 2, . . . , 2s.

(5.3)

Here we assume that string deviations ε
(α)
a are very small when Ns is very

large.51 In terms of λ
(α)
a , the spin-s ground state in the homogeneous grad-

ing is given by1

|ψ(2s +)
g 〉 =

Ns/2∏

a=1

2s∏

α=1

B̃(2s +)(λ(α)
a ; {ξp}Ns

)|0〉. (5.4)

We denote by M the number of Bethe roots: M = 2sNs/2 = sNs.

According to analytic and numerical studies,24,37,39,40 we may assume

the following properties of string deviations ε
(α)
a s. For very large Ns, the

deviations are given by ε
(α)
a = i δ

(α)
a , where i denotes

√
−1 and δ

(α)
a are real.

Moreover, δ
(α)
a − δ

(α+1)
a > 0 for α = 1, 2, . . . , 2s − 1, and |δ

(α)
a | > |δ

(α+1)
a |

for α < s, while |δ
(α)
a | < |δ

(α+1)
a | for α ≥ s.

In the limit: Ns →∞, the density of string centers, ρtot(µ), is given by

ρtot(µ) =
1

N s

Ns∑

p=1

1

2ζ cosh(π(µ− ξp)/ζ)
. (5.5)

For the homogeneous chain where ξp = 0 for p = 1, 2, . . . , Ns, we denote

the density of string centers by ρ(λ).

ρ(λ) =
1

2ζ cosh(πλ/ζ)
. (5.6)
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Let us introduce useful notation of the suffix of rapidities. For ra-

pidities λ
(α)
a = λ(a,α) we define integers A by A = 2s(a − 1) + α for

a = 1, 2, . . . , Ns/2 and for α = 1, 2, . . . , 2s. We thus denote λ(a,α) also

by λA for A = 1, 2, . . . , sNs, and put λ(a,α) in increasing order with respect

to A = 2s(a− 1) +α such as λ(1,1) = λ1, λ(1,2) = λ2, . . . , λ(Ns/2,2s) = λsNs
.

In the ground state, rapidities λA for A = 1, 2, . . . ,M , are expressed by

λ2s(a−1)+α = µa − (α− 1/2)η + ε(α)
a (1 ≤ a ≤ Ns/2; 1 ≤ α ≤ 2s). (5.7)

For A = 2s(a − 1) + α with 1 ≤ α ≤ 2s, integer a is given by a = [(A −

1)/2s] + 1, and integer α is given by α = A− 2s[(A− 1)/2s].

For a real number x we define [x] by the greatest integer less than or

equal to x. We define a(j) and α(j) for j = 1, 2, . . . ,M as follows.

a(j) = [(j − 1)/2s] + 1 , α(j) = j − 2s[(j − 1)/2s] . (5.8)

5.4. Correlation functions of the integrable spin-s XXZ

model on a long finite chain

We define the correlation function of the integrable spin-2s XXZ spin chain

for a given product of (2s + 1) × (2s + 1) elementary matrices such as

Ẽ
i1, j1 (2s +)
1 · · · Ẽ

im, jm (2s +)
m on the spin-s ground state, |ψ

(2s +)
g 〉, as follows.

F (2s +)
m ({ik, jk}) = 〈ψ(2s +)

g |

m∏

k=1

Ẽ
ik , jk (2s +)
k |ψ(2s +)

g 〉/〈ψ(2s +)
g |ψ(2s +)

g 〉 .

(5.9)

By formulas (5.1) and (5.2) we express the mth product of (2s+ 1)× (2s+

1) elementary matrices in terms of a 2smth product of 2 × 2 elementary

matrices with entries {εj , ε
′

j} as follows.

m∏

b=1

Ẽb

ib, jb (2s +)
= C({ib, jb}) P̃

(2s)
12...L ·

2sm∏

k=1

e
ε
′

k, εk

k · P̃
(2s)
12...L. (5.10)

By making use of (5.1) and (5.2), C({ib, jb}) is given by

C({ik, jk}) =

m∏

b=1

{(
2s

jb

)[
2s

ib

]

q

[
2s

jb

]−1

q

}
. (5.11)

Here ε2s(b−1)+β and ε
′

2s(b−1)+β
(b = 1, . . . , Ns; β = 1, . . . , 2s) are given by

ε2s(b−1)+β =

{
1 (1 ≤ β ≤ jb)

0 (jb < β ≤ 2s)
; ε
′

2s(b−1)+β =

{
1 (1 ≤ β ≤ ib)

0 (ib < β ≤ 2s) .
(5.12)
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We evaluate the spin-2s XXZ correlation function F
(2s +)
m ({ik, jk}) by

F (2s +)
m ({ik, jk}) = C({ik, jk}) 〈ψ

(2s+)
g | P̃

(2s)
12...L ×

×

2sm∏

j=1

e
ε
′

j , εj

j · P̃
(2s)
12...L|ψ

(2s+)
g 〉/〈ψ(2s+)

g |ψ(2s+)
g 〉 . (5.13)

Let α+ be the set of j with εj = 0, and α− the set of j with ε
′

j = 1:

α+ = {j; εj = 0} , α− = {j; ε
′

j = 1} . (5.14)

We denote by r and r
′

the number of elements of the set α− and α+,

respectively. Due to charge conservation, we have

r + r
′

= 2sm. (5.15)

We denote by jmin and jmax the smallest element and the largest element

of α−, respectively. We also denote by j
′

min and j
′

max the smallest element

and the largest element of α+, respectively.

Recall that the ground state |ψ
(2s +)
g 〉 hasM Bethe roots with M = sNs.

Let cj (j ∈ α−) and c
′

j (j ∈ α+) be integers such that 1 ≤ cj ≤ M for

j ∈ α− and 1 ≤ c
′

j ≤M + j for j ∈ α+. We define sequence (b`)2sm by

(b1, b2, . . . , b2sm) = (c
′

j
′

max
, . . . , c

′

j
′

min

, cjmin , . . . , cjmax) . (5.16)

Here sequence (c
′

j
′

max

, . . . , c
′

j
′

min

, cjmin , . . . , cjmax) is given by the composite

sequence of c
′

j s in decreasing order with respect to suffix j, and cj s in in-

creasing order with respect to suffix j. We introduce the following symbols:

∏

j∈α−




M∑

cj=1



∏

j∈α+




M+j∑

c
′

j
=1


 =

M∑

cjmin
=1

· · ·

M∑

cjmax=1

M+j
′

min∑

c
′

j
′

min

=1

· · ·

M+j
′

max∑

c
′

j
′

max

=1

.

(5.17)

Recall that a(j) are defined in (5.8). We define β(j) by

β(j) = j − 2s[(j − 1)/2s] (1 ≤ j ≤M). (5.18)

For `, k = 1, 2, . . . , 2sm, we define the (`, k) element of M (2sm)((bj)2sm) by
(
M (2sm)((bj)2sm)

)

`, k

=

{
−δb`−M, k (b` > M)

δβ(b`), β(k) · ρ(λb`
− w

(2s)
k + η/2)/(Nsρtot(µa(b`))) (b` ≤M)

(5.19)
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Here, continuous variable µ, which is the argument of density ρtot(µ), is

evaluated at µa(b`), one of the “string centers” µa of 2s-strings (5.7).

We can rigorously derive a concise expression of correlation functions of

the spin-s XXZ spin chain in the massless region: 0 ≤ ζ < π/2s for a large

finite chain. Introducing ϕ(λ) = sinhλ we have

F
(2s+)
m ({ib, jb}) = C({ik , jk})

∏

j∈α−




M∑

cj=1


 ∏

j∈α+




M+j∑

c
′

j
=1


 detM (2sm)((b`)2sm)

×(−1)r
′

∏
j∈α−

(∏j−1
k=1 ϕ(λcj − w

(2s)
k

+ η)
∏2sm

k=j+1 ϕ(λcj − w
(2s)
k

)
)

∏
1≤k<`≤2sm ϕ(λb`

− λbk
+ η)

×

∏
j∈α+

(∏j−1
k=1 ϕ(λ

c
′

j

− w
(2s)
k

− η)
∏2sm

k=j+1 ϕ(λ
c
′

j

− w
(2s)
k

)

)

∏
1≤k<`≤2sm ϕ(w

(2s)
k

− w
(2s)
`

)
+ O(1/Ns) .

(5.20)

We remark that we derive (5.20) sending ε to zero. Before taking the limit,

inhomogeneous parameters wjs are generic due to small parameter ε, and

the sums over variables cj in (5.20) are restricted up to M for all j.

5.5. Multiple-integral representations of spin-s XXZ

correlation function for arbitrary matrix elements

In the thermodynamic limit: Ns → ∞, rapidities λb`
with b` defined in

(5.16), correspond to integral variables λ` for ` = 1, 2, . . . , 2sm. For 1 ≤

b` ≤ M they are given by the Bethe roots of 2s-strings (5.7), while for

b` > M they are given by complete 2s-strings w
(2s)
k defined by (4.1).

We define α(λj) by α(λj) = γ for an integer γ with 1 ≤ γ ≤ 2s, if λj is

related to integral variable µj by λj = µj−(γ−1/2)η, or if λj takes a value

close to w
(2s)
k with β(k) = γ, where w

(2s)
k are part of complete 2s-strings

(4.1). Here, variables µj correspond to “string centers” of variables λj .

We define the (j, k) element of matrix S = S
(
(λj)2sm; (w

(2s)
j )2sm

)
by

Sj,k = ρ(λj − w
(2s)
k + η/2) δ(α(λj), β(k)) , for j, k = 1, 2, . . . , 2sm .

(5.21)

Here δ(α, β) denotes the Kronecker delta, and we recall (5.18) for β(k).

Let Γj be a small contour rotating counterclockwise around λ = w
(2s)
j .
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Since detS has simple poles at λ = w
(2s)
j with residue 1/2πi, we have

∫ ∞+iε

−∞+iε

detS((λk)2sm)dλ1 =

∫ ∞−iε

−∞−iε

detS((λk)2sm)dλ1−

∮

Γ1

detS((λk)2sm)dλ1.

(5.22)

For sets α− and α+ with relation (5.16), we define integral variables λ̃j for

j ∈ α− and λ̃
′

j for j ∈ α+, respectively, by the following:

(λ̃
′

j
′

max

, . . . , λ̃
′

j
′

min

, λ̃jmin
, λ̃jmax

) = (λ1, . . . , λ2sm) . (5.23)

Thus, from expression (5.20) of the correlation function in terms of a finite

sum, we derive the multiple-integral representation as follows.

F
(2s+)
m ({ik , jk}) = C({ib, jb})

×

(∫ ∞+iε

−∞+iε

+ · · · +

∫ ∞−iζ̃s+iε

−∞−iζ̃s+iε

)
dλ1 · · ·

(∫ ∞+iε

−∞+iε

+ · · · +

∫ ∞−iζ̃s+iε

−∞−iζ̃s+iε

)
dλ

r
′

×

(∫ ∞−iε

−∞−iε

+ · · · +

∫ ∞−iζ̃s−iε

−∞−iζ̃s−iε

)
dλr̃ · · ·

(∫ ∞−iε

−∞−iε

+ · · · +

∫ ∞−iζ̃s−iε

−∞−iζ̃s−iε

)
dλ2sm

×Q({εj , ε
′

j}; λ1, . . . , λ2sm) detS(λ1, . . . , λ2sm) . (5.24)

Here ζ̃s = (2s− 1)ζ, r̃ = r
′

+ 1, and Q({εj , ε
′

j};λ1, . . . , λ2sm) is given by

Q({εj , ε
′

j};λ1, . . . , λ2sm)

= (−1)r
′

∏
j∈α−

(∏j−1
k=1 ϕ(λ̃j − w

(2s)
k + η)

∏2sm

k=j+1 ϕ(λ̃j − w
(2s)
k )

)

∏
1≤k<`≤2sm ϕ(λ` − λk + η + ε`,k)

×

∏
j∈α+

(∏j−1
k=1 ϕ(λ̃

′

j − w
(2s)
k − η)

∏2sm

k=j+1 ϕ(λ̃
′

j − w
(2s)
k )

)

∏
1≤k<`≤2sm ϕ(w

(2s)
k − w

(2s)
` )

. (5.25)

In the denominator we set εk,` = iε for Im(λk − λ`) > 0 and εk,` = −iε for

Im(λk−λ`) < 0, where ε is infinitesimally small: |ε| � 1. Here, Im(a+ib) =

b for real numbers a and b. Here, for α±, we recall (5.14).

We evaluate α(λj) in (5.24), replacing paths (−∞− i(γ − 1)ζ ± iε,∞−

i(γ − 1)ζ ± iε) by (−∞− i(γ − 1/2)ζ,∞− i(γ − 1/2)ζ) for γ = 1, 2, . . . , 2s,

respectively. The integrals over λj for j ≥ r̃ do not change when ε→ ζ/2.

Thus, correlation functions (5.9) are expressed in the form of a single

term of multiple integrals (5.24).
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We can derive the symmetric expression for the multiple-integral repre-

sentations of the spin-s correlation function F
(2s+)
m ({ik, jk}) as follows.1

F (2s+)
m ({ik, jk}) = C({ib, jb})

×
1∏

1≤α<β≤2s sinhm(β − α)η

∏

1≤k<l≤m

sinh2s(π(ξk − ξl)/ζ)∏2s

j=1

∏2s

r=1 sinh(ξk − ξl + (r − j)η)

×
∑

σ∈S2sm/(Sm)2s

(sgnσ)

r
′

∏

j=1

(∫ ∞+iε

−∞+iε

+ · · ·+

∫ ∞−i(2s−1)ζ+iε

−∞−i(2s−1)ζ+iε

)
dµσj

×

2sm∏

j=r
′+1

(∫ ∞−iε

−∞−iε

+ · · ·+

∫ ∞−i(2s−1)ζ−iε

−∞−i(2s−1)ζ−iε

)
dµσj

×Q({εj , ε
′

j};λσ1, . . . , λσ(2sm)))




2sm∏

j=1

∏m

b=1

∏2s−1
β=1 sinh(λj − ξb + βη)

∏m

b=1 cosh(π(µj − ξb)/ζ)





×
i2sm2

(2iζ)2sm

2s∏

γ=1

∏

1≤b<a≤m

sinh(π(µ2s(a−1)+γ − µ2s(b−1)+γ)/ζ) .

(5.26)

Here λj are given by λj = µj − (β(j) − 1/2)η for j = 1, . . . , 2sm.

It is straightforward to take the homogeneous limit: ξk → 0. Here (sgnσ)

denotes the sign of permutation σ ∈ S2sm/(Sm)2s.

6. Derivation of finite-sum expression of spin-s XXZ

correlation functions with arbitrary entries

6.1. Fundamental commutation relations

We now discuss briefly the derivation of (5.20), which expresses the spin-s

XXZ correlation functions with arbitrary entries in terms of the product of

finite sums over the Bethe roots.

Let ΣN be the set of integers 1, 2, . . . , N , i.e. ΣN = {1, 2, . . . , N}. Recall

definition (5.14) of α± and that of integers cj and c
′

j . For a given set of

cj , c
′

j , we introduce Aj and A
′

j by

Aj = {b; 1 ≤ b ≤M + 2sm, b 6= ck, c
′

k for k < j} ,

A
′

j = {b; 1 ≤ b ≤M + 2sm, b 6= ck for k ≤ j, b 6= c
′

k for k < j}. (6.1)
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We define sets α±j and c(α±j ) as follows.

α−j = {k; k < j, k ∈ α−} , α+
j = {k; k < j, k ∈ α+} , (6.2)

c(α−j ) = {ck; k ∈ α−j } , c(α+
j ) = {c

′

k; k ∈ α+
j } . (6.3)

We have

Aj = ΣM+2sm \
(
c(α−j ) ∪ c(α+

j )
)
, A

′

j = ΣM+2sm \
(
c(α−j+1) ∪ c(α

+
j )
)
.

Let us denote by t the number of cj (j ∈ α−) and c
′

j (j ∈ α+) such

that cj , c
′

j ≤M , for a given set of cj and c
′

j . We express (5.17) as follows.

2sm∑

t=r

∑

{cj ,c
′

j
}t

=
∏

j∈α−




M∑

cj=1




∏

j∈α+




M+j∑

c
′

j
=1


 . (6.4)

Here the sum over {cj , c
′

j}t denotes the sums over cj and c
′

j such that the

number of c
′

j ≤M is fixed by t− r.

Suppose that λα for α = 1, 2, . . . ,M give a set of solutions of the Bethe

ansatz equations in the spin-1/2 case with wj = w
(2s; ε)
j for j = 1, 2, . . . , L.1

Here wj are inhomogeneous parameters. We set rapidities λM+j by

λM+j = wj = w
(2s:ε)
j , j = 1, 2, . . . , 2sm . (6.5)

We can show the fundamental commutation relations as follows.11

〈0|

(
M∏

α=1

C(λα)

)
T

ε1,ε
′

1
(λM+1) · · ·Tε2sm,ε

′

2sm

(λM+2sm)

=

2sm∑

t=r

∑

{cj ,c
′

j
}t

G{cj , c
′

j
}(λ1, · · · , λM+2sm)〈0|

∏

k∈A2sm+1({cj ,c
′

j
})

C(λk) ,

where d(λ; {w
(2s;ε)
k }L) and G{cj ,c

′

j
}((λα)M+2sm) are given by

d(λ; {w
(2s;ε)
k }L) =

L∏

k=1

b(λ− w
(2s;ε)
k ) ,

G{cj ,c
′

j
}(λ1, · · · , λM+2sm) =

∏

j∈α+




∏M+j−1

b=1;b∈A
′

j

ϕ(λb − λc
′

j

+ η)

∏M+j

b=1,b∈Aj+1
ϕ(λb − λc

′

j

)




×
∏

j∈α−


d(λcj

; {w
(2s; ε)
k }L)

∏M+j−1

b=1;b∈Aj

ϕ(λcj
− λb + η)

∏M+j

b=1,b∈A
′

j

ϕ(λcj
− λb)


 .

(6.6)
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6.2. Finite-sum expression of correlation functions for a

finite chain

We introduce disjoint subsets of α+, α+
J and α+

K , as follows.

α+
J = {j; j ∈ α+, 1 ≤ c

′

j ≤M} , α+
K = {j; j ∈ α+, c

′

j > M} . (6.7)

We define sets c(α−), c(α+
J ) and c(α+

K) as follows.

c(α−) = {ck; k ∈ α−}, c(α+
J ) = {ck; k ∈ α+

J }, c(α
+
K) = {ck; k ∈ α+

K} .

We define a sequence (b̃k)t by a subsequence of (bk)2sm such that b̃k ≤M

for k = 1, 2, . . . , t. We denote sequence (bk)2sm and (b̃k)t as sets by b and

b̃t, respectively, i.e. b = {b1, b2, . . . , b2sm} and b̃t = {b̃1, . . . , b̃t}. Here we

note b̃t = c(α−) ∪ c(α+
J ). We define sequence (b

′

k)2sm−t by a subsequence

of (bk)2sm such that b
′

k > M for k = 1, 2, . . . , 2sm − t. We denote it as a

set by b
′

2sm−t. Here we note b
′

2sm−t = c(α+
K).

We define sets Z and K by Z = ΣM \ b̃t and K = Σ2sm \ b
′

2sm−t,

respectively. We define a sequence (z(α))M−t by putting the elements of Z

in increasing order: z(1) < z(2) < · · · < z(M − t) where Z = {z(i); i =

1, 2, . . . ,M − t}, and a sequence (κj)t by putting the elements of K in

increasing order: κ1 < κ2 < · · · < κt where K = {κj ; j = 1, 2, . . . , t}.

We derive the spin-s correlation functions from those of the spin-1/2

case sending ε to zero:

F (2s +)
m ({ib, jb}; (w

(2s)
j )L) = C({ik, jk}) lim

ε→0
F

(1+)
2sm ({εj , ε

′

j}; (w
(2s; ε)
j )L) .

(6.8)

Applying (6.6) to (5.9) (or (5.13)) we have

F
(1+)
2sm ({εj , ε

′

j}; (w
(2s; ε)
j )L) =

2sm∑

t=r

∑

{cj ,c
′

j
}t

G{cj ,c
′

j
}(λ1, · · · , λM+2sm)

×φ2sm({λα}M )

×
〈0|
∏M−t

α=1 C(λz(α))
∏t

γ=1 C(w
(2s; ε)
κγ

)
∏M−t

β=1 B(λz(β))
∏t

γ=1B(λ
b̃γ

)|0〉

〈0|
∏M−t

α=1 C(λz(α))
∏t

γ=1 C(w
(2s; ε)

b̃γ

)
∏M−t

β=1 B(λz(β))
∏t

γ=1B(λ
b̃γ

)|0〉

=

2sm∑

t=r

∑

{cj ,c
′

j
}t

M∏

α=1

2sm∏

j=1

ϕ(λα − w
(2s; ε)
j )

ϕ(λα − w
(2s; ε)
j + η)

×
∏

j∈α−




∏M+j−1

b=1,b∈Aj
ϕ(λcj

− λb + η)
∏M+j

b=1,b∈A
′

j

ϕ(λcj
− λb)




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×
∏

j∈α+




∏M+j−1

b=1,b∈A
′

j

ϕ(λb − λc
′

j

+ η)

∏M+j

b=1,b∈Aj+1
ϕ(λb − λc

′

j

)




∏

1≤k<`≤t

ϕ(λ
b̃k
− λ

b̃`
)

ϕ(w
(2s; ε)
κk

− w
(2s; ε)
κ`

)

×

M−t∏

α=1

t∏

`=1

ϕ(λz(α) − λb̃`
)

ϕ(λz(α) − w
(2s; ε)
κ`

)

M∏

α=1

t∏

`=1

ϕ(λα − w
(2s; ε)
κ`

+ η)

ϕ(λα − λb̃`
+ η)

× det

(
(Φ
′

)−1
(
λz(α))M−t#(λ

b̃`
)t

)

×Ψ
′

(
(λz(α))M−t#(w(2s; ε)

κ`
)t, (λz(α))M−t#(λ

b̃`
)t

))
. (6.9)

Here, φ2sm({λα}) =
∏2sm

j=1

∏M

α=1 b(λα−w
(2s; ε)
j ), and matrix elements (Ψ

′

)ab

for a, b = 1, 2, . . . ,M are given by
(
Ψ
′

((λz(α))M−t#(λ
b̃`

)t, (λz(α))M−t#(wκ`
)t; (wk)L)

)

a, b

=





Φ
′

a, b

(
(λz(α))M−t#(λ

b̃`
)t

)
for b ≤M − t

ϕ(η)

ϕ(λz(a) − wκk
)ϕ(λz(a) − wκk

+ η)
for b = k +M − t (1 ≤ k ≤ t)

(6.10)

The matrix elements of the Gaudin matrix are given as follows.

Φ
′

a, b

(
(λz(α))M−t#(λ

b̃`
)t; (wk)L

)
= Φ

′

z(a),z(b)((λα)M ; (wk)L)

=
ϕ(2η)

ϕ(λa − λb + η)ϕ(λa − λb − η)
+ δa,b

(
L∑

p=1

ϕ(η)

ϕ(λa − wp)ϕ(λa − wp + η)

−
M∑

γ=1

ϕ(2η)

ϕ(λa − λγ + η)ϕ(λa − λγ − η)

)
. (6.11)

For any positive integerNs we can rigorously calculate (6.9) as follows.52

Proposition 6.1.

F
(1+)
2sm ({εj , ε

′

j}; (w
(2s; ε)
j )L) =

2sm∑

t=r

∑

{cj ,c
′

j
}




∏

j,k∈α+
K

,c
′

j
<c
′

k
,j<k

(−1)




×(−1)2sm−t
∏

j∈α+
K




∏

`∈α+
J

;`>j

(−1) ·
∏

κ∈K;κ+M<c
′

j

(−1)




× det(Φ
′

)−1Ψ
′

((λz(α))M−t#(w(2s; ε)
κ`

)t, (λz(α))M−t#(λ
b̃`

)t)
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× (−1)r
′

∏
j∈α−

(∏j−1
k=1 ϕ(λcj

− w
(2s; ε)
k + η)

∏2sm

k=j+1 ϕ(λcj
− w

(2s; ε)
k )

)

∏
1≤k<`≤2sm ϕ(λb`

− λbk
+ η)

×

∏
j∈α+

(∏j−1
k=1 ϕ(λ

c
′

j

− w
(2s; ε)
k − η)

∏2sm

k=j+1 ϕ(λ
c
′

j

− w
(2s; ε)
k )

)

∏
1≤k<`≤2sm ϕ(w

(2s; ε)
k − w

(2s; ε)
` )

.

(6.12)

We define matrix elements (j, k) of φ
(2sm)
M ((b`)2sm) (1 ≤ j ≤ 2sm):52

If bj > M,
(
φ

(2sm)
M ((b`)2sm)

)

j, k
= −δbj−M,k for k = 1, 2, . . . , 2sm,

if bj ≤M, there is an integer i such that bj = b̃i(
φ

(2sm)
M ((b`)2sm)

)

j, κk

= (Φ
′

)−1Ψ
′

((λz(α))M−t#(λ
b̃`

)t,

(λz(α))M−t#(w(2s; ε)
κ`

)t)i+M−t,k+M−t , for k = 1, 2, . . . , t,

and φ
(2sm)
M ((b`)2sm)

j,b
′

k

= 0 for k = 1, 2, . . . , 2sm− t. (6.13)

We can show the following proposition.52

Proposition 6.2.

det
(
(Φ
′

)−1Ψ
′

((λz(α))M−t#(w(2s; ε)
κ`

)t, (λz(α))M−t#(λ
b̃`

)t)
)

= detφ
(2sm)
M ((b`)2sm) (−1)2sm−t




∏

j,k∈α+
K

,c
′

j
<c
′

k
,j<k

(−1)




×
∏

j∈α+
K




∏

`∈α+
J

;`>j

(−1) ·
∏

κ∈K;κ+M<c
′

j

(−1)


 . (6.14)

When Ns is large enough, solving the integral equations for

φ
(2sm)
M ((b`)2sm), we can show

det φ
(2sm)
M ((b`)2sm) = detM (2sm)((b`)2sm) +O(1/Ns). (6.15)

We thus obtain the finite-size spin-s XXZ correlation functions with arbi-

trary entries (5.20).
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39. A. Klümper, M. T. Batchelor and P. A. Pearce, J. Phys. A: Math. Gen. 24,

3111 (1991).
40. J. Suzuki, J. Phys. A: Math. Gen. 32, 2341 (1999).
41. M. Idzumi, Thesis, University of Tokyo, (Feb. 1993).
42. M. Idzumi, Int. J. Mod. Phys. A 9, 4449 (1994).
43. A. H. Bougourzi and R. A. Weston, Nucl. Phys. B 417 (1994).
44. H. Konno, Nucl. Phys. B 432[FS] (1994).
45. M. Jimbo, Lett. Math. Phys. 10, 63 (1985).
46. M. Jimbo, Lett. Math. Phys. 11, 247 (1986).
47. V. Drinfel’d, Proc. ICM Berkeley , 798 (1986).
48. R. J. Baxter, Exactly Solved Models in Statistical Mechanics (Academic Press,

1982).
49. Y. Akutsu and M. Wadati, J. Phys. Soc. Jpn. 56, 3039 (1987).
50. T. Deguchi and K. Motegi, in prep. .
51. M. Takahashi, Thermodynamics of One-Dimensional Solvable Models (Cam-

bridge University Press, 1999).
52. T. Deguchi, in prep. .



This page is intentionally left blank



September 3, 2010 19:0 WSPC - Proceedings Trim Size: 9in x 6in 003˙feigin

35

CHARACTERS OF COINVARIANTS IN (1, p)

LOGARITHMIC MODELS

BORIS L. FEIGIN

Higher School of Economics, Moscow, Russia

and Landau Institute for Theoretical Physics, Chernogolovka, 142432, Russia

E-mail: bfeigin@gmail.com

ILYA YU. TIPUNIN

Tamm Theory Division, Lebedev Physics Institute, 119991

Leninski pr., 53, Moscow, Russia

E-mail: tipunin@gmail.com

We investigate induced modules of doublet algebra in (1, p) logarithmic models.

We give fermionic formulas for the characters of induced modules and coinvari-

ants with respect to different subalgebras calculated in the irreducible modules.

The characters of coinvariants give multiplicities of projective modules in fusion

of induced modules.
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1. Introduction

Vertex–operator algebras (VOAs) in logarithmic conformal field theory are

very popular last several years. The simplest family of such algebras W(p)

was introduced in Ref. 1 and was investigated in Refs. 2,3,15 and Ref. 11.

Algebras W(p) admit a SL(2) action by symmetries. Invariants of this

action is the universal enveloping of the Virasoro algebra with the central

charge

c = 13− 6p−
6

p
. (1)

In this sence W(p) is the “Galois extension” of the Virasoro algebra and

SL(2) plays a role of the Galois group. The algebra W(p) is called the

triplet algebra2 because it is generated by a SL(2) triplet of fields. The

Virasoro algebra with the central charge (1) has infinite dimensional con-

formal blocks but after taking the extension they become finite dimensional
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and the conformal field theory becomes close to a rational one.4,5 The only

difference from rationality is that the category of representations is not

semisimple. (We note that the nonsemisimplisity of the representation cat-

egory is equivalent to appearing of logarithms in the corellation functions.)

In the present paper we consider slightly larger “Galois extension” A(p)

that is generated by a doublet (not a triplet like W(p)) of fields. We pre-

fer A(p) because the abelianization technique, which allows us to calculate

characters of induced representations and coinvariants is easier applied to

it than to W(p). It gives fermionic formulas for the A(p) characters6 (see

also Ref. 7, where fermionic formulas for W(p) characters were obtained).

On the other hand the algebra A(p) is worse thanW(p) and strictly speak-

ing is not a vertex operator algebra because it contains half integer powers

of z − w in Operator Product Expansions (OPEs). However, the represen-

tation theory of A(p) is very similar with a representation theory of an

ordinary VOA and in what follows we don’t bother on nonlocality of A(p)

strongly. In the paper, we study conformal blocks or in other language coin-

variants of A(p). To formulate the main statement we should recall some

facts and definitions about coinvariants of VOAs (that we give in Sec. 1.1)

and also about relations between representation categories of VOAs and

quantum group (that we give in Sec. 1.2).

1.1. Coinvariants

Before we start a detailed consideration of A(p), we should say some gen-

eral words about coinvariants. General facts and references on VOAs can

be found in Ref. 8. Let A be a vertex-operator algebra generated by cur-

rents H1(z), H2(z), . . . Let V be the vacuum module of A. Let Σ be a

Riemann surface. Then we have a sheaf V(Σ) on Σ with the fiber V. A

set of sections over a small punctured neibourhood of a point x generates

an algebra Ax and the currents H1(z), H2(z), . . . are generators of Ax,

where z is a local coordinate at x. These currents have decompositions

H i(z) =
∑

n∈Z
H i

nz
−n−∆i , where ∆i is the conformal dimension of H i.

For future convenience we introduce the vector ∆ = (∆1,∆2, . . . ) of con-

formal dimensions. Let us fix n points z1, . . . , zn ∈ Σ and n A-modules

Vz1 , . . . ,Vzn
. For each zi the module Vz1 is a module over Azi

. Let Sz1,...,zn

be the space of sections of V(Σ) regular outside the points z1, . . . , zn. The

sections from Sz1,...,zn
act in Vz1 ⊗ . . .⊗ Vzn

. The quotient

Coinv(V1, . . . ,Vn) = Vz1 ⊗ . . .⊗ Vzn
/Sz1,...,zn

Vz1 ⊗ . . .⊗ Vzn
(2)
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form a bundle over the configuration space of pairiwise distinct points

z1, . . . , zn and is called coinvariants of V1, . . . ,Vn. (In the paper we con-

sider only the cases where coinvariants are finite dimensional.)

We fix a subalgebra A[u] of A generated by modes of {Hn(z)},

Hn
−in−∆n+m, m ∈ N, where u = (i1, i2, . . . ). Let Mu be induced mod-

ule from the trivial 1-dimensional representation of A[u]. Mu contains a

cyclic vector |u〉 annihilated by Hn
−in−∆n+m, m ∈ N. In this notation the

vacuum module corresponds to u = 0. An induced module Mu admits a

grading by an operator D commuting with A. We define first the operator

d in such a way that d|u〉 = 0 and [d,H i
n] = −nH i

n for generators H i
n of A.

Then, we put

D = L0 − d, (3)

where L0 is the zero mode of the Virasoro subalgebra from A, D evidently

commutes with A.

The covariant functor Coinv is representable. In particular, it means

that there exists the module V1⊗̇V2 (which is called the fusion of V1 and

V2) such that for any module V3 we have

Coinv(V1,V2,V3) =
(
HomAz3

(V3,V1⊗̇V2)
)∗
. (4)

Using this property the module V1⊗̇V2 can be constructed as an inductive

system in the following way. We define a sequence {um} such that each

component of the vector um is greater than or equal to the same compo-

nent of the vector um−1 and for any N ∈ N there exists m such that a

given component of um is greater than N . This determines the sequence of

subalgebras A[um]; we consider the squence of modules Mum
induced from

trivial 1-dimensional representations of A[um] and set

V[u]∗ = Coinv(V1,V2,Mu) =
(
HomAz3

(Mu,V1⊗̇V2)
)∗
. (5)

For each vector u, by the Frobenius duality V[u] ⊂ V1⊗̇V2. This means that

V1⊗̇V2 is the inductive limit of the inductive system V[um] enumerated by

vectors um.

For a wide class of VOAs and induced modules Mu it is naturally to be

expected

Mu1⊗̇Mu2 'Mu1+u2 . (6)

A typical example when (6) is satisfied is ŝ`(2) minimal models at positive

integer level and a class of modules Mu.9 For Virasoro minimal models,

modules Mj induced from vectors |j〉 satisfying L−j−2+m|j〉 = 0 for m ∈
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N satisfy Mj1⊗̇Mj2 = Mj1+j2 . This statement follows for (2, p) models

from Ref. 10 and is a conjecture in other cases.

For the algebra A(p) we also conjecture the statement similar to (6) and

give in the paper some reasons why it is true.

1.2. Representation categories

The representation category C of W(p) is equivalent (as quasitensor cate-

gory) to the representation category of Uqs`(2) with q = eiπ/p. This equiva-

lence was cojectured in Ref. 11 and was proved in Ref. 12 (see also Ref. 13).

In particular V1⊗̇V2 corresponds to the tensor product of Uqs`(2) repre-

sentations corresponding to V1 and V2. This statement can be obtained in

the following way. In the representation category of Virasoro algebra a sub-

category equivalent to Lusztig quantum s`(2) can be distinguished. Then

from general properties of VOAs it follows that after “Galois extension”

the Lusztig quantum s`(2) reduces to Uqs`(2). The category C contains 2p

simple objects X
±
r , 1 ≤ r ≤ p and 2p projective objects P

±
r , 1 ≤ r ≤ p.

Projective objects P
±
r , 1 ≤ r ≤ p− 1 are not simple and P

±
p ' X

±
p . We call

X
±
p Steinberg modules.

The representation category A of A(p) is not equvalent to a represen-

tation category of a quantum group. However A is obtained by a reduction

of the tensor category C. The reduction is such that simple objects from

the pairs X
±
r for each r becomes indistinguishable, so A contains p simple

(projective) objects Xr (Pr), 1 ≤ r ≤ p and Pp ' Xp. Many statements

about A(p) representations can be done in terms of the category A. In

particular dimensions of coinvariants Coinv(V1, . . . ,Vn) can be calculated

in terms of the tensor category A. To do that one should take the tensor

product of objects corresponding to V1,. . . , Vn and calculate the space of

homomorphisms to the simple object X1 (X1 corresponds to trivial 1 di-

mensional representation). In what follows we use the same notation for

A(p)-modules and corresponding objects of A.

The simple objects Xr ∈ A are induced A(p)-modules Mur
for some

ur, which are defined in Sec. 4.1. X1 corresponds to the vacuum A(p)-

module and X1⊗̇P = P, ∀P ∈ A. We consider the module M =

X
⊗̇n2
2 ⊗̇X

⊗̇n3
3 ⊗̇ · · · ⊗̇X

⊗̇np

p . The module M as an A(p)-module is the induced

module M = Mn2u2+n3u3+···+npup
. Each induced module admits a com-

muting with A(p) grading (3), which means that the tensor product of

simple objects of category A admits the grading invariant with respect to

the action of the algebra. We use this grading to obtain fermionic formulas

for characters of coinvariants.
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1.3. The main statement

In this paper, we give an outline of a proof that the fusion of induced A-

modules has the same structure (6) as the fusion of induced modules of

many rational VOAs. More precisely this can be formulated as follows.

Statement. For a class of highest-weight conditions described by some vec-

tors u (precise conditions on u are given in Sec. 4.2) two induced modules

Mu1 and Mu2 satisfy

Mu1⊗̇Mu2 'Mu1+u2 . (7)

To give evidences for the statement, we use the fermionic formulas for

the characters corresponding to the grading (3). To obtain the fermionic

formulas for the characters, we use the technique of abelianization. The

abelianization technique is a degeneration of the algebra to an algebra with

greater number of generators but with quadratic relations. In many cases

the obtained algebra is abelian whence the technique tooks its name. In our

case the algebra obtained by application of the abelianization technique is

not abelian but is very close to an abelian one.

The structure of the formulas for characters is similar with the structure

of fermionic formulas for Kostka polynomials (see Sec. 5).

We give several examples for p = 3. Some low powers of “two dimen-

sional representation” have the following decompositions

X
⊗̇2
2 = X1 + X3, (8)

X
⊗̇3
2 = q−1

X2 + P2, (9)

X
⊗̇4
2 = q−2

X1 + P1 + (q−2 + q−1 + 1)X3, (10)

X
⊗̇5
2 = q−4

X2 + (q−3 + q−2 + q−1 + 1)P2 + q−
3
4 (z + z−1)X3, (11)

X
⊗̇6
2 = q−6

X1 + (q−4 + q−3 + q−2 + 1)P1 + q−
5
4 (z + z−1)P2

+ (q−6 + q−5 + 2q−4 + q−3 + 2q−2 + q−1 + 1)X3, (12)

where we write characters of multiplicity spaces in the right hand sides. The

variable q corresponds to the grading discussed above and z corresponds to

the Cartan generator of the s`(2) symmetry.

A structure of the proof of the statement (7) is as follows.

(1) Show that the character of induced module Mu is given by the Gordon

formula (69). This statement is given as Proposition 4.3 and is checked

using computer for numerous examples of u given by (53). An outline
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of the proof is given before the Proposition. Actually, we belive that

the Proposition is true for wider set of vectors u than (53).

(2) Show that in the decomposition (81) polynomials K̂
(p)
s,n(q, z) are char-

acters of coinvariants of the doublet algebra in it’s irreducible modules.

This statement is checked using computer for numerous examples of

vectors u written in Proposition 5.2. A possible way to proof the state-

ment is outlined in Sec. 5.2 using the Felder resolution and results

of Ref. 14 for lattice VOAs.

(3) Show that in the decomposition (81) polynomials K̄
(p)
s,n(q, z) are charac-

ters of coinvariants of the Virasoro algebra in it’s irreducible modules.

This statement again is checked using computer for numerous exam-

ples, but this is the weakest point in the proof. We do not understand

why it is so and the statement looks as a puzzle. We discuss this in

more details in Sec. 5.1.

(4) Three previous statements allows us to show (7).

Unfortunately, the proof of the Statement given in the paper is partially

based on calculations using computer algebra and at the moment we don’t

know a purely analytic proof. However, we belive that such a proof can be

done and we hope to present it in a future publication.

The paper is organized as follows. In Sec. 2, we introduce notations

and recall well known facts about (1, p) models. In Sec. 3, we describe

the representation category A. In Sec. 4, we investigate induced modules

of A(p). In Sec. 5, we calculate characters of coinvariants in irreducible

modules.

2. General facts about (1, p) models

The (1, p) models of logarithmic conformal field theory can be formulated

in terms of Coulomb gas. Let ϕ denote the free scalar field with the OPE

ϕ(z)ϕ(w) = log(z−w). Throughout the paper we use the standard notation

α+ =
√

2p , α− = −

√
2

p
, α+α− = −2, (13)

α0 = α+ + α− =

√
2

p
(p− 1),

where p is a positive integer grater than 1. In what follows, we drop the

symbol of normal ordering in all functionals in ϕ. We consider the screening

operator

F = 1
2πi

∮
dzeα−ϕ(z) (14)
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commuting with the Virasoro algebra corresponding to the energy–

momentum tensor

T =
1

2
∂ϕ ∂ϕ+

α0

2
∂2ϕ (15)

with the central charge (1). We consider the lattice VOA B(p) generated by

e±α+ϕ(z). The screening F acts from the vacuum module of B(p) to another

irreducible B(p)-module. The vacuum module of W(p) is the kernel of F in

the vacuum module of B(p). So, W(p) is a subalgebra of B(p).

2.1. The doublet algebra

The algebra A(p) has a similar description. We consider the lattice VOA

L(p) corresponding to the 1-dimensional lattice generated by the vector v,

(v, v) = p/2. The VOA L(p) is generated by two vertex operators e±
α+
2 ϕ(z)

(see Ref. 15). At this point we should make a remark that L(p) is not

strictly speaking a vertex-operator algebra because whenever p is odd some

OPEs contain nonlocal expressions (z − w)
1
2 . However, one can work with

L(p) like with a VOA. The representation category of L(p) is semisimple

and contains p irreducible representations Ys for 1 ≤ s ≤ p. The module Ys

is generated from the vertex operator V1,s = e
s−1
2 α− ϕ(z) and contains also

the vertices

Vr,s = e−( r−1
2 α++ s−1

2 α−) ϕ(z), r ∈ Z. (16)

The vacuum module of L(p) is Y1 and the screning F acts from it to Yp−1.

We define the vacuum module X1 of A(p) (which is equivalent to the defi-

nition of A(p)) as a kernel of F calculated in Y1.

The second screning of the Virasoro algebra (15)

e = 1
2πi

∮
dzeα+ϕ(z) (17)

acts in the vacuum module Y1 of L(p). The action of e can be restricted

to X1 (the vacuum module of A(p)), where it is one of the s`(2) algebra

generators. The generator f can be constructed from F as a divided power

“F p/[p]!”.

The algebra A(p) is generated by the s`(2) doublet of fields

a+(z) = e−
α+
2 ϕ(z) , a−(z) = [e, a+(z)] = Dp−1(∂ϕ(z))e

α+
2 ϕ(z), (18)

whereDp−1 is a degree p−1 differential polynomial in ∂ϕ(z). The conformal

dimension of these fields is 3p−2
4 . The fields a±(z) have the following OPEs

a+(z)a+(w) ∼ (z − w)
p

2 ,
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a−(z)a−(w) ∼ (z − w)
p

2 , (19)

a+(z)a−(w) = (z − w)−
3p−2

2

∑

n≥0

(z − w)nHn(w)

where Hn(w) are fields with conformal dimension equals to n. The field

H0 is proportional to the identity field 1, H1 = 0, H2 is proportional to

the energy–momentum tensor T . About other fields Hn we can say the

following

H2n = c2n : Tn : +P2n(T ), 1 ≤ n ≤ p− 1, (20)

H2n+1 = c2n+1∂ : Tn : +P2n+1(T ), 1 ≤ n ≤ p− 2, (21)

H2p−1 = c2p−1∂ : T p−1 : +P2p−1(T ) + d1W
0, (22)

H2p = c2p : T p : +P2p(T ) + d2∂W
0, (23)

where : Tn : is the normal ordered n-th power of the energy–momentum

tensor, Pn(T ) is a differential polynomial in T and degree of both P2n(T )

and P2n+1(T ) in T is equal to n− 1, W 0(z) = [e, e−α+ϕ(z)] and cn, d1, d2

are some nonzero constants.

In what follows we choose the system of p+ 1 generators of A(p) in the

form

a+, a−, H2, H4, . . . , H2p−2. (24)

The corresponding vector of conformal dimensions is

∆ = (
3p− 2

4
,
3p− 2

4
, 2, 4, . . . , 2p− 2). (25)

We defined the algebra A(p) as a subalgebra in L(p) with embedding

given by (18). We note that there is another embedding A(p) ↪→ L(p) given

by

a+(z) = e
α+
2 ϕ(z) , a−(z) = [ē, a+(z)], (26)

where ē = 1
2πi

∮
dze−α+ϕ(z).

2.2. Irreducible modules of A(p)

The irreducible representations of A(p) are described in Ref. 6. There are

p irreducible representations but before we describe them we make several

notations. The vertex operator algebra A(p) is graded (by eigenvalues of

the zero mode of ∂ϕ)

A(p) =
⊕

β∈
α+
2 Z

A(p)β (27)
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and a±(z) ∈ A(p)±
α+
2 . We consider only the graded representations

of A(p). For any representation X = ⊕t∈CXt we have a±(z) : Xt → Xt±
α+
2

and a±(z) acting in Xt have the decomposition

a±(z) =
∑

n∈±t
α+
2 −

3p−2
4 +Z

z−n− 3p−2
4 a±n . (28)

We note that t in fact is not arbitrary but takes the the values t = α−
2 n,

n ∈ Z.

The irreducible A(p)-modules can be constructed in terms of irreducible

modules of lattice VOA L(p). Some powers of the screening operator F act

between irreducible L(p)-modules and form the Felder complex

· · ·
F

p−s

→ Ys
F

s

→ Yp−s
F

p−s

→ Ys
F

s

→ . . . . (29)

The complex is exact and the kernel of F s in Ys is irreducible A(p)-

module Xs. The irreducible representation Xs of A(p) is a highest-weight

module generated from the vector |s〉 ∈ X

1−s

2 α−
s satisfying

a±
− 3p−2s

4 +n
|s〉 = 0, n ∈ N, 1 ≤ s ≤ p. (30)

The conformal dimension of |s〉 is ∆1,s = s2−1
4p

+ 1−s
2 . The highest modes

of a±(z) that generate non zero vectors from |s〉 are

a±
− 3p−2s

4

, 1 ≤ s ≤ p (31)

as it shown in Fig. 1. Proceeding further we obtain the set of extremal

vectors shown in Fig. 1.

We let Lr,s;p denote the irreducible module of the Virasoro algebra with

the central charge (1) and with the highest weight

∆r,s =
p

4
(r2 − 1) +

1

4p
(s2 − 1) +

1− rs

2
, 1 ≤ s ≤ p, r ∈ Z. (32)

We note that Lr,s;p is the quotient of the Verma module by the submodule

generated from one singular vector on the level rs and such modules exhaust

irreducible Virasoro modules that aren’t Verma modules.

The action of the s`(2) algebra in Xs is defined similarily to the action

(see (18)) in the vacuum module and Xs as a representation of s`(2)⊕Vir

decomposes as

Xs = ⊕n∈Nπn ⊗ Ln,s;p, (33)

where πn is the n-dimensional irreducible s`(2) representation.
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•
a
−

2s−3p
4

����
��

��
�� a

+
2s−3p

4

��
66

66
66

66

◦

a
−

2s−5p
4

����
��
��
��
��
��

V2,s
◦

a
+
2s−5p

4

��
--

--
--

--
--

--

•

a
−

2s−7p
4



��
��
��
��
��
��
��
��
�

V3,s

•

a
+
2s−7p

4

��
**

**
**

**
**

**
**

**
*

◦V4,s ◦

Fig. 1. The irreducible A(p) module Xs. The filled dot on the top is the cyclic
vector |s〉. The arrows show the action of highest modes of a± that give nonzero
vectors. Filled (open) dots denote vertices belonging to the triplet algebra W(p)
representations X

+
s (X−s ).

The L(p)-module Ys admits two A(p)-module structures Y+
s and Y−s

corresponding to the embeddings (18) and (26) respectively. We call mod-

ules Y±s the Verma modules of A(p) because they correspond to Verma

modules in the tensor category A (See detailes in Sec. 3.1). The modules

Y±s are highest-weight modules generated from highest-weight vectors |s〉±

satisfying

a+

− 3p−2s

4 +n
|s〉+ = a−

− 3p−2s

4 +p−s+n
|s〉+ = 0,

a+

− 3p−2s

4 +p−s+n
|s〉− = a−

− 3p−2s

4 +n
|s〉− = 0,

n ∈ N, 1 ≤ s ≤ p. (34)

We note that Y+
s is not isomorphic to Y−s excepting the case s = p, where

two highest-weight conditions in (34) coincide.

From the Felder complex (29), we obtain 4 resolutions for the irreducible

representation Xs

→ Y+
s

F s

→ Y+
p−s

F p−s

→ Xs → 0, 0→ Xs
F p−s

→ Y+
s

F s

→ Y+
p−s →,

→ Y−s
F p−s

→ Y−p−s

F s

→ Xs → 0, 0→ Xs
F s

→ Y−s
F p−s

→ Y−p−s →,
(35)
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where resolutions in each row are contragredient to each other.

3. Structure of the category A

3.1. Linkage classes and indecomposable modules

The representation category A of A(p) is a direct sum

A =

[p/2]⊕

n=0

An, (36)

where An are full subcategories and there are no morphisms between ele-

ments from different An.

Category A0 is semisimple and contains the only indecomposable object

Xp. Each category An, n > 0 (excluded Ap/2 for even p) contains two

simple objects Xs and Xp−s. Category Ap/2 for even p contains one simple

object Xp/2.

To each irreducible module Xs, the projective cover Ps corresponds.

For 1 ≤ s ≤ p − 1, the projective module Ps consists of 4 subquotients

(two Xs and two Xp−s) and Pp = Xp. Schematically the structure of Ps for

1 ≤ s ≤ p− 1 is shown in the following diagram

Xs

•

xx &&
Xp−s

•

��

Xp−s

•

��

Xs

•

(37)

This digram corresponds to the Jordan–Holder series 0 → W → Ps →

Xs → 0, 0→ V→W→ Xp−s → 0, 0→ Xs → V→ Xp−s → 0.

As it was explained in the Introduction, the quasitensor category ofA(p)

modules is equivalent to the quotient of Uqs`(2) representation category

with respect to relations X
+
s ∼ X

−
s . Let Uq(B

±) be universal enveloping of

two Borel subalgebras in Uqs`(2). Then Y±s correspond to Verma modules

induced from Uq(B
±).

3.2. Quasitensor structure

The category A is quasitensor category. Tensor products of irreducible mod-

ules decomposes into direct sum of irreducible and projective modules. Di-

rect sums of irreducible and projective modules are tilting modules16 in the
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category A. We have the following tensor products of these modules

Xr⊗̇Xs =

min(r+s−1,2p−r−s−1)⊕′

j=|r−s|+1

Xj ⊕

p⊕′

2p−r−s+1

Pj , (38)

Xr⊗̇Ps =





s+r−1⊕′

j=s−r+1

Rj ,
r ≤ s,

r + s ≤ p,
2p−s−r−1⊕′

j=s−r+1

Rj ⊕ 2
p⊕′

j=2p−s−r+1

Rj ,
r ≤ s,

r + s > p,

2p−s−r−1⊕′

j=r−s+1

Rj ⊕ 2
p⊕′

j=p+s−r+1

Rj ,
r > s,

r + s ≤ p,
2p−s−r−1⊕′

j=r−s+1

Rj ⊕ 2
p⊕′

j=2p−s−r+1

Rj ⊕ 2
p⊕′

j=p+s−r+1

Rj ,
r > s,

r + s > p,

(39)

and for r ≤ s

Pr⊗̇Ps =






2
s+r−1⊕′

j=s−r+1

Rj ⊕ 2
p+r−s−1⊕′

j=p−r−s+1

Rj ⊕ 4
p⊕′

j=p+r−s+1

Rj ⊕ 4
p⊕′

j=s+r+1

Rj ,

r + s ≤ p,

2
2p−s−r−1⊕′

j=s−r+1

Rj ⊕ 2
p+r−s−1⊕′

j=r+s−p+1

Rj ⊕ 4
p⊕′

j=2p−r−s+1

Rj ⊕ 4
p⊕′

j=p+r−s+1

Rj ,

r + s > p,

(40)

where we used notation Rj = Pj for 1 ≤ j ≤ p− 1 and Rp = 2Pp and
⊕′

is a direct sum with step 2 (for example
⊕′2n

j=0 Rj = R0 ⊕ R2 ⊕ · · · ⊕ R2n).

For a vector n with nonnegative integer components n2, n3, . . . , np, we

consider a decomposition of the tensor product

X
⊗̇n2
2 ⊗̇X

⊗̇n3
3 ⊗̇ . . . ⊗̇X

⊗̇np

p =

p−1⊕

s=1

Vs[n] � Xs

⊕ p⊕

s=1

Xs[n] � Ps, (41)

where Vs[n] and Xs[n] are vector spaces of multiplicities of the irreducible

and projective modules respectively in the direct sum. The dimensions of

these spaces are N̂s[n] = dimVs[n] and N̄s[n] = dimXs[n].

Remark 3.1. For example, we give decompositions for p = 2

X
⊗̇n
2 = 2n−2

(
1 + (−1)n−1

)
X2 + 2n−3

(
1 + (−1)n

)
P1 (42)
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and p = 3

X
⊗̇n
2 =

1

2

(
1 + (−1)n

)
X1 +

1

2

(
1− (−1)n

)
X2 (43)

+
1

9

(
2n + (−1)n(3n− 1)

)
X3 +

1

216

(
2n+3 + (−1)n(19− 48n+ 18n2)− 27

)
P1

+
1

216

(
2n+4 + (−1)n(11 + 12n− 18n2)− 27

)
P2,

X
⊗̇n
2 ⊗̇X3 =

2

3

(
2n−1 + (−1)n

)
X3

+
1

9

(
2n + (−1)n(3n− 1)

)
P1 +

1

9

(
2n+1 − (−1)n(3n+ 2)

)
P2,

X
⊗̇n
2 ⊗̇X

⊗̇2
3 = 2n

X3 +
2

3
(2n−1 + (−1)n)P1 +

2

3
(2n − (−1)n)P2, n ≥ 0,

(44)

X
⊗̇n
2 ⊗̇X

⊗̇m
3 = 2n3m−2

X3 + 2n3m−3
P1 + 2n+13m−3

P2, m ≥ 3 (45)

In the previous formulas we wrote dimensions of multiplicity spaces instead

of themselves.

The spaces of multiplicities Vs[n] and Xs[n] are s`(2) modules; Vs[n] is

trivial module (sum of 1 dimensional modules). The s`(2) action in the

multiplicity spaces is related with the Lusztig extension of the quantum

group Uqs`(2). There exists the quantum group LUqs`(2) such that Uqs`(2)

is its subgroup and the quotient is the universal enveloping of s`(2). An

irreducible representation of Uqs`(2) is the irreducible representation of

LUqs`(2) with the trivial s`(2) action. Therefore s`(2) acts in the multi-

plicity spaces. The multiplicity spaces are graded by Cartan generator h of

s`(2). For example for (45), we have for m ≥ 3

X
⊗̇n
2 ⊗̇X

⊗̇m
3 = (z + z−1)n(z2 + 1 + z−2)m−2

X3

+ (z+ z−1)n(z2 + 1 + z−2)m−3
P1 + +(z+ z−1)n+1(z2 + 1 + z−2)m−3

P2.

(46)

In the next section we investigate the additional grading given by D (3) in

the spaces Vs[n] and Xs[n] and obtain the formulas for characters.

4. Characters of induced modules

4.1. Induced modules of A(p)

We fix a p + 1 dimensional vector u. Components of u are labeled by the

set of indices I = {+,−, 1, 2, . . . , p − 1}. For a vector u, we define the
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subalgebra A(p)[u]+ ⊂ A(p) generated by the modes

a±
w±+m, H2n

wn+m, 1 ≤ n ≤ p− 1, m ∈ N, (47)

where w = u−∆ and ∆ is given by (25).

We define the A(p) module Mu induced from trivial 1-dimensional

A(p)[u]+ module with the highest-weight vector |u〉. The irreducible A(p)

modules Xs are induced modules Mus
with

us = (
s− 1

2
,
s− 1

2
, 1, 2, . . . s− 1︸ ︷︷ ︸

s−1

, s− 1, . . . , s− 1︸ ︷︷ ︸
p−s

). (48)

This statement follows from Ref. 6.

The A(p) Verma modules Y±s are also induced modules.

Proposition 4.1.

Y±s 'M
u
±

s
(49)

with

u
+
s = (

s− 1

2
,
s− 1

2
+ p− s, s− 1, . . . , s− 1︸ ︷︷ ︸

p−1

), (50)

u
−
s = (

s− 1

2
+ p− s,

s− 1

2
, s− 1, . . . , s− 1︸ ︷︷ ︸

p−1

). (51)

A proof of the Proposition is based on results14 and abelianization tech-

nique. We give a sketch of the proof in Sec. 4.4.

The modules Mus,r
induced from the subalgebra corresponding to vec-

tors

us,r = (
s− rp− 1

2
,
(r + 2)p− s− 1

2
, s− 1, . . . , s− 1︸ ︷︷ ︸

p−1

), r ∈ Z, 1 ≤ s ≤ p

(52)

are isomorphic to Y+
s for r ≥ 0 and to Y

−
p−s for r < 0.

4.2. Decompositions of induced A(p)-modules

We consider a set of modules induced from highest-weight conditions cor-

responding to vectors of the form

u =

p∑

j=2

njuj +
∑

r∈Z

p∑

s=1

nr
sus,r, (53)
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where nj and nr
s are nonnegative integers and only finite number of nr

s are

not equal to 0.

Proposition 4.2. For two vectors u and u
′ of the form (53) the fusion of

induced modules is induced module:

Mu⊗̇Mu′ = Mu+u′ . (54)

For vectors

u = n2u2 + n3u3 + · · ·+ npup, (55)

where n2, n3, . . . , np are nonnegative integers and vectors us are given by

(48) the induced module Mu is tilting and therefore decomposes into a

direct sum of projective and irreducible modules

Mu =

p−1⊕

s=1

Vs[n] � Xs

⊕ p⊕

s=1

Xs[n] � Ps. (56)

The right hand side is the same as in (41) and n = (n2, n3, . . . , np). We

note that whenever np > 0 there is no modules Xs in the decomposition,

thus N̄s[n] = 0.

4.3. Characters of induced modules

The character of a module M is defined by

χ̄M(q) = TrM qL0−
c
24 , (57)

where L0 is the zero mode of T (z) (15) and c is given by (1). The characters

of irreducible A(p) modules Xs are

χ̄s(q) =
1

η(q)

(
s

p

(
θp−s,p(q) + θs,p(q)

)
+ 2

(
θ′p−s,p(q)− θ

′
s,p(q)

))
(58)

where the eta function is

η(q) = q
1
24

∞∏

n=1

(1− qn)

and the theta functions

θs,p(q, z) =
∑

j∈Z+ s
2p

qpj2

zj , |q| < 1, z ∈ C ,
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and we set θs,p(q) = θs,p(q, 1) and θ′s,p(q) = z ∂
∂z
θs,p(q, z)

∣∣
z=1

. As a q series

the same characters are

χ̄s(q) =
q−

1
24

∏∞
n=1(1− q

n)

∑

n∈Z

nq
p

4 (n− s
p
)2 . (59)

In what follows we work with normalized characters χM = q−∆+ c
24 χ̄M,

where ∆ is the conformal dimension of the highest-weight vector in M.

We also insert in characters the dependence on additional variable z in the

following way

χM(q) = q−∆TrM qL0zh, (60)

where h is the Cartan generator of s`(2). Then the normalized character of

Xs is

χs(q, z) =
q−

(p−s)2

4p

∏∞
n=1(1− q

n)

∑

n∈N

n
2∑

j=−n
2

z2j
(
q

p

4 (n− s
p
)2 − q

p

4 (n+ s
p
)2

)
. (61)

This formula for the character immediately follows from (33). The charac-

ters of W(p) irreducible modules corresponds to even and odd powers of z

in (61)

χ+
s (q, z) =

q−
(p−s)2

4p

∏∞
n=1(1− q

n)

∑

n∈Neven

n
2∑

j=−n
2

z2j
(
q

p

4 (n− s
p
)2 − q

p

4 (n+ s
p
)2

)
, (62)

χ−s (q, z) =
q−

(p−s)2

4p

∏∞
n=1(1− q

n)

∑

n∈Nodd

n
2∑

j=−n
2

z2j
(
q

p

4 (n− s
p
)2 − q

p

4 (n+ s
p
)2

)
, (63)

where Neven and Nodd are even and odd positive integers respectively.

4.4. Abelianization

The Gordon-type matrix

A =




p

2
p

2 1 2 3 . . . p− 1
p

2
p

2 1 2 3 . . . p− 1

1 1 2 2 2 . . . 2

2 2 2 4 4 . . . 4

3 3 2 4 6 . . . 6

. . . . . . . . . . . . . . . . . . . . .

p− 1 p− 1 2 4 6 . . . 2(p− 1)




(64)
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determines an algebra Ā(p) with quadratic relations that admits a realiza-

tion in terms of vertex operators

ā+, ā−, H̄2, . . . , H̄2p−2 (65)

with momenta

v̄+, v̄−, v̄1, . . . , v̄
p−1 (66)

with the scalar products

(v̄i, v̄j) = Aij . (67)

We note that the matrix A is degenerate therefore for realization of Ā(p) by

vertex operators we should take the space with a dimension greater than

p+1 with nondegenerate scalar product and construct in it the p+1 linearly

independent vectors (66) with the scalar product (67). The algebra Ā(p)

is related to A(p) in the following way. The algebra A(p) admits such a

multifiltration that the adjoint grading algebra is isomorphic to Ā(p). In

particular it means that A(p) can be considered a deformation of Ā(p),

i.e. there exists such a family of algebras Ā~(p) that Ā0(p) ' Ā(p) and

Ā~(p) ' A(p) whenever ~ 6= 0.

Induced modules of Ā(p) are described by the same vectors u and

highest-weight conditions like A(p) ones (47). The algebra Ā(p) admits

a natural bigrading by operators L̄0 and h and the normalized character of

induced module M is

χM(q) = TrM qL̄0zh. (68)

Then, the normalized character of the module induced from the subalgebra

described by the vector u is

χv(q, z) =
∑

n+,n−,n1,...,np−1≥0

zn+−n−
q

1
2nA·n+v·n

(q)n+(q)n−(q)n1 . . . (q)np−1

, (69)

where A is given by (64) and the vector

v = −u + v1 (70)

with

v1 = (
p− 1

2
,
p− 1

2
, 1, 2, . . . , p− 1) (71)

and · is the standard scalar product. We note that z grading of ā±n is ±1

and z grading of H̄ i
n is zero. In Ref. 6 it was shown that the characters of

Ā~(p)-modules induced from us (48) are independent of ~ and coincide with
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characters of A(p) irreducible modules (61). For irreducible characters, we

have χs(q, z) = χvs
(q, z) with

vs = (
p− s

2
,
p− s

2
, 0, . . . 0︸ ︷︷ ︸

s−1

, 1, 2, . . . , p− s︸ ︷︷ ︸
p−s

). (72)

Proposition 4.3. For the vectors u of the form (53), the formula (69)

gives the character of the A(p)-module induced from subalgebra described

by u.

The characters ψs(q, z) of projective modules Ps are

ψs(q, z) = 2χs(q, z) + q
2s−p

4 (z + z−1)χp−s(q, z). (73)

Proof of Prop. 4.1.. The abelianisation technique was used in Ref. 14

for lattice VOA L(p) with the same matrix A but for even p. We note that

the results of Ref. 14 can be easily generalized for odd p. In particular, for

characters of Y±s there were obtained the fermionic formula

ξ±s (q, z) = χ
v
±

s
(q, z), v

±
s = −u

±
s + v1. (74)

In the abelianization technique, we use a filtration on the algebra A(p). The

filtration determines a filtration on the cyclic module Mus,r
(the highest-

wight vector is choosen to be cyclic). The adjoint graded module M̄us,r
is

a representation of Ā(p). We consider the Ā(p)-module M̃ induced from

the same highest-weight conditions as Mus,r
. The character of M̃ is given

by a fermionic formula and the formula coincides with (74). On the other

hand the character of M̃ is greater or equal to the character of Mus,r
. This

means that the character of induced A(p)-module Mus,r
coincides with the

character of the corresponding Y±s . The fact that the induced module Mus,r

surjectively maps onto Y±s completes the proof.

5. Characters of multiplicity spaces

For a vector n = (n2, n3, . . . , np) with nonnegative integer components, we

introduce the vector

m = (0, 0, n2, n3, . . . , np). (75)

Then the vector u from (55) can be written as

u =
1

2
mA. (76)
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We introduce polynomials K̂
(p)
`,n(q, z) and K̄

(p)
`,n(q), which are related to the

characters of X`[n] and V`[n] respectively. These polynomials are written

in terms of q-binomial coefficients

[ n
m

]

q
=

∏n

j=1(1− q
j)

∏m

j=1(1− q
j)

∏n−m

j=1 (1− qj)
(77)

for which we assume that
[

n

m

]
q

= 0 whenever n or m is fractional or

negative integer and whenever m > n.

For a vector n = (n2, n3, . . . , np) with nonnegative integer components,

we define polinomials

K̂
(p)
`,n(q, z) =

∑

s∈Zp+1

zs+−s− q
1
2 sA·s+v`·s

∏

a∈I

[
ea · ((

1
2m−s)A−v`−v1 +s)

ea · s

]

q

,

(78)

where the vector m is given by (75), ea are the standard basis vectors and

indices of each vector belong to the set I. We also define a version of Kostka

polynomials

K̄
(p)
`,n(q) =




q

`−|n|−1
2 K

(p−2)
`−1,(n2,n3,...,np−1)

(q), for np = 0,

0, for np > 0,
(79)

where standard level-restricted Kostka polynomials K
(k)
`,u(q) are given by

the formula

K
(k)
`,u(q) =

∑

s∈Z
k
≥0

2|s|=|u|−`

qsĀ·s+v·s
∏

1≤a≤k

[
ea · ((u− 2s)Ā− v + s)

ea · s

]

q

, (80)

where Āij = min(i, j), the vector v with components vi = max(i− k+ `, 0)

for i = 1, 2, . . . , k and |u| =
∑k

i=1 iui.

Proposition 5.1. The characters of the multiplicity spaces X`[n] and V`[n]

(see (41)) are given by K̂
(p)
`,n(q−1, z) and K̄

(p)
`,n(q−1) respectively.

The character of the induced module Mu is given by (69) with v =

−u+v1. The induced module is decomposed into a direct sum of irreducible

and projective modules (56), which gives an identity for characters.

Proposition 5.2. For given vector n = (n2, n3, . . . , np) with nonnegative

integer components, there is the identity

χ− 1
2mA+v1

(q, z) =

p−1∑

s=1

K̄(p)
s,n(q−1)χs(q, z) +

p∑

s=1

K̂(p)
s,n(q−1, z)ψs(q, z), (81)
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where χv(q, z) is given by (69), χs(q, z) = χvs
(q, z) with vs given by (72)

and ψs(q, z) is given by (73). Multiplicities from (41) are N̂s[n] = K̂
(p)
s,n(1, 1)

and N̄s[n] = K̄
(p)
s,n(1).

5.1. Multiplicity spaces as coinvariants.

To comment the main identity for characters (81) and fermionic formu-

las (78) and (79), we come back to investigation of multiplicity spaces

Xs[n] and Vs[n]. We fix a vecor n = (n2, n3, . . . , np) with nonnegative

integer components. For the vector u given by (55), we define a subalgebra

A(p)[u]− ⊂ A(p) (compare with A(p)[u]+ in Sec. 4.1) generated by

a±
w±−m, H2n

wn−m, 1 ≤ n ≤ p− 1, m ∈ N0, (82)

where w = −u−∆.

Proposition 5.3. The multiplicity space Xs[n] can be identified with

the space of coinvariants of A(p)[u]− calculated in the module Xs,

i.e. Xs/A(p)[u]−Xs.

We note that under the identification Xs[n] ' Xs/A(p)[u]−Xs the natu-

ral gradings on these spaces differ by a sign, which leads to q−1 in the

arguments of K̂
(p)
s,n and K̄

(p)
s,n in (81). The formula (78) is obtained with

the abelianization procedure. The representation Xs is replaced by the rep-

resentation X̄s (induced from the same highest-weight conditions) of the

algebra Ā(p). Then the calculation of coinvariants of Ā(p)[u]− in X̄s gives

the fermionic formula (78).

We consider a sequence of vectors n that tends to a vector n∞ with at

least one component equals to infinity. Then we have

for even p

K̂(p)
s,n(q, z) →

n→n∞

{
χs(q, z), n2 + n3 + · · ·+ np + s odd,

0, n2 + n3 + · · ·+ np + s even,
(83)

for odd p

K̂(p)
s,n(q, z) →

n→n∞

{
χ−s (q, z), n2 + n3 + · · ·+ np + s odd,

χ+
s (q, z), n2 + n3 + · · ·+ np + s even,

(84)

where χ±s (q, z) are given by (62) and (63).
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Thus,

Xs =






lim
n→n∞

n2+n3+···+np+s odd

Xs[n], for even p,

lim
n→n∞

n2+n3+···+np+s odd

Xs[n]
⊕

lim
n→n∞

n2+n3+···+np+s even

Xs[n], for odd p.

(85)

Taking (41) into account, we obtain that sequence of induced from smaller

and smaller subalgebra A(p)[u]+ modules converges to the object in the

category A that is the regular A(p)-bimodule (see a discussion in Conclu-

sions).

Logarithmic (1, p) models and (p, p−1) Virasoro minimal models are in

a badly understood duality. A manifestation of this duality is the fact that

Vs[n] is the space of coinvariants with respect to a subalgebra of Virasoro

in an irreducible module from (p, p − 1) minimal model. For example, for

p = 4, characters of Vs[n] are given by

K̄
(p)
1,(m,0,0)(q) =

1 + (−1)m

4
q

m(m−4)
8

( m
2∏

j=1

(qj− 1
2 + 1) +

m
2∏

j=1

(qj− 1
2 − 1)

)
, (86)

K̄
(p)
2,(m,0,0)(q) =

1− (−1)m

2
q

(m−1)(m−3)
8

m−1
2∏

j=1

(qj + 1), (87)

K̄
(p)
3,(m,0,0)(q) =

1 + (−1)m

4
q

(m−2)2

8

( m
2∏

j=1

(qj− 1
2 + 1)−

m
2∏

j=1

(qj− 1
2 − 1)

)
. (88)

As m tends to infinity we have

q−
m(m−2)

2 K̄
(p)
1,(2m,0,0)(q) −→m→∞

{
χ0(q), m is even,

q
1
2χ 1

2
(q), m is odd,

(89)

q−
m(m−1)

2 K̄
(p)
2,(2m+1,0,0)(q) −→m→∞

χ 1
16

(q), (90)

q−
(m−1)2

2 K̄
(p)
3,(2m,0,0)(q) −→m→∞

{
q

1
2χ 1

2
(q), m is even,

χ0(q), m is odd,
(91)

where χ0(q), χ 1
2
(q) and χ 1

16
(q) are characters of the Ising model irreducible

representations with conformal dimensions 0, 1
2 and 1

16 respectively.
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5.2. Felder resolution

The characters of the multiplicity spaces can be obtained in alternative way

from the Felder resolution (35)

→ Y+
s

F s

→ Y
+
p−s

F p−s

→ Xs → 0. (92)

The multiplicity spaces Xs[n] are spaces of coinvariants in Xs (Prop. 5.3).

We let Y+
s [n] denote the coinvariants in Y+

s with respect to the algebra

A(p)[u]− with u given by (55).

Conjecture 5.1. The Felder complex (92) remains exact after taking the

coinvariants with respect to A(p)[u]−, i.e. the complex

→ Y+
s [n]

F s

→ Y+
p−s[n]

F p−s

→ Xs[n]→ 0 (93)

is exact.

The character of Y+
s [n] is expressed in terms of q-supernomial coeffi-

cients, which are defined as follows. For p − 1 dimensional vector m =

(m2,m3, . . . ,mp) and a half integer number a = j/2, −ep · Ām ≤ j ≤

ep · Ām, we introduce q-supernomial coefficients17

[[
m

a

]]

q
=

∑

j2,j3,...,jp∈Z

j2+j3+···+jp=a+ 1
2 ep·Ām

q
∑p−1

k=2(ek+1·Ām−ek ·Ām−jk+1)jk

×

[
mp

jp

]

q

[
mp−1 + jp

jp−1

]

q

. . .

[
m2 + j3

j2

]

q

. (94)

The character ξ±s (q, z) of Y±s is given by the fermionic formula (74). The

fermionic formula for the character ξ±s [n](q, z) of coinvariants Y+
s [n] is

ξ±s [m](q, z) = q
p−2−2|m|

4

∑

r∈Z

∑

j∈Nodd

zrq∆r,s−∆1,s+∆j,s−pr−∆1,−s+p(r+1)




[[

m

−s + p(j + r)− 1

2

]]

q

−

[[
m

−s + p(j + r) + 1

2

]]

q



 , (95)

where ∆r,s is given by (32) and Nodd denotes the odd positive integers.

Whenever mp > 0 formula (95) can be simplified to

ξ±s [m](q, z) =
∑

r∈Z

zrq∆r,s−∆1,s

[[
m− ep

−
s

2
+

p

2
r

]]

q

(96)

using identity
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[[
m− ep

a

2

]]

q

= q
p−2−2|m|

4

∑

j∈Nodd

q∆j,−a−∆1,p+a

×




[[

m
a + pj − 1

2

]]

q

−

[[
m

a + pj + 1

2

]]

q



 . (97)

The fermionic formula for coinvariants in Ys with respect to some subalge-

bra of L(p) from Ref. 14 coincides with (96) up to notation.

The resolution (93) together with Conjecture 5.1 and the formula (95)

for characters of Y+
s [n], gives an alternating sign formula for the character

of Xs[n]. In the following proposition we use notation P (z)[zr], which means

the coefficient of the Laurent polynomial P (z) in front of zr.

Proposition 5.4. For p−1 dimensional vector m = (m2,m3, . . . ,mp), we

have

K̂(p)
s,m(q, z)[zr] = q

p−2−2|m|
4 −∆1,s

∑

n,j∈Nodd

q∆j+r,s+∆n,s−p(j+r)−∆1,−s+p(j+r+1)

×




[[

m

−s− 1 + p(j + n + r)

2

]]

q

−

[[
m

−s + 1 + p(j + n + r)

2

]]

q





− q∆j+r+1,p−s+∆n,−s−p(j+r)−∆1,s+p(j+r+1)×

×




[[

m

s− 1 + p(j + n + r)

2

]]

q

−

[[
m

s + 1 + p(j + n + r)

2

]]

q



 . (98)

Remark 5.1. Whenever mp > 0, (98) simplifies to

K̂(p)
s,m(q, z)[zr] =

∑

j∈Nodd

q∆j+r,s−∆1,s

[[
m− ep

−
s

2
+ p

j + r

2

]]

q

− q∆j+r+1,p−s−∆1,s

[[
m− ep

s

2
+ p

j + r

2

]]

q

, (99)

For the Steinberg module, (98) simplifies to

K̂(p)
p,m(q, z) =

∑

j∈N0

q∆2j+1,p−∆1,p−
|m|−p+1

2 +pj

×




[[

m

pj +
p− 1

2

]]

q

−

[[
m

pj +
p + 1

2

]]

q




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+
∑

r∈N

(zr + z−r)
∑

j∈N0

q∆2j+r+1,p−∆1,p−
|m|−p+1

2 +pj+ p

2 r

×




[[

m

pj +
p

2
r +

p− 1

2

]]

q

−

[[
m

pj +
p

2
r +

p + 1

2

]]

q



 (100)

and whenever mp > 0 to

K̂(p)
p,m(q, z) =

ep·Ām∑

j=−ep·Ām

zjq∆j+1,p−∆1,p

[[
m− ep

p
j

2

]]

q

. (101)

6. Conclusions

In the paper, we studed modules Mu induced from smaller and smaller

subalgebra A(p)[u]+. The endomorphism algebra End(Mu) of Mu is a sub-

quotient of A(p), i.e. is the quotient of a subalgebra of A(p) over a two-side

ideal. We note that End(Mu) is finite dimensional and can be described in

quantum group terms. Indeed, Mu corresponds to an object Mu in the ten-

sor category A and End(Mu) is isomorphic to endomorphisms of Mu in A.

For a sequence of vectors u with increasing components, algebras End(Mu)

approximateA(p). Thus, there is a problem to formulate the previous state-

ment precisely, i.e. starting from a family of algebras End(Mu) described

in tensor category terms to construct the algebra A(p).

The algebra End(Mu) has a complicate structure but it contains the op-

erator corresponding to L0 from Virasoro subalgebra in A(p). We calculate

the action of this operator in the multiplicity spaces in tensor products. The

action of L0 in the multiplicity spaces is an additional datum to the data

of quasitensor category. We would like to formulate this datum in general

terms. This additional datum allows us to reconstruct the chiral conformal

field theory from tensor category.

Another important problem is a reconstruction of a complete (chiral-

antichiral) conformal field theory. The main object in the complete confor-

mal field theory is a bimodule P, which admits an action of two commuting

copies (one depending on z and another on z̄) of A(p). In terms of the cat-

egory A such a bimodule can be constructed in the following way. Modules

Mu form a projective system and the projective limit gives P. A module

Mu admits the action of A(p) corresponding to the holomorphic sector and

therefore the projective limit P also admits this action. The action of A(p)

corresponding to the antiholomorphic sector and commuting with the pre-

vious one can be defined in P as well. We described the structure of P at the
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level of characters in (81). This P is the regular bimodule, i.e. it represents

the identity functor in the category of A(p) modules.

Everything said before this line is based on the two crusial statements

(7) and (81) of the paper. At the moment we do not know a proof of these

statements. However, we note that to prove these statements we should only

check (81). All other statements in the paper follows from (81) in more or

less standard way (see Ref. 14, where all steps of a similar proof were done

for lattice VOAs).

In Ref. 18 a class of lattice models was suggested. Scaling limits of

these models conjecturally coincide with W -symmetric logarithmic confor-

mal field models from Ref. 19. Strong arguments that the conjecture is

true was recently obtained in Ref. 20–22. Polynomials K̂
(p)
s,m(q, z) give some

finitizations for the characters of irreducible W -modules. It would be very

instructive to compare the finitizations with characters corresponding to

finite lattices before taking the scaling limit.
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We revisit the quantum/classical integrable model correspondence in the con-

text of inhomogeneous finite length XXZ spin- 1

2
chains with periodic boundary

conditions and show that the Bethe scalar product of an arbitrary state and a

Bethe eigenstate is a discrete KP τ -function. The continuous Miwa variables

of discrete KP are the rapidities of the arbitrary state.

1. Introduction

Quantum models of the statistical mechanical type (the only quantum

models discussed in this note) such as integrable 1-dimensional quantum

spin chains, and classical models such as integrable nonlinear partial differ-

ential equations, are related in the sense that the methods used to compute

in the former, particularly the quantum inverse scattering transform, also

known as the algebraic Bethe Ansatz, are quantum versions of those used

to compute in the latter, namely the classical inverse scattering transform.

It is therefore natural to expect that the quantum integrable models have

classical limits in which they reduce to classical counterparts.

What is less than natural to expect, at least to our minds, is that basic

objects in quantum integrable models, such as the correlation functions,

turn out to have direct interpretations in terms of objects in classical inte-

grable models, such as solutions of integrable nonlinear partial differential

and difference equations, without taking a classical limit. But this turns out

to be the case, and it points to a direct connection between quantum and

classical integrable models that is distinct from, and to our minds at least

as fundamental as that obtained by taking a classical limit.
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Notes on the literature. The following is far from a comprehensive sur-

vey of the relevant literature. To the best of our knowledge, a direct con-

nection between quantum (statistical mechanical) and classical models of

the type that we are interested in first appeared in Ref. 1, where Ising

spin-spin correlation functions in the scaling limit were shown to satisfy

Painlevé equation of the third kind, and subsequently in Refs. 2,3, where

critical Ising correlation functions on the lattice were shown to satisfy the

Toda lattice equation in Hirota’s bilinear form. Further results, along the

same lines as in Ref. 1, for the XXZ spin chain at the free fermion point,

were obtained in Ref. 4, as reviewed in Ref. 5.

The fact that τ -functions (solutions of Hirota’s bilinear equations) ap-

pear in the Ising model as well as in KP theory was discussed in works by

the Kyoto group and reviewed in Ref. 6 where it was argued that the math-

ematical reason underlying this coincidence is the fact that both quantum

and classical models are based on infinite dimensional Lie algebras that are

realized in terms of free fermions.

Closest to the spirit of this note is the work of Krichever et al.,7 reviewed

in Ref. 8. The starting point of Ref. 7 is the observation that the Bethe

eigenvalues satisfy Hirota’s difference equation, various limits of which lead

to a large number of integrable differential and difference equations.9 We

will comment on the results of Ref. 7 and how they differ from the re-

sult in this note in section 6. More recently, studies of the ultra-discrete

limit of quantum integrable spin chains revealed many classical integrable

structures.10

Finally, while we are only interested in integrable quantum models in

statistical mechanics in this note, it is important to mention bosonisation

(the operator formulation of Sato’s theory) as a deep and established cor-

respondence between the quantum field theories of free fermions, which are

integrable quantum models, and classical integrable hierarchies, as reviewed

in Ref. 11. In this correspondence, expectation values of fermion operators

have direct interpretations in terms of solutions of integrable nonlinear par-

tial differential equations. Bosonization was further extended to connect KP

theory and conformal field theories on Riemann surfaces (which are inte-

grable quantum models) in Ref. 12.

The long term aim of our work is to develop a correspondence between

integrable statistical mechanical models and classical integrable hierarchies

that is as direct and detailed as that obtained by bosonisation between free

fermions and classical integrable hierarchies.
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Bethe scalar products and continuous KP τ -functions. Con-

sider the inhomogeneous length-L XXZ spin- 1
2 chain with periodic

boundary conditions. Following Ref. 13, the Bethe scalar product

〈λ1, · · · , λN |µ1, · · · , µN 〉β of an arbitrary state 〈λ1, · · · , λN | where the

auxiliary space rapidities {λ1, · · · , λN} are free, and a Bethe eigenstate

|µ1, · · · , µN〉β where the auxiliary space rapidities {µ1, · · · , µN} obey the

Bethe equations, is a polynomial τ -function of the continuous (differential)

KP hierarchy. In this identification, the KP time variables {t1, t2, · · · } are

power sums of the free rapidities {λ1, · · · , λN}. However, these polynomial

KP τ -functions involve by construction more time variables than free ra-

pidities. The reason is as follows.

Expanding the scalar product in terms of Schur polynomials sλ, as-

sociated to Young diagrams {λ}, that are functions of the rapidities

{λ1, · · · , λN}, the maximal number of rows in any Young diagram λ is

N . Switching to KP time variables {t1, t2, · · · } that are powers sums in the

rapidities, we obtain character polynomials χλ that depend on effectively as

many time variables as the number of cells in (that is, the size of) λ which

is larger than N . Consequently, the KP time variables {t1, t2, · · · } were for-

mally considered in Ref. 13 to be independent, and the Bethe scalar product

was defined as a restricted KP τ -function obtained by setting {t1, t2, · · · } to

be power sums of a smaller number of independent variables {λ1, · · · , λN}.

Bethe scalar products and discrete KP τ -functions. In this note,

we simplify the correspondence of Ref. 13 by working solely in terms of the

free rapidities {λ1, · · · , λN} which are now continuous Miwa variables and

the τ -functions that we obtain are those of the discrete KP hierarchy.14,15

Outline of contents. In section 2, we recall basic facts related to sym-

metric functions, Casoratian matrices and Casoratian determinants. In 3,

we recall basic facts related to the XXZ spin- 1
2 chain, the algebraic Bethe

Ansatz, the Bethe scalar product, recall Slavnov’s determinant expression

of the Bethe scalar product and show that it is a Casoratian determinant. In

4, we recall basic facts related to the continuous and discrete KP hierarchies

and define the Miwa variables that relate the two. In 5, we show that Bethe

scalar products in the XXZ spin- 1
2 chain with periodic boundary conditions

are discrete KP τ -functions. In 6, we collect a number of remarks. Space

limitations allow us to give no more than the minimal definitions necessary

to fix the notation and terminology supplemented by references to relevant

sources.
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2. Symmetric functions and Casoratians

The canonical reference to symmetric functions is Ref. 16. Casoratian ma-

trices and determinants are carefully discussed in Ref. 15. The definitions

in Ref. 15 are more general than those used in this note.

Frequently used notation. We use {x} for the set of finitely many vari-

ables {x1, x2, · · · , xN}, or infinitely many variables {x1, x2, · · · }. The cardi-

nality of the set should be clear from the context. We use {x̂m} for {x} but

with the element xm missing. In the case of sets with a repeated variable xi,

we use the superscript (mi) to indicate the multiplicity of xi, as in x
(mi)
i . For

example, {x
(3)
1 , x2, x

(2)
3 , x4, · · · } is the same as {x1, x1, x1, x2, x3, x3, x4, · · · }

and f{· · · , x
(mi)
i , · · · } is equivalent to saying that f depends on mi distinct

variables all of which have the same value xi. For simplicity, we use xi to

indicate x
(1)
i . In calculations, it is safer to think of any xi with multiplicity

mi > 1 initially as distinct, that is {xi,1, xi,2, · · · , xi,mi
}, then set these mi

variables equal to the same value xi at the end.

We use the bracket notation [x] = ex − e−x, and

∆{x} =
∏

1≤i<j≤N

(xi − xj) , ∆trig{λ} =
∏

1≤i<j≤N

[λi − λj ] (1)

for the Vandermonde determinant and its trigonometric analogue.

The elementary symmetric function ei{x} in N variables {x} is the

coefficient of ki in the expansion

N∏

i=1

(1 + xi k) =
∞∑

i=0

ei{x} ki (2)

For example, e0{x} = 1, e1(x1, x2, x3) = x1 + x2 + x3, e2(x1, x2) = x1x2.

ei{x} = 0, for i < 0 and for i > N .

The complete symmetric function hi{x} in N variables {x} is the

coefficient of ki in the expansion

N∏

i=1

1

1− xi k
=

∞∑

i=0

hi{x} ki (3)

For example, h0{x} = 1, h1(x1, x2, x3) = x1 + x2 + x3, h2(x1, x2) = x2
1 +

x1x2 + x2
2, and hi{x} = 0 for i < 0.
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Useful identities for hi{x}. From Eq. (3), it is straightforward to show

that

hi{x} = hi{x̂m}+ xmhi−1{x} (4)

and from that, one obtains

hi{x1, x2, · · · , xN} =

hi{x
(2)
1 , x2, · · · , xN} − x1hi−1{x

(2)
1 , x2, · · · , xN} (5)

(x2 − x1)hi{x
(2)
1 , x

(2)
2 , x3, · · · , xN} =

x2hi{x1, x
(2)
2 , · · · , xN} − x1hi{x

(2)
1 , x2, · · · , xN} (6)

The discrete derivative ∆mhi{x} of hi{x} with respect to any one

variable xm ∈ {x} is defined using Eq. (4) as

∆mhi{x} =
hi{x} − hi{x̂m}

xm

= hi−1{x} (7)

Note that the effect of applying ∆m to hi{x} is a complete symmetric

function hi−1{x} of degree i − 1 in the same set of variables {x}. The

difference operator in Eq. (7) is not the most general definition of a discrete

derivative, but it is sufficient for the purposes of this note. For a more

general definition, see Ref. 15.

The Schur polynomial sλ{x} indexed by a Young diagram λ =

[λ1, . . . , λr] with λi 6= 0, for 1 ≤ i ≤ r, and λi = 0, for r + 1 ≤ i ≤ N , is

sλ{x} =
det


x

λj−j+N

i




1≤i,j≤N

∆{x}
= det


hλi−i+j{x}




1≤i,j≤N
(8)

For example, sφ{x} = 1, s[1](x1, x2, x3) = x1+x2+x3, s[1,1](x1, x2) = x1x2.

The first equality in Eq. (8) is the definition of sλ{x}. The second is the

Jacobi-Trudi identity for sλ{x}. sλ{x} is symmetric in the elements of {x}

and requires no more than r (the number of non-zero rows in λ) variables

to be non-vanishing.
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The one-row character polynomial χi{t} indexed by a one-row Young

diagram of length i, is the i-th coefficient in the generating series

∞∑

i=0

χi{t} ki = exp



∞∑

i=1

ti ki


 (9)

For example, χ0{t} = 1, χ1{t} = t1, χ2{t} =
t
2
1

2 + t2, χ3{t} =
t
3
1

6 + t1t2 + t3,

and χi{t} = 0 for i < 0. Since ti has degree i, χi is not symmetric in {t}

and generally depends on as many t-variables as the row-length i.

The character polynomial χλ{t} indexed by a Young diagram λ =

[λ1, λ2, . . . , λr] with r non-zero-length rows, r ≤ N , is

χλ{t} = det

χλi−i+j{t}




1≤i,j≤n
(10)

For example χ[1,1]{t} =
t21
2 − t2, χ[2,1]{t} =

t31
3 − t3, χ[2,2]{t} =

t41
12− t1t3 + t22.

Notice that χλ{t} can depend on all ti, for i ≤ |λ|, where |λ| is the sum of

the lengths of all rows in (or area of) λ.

From character polynomials to Schur polynomials. Assuming that

the t-variables are independent and that we have sufficiently many x-

variables, then setting tm →
1
m

∑N

i=1 xm
i sends χi{t} → hi{x}. In this

note, as in Ref. 13, we study Bethe scalar products that are polynomials

in N variables {x1, x2, · · · , xN}. We can expand these scalar products in

terms of Schur polynomials sλ{x} where {λ} has at most N rows, or in

terms of the corresponding character polynomials χλ{t} that require more

t-variables (which are power sums in the x-variables) than N and therefore

cannot be all independent. We choose to work in terms of the x-variables

and sλ{x}.

Casoratian matrices and determinants. A Casoratian matrix M of

the type that appears in this note is such that the elements Mij satisfy

either

Mi,j+1{x} = ∆mMij{x}, or Mi+1,j{x} = ∆mMij{x} (11)

where the discrete derivative ∆m is taken with respect to any one vari-

able xm ∈ {x}. If M is a Casoratian matrix, then det M is a Casoratian
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determinant. Casoratian determinants are discrete analogues of Wronskian

determinants.

3. The XXZ spin-
1

2
chain and the Algebraic Bethe Ansatz

The XXZ spin- 1
2 chain is discussed in detail in Ref. 17,18. A standard

reference to the algebraic Bethe Ansatz, including the Bethe scalar product

and Slavnov’s determinant expression, is Ref. 5. We leave the definition of

auxiliary and quantum spaces, auxiliary and quantum rapidities, and the

precise action of the various operators to Ref. 5.

Frequently used variables. In the following, L is the number of sites in a

periodic XXZ spin- 1
2 chain, and N is the number of Bethe operators B(µi)

that act on the reference state |0〉 to create an XXZ state |µ1, · · · , µN 〉. N

is also the rank of the matrix whose determinant is Slavnov’s expression for

the Bethe scalar product. We use the set {λ} for the free auxiliary space

rapidities, {µ} or more explicitly {µβ} for the auxiliary space rapidities

that satisfy the Bethe equations, and {ν} for the quantum space rapidities

(the inhomogeneities). A Bethe eigenstate state whose rapidities satisfy

the Bethe equations is also denoted by a subscript β, such as |λ〉β . γ is

the crossing parameter. We use the exponentiated variables {xi, yi, zi, q} =

{eλi , eµi , eνi , eγ}, but still refer to the exponentiated variables {x, y, z} as

rapidities rather than exponentiated rapidities for simplicity.

The L-operator of the XXZ spin- 1
2 chain is

Lai(λ, ν) =




[λ− ν + γ] 0 0 0

0 [λ− ν] [γ] 0

0 [γ] [λ− ν] 0

0 0 0 [λ− ν + γ]




ai

(12)

where a is an auxiliary space index and i is a quantum space index.

The monodromy matrix of the inhomogeneous length-L XXZ spin- 1
2

chain is

Ta(λ) =


A(λ) B(λ)

C(λ) D(λ)




a

=

L∏

i=1

Lai(λ, νi) (13)

where it is conventional to suppress the dependence on the inhomogeneous

quantum space rapidities νi in Ta and its elements, and each of the operators
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A, B, C, and D acts in the tensor product V1⊗· · ·⊗VL where Vi is a vector

space isomorphic to C2.

The transfer matrix is the trace of the monodromy matrix over the

auxiliary space,

TraTa(λ) = A(λ) + D(λ) (14)

An arbitrary state |µ〉 is generated by the action of the B(µ) operators

on the reference state |0〉 = ⊗L


 1

0


,

|µ〉 = B(µ1) . . . B(µN )|0〉 (15)

An arbitrary dual state 〈λ| is generated by the action of the C(λ)

operators on the dual reference state 〈0| = ⊗L


1 0


,

〈λ| = 〈0|C(λ1) . . . C(λN ) (16)

The scalar product of a state and a dual state is

〈λ|µ〉 = 〈0|C(λ1) . . . C(λN ) B(µ1) . . . B(µN )|0〉 (17)

A Bethe eigenstate |µ〉β is an eigenstate of the transfer matrix,


A(λ) + D(λ)


 |µ〉β = E(λ)|µ〉β (18)

where E(λ) is the corresponding Bethe eigenvalue. For a state |µ〉 to be a

Bethe eigenstate, its auxiliary space rapidities must satisfy a set of Bethe

equations.

The Bethe equations that must be satisfied by the N auxiliary space

rapidities of a state |µ〉 = B(µ1) · · ·B(µN )|0〉 in order to be a Bethe eigen-

state, in the specific case of the inhomogeneous length-L spin- 1
2 chain, are

∏L

i=1[µ− νi + γ]
∏L

i=1[µ− νi]

N∏

j 6=i

[µi − µj − γ]

[µi − µj + γ]
= 1 (19)

where {ν1, · · · , νL}, are the quantum space rapidities, which are taken to be
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part of the parameters that specify the spin chain, rather than the definition

of the Bethe state.

A Bethe scalar product is a scalar product of an arbitrary state 〈λ| and

a Bethe eigenstate |µ〉β ,

〈λ|µ〉β = 〈0|C(λ1) . . . C(λN ) B(µ1,β) . . . B(µN,β)|0〉 (20)

Bethe scalar products as in Eq. (20) play a central role in computing XXZ

correlation functions,19 hence their importance.

Slavnov’s determinant expression. In Ref. 20, Slavnov obtained an

elegant determinant expression for the Bethe scalar product,

〈λ|µ〉β = [γ]N
∏N

i,j=1[λi − µj + γ]

∆{λ}∆{µ}

N∏

k=1

L∏

l=1

[λk − νl] [µk − νl] det Ω (21)

where the components of the N×N matrix Ω are

Ωij =
1

[λi − µj ][λi − µj + γ]
−

1

[µj − λi][µj − λi + γ]

L∏

k=1

[λi − νk + γ]

[λi − νk]

N∏

l=1

[λi − µl − γ]

[λi − µl + γ]
(22)

Slavnov’s scalar product is the main object of interest in this note. We wish

to show that it is a Casoratian determinant and that the latter satisfy the

bilinear identities of a discrete KP hierarchy.15

Re-writing Slavnov’s determinant expression. In Ref. 13, it was

found useful to rewrite Slavnov’s determinant expression for the Bethe

scalar product as follows. First, we change variables and work in terms

of exponentials of the original variables as follows

{e2λi , e2µi , e2νi , eγ} → {xi, yi, zi, q} (23)

but continue to call the exponentials {x, y, z} rapidities as that is simpler

and should cause no confusion. Ignoring prefactors that do not depend on

{x}, it was shown in Ref. 13 that the relevant part of Slavnov’s determinant

expression can be re-written as
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det Ω′ =
det Ω

∆{x}
, where Ωij =

N+L−1∑

k=1

xk−1
i κkj , κkj = −

k∑

l=1

yl−k−1
j ρlj ,

(24)

and

ρlj =




L∏

m=1

(
yjq − zmq−1

)






N∏

n6=j

(
yj − ynq2

)
· e(L+N−l){−ŷjq

−2}{−z}




−




L∏

m=1

(yjq − zmq)







N∏

n6=j

(
yj − ynq−2

)
· e(L+N−l){−ŷjq

2}{−zq−2}




(25)

In Eq. (25), ek{ŷj}{z} is the k-th elementary symmetric polynomial in the

set of variables {y} ∪ {z} with the omission of yj .

A Bethe scalar product is a Casoratian determinant. We wish to

show that Slavnov’s determinant expression is Casoratian in the free ra-

pidities {x} of the general state. Expanding det Ω, using the Cauchy-Binet

identity, we obtain

det Ω = det




N+L−1∑

k=1

xk−1
i κkj




=
∑

1≤k1<···<kN≤N+L−1

det

x

kj−1
i


 det


κki,j




=
∑

0≤λN≤···≤λ1≤L−1

det

x

λ(N+1−j)+j−1

i


det


κλ(N−i+1)+i,j




=
∑

0≤λN≤···≤λ1≤L−1

det

x

λj+N+1−j−1
i


 det


κλi+N+1−i,j




(26)

From the definition of Schur polynomials that uses the Jacobi-Trudi identity

in Eq. (8) we obtain



August 30, 2010 18:14 WSPC - Proceedings Trim Size: 9in x 6in 004˙foda

XXZ scalar products, Miwa variables and discrete KP 71

det Ω′ =
det Ω

∆{x}
=

∑

0≤λN≤···≤λ1≤L−1

det

hλj−j+i{x}


det


κλi+N+1−i,j




=
∑

0≤λN≤···≤λ1≤L−1

det

hλN+1−j−N−1+j+i{x}


det


κλi+N+1−i,j




=
∑

1≤k1≤···≤kN≤N+L−1

det

hkj−N−1+i{x}


det


κki,j




= det




N+L−1∑

k=1

hk−N−1+i{x} κkj


 (27)

Hence det Ω′ is Casoratian in {x}. Next, we need to show that a Casoratian

determinant is a solution of the bilinear identities of discrete KP, but this

requires a number of definitions which we outline in the next section.

4. Continuous KP, Miwa variables and discrete KP

A standard introduction to the continuous KP hierarchy is Ref. 21. Miwa

variables are discussed in detail in Ref. 22 where further references to their

applications are provided. The discrete KP hierarchy was introduced in Ref.

9, and further studied in Refs. 14,23. In this note, we follow the treatment

in Ref. 15.

Continuous KP is an infinite hierarchy of integrable partial differential

equations generated in Hirota’s bilinear form by expanding the bilinear

identity

∮

k=k∞

dk

2πi
eξ(t−t′,k)τ{t− ε(k−1)} τ{t + ε(k−1)} = 0 (28)

where k ∈ P1, the contour integral is around the point at infinity kinfinity ∈

P1, {t} = {t1, t2, t3, · · · }, ξ(t, k) =
∑∞

i=1 tik
i, ε(k−1) = { 1

k
, 1

2k2 , 1
3k3 , · · · },

{t± ε(k−1)} = {t1 ±
1
k
, t2 ±

1
2k

, t3 ±
1
3k

, · · · }. The simplest KP equation in

the hierarchy is


D4

1 + 3D2
2 − 4D1D3


 τ · τ = 0 (29)

where Di is the Hirota derivative with respect to ti. For the precise defini-

tion of Di and that of the notation τ · τ , see Ref. 21.
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Continuous and discrete Miwa variables. In Ref. 23, Miwa introduced

two infinite sets of variables, the continuous variables {x} = {x1, x2, · · · },

and the discrete (and integer valued) variables {m} = {m1, m2, · · · }, and

showed that setting

tj =

∞∑

i=1

mi

x
j
i

j
(30)

transforms τ -functions of continuous KP to τ -functions of a hierarchy of bi-

linear difference equations, namely discrete KP, studied in detail in Ref. 14.

These variables are now known as continuous and discrete Miwa variables,

respectively,

Multiplicities. From Eq. (30), one can see that the discrete variables {m},

where mi ∈ Z are multiplicities of the continuous variables {x}. In other

words, mi > 1 is equivalent to saying that xi occurs mi times in {x}, or

that there are mi continuous variables that have the same value xi.

Discrete KP is an infinite hierarchy of integrable partial difference equa-

tions in an infinite set of continuous Miwa variables {x}, where time evo-

lution is obtained by changing the multiplicities {m} of these variables. In

this note, we are interested in situation where the total number of con-

tinuous Miwa variables is finite, and the sum of all multiplicities is N . In

this case, the discrete KP hierarchy can be written in bilinear form as n×n

determinant equations

det




1 x1 · · · x
n−2
1 xn−2

1 τ+1{x}τ−1{x}

1 x2 · · · x
n−2
2 xn−2

2 τ+2{x}τ−2{x}
...

...
...

...
...

1 xn · · · x
n−2
n xn−2

n τ+n{x}τ−n{x}




= 0 (31)

where 3 ≤ n ≤ N , and

τ+i{x} = τ{x
(m1)
1 , · · · , x

(mi+1)
i , · · · , x

(mN )
N },

τ−i{x} = τ{x
(m1+1)
1 , · · · , x

(mi)
i , · · · , x

(mN+1)
N } (32)

In other words, if τ{x} has mi copies of the variable xi, then τ+i{x} has mi+

1 copies of xi and the multiplicities of all other variables remain the same,

while τ−i{x} has one more copy of each variable except xi. Equivalently,

one can use the simpler notation
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τ+i{x} = τ{m1, · · · , (mi + 1), · · · , mN},

τ−i{x} = τ{(m1 + 1), · · · , mi, · · · , (mN + 1)} (33)

The simplest discrete KP bilinear difference equation, in the notation of

Eq. (33), is

xi(xj − xk)τ{mi + 1, mj , mk}τ{mi, mj + 1, mk + 1}

+ xj(xk − xi)τ{mi, mj + 1, mk}τ{mi + 1, mj , mk + 1}

+ xk(xi − xj)τ{mi, mj , mk + 1}τ{mi + 1, mj + 1, mk} = 0 (34)

where {xi, xj , xk} ∈ {x} and {mi, mj , mk} ∈ {m} are any two (correspond-

ing) triples in the sets of continuous and discrete (integral valued) Miwa

variables. Eq. (34) is the discrete analogue of Eq. (29).

Discrete time evolution in discrete KP. Each continuous Miwa vari-

able xi corresponds to a time variable in discrete KP. Time evolution in

discrete KP, in direction xi, is given by the discrete changes in the multi-

plicities mi of xi. Notice that as a multiplicity mi changes by ±1, the rank

of the matrix Mi±1, where det Mi±1 = τi±1 remains the same as the rank

of M , where det M = τ .

5. Bethe scalar products are discrete KP τ -functions

In this section, we adapt the general treatment of Ref. 15 to the specific

case of Slavnov’s determinant expressions. We do this in detail to show

explicitly that the general (and slightly abstract) identities and theorems

in Ref. 15 apply to Slavnov’s expressions.

Re-arranging the elements of Slavnov’s determinant. Given the

N×N matrix Ω′ with elements

ω′ij =
N+L−1∑

k=1

hk−N−1+i{x} κkj (35)

let us consider the matrix Ω′′ with elements

ωij =

N+L−1∑

k=1

cik hk−j{x} (36)
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which is obtained from Ω′ by reordering the rows of the latter from bottom

to top, changing the rows and the columns and setting cik = κki. Notice

that we use ω rather than ω′′ for the elements of Ω′′ to simplify the notation.

Since det Ω′ = (−)N(N−1)/2 det Ω, it is sufficient to show that Ω satisfies

the difference bilinear identities of discrete KP.

Identities for the elements ωij. It follows from Eqs. (4–5) that the

elements ωij of Ω′′ satisfy analogous identities

ωij{x1, . . . , x
(2)
m , . . . , xN} = ωij{x1, . . . , xN}

+ xmωi,j+1{x1, . . . , x
(2)
m , . . . , xN} (37)

(xr − xs) ωij{x1, . . . , x
(2)
r , x(2)

s , . . . xN} =

xr ωij{x1, . . . , x
(2)
r , . . . , xN} − xs ωij{x1, . . . , x

(2)
s , . . . , xN} (38)

From Eq. (7), we see that

∆mωij{x1, . . . , xN} = ωi,j+1{x1, . . . , xN} (39)

which is equivalent to the statement that det Ω is Casoratian.

Notation for column vectors with elements ωij. We need the column

vector

~ωj =




ω1j{x
(m1)
1 , . . . , x

(mN )
N }

ω2j{x
(m1)
1 , . . . , x

(mN )
N }

...

ωNj{x
(m1)
1 , . . . , x

(mN )
N }




(40)

and write

~ω
[k1,...,kn]
j =




ω1j{x
(m1)
1 , . . . , x

(mk1
+1)

k1
, . . . , x

(mkn+1)
kn

, . . . , x
(mN )
N }

ω2j{x
(m1)
1 , . . . , x

(mk1
+1)

k1
, . . . , x

(mkn+1)
kn

, . . . , x
(mN )
N }

...

ωNj{x
(m1)
1 , . . . , x

(mk1
+1)

k1
, . . . , x

(mkn+1)
kn

, . . . , x
(mN )
N }




(41)

for the corresponding column vector where the multiplicities of the variables

xk1 , · · · , xkn
are increased by 1.
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Notation for determinants with elements ωij. We also need the de-

terminant

τ = det

~ω1 ~ω2 · · · ~ωN


 =

∣∣ ~ω1 ~ω2 · · · ~ωN

∣∣ (42)

and the notation

τ [k1,...,kn] =
∣∣ ~ω[k1,...,kn]

1 ~ω
[k1,...,kn]
2 · · · ~ω

[k1,...,kn]
N

∣∣ (43)

for the determinant with shifted multiplicities. Next, and closely following

Ref. 15, we derive two identities involving Casoratian determinants with

elements ωij .

Casoratian identity 1. The first identity that we need is

xn−2
1 τ [1] =

∣∣ ~ω1 ~ω2 · · · ~ωN−1 ~ω
[1]
N−n+2

∣∣ (44)

which is derived as follows. From Eq. (43), we have

τ [1] =
∣∣ ~ω

[1]
1 ~ω

[1]
2 · · · ~ω

[1]
N

∣∣ (45)

In view of Eq. (37), subtracting x1 times column j + 1 from column j in

this determinant for j = 1, 2, . . . , N − 1 allows us to write

τ [1] =
∣∣ ~ω1 ~ω2 · · · ~ωN−1 ~ω

[1]
N

∣∣ (46)

Multiplying column N by x1 and adding column N − 1 to the result, we

obtain

x1 τ [1] =
∣∣ ~ω1 ~ω2 · · · ~ωN−1 ~ω

[1]
N−1

∣∣ (47)

Similarly, multiplying column N in Eq. (47) by x1 and subtracting column

N − 2 yields

x2
1 τ [1] =

∣∣ ~ω1 ~ω2 · · · ~ωN−1 ~ω
[1]
N−2

∣∣ (48)

Iterating this procedure by multiplying column N by x1 and subtracting

column N − j, we obtain Eq. (44).
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Casoratian identity 2. The second identity that we need is

∏

1≤r<s≤n

(xr − xs)τ
[1,...,n] =

∣∣ ~ω1 . . . ~ωN−n ~ω
[n]
N−n+1 ~ω

[n−1]
N−n+1 . . . ~ω

[1]
N−n+1

∣∣ (49)

which is derived as follows. From Eq. (47), it follows that

x1 τ [1,2] =
∣∣ ~ω

[2]
1 ~ω

[2]
2 · · · ~ω

[2]
N−1 ~ω

[1,2]
N−1

∣∣ (50)

which we can rewrite by subtracting x2 times column j + 1 from column j

for j = 1, 2, . . . , N − 2 as

x1 τ [1,2] =
∣∣ ~ω1 ~ω2 · · · ~ωN−2 ~ω

[2]
N−1 ~ω

[1,2]
N−1

∣∣ (51)

Multiplying column N by (x1 − x2) and applying Eq. (38), we see that

(x1 − x2)x1 τ [1,2] = x1

∣∣ ~ω1 ~ω2 · · · ~ωN−2 ~ω
[2]
N−1 ~ω

[1]
N−1

∣∣

− x2

∣∣ ~ω1 ~ω2 · · · ~ωN−2 ~ω
[2]
N−1 ~ω

[2]
N−1

∣∣ (52)

Since the last two columns of the latter determinant are identical, we obtain

(x1 − x2) τ [1,2] =
∣∣ ~ω1 . . . ~ωN−2 ~ω

[2]
N−1, ~ω

[1]
N−1

∣∣ (53)

which establishes Eq. (49) for n = 2. Now suppose inductively that

∏

1≤r<s≤n

(xr − xs) τ [1,...,n] =

∣∣ ~ω1 . . . ~ωN−n ~ω
[n]
N−n+1 ~ω

[n−1]
N−n+1 · · · ~ω

[1]
N−n+1

∣∣ (54)

then analogously to Eq. (47), we have

n∏

i=1

xi

∏

1≤r<s≤n

(xr − xs) τ [1,...,n] =

n∏

i=1

∣∣ ~ω1 . . . ~ωN−n ~ω
[n]
N−n+1 ~ω

[n−1]
N−n+1 · · · ~ω

[1]
N−n+1

∣∣ =

∣∣ ~ω1 . . . ~ωN−n ~ω
[n]
N−n ~ω

[n−1]
N−n · · · ~ω

[1]
N−n

∣∣ (55)
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It follows that

n∏

i=1

xi

∏

1≤r<s≤n

(xr − xs) τ [1,...,n,n+1] =

∣∣ ~ω
[n+1]
1 . . . ~ω

[n+1]
N−n ~ω

[n,n+1]
N−n ~ω

[n−1,n+1]
N−n · · · ~ω

[1,n+1]
N−n

∣∣ =
∣∣ ~ω1 . . . ~ωN−n−1 ~ω

[n+1]
N−n ~ω

[n,n+1]
N−n ~ω

[n−1,n+1]
N−n · · · ~ω

[1,n+1]
N−n

∣∣ (56)

Using Eq. (38) repeatedly gives

∏

1≤i≤n

(xi − xn+1) ×

∣∣ ~ω1 . . . ~ωN−n−1 ~ω
[n+1]
N−n ~ω

[n,n+1]
N−n ~ω

[n−1,n+1]
N−n · · · ~ω

[1,n+1]
N−n

∣∣ =
n∏

i=1

xi

∣∣ ~ω1 . . . ~ωN−n−1 ~ω
[n+1]
N−n ~ω

[n]
N−n ~ω

[n−1]
N−n · · · ~ω

[1]
N−n

∣∣ (57)

Combining this with Eq. (56) shows that

∏

1≤r<s≤n+1

(xr − xs) τ [1,...,n+1] =

∣∣ ~ω1 . . . ~ωN−n−1 ~ω
[n]
N−n ~ω

[n−1]
N−n · · · ~ω

[1]
N−n

∣∣ (58)

thereby completing the proof of Eq. (49). We are finally in a position to

complete the proof that Slavnov’s determinant expressions are discrete KP

τ -functions.

Bilinear identities from Laplace expansions. Following Ref. 15, we

consider the 2N×2N determinant, which is identically zero,

det




~ω1 · · · ~ωN−1 ~ω
[1]
N−n+2 01 · · · 0N−n+1 ~ω

[n]
N−n+2 · · · ~ω

[2]
N−n+2

01 · · · 0N−1 ~ω
[1]
N−n+2 ~ω1 · · · ~ωN−n+1 ~ω

[n]
N−n+2 · · · ~ω

[2]
N−n+2


 = 0

(59)

where we have used subscripts to label the zero elements with the positions

of the columns that they are in for notational clarity. Performing a Laplace

expansion of the left hand side of Eq. (59) in N×N minors along the top

N×N block, we obtain
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n∑

ν=1

(−)ν−1
∣∣ ~ω1 · · · ~ωN−1~ω

[ν]
N−n+2

∣∣×

∣∣ ~ω1 · · · ~ωN−n+1~ω
[n]
N−n+2 · · · ~ω

[ν+1]
N−n+2~ω

[ν−1]
N−n+2 · · · ~ω

[1]
N−n+2

∣∣ = 0 (60)

Using Eqs. (44–49), Eq. (60) becomes

n∑

ν=1

(−)ν−1xn−2
ν τ [ν]

∏

1≤r<s≤n
r,s6=ν

(xr − xs)τ
[1,...ν̂...,n] = 0 (61)

which we recognise as the cofactor expansion of the determinant in Eq.

(31) using the last column. Hence we conclude that Slavnov’s determinant

expression for the XXZ Bethe scalar product is a τ -function of discrete KP.

6. Remarks

Shifted τ -functions are not Bethe scalar products. A Bethe scalar

product that involves mi rapidities xi, for i = 1, 2, · · · , imax, is a Ca-

soratian determinant of a matrix of rank r =
∑imax

i=1 mi. Let us de-

note the corresponding τ -function by τ = τ{x
(m1)
1 , · · · , x

(mi)
i , · · · , x

(mN )
N }.

Now let us consider a time evolution of the latter, for example τi+1 =

τ{x
(m1)
1 , · · · , x

(mi+1)
i , · · · , x

(mN )
N }. Time evolution has increased the multi-

plicities by 1, but kept the rank of the corresponding Casoratian determi-

nant the same, thus we cannot interpret τi+1 as a Bethe scalar product and

it remains unclear to us how to interpret the discrete time evolution of a

Bethe scalar product in the language of the XXZ spin chain.

Fermionization remains valid. Continuous KP τ -functions can be writ-

ten as expectation values of charged free fermion operators.21 This remains

the case for discrete KP τ -functions and was the starting point of the re-

sults of Refs. 14,23. In Ref. 13, the fermion expectation value version of

Slavnov’s determinant expression was obtained based on an earlier result.26

It is straightforward to show that this result remains the same as the con-

tinuous KP time variables are restricted to be power sums of a finite and

smaller number of continuous Miwa variables.

Relation to the work of Krichever et al. As mentioned earlier, our

result is close in spirit to that of Krichever et al.7,8 and works that followed
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including Refs. 24,25. The starting point of Ref. 7 is that the Bethe eigen-

values satisfy a bilinear identity that has the same structure as Hirota’s

bilinear difference equation and hence can be identified with τ -functions of

a discrete hierarchy. From this, a large number of interesting results follow,

including an identification of the fusion rules of the transfer matrices of the

quantum spin chain with Hirota’s difference equations, that each step in the

nested Bethe Ansatz approach to the spin chain is identified with a clas-

sical Bäcklund transformation, and most interestingly that the eigenvalues

of Baxter’s Q operator are classical (suitably normalized) Baker-Akhiezer

functions. On the other hand, our result is that it is the Bethe scalar prod-

uct of a Bethe eigenstate rather than the corresponding Bethe eigenvalue

that is identified with a discrete KP τ -function, and we are far from ob-

taining further results that are analogous to those of Ref. 7. We hope that

our identification is compatible with and complements that of Ref. 7.

Relation to the work of Sato and Sato. Eq. (61) also follows from

Theorem 3 of Sato and Sato.27 We didn’t know this when we obtained our

proof, and the existence of more than one proof can only shed more light

on the result obtained.
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1. Introduction

The evaluation of the thermal average of physical quantities is one of the

main aims in statistical mechanics. The density matrix of a system is the

most fundamental quantity to achieve this aim. Its diagonalization, how-

ever, becomes exponentially difficult with growing system size L. One in-

evitably has to give up this procedure in the thermodynamic limit. An

alternative approach for quantum systems is to diagonalize the Hamilto-

nian, and to sum up the contributions from each eigenstate. This means to

divide the problem into two parts: (1) diagonalize, and (2) sum up. Again,

both procedures become exponentially difficult with the increase of L.

In this article we re-consider this problem for integrable quantum spin

chains. We will show how the integrability helps bypassing the difficulties

and yields exact estimates. The first problem, the diagonalization of the

Hamiltonian, can, in principle, be solved by the celebrated Bethe ansatz.

The second step, however, remains as a cliff wall. A first breakthrough, the

string hypothesis approach, was achieved in the early 70’s.1,2 In this ap-

proach one introduces so-called root density functions of strings and holes

of various lengths for the diagonalization. The free energy becomes a func-
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tional of these density functions, which is claimed to be exact near its min-

imum. Therefore the variational estimate (w.r.t. density functions), with

a fixed energy of the system, yields the exact free energy. The string hy-

pothesis formulation can be regarded as a micro-canonical approach. It is

supported by many consistency tests. We conclude that within the string

hypothesis approach the diagonalization is achieved, but the summation is

cleverly avoided.

In order to evaluate thermal expectation values of operators, it is better

to deal with the canonical ensemble. We therefore consider an alternative

approach based on the Quantum Transfer Matrix (QTM).4,5 It utilizes an

exact mapping between a 1D quantum system at finite temperatures and

a 2D classical system. At first sight the formulation may look tautological

and may seem to be suffering from the need of “summation”. Yet, the

main claim of the QTM formulation is that this is not the case. As in the

string hypothesis approach the “summation” can be avoided. Moreover,

the QTM makes the evaluation of many quantities of physical relevance

straightforward.

This article is organized as follows. In Sec. 2, we present a review on

the QTM formulation. The results for the bulk quantities will be summa-

rized in Sec. 2.3. In the rest of Sec. 2, we supplement arguments to justify

the formula in Sec. 2.3. The non-linear integral equation (NLIE) will be

explained in Sec. 3 together with an example for the explicit evaluation

of bulk quantities. The evaluation of the reduced density matrix elements

(DME) will be discussed in Sec. 4.

2. The QTM formulation

2.1. The problem

Let H be the Hamiltonian of a 1D quantum system of size L and V its

space of states. Our goal is to calculate the thermal expectation value of

any physical quantity O at temperature T (= 1/β)a in the limit L→∞,

〈O〉 = lim
L→∞

trV O e−βH

Z1D(β)
Z1D(β) = trV e−βH =

∑

j

e−βEj . (1)

Here Ej stands for an eigenvalue of H.

The definition requires both diagonalization and summation. Below we

shall show how we can avoid the latter within the framework of QTM.

aThe Boltzmann constant kB is set to be unity in this report.
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2.2. The Baxter-Lüscher formula

To be concrete, we specify a Hamiltonian. As a prototypical integrable

lattice system we choose the 1D spin 1
2 XXZ model,

H = J

L∑

j=1

(
σx

j σ
x
j+1 + σ

y
j σ

y
j+1 + ∆(σz

j σ
z
j+1 + 1)

)
=

L∑

j=1

ĥj,j+1 (2)

where the σa (a = x, y, z) are the Pauli matrices. The periodic boundary

conditions (PBCs) imply σa
L+1 = σa

1 . The anisotropy is parameterized as

∆ = cos γ. The Hamiltonian acts on “the physical space” Vphys :=
⊗L

j=1 Vj

where Vj denotes the jth copy of a two-dimensional vector space c1e+ +

c2e−. The trace in (1) must be performed over Vphys. By definition the

“Hamiltonian density” ĥj,j+1 is the jth summand in the first sum in (2).

It acts non-trivially only on Vj ⊗ Vj+1.

The above Hamiltonian is integrable in the following sense. Let R(u, v)

be the Uq(ŝl2) R matrix,6

R(u, v) =




[1 + u−v
2 ]

[u−v
2 ] q

−u+v

2

q
u−v

2 [u−v
2 ]

[1 + u−v
2 ]


 [u] :=

qu − q−u

q − q−1

depending on the spectral parameters (or rapidities) u, v ∈ C. We define

Eα
β s.t. (Eα

β )i,j = δα,iδβ,j . Then the matrix elements Rαγ

βδ can be read off

from

R(u, v) =
∑

α,β,γ,δ=1,2

R
αγ

βδ (u, v)Eβ
α ⊗E

δ
γ .

The index 1(2) refers to e+(e−). See fig. 1 for a graphic representation. We

+

+

--+

+

+

+ +

+

-

-Rab

PSfrag replacements

u uu u

v vv v

[u−v
2 ][u−v

2 + 1] q
u−v

2

α β

γ

δ

R
αγ

βδ (u, v)

Fig. 1. A graphic representation for R
αγ

βδ
(u, v) and some examples

put arrows, to distinguish the R matrix from other R matrices appearing

below. The reader should not confuse them with physical variables.
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By Rj,j+1(u, v) we mean the R matrix acting non-trivially only on the

tensor product Vj(u)⊗ Vj+1(v) of Uq(ŝl2) modules. We also introduce the

intertwiner R∨j,j+1(u, v) = Pj,j+1Rj,j+1(u, v), where P : Vj(u)⊗ Vj+1(v)→

Vj+1(v)⊗ Vj(u). Then, with q = eiγ , we have the expansion

R∨j,j+1(u, 0) = 1 +
γ

4J sin γ
u (ĥj,j+1 + ĥ′j,j+1) +O(u2),

where ĥ′j,j+1 := iJ sin γ(σz
j − σ

z
j+1). We introduce the row-to-row (RTR)

transfer matrix TRTR(u) ∈ End(Vphys),

TRTR(u) = traRa,L(u, 0)Ra,L−1(u, 0) · · ·Ra,1(u, 0). (3)

With the lattice translation operator eiP , shifting the state by one site, we

obtain the Baxter-Lüscher formula3

TRTR(u) = eiP
(
1 +

γu

4J sin γ
H+O(u2)

)
. (4)

Note that the ĥ′j,j+1 terms cancel due to the PBCs. The huge symmetry

Uq(ŝl2) is at the bottom of the integrability of the Hamiltonian.

2.3. A summary of results for bulk quantities

We first present the formula for the free energy per site in the QTM for-

malism. A supplemental discussion will be given in subsequent sections.

We introduce the transposed R matrix7 Rt
j,k(u, v) by (Rt)αγ

βδ (u, v) =

Rδα
γβ(v, u). See fig. 2. The QTM does not act on Vphys but on a fictitious

Rab
+

+

-

-+

+

+

+

+

+

-

-
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Fig. 2. A graphic representation for (Rt)
αγ
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(u, v) and some examples

space VTrotter = V1(u) ⊗ V2(−u) ⊗ · · ·VN−1(u) ⊗ VN (−u). The fictitious

system size N is often referred to as the Trotter number. The parameter u

is fixed to be

u = −
4βJ sin γ

γN
= −

4J sin γ

γNT
.

In its most sophisticated version, the QTM is explicitly defined by,7

TQTM (x, u) = traRaN (ix,−u)Rt
a,N−1(ix, u) · · ·Ra2(ix,−u)R

t
a1(ix, u). (5)
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The new parameter x will later play the role of a spectral parameter. The

factor i is introduced for convenience.

We are now in a position to write down the formula for the free energy

per site in the thermodynamic limit, f = − limL→∞
T
L

lnZ1D(β).

Theorem 2.1. Let Λ0 be the largest eigenvalue of TQTM (0, u). Then the

free energy per site is solely given by Λ0,

f = − lim
N→∞

T ln Λ0. (6)

The limit N →∞ is referred to as the Trotter limit. As was announced

earlier, eq. (6) expresses f without recourse to any summation. We also note

that ln Λ0 itself is already intensive, which may reflect the size dependent

interaction of the system.

The quantitative analysis of (6) is most efficiently performed by means

of the NLIE. Having in mind the examples, from now on we are considering

only J = 1
4 , γ → 0 and u = − β

N
, consequently. Let a be the unique solution

to the NLIEb

ln a(x) = βε0(x+ i)−

∫

C

2

(x − y)2 + 4
ln A(y)

dy

π
(7)

ε0(x) = h+
2

(x− i)(x+ i)
A := 1 + a.

Here the contour C is a closed narrow loop which encircles all “Bethe

roots”. We added a Zeeman term h
2

∑
j σ

z
j to the Hamiltonian so that

diag(exp(−βh

2 ), exp(βh

2 )) is inserted in the trace in (5). Then we have the

following

Theorem 2.2. The free energy per site can be evaluated in terms of the

solution to the NLIE.

βf =
β

2
(1 + h)−

∫

C

1

x(x+ 2i)
ln A(x)

dx

π
. (8)

Note that the NLIE (7) and the expression for f in (8) are independent

of N . The extension to arbitrary J, γ is straightforward.

Below we shall comment on the derivation of the formula. By presenting

supplementary arguments, we wish to convince the reader that the above

formalism, seemingly complicated, is actually necessary and efficient for

many purposes. Hereafter we set again h = 0 for simplicity.

bTo be precise, there are, in general, several equivalent versions of NLIEs. We present

one of these below.
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2.4. The 1D quantum partition function as a 2D classical

partition function

We define a rotated R matrix R̃(u, v) by R̃
αγ

βδ (u, v) = R
γβ

δα(v, u) (fig. 3).

Then we introduce a rotated transfer matrix T̃RTR(u) ∈ End(Vphys) by

T̃RTR(u) = traR̃a,L(−u, 0)R̃a,L−1(−u, 0) · · · R̃a,1(−u, 0).

Analogous to (4) T̃RTR(u) = e−iP
(
1 + uH + O(u2)

)
. We thus obtain an

++

+

--+

+

+

+

+

-

-
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Fig. 3. A graphic representation for R̃
αγ

βδ
(u, v) and some examples

important identity,

Z1D(β) = trVphys
e−βH = lim

N→∞
trVphys

(
Tdouble(u))

N
2 |

u→− β

N

(9)

where Tdouble(u) := TRTR(u)T̃RTR(u). The rhs of (9) can be interpreted as

a partition function of a 2D classical system defined on N ×L sites (fig. 4),

Z1D(β) = lim
N→∞

Z2Dclassical(N,L, u = −
β

N
).

This equivalence lies in the heart of the QTM formalism. The expression

(9) itself, however, is of no direct use for the actual evaluation of physical

quantities for the following reason. Let the eigenvalue spectrum of TRTR(u)

be λ0(x) > λ1(x) ≥ λ2(x) ≥ · · · . We introduced x = i−1(u+1) for technical

reasons. It is easy to see that T̃RTR(u) has the same spectrum. Thus,

trVphys

(
Tdouble(u)

) N
2 =

(
λ0(x)

)N
(
1 +

(λ1(x)

λ0(x)

)N
+

(λ2(x)

λ0(x)

)N
+ · · ·

)
. (10)

The eigenvalue λj(x) is characterized by its zeros ±θa (a = 1, 2, . . . ) on the

real axis (holes). We know numerically that for low excitations, θa ∼ lnL

and also that λj(x) is analytic and nonzero in the strip |=mx| ≤ 1 except

at ±θa. Let us introduce an analytic and nonzero function near the real

axis, λ]
j , by λj(x) =

∏
a th π

4 (x − θa) th π
4 (x + θa)λ]

j(x). It approximately

satisfies the inversion relation for L� 1,

λ
]
j(x − i)λ

]
j(x+ i) = φ(x), (11)
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Fig. 4. Fictitious two-dimensional system

where φ(x) is a known function common to any j. Thus, we simply have

∣∣∣∣
λj(x)

λ0(x)

∣∣∣∣ =

∣∣∣∣∣
∏

a

th
π

4
(x− θa) th

π

4
(x+ θa)

∣∣∣∣∣ .

For very low excitations, we take a single pair of holes, substitute θa ∼
2
π

ln 2πL
∆j

and take the large L limit. Then we arrive at the estimate (u ∼ 0)

∣∣∣∣
λj(x)

λ0(x)

∣∣∣∣ ∼ e−
|u|∆j

L thus

∣∣∣∣
λj(x)

λ0(x)

∣∣∣∣
N

∼ e−∆j
N
L
|u|. (12)

For a usual 2D classical system we can consider an infinitely long cylinder

and take N
L
� 1. We thus have to take into account only the first term

on the rhs in (10). By contrast, the spectral parameter depends on the

fictitious system size u = − β

N
in the present case. Therefore, as long as

T 6= 0, we have

∣∣∣∣
λj(x)

λ0(x)

∣∣∣∣
N

∼ e−∆j
β

L = O(1) for L� 1.

Fig. 5 presents numerical evidence for the above argument. The left figure

shows the histogram of the distribution of |λj/λ0| for q = 1, L = 10, u =

−0.01 in the sector with vanishing magnetization. One clearly sees that

the maximum of the distribution lies near |λj/λ0| ∼ 1. The right figure

magnifies the region near |λj/λ0| ∼ 1. The maximum is located around

|λj/λ0| ∼ 0.96. We believe that, with increasing L, the peak moves towards

|λj/λ0| ∼ 1. These findings are consistent with (12). Hence, we conclude

that infinitely many terms of the sum in the rhs of (10) contribute non-

trivially, and eq. (9) is of no practical use.
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88 F. Göhmann & J. Suzuki

0.2 0.4 0.6 0.8 1.0

50

100

150

200

6vertex model_Row to Row spectra: L=10 u=-0.01

0.94 0.95 0.96 0.97 0.98 0.99 1.00

10

20

30

40

6vertex model_Row to Row spectra: L=10 u=-0.01

Fig. 5. The distribution of eigenvalues. The horizontal axis is the absolute value of

the eigenvalues normalized by the largest one. The left figures ranges over [0,1] in the

horizontal direction, and the right one is zoomed into the range [0.93,1].

2.5. Commuting QTM

A crucial observation was made in Ref. 4. We start from the same two-

dimensional classical model in fig. 4. We consider, however, the transfer

matrix propagating in horizontal direction, that is, T ′QTM(u). Equivalently,

one can rotate the system by 90◦. Then we define a transfer matrix prop-

agating in vertical direction, TQTM(u) (see fig. 2.5). The latter is more

convenient for our formulation.

The partition function is then given by,

Z1D(β) = lim
N→∞

trVTrotter

(
TQTM (u)

)L
∣∣∣
u=− β

N

. (13)

PSfrag replacements
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Fig. 6. The graphical definition of TQTM.

Let the eigenvalue spectrum of TQTM(u) be Λ0(u) > Λ1(u) ≥ Λ2(u) ≥
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· · · . Then we have an expansion similar to (10)

trVTrotter

(
TQTM (u)

)L
=

(
Λ0(u)

)L
(
1 +

(Λ1(u)

Λ0(u)

)L
+

(Λ2(u)

Λ0(u)

)L
+ · · ·

)
. (14)

Our physical interest is in the free energy per site f in the thermody-

namic limit L→∞.

f = −
1

β
lim

L→∞
lim

N→∞

{
ln Λ0(u)

+
1

L
ln

(
1 +

(Λ1(u)

Λ0(u)

)L

+
(Λ2(u)

Λ0(u)

)L

+ · · ·
)}∣∣∣

u=− β

N

. (15)

Proposition 2.1. The two limits in (15) are exchangeable.

We supplement an argument which claims that the second term in the sec-

ond line in (15) is negligible for L→∞. The previous argument, using the

inversion relation (11) can not be applied directly as the spectral parameter

u is already fixed as − β

N
in the present problem.

We introduce a slight generalization, a commuting QTM TQTM (x, u),

by assigning the parameter ix in “horizontal” direction.10 The substitution

x = 0 recovers the previous results. The precise definition is shown in (5).

Hereafter we drop the u dependence as it is always− β

N
. Let TQTM(x) be the

corresponding monodromy matrix. Then it is easy to see that monodromy

matrices are intertwined by the same R matrix as in the RTR case,

R(x, x′)TQTM(x)⊗ TQTM(x′) = TQTM(x′)⊗ TQTM(x)R(x, x′). (16)

This immediately proves the commutativity of TQTM(x) with different x’s.

The most important consequence of introducing x is that we have the

inversion relation in this new “coordinate”,

Λ]
j(x− i)Λ

]
j(x + i) = ψ(x, u) (17)

where we set again Λj(x) =
∏

a th π
4 (x − θa) th π

4 (x + θa)Λ]
j(x). Note that

Λ]
j(x) also depends on the “old” spectral parameter u, which is set to be

− β

N
on both sides. The known function ψ is again independent of j. The

analysis of the Bethe ansatz equation associated to the QTM implies that

θa ∼
2
π

ln 4β

∆j
for large β. Then, proceeding as before, we obtain,

∣∣∣∣
Λj(x)

Λ0(x)

∣∣∣∣ ∼ e−
∆j

β
ch π

2 x thus

∣∣∣∣
Λj(x)

Λ0(x)

∣∣∣∣
L

∼ e−
∆j L

β
ch π

2 x.

The diagonalization for fixed N clearly shows the gap between the eigen-

values, which is consistent with the above argument. Thus, at any finite
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temperature, the second term in (15) is negligible for L → ∞. We then

conclude that the formula (6) is valid.

Although we made use of the integrability of the model in the above

argument, the validity of the formula is actually independent of it. See the

proof in Ref. 4.

3. Diagonalization and NLIE

3.1. Bethe roots

Thanks to (16), one can apply the machinery of the quantum inverse scat-

tering method, devised originally for the diagonalization of TRTR, to the

diagonalization of TQTM. We skip the derivation and present only results

relevant for our subsequent discussionc. We fix N for a while. Then the

eigenvalue of TQTM is given by

Λ(N)(x) = a(x)
Q(x − 2i)

Q(x)
+ d(x)

Q(x + 2i)

Q(x)
(18)

a(x) := φ+(x+ 2i)φ−(x) d(x) := φ−(x− 2i)φ+(x)

Q(x) :=

m∏

j=1

(x− xj) φ±(x) :=
(x± iu
±2i

)N
2 .

The different sets of Bethe roots {xj} correspond to the different eigenval-

ues. They satisfy the Bethe ansatz equation (BAE),

a(xj)

d(xj)
= −

Q(xj + 2i)

Q(xj − 2i)
1 ≤ j ≤ m. (19)

For the largest eigenvalue the number of roots m equals N
2 .

To evaluate f via (6) we need the largest Λ(N) for N →∞. This means

we must deal with infinitely many roots in the limit, which resembles the

situation encountered in the evaluation of the free energy in the thermody-

namic limit of a classical 2D model by means of the RTR transfer matrix.

Still, we would like to comment on the qualitative difference in the root dis-

tribution between such “standard” case and the problem under discussion.

Fig. 7 shows the distribution of the positive half of BAE roots for the

largest eigenvalue of TRTR (left) and TQTM (right) for various system sizes.

The distribution of RTR roots behaves smoothly for large system size. The

limiting shape of the distribution (the root density function) is a smooth

function satisfying a linear integral equation. For TQTM, on the other hand,

cA technical remark: the vacuum is conveniently chosen (+,−, +,−, · · · ).
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Fig. 7. The positive half of BAE roots for RTR (left) and for QTM (right) with system

size, from 8 (bottom) to 128 (top).

a few large roots remain isolated at almost the same positions as N in-

creases, while close to the origin more and more Bethe roots cluster.

Let us describe this in detail. Using the NLIE technique, we can derive

an approximate BAE equation (see the discussion after (25)),

N

2
ln

(
−

th π
4 (xj −

β

N
i)

th π
4 (xj + β

N
i)

)
∼ (2Ij + 1)πi. (20)

The hole θa corresponds to the branch cut integer Imax = N
4 −

1
2 , and this

implies θa ∼
1
π

lnβ for β � 1, which was used in the last subsection.

Near the origin, we set xj = β

N
x̂j , and obtain the approximate distri-

bution of x̂j as an algebraic function,

ρ(x̂) = lim
N→∞

Ij+1 − Ij
N(x̂j+1 − x̂j)

∼
1

2π(x̂2 + 1)
.

This differs from the usual root density function which decays exponentially

as |x| → ∞. In the original variable, if we take the Trotter limit naively,

ρ(x) ∼ lim
|u|→0

|u|

2π(x2 + u2)
∼

1

2
δ(x).

Namely the distribution of the BAE roots for TQTM is singular in the Trotter

limit. We thus conclude that the usual root density method may not be

applicable, and we have to devise a different tool.

Let us stress again that the cancellation of the order of N many terms

in ln Λ(N) is a unique property of the QTM. In the RTR case O(L) many

terms can survive, and we obtain intensive quantities (e.g., the free energy

per site) only after dividing by L. On the other hand, ln Λ(N) is already an

intensive quantity, as remarked after Theorem 2.1. The cancellation is thus

vital. The O(eN ) terms, a(x), d(x) must be canceled by the denominator

Q(x), resulting in O(1) quantities. According to this point of view, (18) is
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(again) not practical, as the ratios of O(eN ) terms are still present. Thus,

we understand (18) still as a starting point, not as the goal.

One must intrinsically deal with a finite size system with coupling con-

stant u depending on the Trotter size, and then take the Trotter limit. Such

an attempt was executed first numerically8 by extrapolation in N . The ana-

lytic low temperature expansion was performed9 based on the Wiener-Hopf

method. Below we shall present the most sophisticated approach which uti-

lizes the commuting QTM in a most efficient manner.7

3.2. Non-linear Integral Equation (NLIE)

The introduction of the new spectral parameter x plays a fundamental

role. Instead of dealing with the BAE roots directly, we make use of the

analyticity of specially chosen auxiliary functions in the complex x plane.

There are various approaches. One of them is to introduce the fusion

hierarchy of the QTM, which contains the original TQTM as T1. In place of

the BAE one uses the functional relations among fusion transfer matrices,

Tm(x− i)Tm(x + i) = ψm(x) + Tm−1(x)Tm+1(x). (21)

Here ψ1 is nothing but ψ in the inversion relation (17), where the small

term T0T2/ψ1 was neglected. As {Tm} constitutes a commuting family,

the same relation holds among the eigenvalues. We thus use the same

symbol Tm for the eigenvalue. After a change of variables, ym(x) =

Tm−1(x)Tm+1(x)/ψm(x), one can transform the algebraic equations into

integral equations under certain assumptions on the analyticity of ym. The

resultant equations coincide with the Thermodynamic Bethe Ansatz equa-

tions.10,11 The string hypothesis is thus replaced by an assumption on the

analyticity of ym. The coupled set of equations may fix the values of T1(x).

Then Λ0 = T1(0) yields the free energy per site f . A technical problem in

this approach is that we must deal with an infinite number of ym functions,

which requires a truncation of the equations in an approximate manner.

Below we shall discuss another approach originally devised in the con-

text of the evaluation of finite size corrections.12 We define the auxiliary

function aN (x) by the ratio of the two terms in Λ(N)(x) (18),

aN (x) =
d(x)

a(x)

Q(x+ 2i)

Q(x− 2i)
AN (x) = 1 + aN(x).

The suffix N is introduced to recall that we are fixing N finite here. The

BAE (19) is equivalent to the condition

aN (xj) = −1 or ln aN (xj) = (2Ij + 1)πi. (22)
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We also note that lim|x|→∞ aN (x) = 1 by construction.

We then adopt the following assumptions for the analytic properties

of AN (x) corresponding to the largest eigenvalue. They are supported by

numerical calculations.

(1) There are N
2 simple zeros of AN (x) on the real axis. They coincide with

the BAE roots. There are additional zeros, sufficiently far away from

the real axis, so that C does not include them inside.

(2) The only pole of AN (x) in =x ∈ [−1, 1] is located at x = iu and is of

order N
2 .

Once these assumptions are granted, one immediately derives the fol-

lowing NLIE,

ln aN(x) = ln
φ−(x+ 2i)φ+(x)

φ+(x+ 2i)φ−(x)
−

∫

C

2

(x− y)2 + 4
ln AN(y)

dy

π
. (23)

The largest eigenvalue Λ can be similarly represented by

lnΛ(N)(x)=ln
(
φ+(x+ 2i)φ−(x− 2i)

)
+

∫

C

ln AN(y)

(x − y)(x− y − 2i)

dy

π
. (24)

Note that only the driving term in (23) depends on N . We can thus take

the Trotter limit easily, with a := limN→∞ aN , and obtain the NLIE in (7)

(for h = 0). To evaluate the free energy one has to first set x = 0, then take

the Trotter limit. Or otherwise one meets a spurious divergence. Then we

obtain the expression for the free energy in Theorem 2.2.

One still needs to make an effort to achieve a high numerical accu-

racy, especially at very low temperatures. The introduction of another

pair of auxiliary functions solves this problem. We define āN , ĀN by

āN(x) = (aN (x))−1, ĀN (x) = 1 + āN (x).

Numerically one finds that |aN | ≶ 1 for =x ≷ 0. Thus, we use aN ,AN in

the upper half plane and āN , ĀN in the lower half plane. It is straightforward

to rewrite (23) in the coupled form,

lnaN (x)=D
(N)
+ (x)+

∫

C+

F(x−y) lnAN (y)
dy

2π
−

∫

C−

F(x−y) lnĀN(y)
dy

2π
(25)

lnāN (x)=D
(N)
− (x)+

∫

C−

F(x−y) lnĀN (y)
dy

2π
−

∫

C+

F (x−y) lnAN(y)
dy

2π

D
(N)
± =

N

2
ln

( thπ
4 (x+ iu)

thπ
4 (x− iu)

)
, F (x)=

∫ ∞

−∞

e−ikx

1 + e2|k|
dk,

where C+(C−) is a straight contour slightly above (below) the real axis. In

the first (second) equation we understand that x ∈ C+(C−). Note that the
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convolution terms bring only minor contributions as they are defined on

those contours where the auxiliary functions are small. Therefore the main

contributions come from the known functions. This enables us to perform

numerics with high accuracy. We can drop the convolution terms for the

lowest order approximation. Thanks to eq. (22) this leads to eq. (20).

Similarly, for the largest eigenvalue we have

ln Λ(N)(x)=ε(N)(x)+

∫

C+

K+(x− x′)lnAN(x′)
dx′

2π
+

∫

C−

K−(x− x′)lnĀN (x′)
dx′

2π
,

K±(x) = K(x± i), K(x) =
π

2 chπx/2
,

ε(N) = lnφ+(x + 2i)φ−(x − 2i)−
N

2

∫
e−|k|−ikx shuk

k ch k
dk.

We obtain the NLIE and the eigenvalue in the Trotter limit by replacing

aN → a etc. and

D
(N)
± → −

πiβ

2 sh π
2x

ε(N) → −
β

2
(1−

∫
1

1 + e2|k|
dk).

For the actual calculation, it is even better to deal with b(x) := a(x + i)

and b̄(x) := ā(x− i) so that the singularities of ln(1+b), ln(1+ b̄) are away

from the integration contours. We omit, however, the details.

As a concrete example for the evaluation of bulk quantities we plot

the susceptibility, χ = ∂2
hf , in fig. 8 (left). Note that at low temperatures

the physical result in the Trotter limit (solid line) deviates from its finite

Trotter number approximation. The above approach has been successfully
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Fig. 8. Left: the susceptibility of the s = 1

2
XXX model, in the Trotter limit (solid line)

and for fixed Trotter number (crosses:N = 128, squares: N = 1024). Right: a plot of ξT

against temperature for the XXZ model.

applied to many models of physical relevance.13–19
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The correlation length ξ characterizes the decay of correlation functions

at large distance, e.g.,

〈σ+
x σ
−
y 〉 ∼ e−

|x−y|

ξ |x− y| � 1. (26)

It is evaluated from the ratio of the largest and the second largest eigen-

values of the QTM.9,20–22 For the second largest eigenvalue state, our as-

sumption (1) on A is no longer valid: a pair of holes θa lies on the real

axis, and they are zeros of A other than Bethe roots. Nevertheless, a small

modification leads to a set of equations that fixes the second largest eigen-

value. The resultant NLIE has a form similar to (25) containing, however,

additional inhomogeneous terms. Fig. 8 (right) shows a plot of ξT against

temperature for the XXZ model with q = ei π
p for p = 3, 4, 5.21

When h 6= 0, we have to replace a(x), d(x) in (18) by e−βh/2a(x),

eβh/2d(x). Then we add βh (−βh

2 ) to the rhs of (23) ((24)). Also D
(N)
±

must be replaced by D
(N)
± ± βh

2 .

Before closing this section, we would like to mention another formulation

of thermodynamics also based on the QTM.23 It is described by a NLIE

for Λj directly and allows one to efficiently calculate high temperature

expansions. Good numerical accuracy in the low temperature region is,

however, hard to achieve. Moreover, we point out that the equation is the

same for any eigenvalue. Thus, one should know a priori good initial values

in order to select the convergence to the desired eigenvalue.

4. DME (density matrix elements) at finite temperatures

The deep understanding of a model requires ample knowledge of its cor-

relation functions. We would therefore like to go beyond their asymptotic

characterization by the correlation length ξ (26).

The evaluation of correlation functions has been defying many chal-

lenges in the past. Considerable progress was made only recently for the

T = 0 correlations, based on vertex operators,24 on the qKZ equation25

and on QISM.26 The third approach is the most relevant for our purpose.

For T = 0 it first requires the solution of the “inverse problem”, that is,

one has to represent the spin operators in terms of the QISM operators

A(u), B(u), C(u), D(u). Then, by algebraic manipulations, one obtains the

correlation functions as combinatorial sums of expectation values of QISM

operators, which are finally converted into (multiple) integrals.

At first glance, the case T > 0 seems far more difficult, as one expects

that a summation of the contributions from all excited states is necessary.

We argue here that, as above, the QTM helps us to avoid this summation
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and that, moreover, one does not have to solve the “inverse problem” within

the QTM framework.27 The combinatorics, on the other hand, can be done

in parallel to T = 0, because the QISM algebra is the same in both cases.

Let us explain why we can bypass the inverse problem in the QTM

formalism. This can be most quickly done in a graphical manner. To be

specific, we need to evaluate DME,

Dα1···αm

β1···βm
:= 〈Eα1

β1
· · ·Eαm

βm
〉 =

trVphys
e−βHEα1

β1
· · ·Eαm

βm

trVphys
e−βH

.

Using the logic of section 2, we can represent e−βH by a “2D partition

function”. Therefore Dα1···αn

β1···βn
can be represented by a modified 2D parti-

tion function: Start from the N × L classical system (fig. 4) with periodic

boundaries in both directions. Then cut n successive vertical bonds at the

bottom row, and fix the variables at both sides of the cut. As we are adopt-

ing PBCs in the vertical direction this is equivalent to fixing the configura-

tion of n successive bonds at the top and at the bottom. See fig. 9 (left). As

PSfrag replacements

α1 α2 α3

β1 β2 β3

(u, x)

ix

PSfrag replacements

α1

α2

α3

β1

β2

β3

(u, x)

ix

Fig. 9. Left: A graphically representation of D
α1,α2,α3
β1,β2,β3

. Right: The same figure rotated

by 90◦.

previously, we rotate the lattice by 90◦. See fig. 9 (right). Obviously we can

write Dα1···αn

β1···βn
in terms of elements of the monodromy matrix TQTM(x). By

introducing independent spectral parameters ξi we obtain

(
D

)α1,··· ,αn

β1,··· ,βn

(ξ1, · · · , ξn) =
〈Φ0|(TQTM)α1

β1
(ξ1) · · · (TQTM)αn

βn
(ξn)|Φ0〉

〈Φ0|TQTM(ξ1) · · ·TQTM(ξn)|Φ0〉
.

Here Φ0 denotes the largest eigenvalue state of the QTM, which is given by

acting with B operators on the vacuum. As any (TQTM)αi

βi
(ξi) is represented

by a QISM operator, we reach an expression for DME purely in terms of

QISM operators without solving the inverse problem.



August 30, 2010 18:29 WSPC - Proceedings Trim Size: 9in x 6in 005˙gohmann

Quantum spin chains at finite temperatures 97

At the same time, the problem for T > 0 is not so simple in view of the

analyticity. We consider D++
++ as a concrete example. After employing the

standard QISM algebra, one obtains

D++
++(ξ1, ξ2)× A(ξ1)A(ξ2) =

(∑
j,k

(xk−ξ2)(xj−ξ1−2i)
ξ2,1(xj−xk−2i)

∣∣∣∣
wj,1 wk,1

wj,2 wk,2

∣∣∣∣

−
ξ1,2+2i

ξ1,2

∑
j

(xj−ξ2)
(xj−ξ2+2i)wj,1 −

ξ2,1+2i

ξ2,1

∑
j

(xj−ξ1)
(xj−ξ1+2i)wj,2 + 1

)
.

Here xj denotes a BAE root, ξi,j = ξi − ξj and A is the auxiliary function.

We introduced wj,k in order to deal with the ratio of inner products of wave

functions. wj,k is characterized by a simple algebraic relation. Note that the

above algebraic expression is formally identical for T = 0 and T > 0: one

only has to replace xj and wj,k for T = 0 by those for T > 0.

In the case T = 0 there are several simplifications. First, the auxiliary

function is by construction trivial, A = 1. Second, we can introduce the root

density function in the thermodynamic limit. Then the algebraic relation

for wj,k → g(xj , ξk) is solved with the explicit result g(x, ξ) = 1
4 ch π

2 (x−ξ+i) .

D++
++(ξ1, ξ2) =

( ∫
dxdx′

(x′−ξ2)(x−ξ1−2i)
ξ2,1(x−x′−2i)

∣∣∣∣
g(x, ξ1) g(x

′, ξ1)

g(x, ξ2) g(x
′, ξ2)

∣∣∣∣

−
ξ1,2+2i

ξ1,2

∫
dx

(x−ξ2)
(x−ξ2+2i)g(x, ξ1)−

ξ2,1+2i

ξ2,1

∫
dx

(x−ξ1)
(x−ξ1+2i)g(x, ξ2) + 1

)
.

Third, we can freely move the integration contours. Every time it passes

the singularity of g(x), it brings extra contributions and they cancel the

“tails” (the 2nd to the 4th terms above). We finally obtain

D++
++(ξ1, ξ2)=

∫ ∞

−∞

dxdx′
(x′−ξ2+i)(x−ξ1−i)

ξ2,1(x− x′ − 2i)

∣∣∣∣
g(x+i, ξ1) g(x

′+i, ξ1)

g(x+i, ξ2) g(x
′+i, ξ2)

∣∣∣∣ . (27)

Without such a compact expression, it is hard to proceed further.

On the other hand, A is quite non-trivial for T > 0. As noted previously,

we can not resort to the root density function. The explicit form of wj,k in

the Trotter limit is thus unknown. The most significant difference is that

the integration contour is already fixed for T > 0. Thus, we cannot apply

the above trick to swallow tails into the ground state.

Nevertheless, with an appropriate choice of a further auxiliary func-

tion G(x, ξ), it was shown that a compact multiple integral representation,

similar to (27) is also possible for T > 0,27,28

D++
++(ξ1, ξ2)=

∫

C

dx

A(x)

∫

C

dx′

A(x′)

(x − ξ1 − 2i)(x′ − ξ2)

4π2ξ1,2(x− x′ − 2i)

∣∣∣∣
G(x, ξ1) G(x′, ξ1)

G(x, ξ2) G(x′, ξ2)

∣∣∣∣ .

The formula for any other DME is similarly known.
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It is a big progress to obtain the multiple integral representation for

DMEs. The representation is, however, not yet optimal. Although one can

use it for the numerical analysis at sufficiently high temperatures, it suffers

from numerical inaccuracy at low temperatures.29,30 We thus would like to

reduce it to (a sum of) products of single integrals.

The factorization of DME at T = 0 has been performed by brute force,

with the extensive use of the shift of contour technique.31,32 Based on stud-

ies of the qKZ equation, a hidden Grassmannian structure behind DME

has been found.33 It naturally explains the factorization of the multiple

integral formula through the nilpotency of operators. The explicit form of

DME consists of two pieces, the algebraic part, evaluated from a matrix el-

ement of q-oscillators, and the transcendental part, related to the spinon-S

matrix.

On the other hand, we still do not have a finite temperature analogue

of the qKZ equation. We are nevertheless able to factorize the multiple

integrals for small segments.34 The explicit results also consist of two parts.

Surprisingly the algebraic part remains identical to the T = 0 case, while

the transcendental part can be interpreted as a proper finite temperature

analogue to the spinon-S matrix. This finally enables us to perform an

accurate numerical analysis of the correlation functions.35 We show plots

of 〈σz
1σ

z
4〉 for ∆ = 1√

2
with various magnetic fields in fig. 10. The results

from a brute force calculation are also plotted, which supports the validity

of our formula. Such high accuracy calculation can clarify the quantitative
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fields by NLIEs (continuous line).

nature of interesting phenomena such as the quantum-classical crossover.36
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Recently a proof of the existence of factorization of the DMEs for T > 0

was obtained, again by using the Grassmannian structure.37 See also the

further development38 in this direction based on NLIEs.

5. Summary and discussion

We presented a brief review on the recent progress with the exact thermo-

dynamics of 1D quantum systems. The QTM is found to be an efficient

tool, and it offers a framework to evaluate quantities of physical interest,

including DME. The NLIE combines into the framework nicely, yielding

high accuracy numerical results.

The factorization of the multiple integral formula at T > 0 is yet to be

further explored. It seems e.g. quite plausible that the qKZ equation could

be extended to finite temperatures. This might be an important next step.

There are certainly many interesting questions left open. For example,

can we have the QTM formulation starting from a continuum system? What

is the generalization of the multiple integral formula to models with higher

spin? The study of such questions is underway.
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1. Introduction

The ultradiscrete periodic Toda lattice is an integrable system described by

a piecewise-linear map.9 Recently, its algebro geometrical aspect is clari-

fied2–4 by applying the tropical geometry, a combinatorial algebraic geom-

etry rapidly developed during this decade.1,5,13 This system has tropical

spectral curves, and what proved are that its general isolevel set is iso-

morphic to the tropical Jacobian of the tropical hyperelliptic curve, and

that its general solution is written in terms of the tropical Riemann’s theta

function. The key to the solution is the tropical analogue of Fay’s trisecant

identity for a special family of hyperelliptic curves.3

On the other hand, there exists a generalization of discrete periodic

Toda lattice T (M,N), where M (resp. N) is a positive integer which de-

notes the level of generalization (resp. the periodicity) of the system. The

M = 1 case, T (1, N), is the original discrete Toda lattice of N -periodicity.

When gcd(M,N) = 1, T (M,N) reduces to a special case of the integrable
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multidiagonal Lax matrix,15 and the general solution to T (M,N) is recently

constructed.8

The aim of this paper is twofold: the first one is to introduce the tropical

analogue of Fay’s trisecant identity not only for hyperelliptic but also for

more general tropical curves. The second one is to study the generalization

of ultradiscrete periodic Toda lattice T(M,N) by applying the tropical Fay’s

trisecant identity, as a continuation of the study on T(1, N).2–4

This paper is organized as follows: in §2 we review some notion of

tropical geometry,6,11,12 and introduce the tropical analogue of Fay’s trise-

cant identity (Theorem 2.2) by applying the correspondence of integrations

over complex and tropical curves.6 In §3 we introduce the generalization

of the discrete periodic Toda lattice T (M,N) and its ultradiscretization

T(M,N). We reconsider the integrability of T (M,N) (Proposition 3.1). In

§4 we demonstrate the general solution to T(3, 2), and give conjectures on

T(M,N) (Conjectures 4.1 and 4.2).

In closing the introduction, we make a brief remark on the interesting

close relation between the ultradiscrete periodic Toda lattice and the pe-

riodic box and ball system (pBBS),9 which is generalized to that between

T(M,N) and the pBBS of M kinds of balls.7,14 When M = 1, the relation

is explained at the level of tropical Jacobian.2 We expect that our conjec-

tures on T(M,N) also account for the tropical geometrical aspects of the

recent results10 on the pBBS of M kinds of balls.

2. Tropical curves and Riemann’s theta function

2.1. Good tropicalization of algebraic curves

Let K be a subfield of C and Kε be the field of convergent Puiseux series in

e := e−1/ ε over K. Let val : Kε → Q∪{∞} be the natural valuation with

respected to e. Any polynomial fε in Kε[x, y] is expressed uniquely as

fε =
∑

w=(w1,w2)∈Z2 aw(ε)xw1yw2 , aw(ε) ∈ Kε.

Define the tropical polynomial Val(X,Y ; fε) associated with fε by

the formula: Val(X,Y ; fε) := minw∈Z2 [val(aw) + w1X + w2Y ]. We call

Val(X,Y ; fε) the tropicalization of fε.

We take fε ∈ Kε[x, y]. Let C0(fε) be the affine algebraic curve over Kε

defined by fε = 0. We write C(fε) for the complete curve over Kε such

that C(fε) contains C0(fε) as a dense open subset, and that C(fε)\C
0(fε)

consists of non-singular points. The tropical curve TV (fε) is a subset of R2
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defined by:

TV (fε) =

{
(X,Y ) ∈ R2

∣∣∣∣
the function Val(X,Y ; fε)

is not smooth at (X,Y )

}
.

Denote Λ(X,Y ; fε) := {w ∈ Z2 | Val(X,Y ; fε) = val(aw) + w1X + w2Y }.

The definition of the tropical curve can be put into:

TV (fε) = {(X,Y ) ∈ R2 | ]Λ(X,Y ; fε) ≥ 2}.

For P = (X,Y ) ∈ R2, we define fP
ε :=

∑
w∈Λ(X,Y ;fε) awx

w1yw2 .

To make use of the results of tropical geometry for real/complex anal-

ysis, we introduce the following condition as a criterion of genericness of

tropical curves.

Definition 2.1. We say C(fε) has a good tropicalization if:

(1) C(fε) is an irreducible reduced non-singular curve over Kε,

(2) fP
ε = 0 defines an affine reduced non-singular curve in (K×ε )2 for all

P ∈ TV (fε) (maybe reducible).

Remark 2.1. The notion of a good tropicalization was first introduced

in [6, Section 4.3]. The above definition gives essentially the same notion.

2.2. Smoothness of tropical curves

For the tropical curve Γ := TV (fε), we define the set of vertices V (Γ):

V (Γ) = {(X,Y ) ∈ Γ | ]Λ(X,Y ; fε) ≥ 3}.

We call each disjointed element of Γ \V (Γ) an edge of Γ. For an edge e, we

have the primitive tangent vector ξe = (n,m) ∈ Z2 as gcd(n,m) = 1. Note

that the vector ξe is uniquely determined up to sign.

Definition 2.2. [11, §2.5] The tropical curve Γ is smooth if:

(1) All the vertices are trivalent, i.e. ]Λ(X,Y ; fε) = 3 for all (X,Y ) ∈ V (Γ).

(2) For each trivalent vertex v ∈ V (Γ), let ξ1, ξ2 and ξ3 be the primitive

tangent vectors of the three outgoing edges from v. Then we have ξ1 +

ξ2 + ξ3 = 0 and |ξi ∧ ξj | = 1 for i 6= j ∈ {1, 2, 3}.

When Γ is smooth, the genus of Γ is dimH1(Γ,Z).
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2.3. Tropical Riemann’s theta function

For an integer g ∈ Z>0, a positive definite symmetric matrix B ∈ Mg(R)

and β ∈ Rg we define a function on Rg as

qβ(m,Z) =
1

2
mBm

⊥ + m(Z + βB)⊥ (Z ∈ Rg , m ∈ Zg).

The tropical Riemann’s theta function Θ(Z;B) and its generalization

Θ[β](Z;B) are given by3,12

Θ(Z;B) = min
m∈Zg

q0(m,Z),

Θ[β](Z;B) =
1

2
βBβ⊥ + βZ⊥ + min

m∈Zg
qβ(m,Z).

Note that Θ[0](Z;B) = Θ(Z;B). The function Θ[β](Z;B) satisfies the

quasi-periodicity:

Θ[β](Z +Kl) = −
1

2
lKl
⊥ − lZ

⊥ + Θ[β](Z) (l ∈ Zg).

We also write Θ(Z) and Θ[β](Z) for Θ(Z;B) and Θ[β](Z;B) without confu-

sion. We write n = arg
m∈Zg qβ(m,Z) when minm∈Zg qβ(m,Z) = qβ(n,Z).

2.4. Tropical analogue of Fay’s trisecant identity

For each ε̄ ∈ R>0, we write C(fε̄) for the base change of C(fε) to C via a

map ι : Kε → C given by ε 7→ ε̄.

Theorem 2.1. [6, Theorem 4.3.1] Assume C(fε) has a good tropicaliza-

tion and C(fε̄) is non-singular. Let Bε̄ and BT be the period matrices for

C(fε̄) and TV (fε) respectively. Then we have the relation

2πε̄
√
−1

Bε̄ ∼ BT (ε̄→ 0).

(It follows from the assumption that the genus of C(fε) and C(fε̄) coincide.)

A nice application of this theorem is to give the tropical analogue of

Fay’s trisecant identity. For the algebraic curve C(fε) of Theorem 2.1, we

have the following:

Theorem 2.2. We continue the hypothesis and notation in Theorem

2.1, and assume TV (fε) is smooth. Let g be the genus of C(fε) and

(α, β) ∈ 1
2 Z2g be a non-singular odd theta characteristic for Jac(C(fε)).
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For P1, P2, P3, P4 on the universal covering space of TV (fε), we define the

sign si ∈ {±1} (i = 1, 2, 3) as si = (−1)ki , where

k1 = 2α ·

(
arg

m∈Zg qβ(m,

∫ P2

P3

) + arg
m∈Zg qβ(m,

∫ P4

P1

)

)
,

k2 = 2α ·

(
arg

m∈Zg qβ(m,

∫ P1

P3

) + arg
m∈Zg qβ(m,

∫ P2

P4

)

)
,

k3 = 1 + 2α ·

(
arg

m∈Zg qβ(m,

∫ P4

P3

) + arg
m∈Zg qβ(m,

∫ P2

P1

)

)
.

Set the functions F1(Z), F2(Z), F3(Z) of Z ∈ Rg as

F1(Z) = Θ(Z +

∫ P3

P1

) + Θ(Z +

∫ P4

P2

) + Θ[β](

∫ P2

P3

) + Θ[β](

∫ P4

P1

),

F2(Z) = Θ(Z +

∫ P3

P2

) + Θ(Z +

∫ P4

P1

) + Θ[β](

∫ P1

P3

) + Θ[β](

∫ P2

P4

),

F3(Z) = Θ(Z +

∫ P3+P4

P1+P2

) + Θ(Z) + Θ[β](

∫ P3

P4

) + Θ[β](

∫ P2

P1

).

Then, the formula

Fi(Z) = min[Fi+1(Z), Fi+2(Z)] (1)

holds if si = ±1, si+1 = si+2 = ∓1 for i ∈ Z /3 Z.

This theorem generalizes [2, Theorem 2.4], where C(fε) is a special

hyperelliptic curve. We introduce the following lemma for later convenience:

Lemma 2.1. [2, Proposition 2.1] Let C be a hyperelliptic curve of genus

g and take β = (βj)j ∈
1
2 Zg. Set α = (αj)j ∈

1
2 Zg as

αj = −
1

2
δj,i−1 +

1

2
δj,i,

where i is defined by the condition βj = 0 (1 ≤ j ≤ i− 1) and βi 6= 0 mod

Z. Then (α, β) is a non-singular odd theta characteristic for Jac(C).

2.5. Tropical Jacobian

When the positive definite symmetric matrix B ∈ Mg(R) is the period

matrix of a smooth tropical curve Γ, the g-dimensional real torus J(Γ)

defined by

J(Γ) := Rg /Zg B

is called the tropical Jacobian12 of Γ.
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3. Discrete and ultradiscrete generalized Toda lattice

3.1. Generalized discrete periodic Toda lattice T (M, N)

Fix M,N ∈ Z>0. Let T (M,N) be the generalization of discrete periodic

Toda lattice defined by the difference equations8,14

It+1
n + V

t+ 1
M

n−1 = It
n + V t

n ,

V
t+ 1

M
n It+1

n = It
n+1V

t
n ,

(n ∈ Z /N Z, t ∈ Z /M), (2)

on the phase space T :
{
(It

n, I
t+ 1

M
n , . . . , I

t+ M−1
M

n , V t
n)n=1,...,N ∈ C(M+1)N

∣∣∣
N∏

n=1

V t
n ,

N∏

n=1

I
t+ k

M
n (k = 0, . . . ,M − 1) are distinct

}
.

(3)

Eq. (2) is written in the Lax form given by

Lt+1(y)M t(y) = M t(y)Lt(y),

where

Lt(y) = M t(y)Rt+ M−1
M (y) · · ·Rt+ 1

M (y)Rt(y), (4)

Rt(y) =




It
2 1

It
3 1

. . .
. . .

It
N 1

y It
1



, M t(y) =




1
V t
1

y

V t
2 1

V t
3 1

. . .
. . .

V t
N 1



.

The Lax form ensures that the characteristic polynomial Det(Lt(y)−xIN )

of the Lax matrix Lt(y) is independent of t, namely, the coefficients of

Det(Lt(y)− xIN ) are integrals of motion of T (M,N).

Assume gcd(M,N) = 1 and set dj = [ (M+1−j)N
M

] (j = 1, . . . ,M). We

consider three spaces for T (M,N): the phase space T (3), the coordinate

space L for the Lax matrix Lt(y) (4), and the space F of the spectral curves.

The two spaces L and F are given by

L = {(at
i,j , b

t
i)i=1,...,M, j=1,...,N ∈ C(M+1)N}, (5)

F =
{
yM+1 + fM (x)yM + · · ·+ f1(x)y + f0 ∈ C[x, y]

∣∣∣

degx fj(x) ≤ dj (j = 1, . . . ,M), − f1(x) is monic
}
,

(6)
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where each element in L corresponds to the matrix:

Lt(y) =




at
1,1 at

2,2 · · · at
M,M 1

bt
N

y

bt1 at
1,2 at

2,3 · · · at
M,M+1 1

. . .
. . .

. . .
. . .

. . .

. . . at
M,N−1 1

y
. . . at

M−1,N−1 at
M,N

yat
M,1 y at

M−1,N

...
. . .

. . .
. . .

. . .
...

yat
2,1 · · · ya

t
M,M−1 y btN−1 at

1,N




.

Define two maps ψ : T → L and φ : L→ F given by

ψ((It
n, I

t+ 1
M

n , . . . , I
t+ M−1

M
n , V t

n)n=1,...,N) = Lt(y)

φ(Lt(y)) = (−1)N+1yDet(Lt(y)− xIN ),

Via the map ψ (resp. φ◦ψ), we can regard F as a set of polynomial functions

on L (resp. T ). We write nF for the number of the polynomial functions in

F , which is nF =
1

2
(M + 1)(N + 1).

Proposition 3.1. The nF functions in F are functionally independent in

C[T ].

To prove this proposition we use the following:

Lemma 3.1. Define

It+ k
M =

N∏

n=1

I
t+ k

M
n , V t =

N∏

n=1

V t
n (t ∈ Z, k = 0, . . . ,M − 1).

The Jacobian of ψ does not vanish iff I t+ k
M 6= It+ j

M for 0 ≤ k < j ≤M−1

and It+ k
M 6= V t for 0 ≤ k ≤M − 1.

Proof. Since the dimensions of T and L are same, the Jacobian matrix

of ψ becomes an (M + 1)N by (M + 1)N matrix. By using elementary

transformation, one sees that the Jacobian matrix is block diagonalized

into M + 1 matrices of N by N , and the Jacobian is factorized as

±DetB ·

M−1∏

k=1

DetA(k),
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where A(k) and B are

A(k) = P (It+ k
M , It+ k−1

M )P (It+ k+1
M , It+ k−1

M ) · · ·P (It+ M−1
M , It+ k−1

M )

(k = 1, . . . ,M − 1),

B = P (It+ M−1
M , V t)P (It+ M−2

M , V t) · · ·P (It+ 1
M , V t)P (It, V t),

P (J,K) =




J1 −KN

−K1 J2

. . .
. . .

. . .
. . .

−KN−1 JN




∈MN(C).

Since DetP (J,K) =
∏N

n=1 Jn −
∏N

n=1Kn, we obtain

DetB ·
M−1∏

k=1

DetA(k) =
∏

0≤k≤M−1

(It+ k
M − V t) ·

∏

0≤j<k≤M−1

(It+ k
M − It+ j

M ).

Thus the claim follows.

Remark 3.1. The above lemma is true for gcd(M,N) > 1, too.

Proof. (Proposition 3.1)

Take a generic f ∈ F such that the algebraic curve Cf given by f = 0 is

smooth. The genus g of Cf is 1
2 (N−1)(M+1), and we have dimL = nF +g.

Due to the result by Mumford and van Moerbeke [15, Theorem 1], the

isolevel set φ−1(f) is isomorphic to the affine part of the Jacobian variety

Jac(Cf ) of Cf , which denotes dimC φ
−1(f) = g. Thus F has to be a set of

nF functionally independent polynomials in C[L]. Then the claim follows

from Lemma 3.1.

3.2. Generalized ultradiscrete periodic Toda lattice T(M, N)

We consider the difference equation (2) on the phase space Tε:
{
(It

n, I
t+ 1

M
n , . . . , I

t+ M−1
M

n , V t
n)n=1,...,N ∈ K

N(M+1)
ε

∣∣∣ val
( N∏

n=1

I
t+ k

M
n

)
< val

( N∏

n=1

V t
n

)
(k = 0, . . . ,M − 1),

val
( N∏

n=1

I
t+ k

M
n ) (k = 0, . . . ,M − 1) are distinct

}
.
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We assume gcd(M,N) = 1. Let Fε ⊂ Kε[x, y] be the set of polynomials

over Kε defined by the similar formula to (6), i.e.

Fε =
{
yM+1 +

M∑

j=0

fj(x)y
j ∈ Kε[x, y]

∣∣∣ degx fj ≤ dj , − f1(x) is monic
}
.

The tropicalization of the above system becomes the generalized ultra-

discrete periodic Toda lattice T(M,N), which is the piecewise-linear map:

Qt+1
n = min[W t

n, Q
t
n −X

t
n],

W
t+ 1

M
n = Qt

n+1 +W t
n −Q

t+1
n ,

(n ∈ Z /N Z, t ∈ Z /M), (7)

where Xt
n = min

k=0,...,N−1
[

k∑

j=1

(W t
n−j −Q

t
n−j)],

on the phase space T:

T =
{

(Qt
n, Q

t+ 1
M

n , . . . , Q
t+ M−1

M
n ,W t

n)n=1,...,N ∈ R(M+1)N

∣∣∣
∑

n

Q
t+ k

M
n <

∑

n

W t
n (k = 0, . . . ,M − 1),

∑

n

Q
t+ k

M
n (k = 0, . . . ,M − 1) are distinct

}
.

Here we set val(I t
n) = Qt

n and val(V t
n) = W t

n. The tropicalization of Fε

becomes the space of tropical polynomials on T:

F =
{
min

[
(M + 1)Y, min

j=1,...,M

[
jY + min[djX + Fj,dj

, . . . ,

X + Fj,1, Fj,0]
]
, F0

] ∣∣∣ F1,d1 = 0, Fj,i, F0 ∈ R
}
.

(8)

We write Φ for the map T → F.

3.3. Spectral curves for T (M, N) and good tropicalization

We continuously assume gcd(M,N) = 1.

Proposition 3.2. For a generic point τ ∈ Tε, that is a point in a certain

Zariski open subset of Tε, the spectral curve φ ◦ ψ(τ) has a good tropical-

ization.

To show this proposition, we use the following lemma:

Lemma 3.2. Fix l ∈ Kε[x, y] and set ht = yM+1−xNy+ tl, where t ∈ Kε.

Then C0(ht) is non-singular in (K×ε )2 except for finitely many t.
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Proof. Fix a, b ∈ Z as Ma − Nb = 1. (It is always possible since

gcd(M,N) = 1.) Then the map ν : (K×ε )2 → (K×ε )2; (x, y) 7→ (u, v) =

(xN/yM , xa/yb) is holomorphic. The push forward of ht/y
M+1 by ν be-

comes

h̃ := (ht/y
M+1)∗ = (1− u+ tl̃) (l̃ ∈ Kε[u, v, u

−1, v−1]).

By using the following claim, we see that C0(h̃) is non-singular.

Claim 3.1. Fix f, g ∈ Kε[u, v] such that C0(f) is non-singular, and f and

g are coprime to each other. Define

U = {t ∈ Kε | C
0(f + tg) is singular } ⊂ Kε.

Then U is a finite algebraic set.

Then the lemma follows.

Proof. (Proposition 3.2)

Recall the definition of good tropicalization (Definition 2.1).

The part (1) follows from Proposition 3.1 immediately.

The part (2): For any fε ∈ Fε, it can be easily checked that if two points

P1, P2 ∈ TV (fε) exist on a same edge of the tropical curve, then fP1
ε = fP2

ε .

This fact implies that the set {fP
ε |P ∈ TV (fε)} is finite. Therefore, the

set

4 = {fε ∈ Fε |C
0(fP

ε ) is non-reduced or singular in (K×ε )2

for some P ∈ TV (fε)}

is a union of finitely many non-trivial algebraic subsets of Fε ' KnF
ε .

Using Proposition 3.1 (with the map ι with any ε̄ ∈ R>0) and Lemma 3.2,

we conclude that (φ ◦ ψ)−1(4) ⊂ Tε is an analytic subset with positive

codimension. (We need Lemma 3.2 when fP
ε includes yM+1 − xNy.)

4. General solutions to T(M, N)

4.1. Bilinear equation

In the following we use a notation [t] = t mod 1 for t ∈ Z

M
. The following

proposition gives the bilinear form for T(M,N):

Proposition 4.1. Let {T t
n}n∈Z;t∈ Z

M
be a set of functions with a quasi-

periodicity, T t
n+N = T t

n + (an+ bt+ c) for some a, b, c ∈ R. Fix δ[t], θ[t] ∈ R

such that

(a) δ[t] + θ[t] does not depend on t, (b) 2b− a < Nθ[t] for t ∈ Z /M.
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Assume T t
n satisfies

T t
n + T

t+1+ 1
M

n = min[T t+1
n + T

t+ 1
M

n , T
t+1+ 1

M

n−1 + T t
n+1 + θ[t]]. (9)

Then T t
n gives a solution to (7) via the transformation:

Qt
n = T t

n−1 + T
t+ 1

M
n − T

t+ 1
M

n−1 − T
t
n + δ[t],

W t
n = T t+1

n−1 + T t
n+1 − T

t
n − T

t+1
n + δ[t] + θ[t].

(10)

We omit the proof since it is essentially same as that ofM = 1 case in [3, §3].

Remark 4.1. Via (10), (7) is directly related to

T t
n + T

t+1+ 1
M

n = T t+1
n + T

t+ 1
M

n +Xt
n+1,

Xt
n = min

j=0,...,M−1

[
jθ[t] + T

t+ 1
M

n−j−1 + T t+1
n−j−1 + T t

n + T t
n−1

− (T t+1
n−1 + T

t+ 1
M

n−1 + T t
n−j + T t

n−j−1)
]
.

This is shown to be equivalent to (9) under the quasi-periodicity of T t
n.

See [3, Propositions 3.3 and 3.4] for the proof.

4.2. Example: T(3, 2)

We demonstrate a general solution to T(3, 2). Take a generic point τ ∈ Tε,

and the spectral curve C(fε) for T (3, 2) on Kε is given by the zero of

fε = φ ◦ ψ(τ) ∈ Fε:

fε = y4 + y3f30 + y2(xf21 + f20) + y(−x2 + xf11 + f10) + f0.

Due to Proposition 3.2, C(fε) has a good tropicalization. The tropical curve

Γ := TV (fε) in R2 is the indifferentiable points of ξ := Val(X,Y ; fε):

min
[
4Y, 3Y +F30, 2Y + min[X +F21, F20], Y + min[2X,X +F11, F10], F0

]
.

We assume that Γ is smooth, then its genus is g = 2. See Figure 1 for Γ,

where we set the basis γ1, γ2 of π1(Γ). The period matrix B for Γ becomes

B =

(
2F0 − 7F11 + F20 F11 − F20

F11 − F20 F11 + F20

)
,

and the tropical Jacobi variety J(Γ) of Γ is

J(Γ) = R2 /Z2B.
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Fig. 1. Tropical spectral curve Γ for T(3, 2)

We fix 6 points on the universal covering space of Γ as follows:

~L =

∫ Q

P

= (F0 − 3F11, F11),

~λ1 =

∫ A3

Q

= (F10 − 2F11,−F20), ~λ2 =

∫ A2

Q

= (0, F20 − F30),

~λ3 =

∫ A1

Q

= (0, F30), ~λ =

∫ P

R

= (F10 − 2F11, 0).

Here the path γQ→A3 from Q to A3 is chosen as γQ→A3 ∩ γ1 ∩ γ2 6= ∅.

Remark that ~λ = ~λ1 + ~λ2 + ~λ3 holds.

Proposition 4.2. Fix Z0 ∈ R2. The tropical theta function Θ(Z;B) satis-
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fies the following identities:

Θ(Z0) + Θ(Z0 +~λ+ ~λi)

= min[Θ(Z0 +~λ) + Θ(Z0 +~λi),Θ(Z0−~L) + Θ(Z0 +~L+ ~λ+ ~λi) + θi],

(11)

for i = 1, 2, 3, where θ1 = F0 − 3F11 and θ2 = θ3 = F0 − 2F11.

Proof. Since the curve C(fε) is hyperelliptic, we fix a non-singular odd

theta characteristic as (α, β) = (( 1
2 , 0), ( 1

2 ,
1
2 )) following Lemma 2.1. By

setting (P1, P2, P3, P4) = (R,Q, P,A4−i) in Theorem 2.2 for i = 1, 2, 3, we

obtain (11).

Now it is easy to show the following:

Proposition 4.3. (i) Fix Z0 ∈ R2 and {i, j} ⊂ {1, 2, 3}, and define T t
n by

T t
n = Θ(Z0−~Ln+ ~λt),

T
t+ 1

3
n = Θ(Z0−~Ln+ ~λt+ ~λi),

T
t+ 2

3
n = Θ(Z0−~Ln+ ~λt+ ~λi + ~λj),

(t ∈ Z).

Then they satisfy the bilinear equation (9) with θ[0] = θi, θ
[ 13 ] = θj and

θ[
2
3 ] = θk, where {k} = {1, 2, 3} \ {i, j}.

(ii) With (i) and δ[
k
3 ] = F0 − 2F11 − θ

[ k
3 ] (k = 0, 1, 2), we obtain a general

solution to T(3, 2).

Remark 4.2. Depending on a choice of {i, j} ⊂ {1, 2, 3}, we have 3! = 6

types of solutions. This suggests a claim for the isolevel set Φ−1(ξ):

Φ−1(ξ) ' J(Γ)⊕6.

4.3. Conjectures on T(M, N)

We assume gcd(M,N) = 1 again. Let Γ be the smooth tropical curve given

by the indifferentiable points of a tropical polynomial ξ ∈ F (8). We fix the

basis of π1(Γ) by using γi,j (i = 1, . . . ,M, j = 1, . . . , di) as Figure 2. The

genus g = 1
2 (N − 1)(M + 1) of Γ can be obtained by summing up dj from

j = 1 to maxj=1....,M{j | dj ≥ 1}.

Fix three points P , Q, R on the universal covering space Γ̃ of Γ as Figure

2, and define

~L =

∫ Q

P

, ~λ =

∫ P

R

.
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Fig. 2. Tropical spectral curve Γ for T(M, N)

Fix Ai (i = 1, . . . ,M) on Γ̃ as Figure 2, such that

~λi =

∫ AM+1−i

Q

(i = 1, . . . ,M)

satisfy ~λ =
∑M

i=1
~λi.

We expect that the bilinear form (9) is obtained as a consequence of

the tropical Fay’s identity (1), by setting (P1, P2, P3, P4) = (R,Q, P,Ai) in

Theorem 2.2. The followings are our conjectures:

Conjecture 4.1. Let SM be the symmetric group of order M . Fix Z0 ∈ Rg

and σ ∈ SM , and set

T
t+ k

M
n = Θ(Z0−~Ln+ ~λt+

k∑

i=1

λσ(i))

for k = 0, . . . ,M − 1. Then the followings are satisfied:
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(i) T t
n satisfy (9) with some θ[t].

(ii) T t
n gives a general solution to T(M,N) via (10).

Conjecture 4.2. The above solution induces the isomorphism map from

J(Γ)⊕M ! to the isolevel set Φ−1(ξ).

Remark 4.3. In the case of T(1, g+1) and T(2g−1, 2), the smooth tropical

spectral curve Γ is hyperelliptic and has genus g. For T(1, g+1), Conjectures

4.1 and 4.2 are completely proved.3,4 For T(3, 2), Conjecture 4.1 is shown

in §4.2.
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1. Introduction

The sine-Gordon (sG) model is the most famous example of two-

dimensional integrable Quantum Field Theory (QFT). The sG model is

defined in two-dimensional Minkowski space with coordinate x = (x0, x1)

by the action

AsG =

∫ {
1

16π
(∂µϕ(x))2 +

2µ2

sin(πβ2)
cos(βϕ(x))

}
d2

x . (1)

The normalisation of the dimensional coupling constant in front of

cos(βϕ(x)) is chosen for future convenience. This model has been a subject

of intensive study during the last 30 years. First, by semi-classical methods

∗Membre du CNRS
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the exact spectrum was computed, the factorisation of scattering was pre-

dicted, and the exact S-matrix was found for certain values of the coupling

constant (in the absence of reflection of solitons).2,3

The most significant further results were found by the bootstrap

method. In Refs. 4,5 the exact S-matrix was found, and in Refs. 6,7 the

exact form factors were computed for the energy-momentum tensor, topo-

logical current and the operators e±iβϕ(x), e±
iβ

2 ϕ(x). Then the latter result

was generalised to the operator eiaϕ(x) with an arbitrary a,8 using the meth-

ods which go back to the study of the closely related XXZ spin chain.9,10

It should be said that many important technical and conceptual meth-

ods of the modern theory of quantum integrable models originate in the

quantum inverse scattering method.11,12 It provides a clear mathematical

interpretation of the work by R. Baxter.13 In particular, in Ref. 12 the scat-

tering matrix of the sG solitons was reproduced using the Bethe Ansatz.

The knowledge of form factors allows us to write a series representation

for the two-point function

〈eia1ϕ(x)eia2ϕ(0)〉sG . (2)

In this paper we shall consider only the space-like region x
2 < 0. We shall

use a lattice regularisation which breaks the Lorentz invariance. So we shall

take x = (0, x), and use the notation ϕ(x) = ϕ(0, x). In this case the

integrals over the form factors are rapidly convergent. It is rather hard to

give a mathematically rigorous proof of the convergence of the series, but

nobody doubts that they converge. Actually the convergence was proved14

for a certain particular reduction of the sG model, known as the scaling

Lee-Yang theory. So, the situation looks completely satisfactory. However,

the series over the form factors converge slowly in the ultraviolet region

(for small values of −x2). To give an efficient description to its ultraviolet

behaviour remained a problem largely open for some time. Before describing

the way of solving this problem let us explain how it is solved in a particular

case.

It is known that at β2 = 1/2 the sine-Gordon model is equivalent to the

free theory of a Dirac fermion. The correlation functions of (2) are non-

trivial. The sG field ϕ(x) is bilinear in fermions, and one has to compute

the correlation function of two exponentials of bilinear forms. The result

is obtained in Ref. 15, generalising the seminal work16 on the scaling Ising

model. Namely, it is shown that the correlation function satisfies an equiva-

lent of a Painlevé III equation. The form factors are very simple in this case,

and the form factor series coincides with the Fredholm determinant repre-
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sentation of this solution. Still the problem of describing the ultra-violet

behaviour is non-trivial. It amounts to finding the connection coefficients

for the Painlevé equation, which is done by studying the Riemann-Hilbert

problem.17 Through this analysis, one draws an important conclusion. Since

CFT completely describes the ultra-violet limit, one might näıvely expect

that the asymptotic behaviour of the two-point function may be obtained

via the perturbation theory. Such an assumption would imply that the

dependence on the mass scale is analytic in µ2 which has the dimension

(mass)2(1−β2). However this is not the case even for the Painlevé solution.

Correct understanding of the conformal perturbation theory is one of

the most important problems in the theory of quantum integrable systems.

This problem was studied in Ref. 18. In fact, the näıve perturbation theory

suffers from both ultraviolet and infrared divergencies. The idea of Ref. 18 is

to absorb all these divergencies into non-perturbative data: one-point func-

tions of primary fields and their descendants. Once it is done, the remaining

task is a convergent version of conformal perturbation theory. So the prob-

lem is divided into two steps. The first one requires some non-perturbative

information. The second one is of genuinely CFT origin: actually, it is re-

duced to the computation of some Dotsenko-Fateev Coulomb gas integrals

with screenings.19

In principle, the procedure described in Ref. 18 provides an asymptotic

series in the ultra-violet domain which agrees with the structure expected

from the Painlevé case: it is not just a power series in µ2, but includes

non-analytic contributions with fractional powers of µ2.

So the main problem is to compute the one-point functions. The first im-

portant result in this direction was achieved in Ref. 20, where an exact for-

mula for the one-point functions of the primary fields was conjectured. Then

by several ingenious tricks (such as going form sine-Gordon to sinh-Gordon

and back) a procedure was described in Refs. 21–23, which must in principle

allow us to compute the correlation functions of the descendants. Unfor-

tunately, this procedure involves certain matrix Riemann-Hilbert problem

which has not been solved in general up to now. At the same time, this

way of computation looks very indirect, and involves steps which are hard

to justify. Still, the predicted result for the first not-trivial descendant23 is

quite remarkable. Even though it was obtained by a complicated and non-

rigorous procedure, it was checked against many particular cases. So we do

not doubt in its validity. It will be used to check the result of the present

paper.

Let us mention here a deep relation between the sG model and the Φ1,3-
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perturbation of c < 1 models of CFT.24 On the formal level the relation is

simple. In the action (1) one can split cos(βϕ(x)) = 1
2 (e−iβϕ(x) + eiβϕ(x))

and consider the first term as a part of the Liouville action and the second as

a perturbation. The Liouville model with an imaginary exponent is nothing

but CFT with the central charge

c = 1− 6(β − 1/β)2 ,

and eiβϕ(x) is the field Φ1,3(x). So, formally there is no difference between

the sG model and the Φ1,3-perturbation of c < 1 CFT. The situation be-

comes interesting in the case of rational β2. It was shown in Refs. 25,26 that

in the computation of the correlation functions of e
inβ

2 ϕ(x) (n = 1, 2, 3, · · · ),

a restriction of degrees of freedom takes place for the intermediate states

of solitons. The mechanism of reduction is similar to the RSOS restriction

for vertex models. This phenomenon is known as the restriction of the sG

model. For example, if β2 = 3/4 the solitons reduce to Majorana fermions,

and the restricted model is nothing but the scaling Ising model.

In the series of papers, Refs. 27,28,29,1 which we will refer to as

I,II,III,IV, respectively, we studied the hidden fermionic structure of the

XXZ spin chain. In particular, in IV the relation between our fermions

in the scaling limit and c < 1 CFT was established. The long distance

behaviour of the XXZ model and the short distance behaviour of the sG

model are described by the same CFT: free bosons with the compactifica-

tion radius β2. For the XXZ model, we use the coupling parameter ν related

to β2 via

β2 = 1− ν .

This identification is used when relating the results of IV to those of

Refs. 30,31, which were important for us. The relevant CFT has the central

charge

c = 1− 6
ν2

1− ν
.

Here we do not consider the peculiarity of a rational ν, so using the c < 1

CFT means just the usual modification of the energy-momentum tensor.

In the ultraviolet limit, the sG model is described by two chiral copies of

CFT. We use the notation

Φα(x) = e
ν

1−ν
α{ iβ

2 ϕ(x)} .

The field iβϕ(x) splits into two chiral fields 2ϕ(x) + 2ϕ̄(x). (We follow the

normalisation of the fields ϕ(x), ϕ̄(x) given in Refs. 30,31 and in IV.) Our
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goal is to compute the one point functions

〈P ({l−m})P̄ ({̄l−m})Φα(0)〉sG

〈Φα(0)〉sG

,

where P ({l−m}), P̄ ({̄l−m}) are polynomials in the generators of two chiral

copies of the Virasoro algebra with the central charge c.

The universal enveloping algebra of the Virasoro algebra contains the

local integrals of motion i2k−1 (i1 = l−1)
32 which survive the Φ1,3-

perturbation. Clearly, the one-point functions of descendants created by

them vanish. We assume that it is possible to write any element of the

chiral Verma module generated by Φα(0) as P1({i2k−1})P2({l−2k})Φα(0).

So, actually we are interested in computing

〈P ({l−2m})P̄ ({̄l−2m})Φα(0)〉sG

〈Φα(0)〉sG

.

For the simplest non-trivial case l−2 l̄−2Φα(0) the problem was solved in

Ref. 23. If one wants to consider the descendants created by the Heisenberg

algebra it is easy to do using the formulae

(1− ν)T (z) =: ϕ′(z)2 : +νϕ(z), (1− ν)T̄ (z̄) =: ϕ̄′(z̄)2 : +νϕ̄(z̄) .

In this paper we shall consider only the domain 0 < α < 2, but the final

results allow analytical continuation for all values of α.

The whole idea of IV is that the usual basis of the Verma module is not

suitable for the perturbation, and we have to introduce another one. For the

moment we consider only one chirality. Working modulo action of the local

integrals of motion the new basis is provided by uncharged products of two

fermions βCFT∗
2k−1 and γCFT∗

2k−1 . The fermions respect the Virasoro grading:

[l0,β
CFT∗
2j−1 γCFT∗

2k−1 ] = (2j + 2k − 2)βCFT∗
2j−1 γCFT∗

2k−1 .

We have

βCFT∗
I+ γCFT∗

I− Φα(0) =
{
P even

I+,I−({l−2k}) + dαP
odd
I+,I−({l−2k})

}
Φα(0) , (3)

where I+ and I− are ordered multi-indices: for I = (2r1 − 1, · · · 2rn − 1)

with r1 < · · · < rn, we set

βCFT∗
I = βCFT∗

2r1−1 · · ·β
CFT∗
2rn−1 , γCFT∗

I = γCFT∗
2rn−1 · · ·γ

CFT∗
2r1−1 ,

and similarly for β̄I , γ̄I . We require #(I+) = #(I−). In the right hand side

of (3), P even
I+,I−

({l−2k}) and P odd
I+,I−

({l−2k}) are homogeneous polynomials,

the constant dα is given by

dα =
ν(ν − 2)

ν − 1
(α − 1) = 1

6

√
(25− c)(24∆α + 1− c) ,
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and the separation into even and odd parts is determined by the reflection

βCFT∗
I+ γCFT∗

I−
↔ βCFT∗

I− γCFT∗
I+ .

The coefficients of the polynomials P even
I+,I−

and P odd
I+,I−

are rational func-

tions of c and

∆α =
α(α− 2)ν2

4(1− ν)

only. The denominators factorise into multipliers ∆α + 2k, k = 0, 1, 2, · · · .

Exact formulae up to the level 6 can be found in IV, Eq. (12.4). In particular,

on the level 2 we have P even
1,1 = 1, P odd

1,1 = 0. The transformation (3) is

invertible.

The operators βCFT∗
2k−1 and γCFT∗

2k−1 were found as the scaling limit of the

fermions which create the quasi-local fields for the XXZ spin chain. This

became possible after the computation of the expectation values of the

quasi-local fields on the cylinder (see III). Actually, two different scaling

limits are possible, and the second one provides the fermionic operators for

the second chirality: β̄
CFT∗
2k−1 and γ̄CFT∗

2k−1 . The same story repeats for these

operators, in particular, we have

β̄
CFT∗
Ī+ γ̄CFT∗

Ī−
Φα(0) =

{
P even

Ī+,Ī−
({̄l−2k})− dαP

odd
Ī+,Ī−

({̄l−2k})
}

Φα(0) . (4)

The main statement of this paper is that in the fermionic basis the sG

one-point functions are simple:

〈β̄
CFT∗
Ī+ γ̄CFT∗

Ī−
βCFT∗

I+ γCFT∗
I−

Φα(0)〉sG

〈Φα(0)〉sG
= (−1)#(I+)δĪ−,I+δĪ+,I− (5)

×

(
M
√
π Γ( 1

2ν
)

2
√

1− ν Γ( 1−ν
2ν

)

)2|I+|+2|I−| ∏

2n−1∈I+

Gn(α)
∏

2n−1∈I−

Gn(2− α) ,

Here

Gn(α) = (−1)n−1((n− 1)!)2
Γ
(

α
2 + 1−ν

2ν
(2n− 1)

)
Γ
(
1− α

2 −
1
2ν

(2n− 1)
)

Γ
(
1− α

2 −
1−ν
2ν

(2n− 1)
)
Γ
(

α
2 + 1

2ν
(2n− 1)

) ,

|I | stands for the sum of elements of I , and M is the mass of soliton. We

recall that #(I+) = #(I−) is required in order to stay in the same Verma

module, and #(Ī+) = #(Ī−) follows.

Using (5) we can find all the one-point functions of descendants. Up

to the level 6 the results of IV can be used. In particular, at the level 2

we find a perfect agreement with the formula (1.8) of Ref. 23 after the

identification: η = α − 1, ξ = 1−ν
ν

. To proceed to levels higher than 6 one

should perform further computations in the spirit of IV.
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Let us explain how we proceed in justification of the main formula (5).

For CFT we use the lattice regularisation by the six vertex model (equiv-

alently XXZ spin chain). For this model we use the fermionic description

of the space of quasi-local operators found in I,II. On the lattice we have

creation operators b
∗(ζ), c∗(ζ) and annihilation operators b(ζ), c(ζ). The

most honest way to proceed to the sG model would be to regularise it via

the eight vertex model, and then to consider the scaling limit. On this way

we would meet two problems. The first is the U(1) symmetry which is bro-

ken in the eight vertex model. It is hard to introduce the lattice analogue of

Φα with arbitrary α. This difficulty may be overcome by going to the SOS

model. The second problem is conceptually more difficult. For the elliptic

R-matrices we do not have an analogue of the q-oscillators which is crucial

for the construction of our fermionic operators. For the moment we do not

know how to attack this problem. Let us notice, however, that in the case

α = 0 an analogue of bilinear combinations of the annihilation operators

b(ζ)c(ξ) exists. It is defined in the papers Refs. 33,34.

So, having problems with the eight vertex model we are forced to take

another approach. In the paper Ref. 35 the sG or the massive Thirring

models was obtained as a limit of the inhomogeneous six vertex model with

the inhomogeneity ζ0 (see section 3 below). Notice that, for this limit to

make sense, one has first to consider the finite lattice on n sites, and then

take the limit ζ0 → ∞, n →∞ in a concerted way in order that the finite

mass scale appears. But exactly this kind of procedure became very natural

for us after we had computed in III the expectation values of quasi-local

operators on the cylinder. The compact direction on the cylinder is called

the Matsubara direction, and its size n is what is needed for considering

the limit in the spirit of Ref. 35.

The paper is organised as follows. In Section 2 we review our previous

paper IV, and explain how to obtain the fermionic description for two chiral

CFT models from the XXZ spin chain (six vertex model). In Section 3 we

introduce the inhomogeneous six vertex model and consider the continuous

limit which produces the sG model according to Ref. 35. We derive the

one-point functions using the fermionic description of ultra-violet CFT.

2. Two scaling limits of the XXZ model and two chiralities

Our study of the XXZ model is based on the fermionic operators defined in

I,II. This definition allowed us to compute in III the following expectation

value. Consider a homogeneous six vertex model on an infinite cylinder.

Let TS,M be the monodromy matrix, where S refers to the infinite direction
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(called the space direction), and M refers to the compact circular direction

(called the Matsubara direction). We use n to denote the length of the

latter. We follow the notations in IV. For a quasi-local operator q2αS(0)O

on the spacial lattice, we consider

Zκ
n

{
q2αS(0)O

}
=

TrSTrM

(
TS,Mq

2κS+2αS(0)O
)

TrSTrM

(
TS,Mq2κS+2αS(0)

) . (6)

The generalisation of this functional Zκ,s
n

was introduced in IV. In the

scaling limit, the introduction of s in this functional amounts to changing

(screening) the background charge at x = −∞ by −2s 1−ν
ν

. It enables us to

deal with the special case of the functional for which the effective action of

local integrals of motion becomes trivial.

The quasi-local operators are created from the primary field q2αS(0) by

action of the creation operators t
∗(ζ),b∗(ζ), c∗(ζ). Actually they act on the

space

W(α) =

∞⊕

s=−∞

Wα−s,s ,

where Wα−s,s denotes the space of quasi-local operators of spin s with tail

α− s.

In this paper we shall consider the subspace W
(α)
ferm of the space W(α)

which are created from the primary fields only by fermions b
∗
p, c
∗
p (see (12)

below). On W
(α)
ferm the functional Zκ,s

n
allows the determinant form which

is convenient to summarise as

Zκ,s
n

{
q2αS(0)O

}
=

TrS
(
eΩn

(
q2αS(0)O

))

TrS
(
q2αS(0)

) ,

where

Ωn =
1

(2πi)2

∫

Γ

∫

Γ

ωrat,n(ζ, ξ)c(ξ)b(ζ)
dζ2

ζ2

dξ2

ξ2
,

where the contour Γ goes around ζ2 = 1.

The function ωrat,n(ζ, ξ) is defined by the Matsubara data (see III,

Ref. 37, IV). Besides the length of the Matsubara chain n it depends on

the parameters κ, α, s and on possible inhomogenieties in the Matsubara

chain. However, we mark explicitly only the dependence on n which is the

most important for us here.
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We have ignored the descendants created by t
∗(ζ). Actually, they do not

give any non-trivial contributions in the limit n → ∞, which we shall be

interested in. Then Zκ
∞ is automatically reduced to the the quotient space:

W(α)
quo =W(α)/(t∗(ζ)− 2)W(α) ,

which is obviously isomorphic to W
(α)
ferm as a linear space.

We shall not repeat the definition of ωrat,n(ζ, ξ) because in the present

paper we shall use only very limited information about it. Let us explain,

however, the suffix “rat”: the function (ξ/ζ)αωrat,n(ζ, ξ) is a rational func-

tion of ζ2 and ξ2. The really interesting situation occurs when n → ∞.

In that case the Bethe roots for the transfer matrices in the Matsubara

direction become dense on the half axis ζ2 > 0. If we do not introduce

additional rescaling as described below, the function ωrat,n(ζ, ξ) goes to the

simple limit:

ωrat,n(ζ, ξ) −→
n→∞

4ω0(ζ/ξ, α) +∇ω(ζ/ξ, α) , (7)

where

4ω0(ζ, α) = −

i∞∫

−i∞

ζu
sin π

2 ((1− ν)u− α)

sin π
2 (u− α) cos πν

2 u
du , (8)

∇ω(ζ, α) = −ψ(ζq, α) + ψ(ζq−1, α) + 2iζα tan
(πνα

2

)
,

ψ(ζ, α) = ζα ζ2 + 1

2(ζ2 − 1)
.

The reason for extracting the elementary ∇ω is due to the fact that the

function ω0 satisfies the relation typical for CFT

ω0(ζ, α) = ω0(ζ
−1, 2− α) . (9)

Notice that (ξ/ζ)αω0(ζ/ξ, α) is not a single-valued function of ζ2 and ξ2.

So, the property of rationality is lost in the limit. We define Ω0 and ∇Ω in

the same way as Ωn replacing ωrat,n(ζ, ξ) by respectively 4ω0(ζ/ξ, α) and

∇ω(ζ/ξ, α).

Following IV we denote the original creation operators introduced in II

by b
∗
rat(ζ) and c

∗
rat(ζ). They satisfy the property:

TrS (b∗rat(ζ)(X)) = 0, TrS (c∗rat(ζ)(X)) = 0 ,

for all quasi-local operators X . In the present paper it is useful to replace

these operators by the following Bogolubov transformed ones:

b
∗
0(ζ) = e−∇Ω

b
∗
rat(ζ)e

∇Ω, c
∗
0(ζ) = e−∇Ω

c
∗
rat(ζ)e

∇Ω . (10)
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Obviously, the functional Zκ,s
n

calculated on the descendants generated

by these operators is expressed as determinant constructed from function

ωrat,n(ζ, ξ) −∇ω(ζ/ξ, α) which in the limit n→∞ goes to 4ω0(ζ/ξ, α).

As it is explained in IV, the operators ζ−α
b
∗
0(ζ) and ζα

c
∗
0(ζ) are rational

functions of ζ2 as far as they are considered in the functional Zκ,s
n

, and they

have the following behaviour at ζ2 = 0:

b
∗
0(ζ) =

∞∑

j=1

ζα+2j−2
b
∗
screen,j , c

∗
0(ζ) =

∞∑

j=1

ζ−α+2j
c
∗
screen,j .

For b
∗
screen,j , c

∗
screen,jwe have used the suffix “screen” to stand for “screen-

ing” in view of its similarity to the lattice screening operators used in IV.

In IV, another set of operators b
∗(ζ), c

∗(ζ) is obtained from b
∗
rat(ζ),

c
∗
rat(ζ) by a kind of Bogolubov transformation which contains t

∗(ζ). We

shall not write explicitly this Bogolubov transformation, but only the one

relating b
∗(ζ), c∗(ζ) to b

∗
0(ζ), c

∗
0(ζ), both acting on the quotient spaceW

(α)
quo

because only these operators are used in this paper. The operators b
∗(ζ),

c
∗(ζ) are important because Zκ,s

∞ vanishes on their descendants. Notice that

we do not allow κ, s to grow together with n. In that case the dependence

on κ, s disappears for n =∞.

Remark. The defining equations for ωrat,n(ζ, ξ) given in IV imply that the

limit (7) has a very general nature. Namely, the result is independent not

only of κ, s but also of inhomogeneities in the Matsubara chain. The situa-

tion is similar to that for the S-matrix which is the same for homogeneous,

inhomogeneous XXZ chains or even for the sG model.

If we consider the Bogolubov transformation which connects the opera-

tors b
∗(ζ), c

∗(ζ) and b
∗
0(ζ), c

∗
0(ζ) as acting on the quotient space W

(α)
quo, it

reduces to

b
∗(ζ) = e−Ω0b

∗
0(ζ)e

Ω0 , c
∗(ζ) = e−Ω0c

∗
0(ζ)e

Ω0 . (11)

We catch operators acting onW (α) by developing b
∗(ζ), c∗(ζ) and b(ζ),

c(ζ) around the point ζ2 = 1:

b
∗(ζ) '

ζ2 → 1

∞∑

p=1

(ζ2 − 1)p−1
b
∗
p, c

∗(ζ) '
ζ2 → 1

∞∑

p=1

(ζ2 − 1)p−1
c
∗
p , (12)

b(ζ) =

∞∑

p=0

(ζ2 − 1)−p
bp, c(ζ) =

∞∑

p=0

(ζ2 − 1)−p
cp . (13)

These operators are (quasi-)local in the sense of II, Section 3.3, while

b
∗
screen,j and c

∗
screen,j are highly “non-local”.
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The operators b
∗
p, c

∗
p create quasi-local operators in the sense of II,

Section 3.1 by acting on the primary field. Here we slightly change the

notation compared to II,III, where the Fourier coefficients are defined after

removing an overall power ζ±α. The reason was that we wanted that the

result of action of b
∗
p, c

∗
p is a rational function of q, qα. This rationality

property is irrelevant in this paper, and extracting ζ±α may even cause a

confusion.

So far we have been discussing the simple limit n→∞. Now we discuss

the scaling limit to CFT. In IV we studied the scaling limit of the homo-

geneous XXZ chain on the cylinder. The key idea is to consider first of all

the scaling limit in the Matsubara direction. Namely, denoting the length

of the Matsubara chain by n and introducing the step of the lattice a we

consider the limit

n→∞, a→ 0, na = 2πR fixed . (14)

The requirement is that if we rescale the spectral parameter as ζ = (Ca)νλ,

the Bethe roots for the transfer matrix in the Matsubara direction which

are close to ζ2 = 0 remain finite. The constant C is chosen to have an

agreement with CFT as

C =
Γ
(

1−ν
2ν

)

2
√
π Γ

(
1
2ν

)Γ(ν)
1
ν . (15)

Next we consider the scaling limit in the space direction. We con-

jecture that under the presence of the background charges effected by

the screening operators, the lattice operator q2κS+2αS(0) goes to the limit

Φ1−κ′(−∞)Φα(0)Φ1+κ(∞) where

κ′ = κ+ α+ 2s
1− ν

ν
.

Furthermore, we have shown that in the weak sense the following limits

exist

2β∗(λ) = lim
a→0

b
∗((Ca)νλ), 2γ∗(λ) = lim

a→0
c
∗((Ca)νλ) . (16)

The operators β∗(λ), γ∗(λ) have the asymptotics at λ2 →∞:

β∗(λ) '

∞∑

j=1

λ−
2j−1

ν β∗2j−1, γ∗(λ) '

∞∑

j=1

λ−
2j−1

ν γ∗2j−1 , (17)

where β∗2j−1, γ∗2j−1 act between different Verma modules as follows

β∗2j−1 : Vα+2 1−ν

ν
(s−1) ⊗ Vα → Vα+2 1−ν

ν
s ⊗ Vα ,

γ∗2j−1 : Vα+2 1−ν

ν
(s+1) ⊗ Vα → Vα+2 1−ν

ν
s ⊗ Vα .
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The action on the second component is trivial. The functional Zκ,s
n

turns

in this limit into the three-point function for c < 1 CFT as explained in

IV. The identification of descendants created by β∗ and γ∗ with Virasoro

descendants is made by studying the function

ωR(λ, µ) =
1

4
( lim
scaling

ωrat,n((Ca)νλ, (Ca)νµ)−∇ω(λ/µ, α)) ,

where limscaling refers to the scaling limit (14). Contrary to the simple-

minded limit n → ∞ (7), the function (µ/λ)αωR(λ, µ) remains a single-

valued function of λ2 and µ2, but it develops an essential singularity at

λ2 =∞, µ2 =∞.

In the present paper we shall consider sG model which requires putting

together the two chiralities. To this end we shall need to consider not only

the asymptotical region λ2 →∞, but also λ2 → 0. Analysing the function

ωR(λ, µ) one concludes that the following limits exist

1
2 lim

a→0
b
∗
0((Ca)

νλ) '
λ2 → 0

β∗screen(λ) =
∞∑

j=1

λα+2j−2β∗screen,j , (18)

1
2 lim

a→0
c
∗
0((Ca)

νλ) '
λ2 → 0

γ∗screen(λ) =
∞∑

j=1

λ−α+2jγ∗screen,j .

For the moment we do not know how to use these operators, but one thing

is clear: they create highly non-local fields.

The L-operator depends on ζ and ζ−1 in a symmetric way. That is why

another scaling limit is possible:

2β̄
∗
(λ) = lim

a→0
b
∗((Ca)−νλ), 2γ̄∗(λ) = lim

a→0
c
∗((Ca)−νλ) , (19)

which allow the power series at λ→ 0:

β̄
∗
(λ) '

∞∑

j=1

λ
2j−1

ν β̄
∗
2j−1, γ̄∗(λ) '

∞∑

j=1

λ
2j−1

ν γ̄∗2j−1 . (20)

The resulting operators act as follows

β̄
∗
(λ) : Vα ⊗ Vα+2 1−ν

ν
(s−1) → Vα ⊗ Vα+2 1−ν

ν
s ,

γ̄∗(λ) : Vα ⊗ Vα+2 1−ν

ν
(s+1) → Vα ⊗ Vα+2 1−ν

ν
s .

These operators are obtainable from the previous ones by the substitution

{α, λ} → {2− α, λ−1} .

The proof goes through considering the scaling limit (14) and studying

the function

ω̄R(λ, µ) =
1

4
( lim
scaling

ωrat,n((Ca)−νλ, (Ca)−νµ)−∇ω(λ/µ, α)) .
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The analysis is parallel to the one performed for the first chirality in

IV. The function (µ/λ)αω̄R(λ, µ) is a single-valued function of λ2, µ2 with

essential singularities at λ2 = 0, µ2 = 0.

The operators β̄
∗
screen(λ) and γ̄∗screen(λ) are introduced similarly to the

first chirality.

1
2 lim

a→0
b
∗
0((Ca)

−νλ) '
λ2 →∞

β̄
∗
screen(λ) =

∞∑
j=1

λα−2j β̄
∗
screen,j , (21)

1
2 lim

a→0
c
∗
0((Ca)

−νλ) '
λ2 →∞

γ̄∗screen(λ) =
∞∑

j=1

λ2−α−2j γ̄∗screen,j .

For both chiralities we have

ωR(λ, µ) −→
R→∞

ω0(λ/µ, α), ω̄R(λ, µ) −→
R→∞

ω0(λ/µ, α) .

So, the näıve n→∞ limit is reproduced.

3. Inhomogeneous six vertex model and sine-Gordon model

We want to put two chiral models together and to make them interacting.

According to the previous discussion the lattice analogue of chiral CFT is

the XXZ model. So, the two non-interacting chiral models correspond to the

lattice containing two non-interacting six vertex sublattices. As an example

we shall consider the “even” or “odd” sublattices, consisting of lattice points

with coordinates (j,m) such that j,m are both even or both odd. It is well-

known35 how to force these two to interact: one has to consider a six vertex

model on the entire lattice with alternating inhomogeneneity parameters.

We denote S = S ∪ S, M = M ∪M and introduce

TS,M =

y
∞∏

j=−∞

Tj,M(ζ
(−1)j

0 ) , Tj,M(ζ) =

x
2n∏

m=1

Lj,m(ζζ
−(−1)m

0 ) .

Here

Lj,m(ζ) = q−
1
2 σ

3
j σ

3
m − ζ2q

1
2 σ

3
j σ

3
m − ζ(q − q−1)(σ+

j σ
−
m

+ σ−j σ
+
m

) .

Note that for ζ±1
0 = ∞ the inhomogeneous lattice reduces to two non-

interacting homogeneous lattices.

The functional Z full
n

is defined by

Zfull
n

{
q2αS(0)O

}
=

TrSTrM

(
TS,Mq2αS(0)O

)

TrSTrM

(
TS,Mq2αS(0)

) . (22)
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We set κ = 0 here. The methods of II,III allow one to compute this func-

tional with inhomogeneities in both directions. In particular, from II one

concludes that the annihilation operators split into two parts:

b(ζ) = b
+(ζ) + b

−(ζ), c(ζ) = c
+(ζ) + c

−(ζ) ,

b
±(ζ) =

∞∑

p=0

(
ζ2ζ∓2

0 − 1
)−p

b
±
p , c

±(ζ) =
∞∑

p=0

(
ζ2ζ∓2

0 − 1
)−p

c
±
p .

Let us take n = ∞. Then using the remark from the previous section and

II,III one obtains:

Zfull
∞

{
q2αS(0)O

}
=

TrS
(
eΩ

full (
q2αS(0)O

))

TrS
(
q2αS(0))

) . (23)

We have

Ωfull = Ω0 +∇Ω ,

where

Ω0 = Ω++
0 + Ω+−

0 + Ω−+
0 + Ω−−0 ,

Ωεε′

0 =
4

(2πi)2

∫

Γε

∫

Γε′

ω0(ζ/ξ, α)cε′(ξ)bε(ζ)
dζ2

ζ2

dξ2

ξ2
,

and similarly for ∇Ω. The contour Γ± goes anticlockwise around ζ±2
0 .

As it has been said in the introduction, ideally we would like to start

from a non-critical (XYZ or SOS) lattice model and to obtain the relativistic

massive model by the usual scaling limit near the critical point. Since we

do not have the necessary formulae to do that, we have recourse to the

scaling limit of an inhomogeneous model by the procedure of Ref. 35. Here

we have an ideal situation from the point of view of QFT. Namely, we have

the ultraviolet cutoff (lattice), the infrared cutoff (a finite number n of sites

in the Matsubara direction), and the physical quantities (the values of the

the functional Z full
n

on quasi-local fields) are exactly computed with finite

cutoffs.

Like in the homogeneous case, let us introduce the step of the lattice a,

and consider the scaling limit (14): n → ∞, a → 0, na = 2πR fixed. We

require further that ζ−1
0 → 0, so that

M = 4a−1ζ
−1/ν

0 fixed . (24)

The parameter M is a mass scale which has the meaning of the sG soliton

mass.35 The famous formula relating the soliton mass to the dimensional
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coupling constant µ36 reads in our notation as

µ =

[
M

4C

]ν

= (Ca)
−ν
ζ−1
0 . (25)

In this paper we consider a further limit R → ∞. In that case the sG

partition function is obtained from Z full
∞ .

Let us give some explanation at this point. The subject of study in

Ref. 35 is the partition function of the sG model on the cylinder. There

are two possible approaches to this partition function which correspond to

two Hamiltonian pictures. In the first one, the space direction is considered

as space and the Matsubara direction as time (space channel). One has

scattering of particles and describes the partition function by the Thermo-

dynamic Bethe Ansatz (TBA).38 This approach has an advantage of dealing

with known particle spectrum and S-matrices. It also has a disadvantage,

because as usual in the thermodynamics one has to deal with the density

matrix, which is a complicated object even in integrable cases.

The paper Ref. 35 uses an alternative picture: the Matsubara direction

is space, and the space direction is time. In this approach, the partition

function is described by the maximal eigenvalue of the Hamiltonian of the

periodic problem for the Matsubara direction (Matsubara channel). The

advantage of this approach is clear: one deals with the pure ground state

instead of the density matrix. The disadvantage is that describing eigenval-

ues in the finite volume is a difficult problem. This problem is addressed in

Ref. 35.

More precisely, it is proposed in Ref. 35 to obtain the sG partition

function as the scaling limit of TrSTrM(TS,M). As in the present paper,

it is important to be able to control the computations starting from the

lattice and from finite n. In our opinion, the main achievement of Ref. 35

is not in rewriting the Bethe Ansatz equation for the Matsubara transfer

matrix in the form of a non-linear integral equation, but in extracting a

main linear part and inverting it. The resulting Destri-DeVega equation

(DDV) has several nice features. First, it allows the scaling limit and the

mass scale (24) appears. Second, after the scaling limit the DDV equation

clearly allows the large R expansion. Third, the scattering phase of the sG

solitons appears in the DDV equation in the Matsubara channel. The last

property allows the identification with the space channel. In particular, M

happens to be equal to the mass of soliton.

Now we come to the most important point of this paper. We wish to

define the creation operators appropriate for taking the scaling limit to the

sG theory. The issue is similar to the one in conformal perturbation theory,
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where one needs to prescribe a way how to extend the descendants in CFT

to the perturbed case. It is claimed in Refs. 18,23 that after subtracting the

divergencies these operators are defined uniquely: possible finite countert-

erms can be dismissed for dimensional reasons, at least in the absence of

resonances.18,23 The latter condition is satisfied in our case if ν and α are

generic.

Let us define the operators b
∗
0(ζ) and c

∗
0(ζ) by the same formula as in

the homogeneous case (10). Starting from these operators we define the

creation operators

b
∗
0(ζ) '

ζ2 → ζ±2
0

b
±∗
0 (ζ) =

∞∑

p=1

(ζ2ζ∓2
0 − 1)p−1

b
±∗
0,p

and likewise for c
∗
0(ζ).

The operators b
±∗
0,p c

±∗
0,p create quasi-local fields. Notice that Z full

∞ is

defined on the quotient spaceW
(α)
quo because the t

∗-descendants do not con-

tribute to it.

There are two sorts of chiral operators, one living on the even sublattice

and the other on the odd sublattice. We have to make some combinations

which will give finite answers for the interacting model. At the same time,

we want this combination to correspond to our intuitive idea that we have

to subtract perturbative series. Let us explain that the correct combinations

are given by the following.

b
+∗(ζ) = e−Ω++

0 b
+∗
0 (ζ)eΩ

++
0 , c

+∗(ζ) = e−Ω++
0 c

+∗
0 (ζ)eΩ0++

, (26)

b
−∗(ζ) = e−Ω−−0 b

−∗
0 (ζ)eΩ

−−

0 , c
−∗(ζ) = e−Ω−−0 c

−∗
0 (ζ)eΩ

−−

0 .

Corresponding creation operators which create the quasi-local operators are

defined by

b
±∗(ζ) '

ζ2 → ζ±2
0

∞∑

p=1

(ζ2ζ∓2
0 − 1)p−1

b
±∗
p

In what follows we shall be interested only in the case of an equal number

of b
+∗ and c

+∗. Let us examine how the descendants of this form depend

on ζ0, taking the simplest case

b
+∗
k c

+∗
l b

−∗
r c

−∗
s (q2αS(0)) = e−Ω++

0 −Ω−−0 b
+∗
0,k c

+∗
0,l b

−∗
0,r c

−∗
0,s(q

2αS(0)) .

It is easy to see from the definition in II that the second factor in the right

hand side is a rational function of ζ2
0 regular at ∞,

b
+∗
0,k c

+∗
0,l b

−∗
0,r c

−∗
0,s(q

2αS(0)) =
(
O0 + ζ−2

0 O1 + ζ−4
0 O2 + · · ·

)
q2αS(0) . (27)
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The rationality holds true after application of e−Ω++
0 −Ω−−0 . The expansion

(27) looks as a perturbative series for the action (1), because in the scaling

limit ζ−2
0 comes accompanied by a−2ν , and ζ−2

0 a−2ν has the dimension of

(mass)2ν i.e. that of µ2 (see (24)). Notice that the property (27) would be

spoiled if we apply e−Ω+−
0 −Ω−+

0 as well, because it will pick up ω0(ζ, α) near

ζ2 = ζ±2
0 , and the function ω0(ζ, α) has asymptotics at ζ → ∞ containing

both ζα−2m and ζ−
2n−1

ν .

On the descendants created by (26), the value of Z full
∞ remains finite

in the scaling limit. So we conclude that they create renormalised local

operators. We cannot say anything about the finite renormalisation, but it

can be taken care of by a dimensional consideration (see below).

We conjecture that the following limits exist

1
2 lim

scaling
b

+∗(ζ) '
ζ2 →∞

β∗(µζ) + β̄
∗
screen(ζ/µ) , (28)

1
2 lim

scaling
c
+∗(ζ) '

ζ2 →∞
γ∗(µζ) + γ̄∗screen(ζ/µ) ,

1
2 lim

scaling
b
−∗(ζ) '

ζ2 → 0
β̄
∗
(ζ/µ) + β∗screen(µζ) ,

1
2 lim

scaling
c
−∗(ζ) '

ζ2 → 0
γ̄∗(ζ/µ) + γ∗screen(µζ) ,

where by limscaling the scaling (14), (24) and R→∞ are implied.

In these formulae we denote by the same letters the operators in the sG

model as they were denoted in the CFT. We shall not consider the screening

operators,while we use the coefficients β∗2j−1 and so forth, defined as in (17)

and (20), to consider the descendants

β̄
∗
Ī+ γ̄∗

Ī−
β∗I+γ∗I−Φα(0) . (29)

This is the field in the interacting model which goes to corresponding de-

scendant in the conformal limit µ→ 0 , and which does not develop finite

counterterms. The latter are forbidden by dimensional consideration. So,

this is exactly the definition which we were supposed to use from the very

beginning. Notice that the appearance of µ in the formulae (28) is a con-

sequence of consistency with the conformal limit due to (25).

Now it is easy to compute the normalised vacuum expectation value of

the descendant (29) for the sG model. It is obtained by taking the scaling

limit of Zfull
∞ and computing the asymptotics of ω0(ζ, α) for ζ → ∞ and

ζ → 0 which is done simply by summing up the residues in appropriate

half-planes:

ω0(ζ, α) '
i

ν

∑

n≥1

ζ−
2n−1

ν cot
π

2ν
(2n−1+να)+ i

∑

n≥1

ζα−2n tan
πν

2
(α−2n) .
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The first part corresponds to the expectation values of operators created

by the coefficients of the expansions (17), (20). These are the expectation

values in which we are interested in this paper. The second part of the

asymptotics corresponds to the operators (18), (21) At present we do not

know the meaning of their expectation values, but we hope to return to

them in the future.

Introducing the multi-indices as described in the introduction we obtain:

〈β̄
∗
Ī+ γ̄∗

Ī−
β∗I+γ∗

I−
Φα(0)〉sG

〈Φα(0)〉sG
= δĪ−,I+δĪ+,I−(−1)#(I+)

(
i

ν

)#(I+)+#(I−)

(30)

× µ
2
ν
(|I+|+|I−|)

∏

2n−1∈I+

cot π
2 ( 2n−1

ν
+ α)

∏
2n−1∈I−

cot π
2 ( 2n−1

ν
− α) .

Now we have to recall the definition in IV:

β∗2n−1 = D2n−1(α)βCFT∗
2n−1 , γ∗2n−1 = D2n−1(2− α)γCFT∗

2n−1 , (31)

where

D2n−1(α) =
1
√
iν

G2n−1 Γ
(

α
2 + 1

2ν
(2n− 1)

)

(n− 1)! Γ
(

α
2 + (1−ν)

2ν
(2n− 1)

) ,

with

G = Γ(ν)−1/ν
√

1− ν .

Similarly we get for the second chirality

β̄
∗
2n−1 = D2n−1(2− α)β̄

CFT∗
2n−1 , γ̄∗2n−1 = D2n−1(α)γ̄CFT∗

2n−1 . (32)

The main formula (5) follows immediately.

Before concluding this paper, let us say that in principle our approach

can be applied to the computation of one-point functions of descendants

for finite radius in the Matsubara direction (finite temperature, in other

words). However, this would require a detailed study of the DDV equation

and the equations for the function ωR for the sG model in finite volume.
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Introduction

The notion of crystal base (L, B) for an integrable module of a quantized

enveloping algebra Uq(g) was introduced by Kashiwara in Ref. 16. The

crystal B has interesting combinatorial properties. It can be thought of as

the q = 0 limit of the canonical base20 or global crystal base.17 Explicit

realizations of the crystals for irreducible highest weight modules for the

finite dimensional simple Lie algebras of types A, B, C, D (resp. G2) in

terms of certain Young tableaux are given in Ref. 18 (resp. Ref. 11). In Ref.

21, the crystals for the level one integrable highest weight modules for the

quantum affine algebra Uq(ŝl(n)) were realized in terms of certain extended

Young diagrams. This construction was generalized to arbitrary integrable

highest weight modules for Uq(ŝl(n)) in Ref. 7.

The attempt to extend the construction in Ref. 7 to other quantum affine

algebras,10 led to the theory of affine and perfect crystals.14 In particular,

it was shown in Ref. 14 that the affine crystal B(λ) for the level ` ∈ Z>0

integrable highest weight module V (λ) of the quantum affine algebra Uq(g)

can be realized as the semi-infinite tensor product · · · ⊗B ⊗B ⊗B, where

B is a perfect crystal of level `. This is known as the path realization.

Thus for path realization of affine crystals it is necessary to have explicit

constructions of perfect crystals. In Ref. 15, at least one perfect crystal at

level ` was constructed for each quantum affine algebra of classical type.

Subsequently it was noticed in Ref. 13 that one needs a coherent family of

perfect crystals {B`} in order to give a path realization of the crystal for the

Verma module M(λ) (or U−q (g)). To show that a family of perfect crystals

is a coherent family one needs to have explicit actions of all Kashiwara

operators including the operators corresponding to the 0-node. For example,

the family of perfect crystals for Uq(C
(1)
n ) given in Ref. 15 did not have

explicit 0-action. In Ref. 13, a family {B`}`∈Z>0 of combinatorial crystals

(now known as adjoint crystals) for Uq(C
(1)
n ) with explicit 0-action was

introduced and it was stated without a proof that they are perfect crystals.

Of course, now using Refs. 15 and 22, one can argue that the adjoint crystals

B` presented in Ref. 13 are perfect.

More recently, it has been realized that a perfect crystal is indeed a crys-

tal for certain finite dimensional module called Kirillov-Reshetikhin module

(KR-module)19 of a quantum affine algebra. The KR-modules are parame-

terized by two integers (r, s), where r corresponds to a vertex of the asso-

ciated finite Dynkin diagram and s is a positive integer. It was conjectured

by Hatayama et al.4,5 that any KR-module W r,s admit a crystal base B
r,s

in the sense of Kashiwara.17 This conjecture has been proved recently by
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Okado and Schilling22 for quantum affine algebras of classical types. In

Ref. 2 an explicit combinatorial description is given for each such crystal

B
r,s. It was also conjectured by Hatayama et al.4,5 that if s is a multi-

ple of tr = max{1, 2/(αr, αr)}, then the crystal B
r,s of the corresponding

KR-module is perfect of level s/tr. This conjecture has been proved in Ref.

3 for the KR-crystals B
r,s constructed in Ref. 2. For example, in Ref. 2,

the explicit realization of the level ` perfect crystal B
1,2` for the quantum

affine algebra Uq(C
(1)
n ) is given as a subset of a suitable KR-crystal for the

quantum affine algebra Uq(A
(2)
2n+1). The 0-action on B

1,2` is given by using

an involution σ which is quite complicated in the general case. We give an

explicit description of the involution σ in this special case. The main result

of this paper is the explicit isomorphism between the adjoint crystal B`

given in Ref. 13 and the KR-crystals B
1,2` given in Ref. 2. As a byproduct,

we have a complete proof of perfectness of the crystal B`.

This paper is organized as follows. In Section 1, we introduce some of

the basic definitions and notations related to quantum affine algebras and

perfect crystals. In Section 2, we recall the definition of adjoint crystals B`

of type C
(1)
n from Ref. 13. In Section 3, the Kirillov-Reshetikhin crystals

B
1,2` in Ref. 2 of type C

(1)
n are reviewed. They are realized as subsets of

certain Kirillov-Reshetikhin crystals of type A
(2)
2n+1. In Section 4, we prove

that the crystals B` and B
1,2` are isomorphic.

1. Quantum affine algebras and perfect crystals

Let I = {0, 1, ..., n} be the index set and let A = (aij)i,j∈I be a generalized

Cartan matrix of affine type. The dual weight lattice P ∨ is defined to be the

free abelian group P∨ = Zh0 ⊕ Zh1 ⊕ · · · ⊕ Zhn ⊕ Zd of rank n + 2, whose

complexification h = C⊗P∨ is called the Cartan subalgebra. We define the

linear functionals αi and Λi (i ∈ I) on h by

αi(hj) = aji, αi(d) = δi0, Λi(hj) = δij , Λi(d) = 0 (i, j ∈ I).

The αi are called the simple roots and the Λi are called the fundamental

weights. We denote by Π = {αi | i ∈ I} the set of simple roots. We also

define the affine weight lattice to be P = {λ ∈ h∗ | λ(P∨) ⊂ Z}. The

quadruple (A, P∨, Π, P ) is called an affine Cartan datum. We denote by

g the affine Kac-Moody algebra corresponding to the affine Cartan datum

(A, P∨, Π, P ) (see Ch. 1 of Ref. 9). Let δ denote the null root and c denote

the canonical central element for g (see Ch. 4 of Ref. 9). Now the affine

weight lattice can be written as P = ZΛ0 ⊕ ZΛ1 ⊕ · · · ⊕ ZΛn ⊕ Zδ. Let

P+ = {λ ∈ P | λ(hi) ≥ 0 for all i ∈ I}. The elements of P are called
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the affine weights and the elements of P + are called the affine dominant

integral weights.

Let P̄∨ = Zh0⊕· · ·⊕Zhn, h̄ = C⊗Z P̄∨, P̄ = ZΛ0⊕ZΛ1⊕· · ·⊕ZΛn and

P̄+ = {λ ∈ P̄ | λ(hi) ≥ 0 for all i ∈ I}. The elements of P̄ are called the

classical weights and the elements of P̄+ are called the classical dominant

integral weights. The level of a (classical) dominant integral weight λ is

defined to be ` = λ(c). We call the quadruple (A, P̄∨, Π, P̄ ) the classical

Cartan datum.

For the convenience of notations, we define [k]x =
xk − x−k

x− x−1
, where k is

an integer and x is a symbol. We also define

[
m

k

]

x

=
[m]x!

[k]x! [m− k]x!
, where

m and k are nonnegative integers, m ≥ k ≥ 0, [k]x! = [k]x [k − 1]x · · · [1]x
and [0]x! = 1.

The quantum affine algebra Uq(g) is the quantum group associated with

the affine Cartan datum (A, P∨, Π, P ). That is, it is the associative algebra

over C(q) with unity generated by ei, fi(i ∈ I) and qh(h ∈ P∨) satisfying

the following defining relations:

(i) q0 = 1, qhqh′ = qh+h′ for all h, h′ ∈ P∨,

(ii) qheiq
−h = qαi(h)ei, qhfiq

−h = q−αi(h)fi for h ∈ P∨,

(iii) eifj − fjei = δij

Ki −K−1
i

qi − q−1
i

for i, j ∈ I , where qi = qsi and

Ki = qsihi ,

(iv)

1−aij∑

k=0

(−1)k

[
1− aij

k

]

qi

e
1−aij−k

i eje
k
i = 0 for i 6= j,

(v)

1−aij∑

k=0

(−1)k

[
1− aij

k

]

qi

f
1−aij−k

i fjf
k
i = 0 for i 6= j.

Here, D = diag(s0, s1, . . . , sn) is a diagonal matrix with all si ∈ Z>0

such that DA is symmetric. We denote by U ′q(g) the subalgebra of Uq(g)

generated by ei, fi, q
hi(i ∈ I). The algebra U ′q(g) can be regarded as the

quantum group associated with the classical Cartan datum (A, P̄∨, Π, P̄ ).

In this paper, we focus on the quantum affine algebras of type C
(1)
n (n ≥

2) and A
(2)
2n+1(n ≥ 2). We will use I = {0, 1, ..., n} and I = {0, 1, ..., n, n+1}

as index sets for C
(1)
n (n ≥ 2) and A

(2)
2n+1(n ≥ 2), respectively. Thus the null
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root and the canonical central element are given by

δ =

{
α0 + 2α1 + 2α2 + · · ·+ 2αn−1 + αn for C

(1)
n (n ≥ 2),

α0 + α1 + 2α1 + · · ·+ 2αn + αn+1 for A
(2)
2n+1(n ≥ 2),

c =

{
c = h0 + h1 + · · ·+ hn for C

(1)
n (n ≥ 2),

c = h0 + h1 + 2h2 + · · ·+ 2hn + 2hn+1 for A
(2)
2n+1(n ≥ 2).

(See Ch. 4 of Ref. 9.)

Definition 1.1. An affine crystal (respectively, a classical crystal) is a

set B together with the maps wt : B → P (respectively, wt : B → P̄ ),

ẽi, f̃i : B → B ∪ {0} and εi, ϕi : B → Z ∪ {−∞} (i ∈ I) satisfying the

following conditions:

(i) ϕi(b) = εi(b) + 〈hi, wt(b)〉 for all i ∈ I ,

(ii) wt(ẽib) = wt(b) + αi if ẽib ∈ B,

(iii) wt(f̃ib) = wt(b)− αi if f̃ib ∈ B,

(iv) εi(ẽib) = εi(b)− 1, ϕi(ẽib) = ϕi(b) + 1 if ẽib ∈ B,

(v) εi(f̃ib) = εi(b) + 1, ϕi(f̃ib) = ϕi(b)− 1 if f̃ib ∈ B,

(vi) f̃ib = b
′

if and only if b = ẽib
′

for b, b
′

∈ B, i ∈ I ,

(vii) If ϕi(b) = −∞ for b ∈ B , then ẽib = f̃ib = 0.

Example 1.1. Let λ ∈ P +. Then the crystal graph B(λ) of the irreducible

highest weight module V (λ) is an affine crystal. It can be regarded as a

classical crystal by forgetting the action of its weights on d.

Definition 1.2. Let B1 and B2 be affine or classical crystals. A crystal

morphism (or morphism of crystals) Ψ : B1 → B2 is a map Ψ : B1 ∪ {0} →

B2 ∪ {0} such that

(i) Ψ(0) = 0,

(ii) if b ∈ B1 and Ψ(b) ∈ B2, then wt(Ψ(b)) = wt(b), εi(Ψ(b)) = εi(b), and

ϕi(Ψ(b)) = ϕi(b) for all i ∈ I ,

(iii) if b, b′ ∈ B1, Ψ(b), Ψ(b′) ∈ B2 and f̃ib = b′, then f̃iΨ(b) = Ψ(b′) and

Ψ(b) = ẽiΨ(b′) for all i ∈ I .

A crystal morphism Ψ : B1 → B2 is called an isomorphism if it is a bijection

from B1 ∪ {0} to B2 ∪ {0}.

For crystals B1 and B2, we define the tensor product B1 ⊗ B2 to be the

set B1 × B2 whose crystal structure is given as follows:
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ẽi(b1 ⊗ b2) =

{
ẽib1 ⊗ b2 if ϕi(b1) ≥ εi(b2),

b1 ⊗ ẽib2 if ϕi(b1) < εi(b2),

f̃i(b1 ⊗ b2) =

{
f̃ib1 ⊗ b2 if ϕi(b1) > εi(b2),

b1 ⊗ f̃ib2 if ϕi(b1) ≤ εi(b2),

wt(b1 ⊗ b2) = wt(b1) + wt(b2),

εi(b1 ⊗ b2) = max(εi(b1), εi(b2)− 〈hi, wt(b1)〉),

ϕi(b1 ⊗ b2) = max(ϕi(b2), ϕi(b1) + 〈hi, wt(b2)〉).

Let B be a classical crystal. For an element b ∈ B, we define

ε(b) =
∑

i∈I

εi(b)Λi, ϕ(b) =
∑

i∈I

ϕi(b)Λi.

Definition 1.3. Let ` be a positive integer. A classical crystal B is called

a perfect crystal of level ` if

(P1) there exists a finite dimensional U ′q(g)-module with a crystal basis

whose crystal graph is isomorphic to B,

(P2) B ⊗ B is connected,

(P3) there exists a classical weight λ0 ∈ P̄ such that wt(B) ⊂ λ0 +∑
i6=0 Z≤0 αi, #(Bλ0) = 1, where Bλ0 = {b ∈ B | wt(b) = λ0},

(P4) for any b ∈ B, 〈c, ε(b)〉 ≥ `,

(P5) for any λ ∈ P̄+ with λ(c) = `, there exist unique bλ, bλ ∈ B such that

ε(bλ) = λ = ϕ(bλ).

The following crystal isomorphism theorem plays a fundamental role in

the theory of perfect crystals.

Theorem 1.1. (Ref. 14) Let B be a perfect crystal of level ` (` ∈ Z≥0).

For any λ ∈ P̄+ with λ(c) = `, there exists a unique classical crystal iso-

morphism

Ψ : B(λ)
∼
−→ B(ε(bλ))⊗ B given by uλ 7−→ uε(bλ) ⊗ bλ,

where uλ is the highest weight vector in B(λ) and bλ is the unique vector

in B such that ϕ(bλ) = λ.
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Set λ0 = λ, λk+1 = ε(bλk
), b0 = bλ0 , bk+1 = bλk+1

. Appying the above

crystal isomorphism repeatedly, we get a sequence of crystal isomorphisms

B(λ)
∼
−→ B(λ1)⊗ B

∼
−→ B(λ2)⊗ B ⊗ B

∼
−→ · · ·

uλ 7−→ uλ1 ⊗ b0 7−→ uλ2 ⊗ b1 ⊗ b0 7−→ · · · .

In this process, we get an infinite sequence pλ = (bk)∞k=0 ∈ B
⊗∞, which is

called the ground-state path of weight λ. Let P(λ) := {p = (p(k))∞k=0 ∈

B⊗∞ | p(k) ∈ B,p(k) = bk for all k � 0}. The elements of P(λ) are called

the λ-paths. Let p = (p(k))∞k=0 be a λ-path and let N > 0 be the smallest

positive integer such that p(k) = bk for all k ≥ N . For each i ∈ I , we define

wt p = λN +
N−1∑

k=0

wtp(k),

ẽip = · · · ⊗ p(N + 1)⊗ ẽi(p(N)⊗ · · · ⊗ p(0)),

f̃ip = · · · ⊗ p(N + 1)⊗ f̃i(p(N)⊗ · · · ⊗ p(0)),

εi(p) = max(εi(p
′)− ϕ(bN ), 0),

ϕi(p) = ϕi(p
′) + max(ϕi(bN )− ε(p′), 0),

where p
′ = p(N)⊗· · ·⊗p(1)⊗p(0). The above maps define a classical crys-

tal structure on P(λ). The classical crystal P(λ) gives the path realization

of B(λ).

Proposition 1.1. (Ref. 14) There exists an isomorphism of classical crys-

tals

Ψλ : B(λ)
∼
−→ P(λ) given by uλ 7−→ pλ,

where uλ is the highest weight vector in B(λ).

2. The adjoint crystals of type C(1)

n

Let {B`}`∈N be the coherent family of classical crystals type C
(1)
n introduced

in Ref. 13. (See also Ref. 1 for level 1 case.) In Ref. 8, they were referred to

as adjoint crystals of type C
(1)
n .

Fix a positive number ` and set

B` = {(x1, x2, . . . , xn, x̄n, . . . , x̄2, x̄1) ∈ Z2n | xi, x̄i ≥ 0,

n∑

i=1

(xi + x̄i) ≤ 2`,

n∑

i=1

(xi + x̄i) ≡ 0 (mod 2)}.
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For b = (x1, x2, . . . , xn, x̄n, . . . , x̄2, x̄1) ∈ B`, the actions of ẽi, f̃i are defined

as follows:

ẽ0b =





(x1 − 2, x2, . . . , x̄2, x̄1) if x1 ≥ x̄1 + 2,

(x1 − 1, x2, . . . , x̄2, x̄1 + 1) if x1 = x̄1 + 1,

(x1, x2, . . . , x̄2, x̄1 + 2) if x1 ≤ x̄1,

(1)

f̃0b =





(x1 + 2, x2, . . . , x̄2, x̄1) if x1 ≥ x̄1,

(x1 + 1, x2, . . . , x̄2, x̄1 − 1) if x1 = x̄1 − 1,

(x1, x2, . . . , x̄2, x̄1 − 2) if x1 ≤ x̄1 − 2,

(2)

ẽib =

{
(x1, . . . , xi + 1, xi+1 − 1, . . . , x̄1) if xi+1 > x̄i+1

(x1, . . . , x̄i+1 + 1, x̄i − 1, . . . , x̄1) if xi+1 ≤ x̄i+1

(3)

for i = 1, 2, . . . , n− 1,

f̃ib =

{
(x1, . . . , xi − 1, xi+1 + 1, . . . , x̄1) if xi+1 ≥ x̄i+1

(x1, . . . , x̄i+1 − 1, x̄i + 1, . . . , x̄1) if xi+1 < x̄i+1

(4)

for i = 1, 2, . . . , n− 1,

ẽnb = (x1, . . . , xn + 1, x̄n − 1, . . . , x̄1), (5)

f̃nb = (x1, . . . , xn − 1, x̄n + 1, . . . , x̄1), (6)

where the right-hand side is regarded as 0 if it does not satisfy the conditions

for B`. The classical weights ε(b) and ϕ(b) are given as follows:

ε(b) =
(2`− s(b)

2
+ (x1 − x̄1)+

)
Λ0 +

n−1∑

i=1

(x̄i + (xi+1 − x̄i+1)+)Λi + x̄nΛn,

ϕ(b) =
(2`− s(b)

2
+ (x̄1 − x1)+

)
Λ0 +

n−1∑

i=1

(xi + (x̄i+1 − xi+1)+)Λi + xnΛn,

where s(b) =
n∑

i=1

(xi + x̄i) and (x)+ = max{x, 0}. Define wt : B` → P̄

by wt(b) =

n∑

i=1

(xi − x̄i)(Λi − Λi−1). Then (B`, wt, ϕ, ε, f̃i, ẽi) is a classical

crystal.13
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Example 2.1. The adjoint crystal B1 for C
(1)
2 :

(2, 0, 0, 0)

1

��

(1, 0, 1, 0)

1

��

(0, 0, 2, 0)

1

��
(1, 1, 0, 0)

1

��

2

99sssssssssssssssssssss
(0, 1, 1, 0)

2

66mmmmmmmmmmmmmmmmmmmmmmmmmmm
(1, 0, 0, 1)

1

��

(0, 0, 0, 0)

0

hhQ Q Q Q Q Q Q Q Q Q Q Q Q Q
(0, 0, 1, 1)

1

��

0

eeK
K

K
K

K
K

K
K

K
K

K

(0, 2, 0, 0)

2

@@���������������
(0, 1, 0, 1)

2

99sssssssssssssssssssss

0

eeK
K

K
K

K
K

K
K

K
K

K
(0, 0, 0, 2)

0

^^<
<

<
<

<
<

<
<

Remark 2.1. Note that B` is isomorphic to B(2`Λ1) ⊕ B((2` −

2)Λ1) ⊕ · · · ⊕ B(0) as a Uq(Cn)-crystal. Indeed, each element b =

(x1, x2, . . . , xn, x̄n, . . . , x̄2, x̄1) ∈ B` can be identified with the Kashiwara-

Nakashima tableau

1 · · · 1 2 · · · 2 n · · · n n̄ · · · n̄ 1̄ · · · 1̄

x1 x2 xn x̄n x̄1

· · · · · ·

in B(s(b)Λ1). (For the definition of Kashiwara-Nakashima tableaux of type

Cn, see Refs. 2,6,18.) It is easy to show that this correspondence is a Uq(Cn)-

crystal isomorphism.

Proposition 2.1. B` satisfies conditions (P2)-(P5) in Definition 1.3.

Proof.

(P2) By Remark 2.1

B` ⊗ B` =
⊔

0≤s,t≤`

B(2sΛ1)⊗ B(2tΛ1)

as a Uq(Cn)-crystal. Since every vector in B`⊗B` is connected to some

maximal vector for Uq(Cn) (i.e., a vector that is annihilated by ẽi for

all i = 1, 2, . . . , n), it is enough to show that all maximal vectors are

connected to each other by various i-arrows for i = 0, 1, 2, . . . , n.

Let b1 ⊗ b2 be a maximal vector in B(2sΛ1) ⊗ B(2tΛ1). Then, by

the tensor product rule, b1 must be (2s, 0, . . . , 0), the highest weight

vector in B(2sΛ1). After applying ẽ0 on (2s, 0, . . . , 0) ⊗ b2 repeat-

edly, by the tensor product rule, we get (0, 0, . . . , 0) ⊗ b′2 for some
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b′2 ∈ B(2t′Λ1)(0 ≤ t′ ≤ `). Since (0, 0, . . . , 0) ⊗ B(2t′Λ1) is isomor-

phic to B(2t′Λ1) as Uq(Cn)-crystals, by applying appropriate ẽi’s with

i = 1, 2, . . . , n, we will get (0, 0, . . . , 0)⊗ (2t′, 0, . . . , 0). Finally, apply-

ing f̃ `−t′

0 to this vector yields the vector (0, 0, . . . , 0) ⊗ (2`, 0, . . . , 0),

which proves our assertion.

(P3) Set λ0 = 2`(Λ1−Λ0) ∈ P̄ . Then for b = (x1, . . . , xn, x̄n, . . . , x̄1) ∈ B`,

we have

wt(b) =

n∑

i=1

(xi − x̄i)(Λi − Λi−1)

=
(
s(b)−

n∑

i=2

(xi + x̄i)−2x̄1

)
(Λ1−Λ0)+

n∑

i=2

(xi− x̄i)(Λi−Λi−1)

= s(b)(Λ1 − Λ0)−

n∑

i=2

xi(−Λ0 + Λ1 + Λi−1 − Λi)

−
n∑

i=2

x̄i(−Λ0 + Λ1 − Λi−1 + Λi)− 2x̄1(Λ1 − Λ0)

= s(b)(Λ1 − Λ0)−

n∑

i=2

xi(α1 + · · ·+ αi−1)

−
n∑

i=1

x̄i(α1 + · · ·+ αn + αn−1 + · · ·+ αi)

= λ0 −
(2`− s(b)

2

)
(2α1 + · · ·+ 2αn−1 + αn)

−

n∑

i=2

xi(α1 + · · ·+αi−1)−

n∑

i=1

x̄i(α1 + · · ·+αn +αn−1 + · · ·+αi).

Clearly, we have
(
B`

)
λ0

= {(2`, 0, . . . , 0)}.

(P4) Since c = h0 + h1 + · · ·+ hn, we have

〈c, ε(b)〉 =
2`− s(b)

2
+ (x1 − x̄1)+ +

n−1∑

i=1

(
xi + (xi+1 − x̄i+1)+

)
+ x̄n

= `+

n−1∑

i=1

(
−

1

2
xi−

1

2
x̄i + x̄i

)
−

1

2
(xn + x̄n)+ x̄n +

n∑

i=1

(xi− x̄i)+

= ` +

n∑

i=1

(
−

1

2
(xi − x̄i) + (xi − x̄i)+

)
(7)

≥ `.
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(P5) Let
(
B`

)min
= {b ∈ B` | 〈c, ε(b)〉 = `}. By (7), we have

(
B`

)min
=

{(x1, x2, . . . , xn, xn, . . . , x2, x1) ∈ B`}. Now it is easy to show that

ε :
(
B`

)min
→ P̄+

` = {λ ∈ P̄+ | 〈c, λ〉 = `} is a bijection. Indeed, for

a λ ∈ P̄+
` , ε−1(λ) is given by

(λ(h1), λ(h2), . . . , λ(hn), λ(hn), . . . , λ(h2), λ(h1)).

Since ϕ :
(
B`

)min
→ P̄+

` coincides with ε, we have the desired result.

Remark 2.2. To prove that B` is perfect, it remains to show that there is a

U ′q(C
(1)
n )-module with crystal base B`. In Section 4, instead of constructing

such a module directly, we will show that B` is isomorphic to a crystal

which admits a U ′q(C
(1)
n )-module structure.

Example 2.2. The crystal B(Λ0) for C
(1)
2 :

(· · · (0, 0, 0, 0)(0, 0, 0, 0))

0

vvmmmmmmmmmmmm

(· · · (0, 0, 0, 0)(2, 0, 0, 0))

1

��
(· · · (0, 0, 0, 0)(1, 1, 0, 0))

1

��

2

,,XXXXXXXXXXXXXXXXXXXXXXX

(· · · (0, 0, 0, 0)(0, 2, 0, 0))

0

vvmmmmmmmmmmmm
2

((QQQQQQQQQQQQ (· · · (0, 0, 0, 0)(1, 0, 1, 0))

1

��
(· · · (2, 0, 0, 0)(0, 2, 0, 0)) (· · · (0, 0, 0, 0)(0, 1, 1, 0)) (· · · (0, 0, 0, 0)(1, 0, 0, 1))

3. Kirillov-Reshetikhin crystals B
1,2`

A
(2)

2n+1

and B
1,2`

C
(1)

n

In Ref. 19, the notion of Kirillov-Reshetikhin modules was introduced. They

are certain finite dimensional U ′q(g)-modules W r,s labeled by a positive

integer s and r ∈ {1, 2, . . . , n}. See Ref. 4 for the precise definition. In Ref.

22, it is proved that every Kirillov-Reshetikhin module of classical affine

type has a crystal basis. The crystal of U ′q(g)-module W r,s will be called

the Kirillov-Reshetikhin crystal of type g and will be denoted by B
r,s
g .

In this section, we will give a description of the Kirillov-Reshetikhin

crystal B
1,2`

C
(1)
n

. In Section 4, we will show that B
1,2`

C
(1)
n

is isomorphic to B`
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as a U ′q(C
(1)
n )-crystal, thereby we conclude that there exists a U ′q(C

(1)
n )-

module with crystal basis B`. Following Ref. 2, the crystal B
1,2`

C
(1)
n

will

be realized as a subset of the Kirillov-Reshetikhin crystal B
1,2`

A
(2)
2n+1

. Since

B
1,2`

A
(2)
2n+1

is isomorphic to B(2`Λ1) as a Uq(Cn+1)-crystal,2,4 it is the set of

Kashiwara-Nakashima tableaux of shape · · ·

2`

with entries

from {1, 2, . . . , n, n + 1, n + 1, n, . . . , 1}. As in Remark 2.1, we will identify

the tableau

1 · · · 1 2 · · · 2 n + 1 · · · n + 1 n + 1 · · · n + 1 1̄ · · · 1̄

x1 x2 xn+1 x̄n+1 x̄1

· · · · · ·

with (x1, . . . , xn+1, x̄n+1, . . . , x̄1). Using this parametrization, the Kashi-

wara operators êi, f̂i for i = 1, 2, · · · , n + 1 on B(2`Λ1) are given as follows:

for b = (x1, . . . , xn+1, x̄n+1, . . . , x̄1), we have

êib =

{
(x1, . . . , xi + 1, xi+1 − 1, . . . , x̄1) if xi+1 > x̄i+1,

(x1, . . . , x̄i+1 + 1, x̄i − 1, . . . , x̄1) if xi+1 ≤ x̄i+1,
(8)

f̂ib =

{
(x1, . . . , xi − 1, xi+1 + 1, . . . , x̄1) if xi+1 ≥ x̄i+1,

(x1, . . . , x̄i+1 − 1, x̄i + 1, . . . , x̄1) if xi+1 < x̄i+1,
(9)

for i = 1, 2, . . . , n,

ên+1b = (x1, . . . , xn+1 + 1, x̄n+1 − 1, . . . , x̄1), (10)

f̂n+1b = (x1, . . . , xn+1 − 1, x̄n+1 + 1, . . . , x̄1). (11)

Since B(2`Λ1) is the crystal basis of the irreducible Uq(Cn+1)-module

V (2`Λ1), which is completely reducible over the subalgebra of Uq(Cn+1)

corresponding to the Dynkin diagram obtained by removing 1-node from

the original one, B(2`Λ1) is a direct sum of highest weight crystals as a

{2, 3, . . . , n+1}-crystal. Let us describe the {2, 3, . . . , n+1}-highest weight

vectors in B(2`Λ1).

Lemma 3.1. The set of {2, 3, . . . , n+1}-highest weight vectors in B(2`Λ1)

is given by {(x1, x2, 0, . . . , 0, x̄1) ∈ B(2`Λ1) | x1 + x2 + x̄1 = 2`}.

Proof. Clearly, (x1, x2, 0, . . . , 0, x̄1) is a {2, 3, . . . , n+1}-highest weight vec-

tor. Suppose that a vector b = (x1, . . . , xn+1, x̄n+1, . . . , x̄1) ∈ B(2`Λ1) is a

{2, 3, . . . , n+1}-highest weight vector. Since êib = 0 for i = 2, 3, . . . , n, from
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(8), we get xi+1 ≤ x̄i+1 and x̄i = 0. Thus we see that x3 = · · · = xn = 0.

From the fact that ên+1b = 0, we have x̄n+1 = 0 by (10) and thus xn+1 = 0.

Now, following Ref. 2, we define an involution σ on B(2`Λ1) as follows :

(i) σ(x1, x2, 0, . . . , 0, x̄1) := (x̄1, x2, 0, . . . , 0, x1),

(ii) For b ∈ B(2`Λ1), let ê→
a
(b) := êa1 êa2 · · · êak

(b) (ai ∈ {2, 3, . . . , n + 1})

be such that ê→
a
(b) is a {2, 3, . . . , n + 1}-highest weight vector. Set

f̂←
a

:= f̂ak
f̂ak−1

· · · f̂a1 , and define σ(b) := f̂←
a
◦ σ ◦ ê→

a
(b).

Since the connected component of (x1, x2, 0, . . . , 0, x̄1) is isomorphic to the

connected component of (x̄1, x2, 0, . . . , 0, x1) as {2, 3, . . . , n + 1}-crystals,

one can see that σ is a well-defined involution on B(2`Λ1). By definition, σ

commutes with f̂i and êi for i = 2, 3, . . . , n + 1.

Remark 3.1. Note that σ in the above definition coincides with the one

in Definition 4.1 of Ref. 2. Indeed, they are defined in the same way on the

vectors which are not {2, 3, . . . , n + 1}-highest weight vectors. In Ref. 2, σ

on the set of {2, 3, . . . , n+1}-highest weight vectors is given by Φ◦S◦Φ−1,

where Φ is a bijective map from the set of ±-diagrams of outer shape 2`Λ1

to the set of {2, 3, . . . , n+1}-highest weight vectors and S is a permutation

on the set of ±-diagrams of outer shape 2`Λ1 (for the precise definitions of

±-diagrams, Φ and S, see sections 3.2 and 4.2 in Ref. 2). It is easy to show

the following properties:

(1) The numbers of +’s and −’s in a ±-diagram of outer shape 2`Λ1 de-

termine the ±-diagram uniquely.

(2) Φ sends the ±-diagram of outer shape 2`Λ1 with m-many +’s and n-

many −’s to the tableau (m, 2`−m− n, 0, . . . , 0, n).

(3) S sends the ±-diagram of outer shape 2`Λ1 with m-many +’s and

n-many −’s to the ±-diagram with n-many +’s and m-many −’s.

Thus we have

Φ ◦S ◦ Φ−1(x1, x2, 0, . . . , 0, x̄1) = (x̄1, x2, 0, . . . , 0, x1).

Lemma 3.2. The involution σ exchanges the number of 1’s and the number

of 1̄’s in a Kashiwara-Nakashima tableau in B(2`Λ1). That is,

σ(x1, x2, . . . , xn+1, x̄n+1, . . . , x̄2, x̄1) = (x̄1, x2, . . . , xn+1, x̄n+1, . . . , x̄2, x1).

Proof. Let b ∈ B(2`Λ1) and let ê→
a
(b) := êa1 êa2 · · · êak

(b) (ai ∈

{2, 3, . . . , n + 1}) be such that ê→
a
(b) is a {2, 3, . . . , n + 1}-highest
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weight vector. Then σ(b) = σ(f̂ak
êak

(b)) = f̂ak
σ(êak

(b)). If b =

(x1, x2, . . . , xn+1, x̄n+1, . . . , x̄1), we know that

êak
(b) = (x1, . . . , xak−1

, x′ak
, x′ak+1

, xak+2
, . . . , x̄′ak+1

, x̄′ak
, . . . , x̄2, x̄1)

for some x′ak
, x′ak+1

, x̄′ak+1
and x̄′ak

. That is, the tableau êak
b differs from b

by the number of ak’s, ak+1’s, ak+1’s and ak’s only. By using induction on

the length of
→
a , we may assume that

σ(êak
(b)) = (x̄1, . . . , xak−1

, x′ak
, x′ak+1

, xak+2
, . . . , x̄′ak+1

, x̄′ak
, . . . , x̄2, x1).

From (8)-(11), we conclude

σ(b) = f̂ak
σ(êak

(b)) = (x̄1, x2, . . . , xak
, xak+1

, . . . , x̄ak+1
, x̄ak

, . . . , x̄2, x1),

as desired.

Using σ, one can define affine crystal operators as follows:

f̂0 := σ ◦ f̂1 ◦ σ, ê0 := σ ◦ ê1 ◦ σ.

Equipped with these affine operators, B(2`Λ1) becomes the Kirillov-

Reshetikhin crystal B
1,2`

A
(2)
2n+1

(Theorem 5.1 of Ref. 2).

Example 3.1. The Kirillov-Reshetikhin crystal B
1,2

A
(2)
5

:

A5

(0,2,0,0,0,0)

2

��

(0,1,0,1,0,0)

2

��

(0,0,0,2,0,0)

2

��

(1,1,0,0,0,0)

1

<<yyyyyyyy

2

��

(1,0,0,1,0,0)

1

66lllllllllllll

2
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Let B = {b ∈ B
1,2`

A
(2)
2n+1

| σ(b) = b}. By Lemma 3.2, we see that B =

{(x1, . . . , x̄1) ∈ B
1,2`

A
(2)
2n+1

| x1 = x̄1}. We define the crystal operators on B as

follows:

ẽi :=

{
ê0ê1 if i = 0,

êi+1 if i = 1, 2, . . . , n
f̃i :=

{
f̂0f̂1 if i = 0,

f̂i+1 if i = 1, 2, . . . , n.

With these operators, B is isomorphic to the Kirillov-Reshetikhin crystal

B
1,2`

C
(1)
n

(Theorem 5.7 of Ref. 2).

Example 3.2. The Kirillov-Reshetikhin crystal B
1,2

C
(1)
2

:

(0, 2, 0, 0, 0, 0)

1

��
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��
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K
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K
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K
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K
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(0, 0, 2, 0, 0, 0)

2

BB��������������
(0, 0, 1, 0, 1, 0)

2

99ssssssssssssssssssss

0

eeK
K

K
K

K
K

K
K

K
K

(0, 0, 0, 0, 2, 0)

0

\\9
9

9
9

9
9

9

4. Main Theorem

As can be seen in Examples 2.1 and 3.2, the level 1 adjoint crystal B1 of

type C
(1)
2 and the level 1 KR crystal B1,2

C
(1)
2

have the same crystal structures.

This isomorphism can be extended to the crystals with arbitrary level and

arbitrary rank.

Consider a map Ψ from B ∪ {0} to B` ∪ {0} given by Ψ(0) := 0 and

Ψ(x1, x2, . . . , xn+1, x̄n+1, . . . , x̄2, x̄1) := (x2, . . . , xn+1, x̄n+1, . . . , x̄2).

Theorem 4.1. The map Ψ is a U ′q(C
(1)
n )-crystal isomorphism between

B
1,2`

C
(1)
n

and B`.
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Proof.

(i) The inverse of Ψ is given by

(y1, . . . , yn, ȳn, . . . , ȳ1) 7→
(2`−

∑n

i=1(yi + ȳi)

2
, y1, . . . , yn, ȳn, . . . , ȳ1,

2`−
∑n

i=1(yi + ȳi)

2

)
.

Thus Ψ is a bijection.

(ii) It is straightforward to verify that

Ψ ◦ f̃i = f̃i ◦Ψ, Ψ ◦ ẽi = ẽi ◦Ψ (1 ≤ i ≤ n).

For example, let b = (x1, . . . , xn+1, x̄n+1, . . . , x̄1) ∈ B and let i be an

index with 1 ≤ i ≤ n− 1 such that xi+2 ≥ x̄i+2. Then we have

Ψ ◦ f̃i(b) = Ψ ◦ f̂i+1(b)

= Ψ(x1, . . . , xi+1 − 1, xi+2 + 1, . . . , x̄1) by (9)

= (x2, . . . , xi+1 − 1, xi+2 + 1, . . . , x̄2)

= f̃i(x2, . . . , xi+1, xi+2, . . . , x̄2) by (4)

= f̃i ◦Ψ(b).

The other cases can be checked in a similar manner.

(iii) It remains to show that Ψ ◦ f̃0 = f̃0 ◦ Ψ and Ψ ◦ ẽ0 = ẽ0 ◦ Ψ. Let

b = (x1, . . . , xn+1, x̄n+1, . . . , x̄1) ∈ B. Then we have

f̃0(b) = f̂0f̂1(b) =

{
f̂0(x1 − 1, x2 + 1, . . . , x̄2, x̄1) if x2 ≥ x̄2,

f̂0(x1, x2, . . . , x̄2 − 1, x̄1 + 1) if x2 < x̄2

=

{
σ ◦ f̂1(x̄1, x2 + 1, . . . , x̄2, x1 − 1) if x2 ≥ x̄2,

σ ◦ f̂1(x̄1 + 1, x2, . . . , x̄2 − 1, x1) if x2 < x̄2

=





σ(x̄1 − 1, x2 + 2, . . . , x̄2, x1 − 1) if x2 ≥ x̄2,

σ(x̄1, x2 + 1, . . . , x̄2 − 1, x1) if x2 = x̄2 − 1,

σ(x̄1 + 1, x2, . . . , x̄2 − 2, x1 + 1) if x2 ≤ x̄2 − 2

=






(x1 − 1, x2 + 2, . . . , x̄2, x̄1 − 1) if x2 ≥ x̄2,

(x1, x2 + 1, . . . , x̄2 − 1, x̄1) if x2 = x̄2 − 1,

(x1 + 1, x2, . . . , x̄2 − 2, x̄1 + 1) if x2 ≤ x̄2 − 2.
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Thus we have

Ψ ◦ f̃0(b) =






(x2 + 2, . . . , x̄2) if x2 ≥ x̄2,

(x2 + 1, . . . , x̄2 − 1) if x2 = x̄2 − 1,

(x2, . . . , x̄2 − 2) if x2 ≤ x̄2 − 2

= f̃0 ◦Ψ(b) by (2).

By the same argument, one can show that Ψ ◦ ẽ0 = ẽ0 ◦Ψ.
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BOUNDARY QUANTUM KNIZHNIK-ZAMOLODCHIKOV

EQUATION

MASAHIRO KASATANI

Graduate School of Mathematical Sciences, the University of Tokyo

Tokyo 153-8914, Japan

E-mail: kasatani@ms.u-tokyo.ac.jp

We introduce partial reflection K-matrices, and boundary qKZ equation with

6 parameters. We give a method to construct its solution from a solution of

certain eigenvalue problem. The eigenvalue probrem is described in terms of

Noumi representation of the affine Hecke algebra of type C. We also show

concrete solutions in terms of non-symmetric Koornwinder polynomials. This

is an anouncement of a joint work with K. Shigechi.3

1. Introduction

The quantum Knizhnik-Zamolodchikov (qKZ) equation, introduced by

Frenkel and Reshetikhin,1 is the system of difference equations satisfied

by matrix elements of the vertex operators in the representation theory of

the quantum affine algebra.

In the paper4 by the author and Takeyama, they gave polynomial so-

lutions of the qKZ equation on the tensor product V ⊗n of the vector rep-

resentation V of the quantum algebra Uq(slN ). They formulated a method

to construct solutions of the qKZ equation from those of certain eigenvalue

problem on Dunkl-Cherednik operators and Demazure-Lusztig operators.

They found that non-symmetric Macdonald polynomials with certain con-

dition are solutions for the eigenvalue problem.

In the present paper, we introduce a qKZ equation with boundaries.

This is a system of difference equations for V ⊗n-valued functions defined

by a product of R-matrices and K-matrices. (Explicit definition is given in

Section 2.) The R-matrix is a linear operator on V ⊗ V . It stands for an

interaction of two spaces. The K-matrix we introduce is a linear operator

on V . It stands for a partial reflection on a boundary. Totally, these matrices

and the equation depend on 6 parameters.
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We connect the boundary qKZ equation with a polynomial representa-

tion of the affine Hecke algebras (AHA) of type Cn. The representation is

so-called Noumi representation.7 It is a restriction of a polynomial repre-

sentation of the double affine Hecke algebra (DAHA) of type C∨Cn with 6

parameters. We formulate a method to construct solutions of the boundary

qKZ equation from those of certain eigenvalue problem on certain opera-

tors.

To find solutions of the eigenvalue problem, we use non-symmetric

Koornwinder polynomials with 6 parameters. Our construction of the solu-

tions works not only for generic parameters but also for specialized param-

eters.

In the case where the parameters are specialized, we give a factorized

solution. This is a generalization of the level 1 solution of the qKZ equation

given in the papers.6,4

Recently, Stokman8 generalized the result4 to arbitrary root systems.

His result is similar to that of the present paper, but there are some different

points. He did not treat the case of type C∨Cn where 6 parameters appear.

In his formulation, corresponding K-matrix only stands for total reflection

on a boundary. He did not give explicit examples such as Section 4.

Let us give a sketch of our construction of solutions. We use the standard

basis {v−M , . . . , vM} of V . Expand an unknown V ⊗n-valued function into

a linear combination of the tensor products vε1 ⊗· · ·⊗vεn
. We consider the

functions which appear in the expansion as coefficients. The boundary qKZ

equation can be regarded as constraints for the functions. In the present

paper, we introduce a stronger condition than the boudary qKZ equation

itself, and call a set of functions satisfying the condition a qKZ family (see

§3.2).

The defining condition of qKZ family is described in terms of the action

of the AHA Hn on the space of functions. Hn is generated by elements

Ti (0 ≤ i ≤ n) with some defining relations (see §3.1). The action of Ti is

nothing but Noumi representation. We can obtain any member of the qKZ

family form another member by acting some Ti’s.

For each qKZ family, we pick up a special member. We show that the

member is a joint eigenfunction of operators given by products of Ti. Con-

versely, an eigenfunction of these products of operators generates a qKZ

family. Thus construction of a qKZ family is reduced to that of an eigen-

function of the products of Ti.

In the definition of the eigenvalue problem (see Def. 3.3), there appears
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an product of the form:

Yi := Ti . . . Tn−1(Tn . . . T0)T
−1
1 . . . T−1

i−1.

It is known that non-symmetric Koornwinder polynomials are joint eigen-

functions of Y1, . . . , Yn (see, e.g. Ref. 5). Therefore we construct special

solutions of the boundary qKZ equation from non-symmetric Koornwinder

polynomials.

The plan of the present paper is as follows. In Section 2, we introduce

R- and K-matrices, and define the boundary qKZ equation. In Section

3 we recall AHA and Noumi representation (§3.1), and define the qKZ

family (§3.2). We construct solutions of the equation from the qKZ family

in Theorem 3.2. The eigenvalue problem explained above is given in §3.3.

We show its equivalence to the problem to find qKZ families in Theorem

3.7. In Section 4, we give explicit solutions of the eigenvalue problem in the

case where the parameters are generic or special.

2. Boundary quantum Knizhnik-Zamolodchikov equation

In this section, we define linear operators on a vector space, so-called

R-matrix and K-matrices. We also define boundary quantum Knizhnik-

Zamolodchikov equation using a product of the R-matrices and K-matrices.

Let V be a finite dimensional vector space, and fix its basis by

V =
⊕

−M≤ε≤M,ε6=0

Cvε (if dim V = 2M),

V =
⊕

−M≤ε≤M

Cvε (if dim V = 2M + 1).

Define the linear operator R(z) with a parameter q acting on V ⊗V by

R(z) (vε1 ⊗ vε2) =
∑

ε′1,ε′2

R(z)ε1ε2
ε′1ε′2

vε′1
⊗ vε′2

,

where

R(z)ii
ii = 1, R(z)ij

ij =
(1− z)q

1− q2z
, R(z)ji

ij =
1− q2

1− q2z
zθ(i>j) (i 6= j)

and R(z)ij

i′j′ = 0 otherwise. Here

θ(P ) =

{
1 if P is true,

0 if P is false.
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Then R(z) satisfies the Yang-Baxter equation on V ⊗3:

R1,2

(
z1

z2

)
R1,3

(
z1

z3

)
R2,3

(
z2

z3

)
= R2,3

(
z2

z3

)
R1,3

(
z1

z3

)
R1,2

(
z1

z2

)
.

Let P be an operator given by P (u⊗ v) = v ⊗ u, and put Ř(z) = PR(z).

Let α and β be non-negative integers such that 0 ≤ α, β ≤ M . Define

linear operators K(z) and K(z) with parameters q
1/2
n , u

1/2
n , q

1/2
0 , u

1/2
0 , s1/2

acting on V by:

K(z)vi =
∑

i′

Ki
i′(z)vi′ , K(z)vi =

∑

i′

K
i

i′(z)vi′ ,

Ki
i (z) = 1 (|i| ≤ α),

Ki
i (z) = qn

1− z2

(1− az)(1− bz)
(|i| > α),

Ki
−i(z) = −qn

(qn − q−1
n )z2θ(i<0) + (u

1/2
n − u

−1/2
n )z

(1− az)(1− bz)
(|i| > α)

(where a = q1/2
n u1/2

n , b = −q1/2
n u−1/2

n ).

K
i

i(z) = 1 (|i| ≤ β),

K
i

i(z) = q0
1− sz−2

(1− cz−1)(1− dz−1)
(|i| > β),

K
i

−i(z) = −ciq0
(q0 − q−1

0 )sθ(i>0)z−2θ(i>0) + (u
1/2
0 − u

−1/2
0 )s1/2z−1

(1− cz−1)(1− dz−1)

(|i| > β)

(where c = s1/2q
1/2
0 u

1/2
0 , d = −s1/2q

1/2
0 u

−1/2
0 ).

and Ki
j(z) = K

i

j(z) = 0 otherwise. Then K(z) and K(z) satisfy the reflec-

tion equation on V ⊗2:

K2(w)R2,1(zw)K1(z)R1,2

( z

w

)
= R1,2

( z

w

)
K1(z)R2,1(zw)K2(w)

K1(z)R2,1

( s

zw

)
K2(w)R1,2

( z

w

)
= R1,2

( z

w

)
K2(w)R2,1

( s

zw

)
K1(z).

Let Pn and P0 be operators given by

Pn(vi) =

{
vi (|i| ≤ α)

v−i (|i| > α),
P0(vi) =

{
vi (|i| ≤ β)

civ−i (|i| > β),

and put Ǩ(z) = PnK(z), Ǩ(z) = P0K(z).
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We define signed Ř- and Ǩ-matrices Ř± and Ǩ± by

Ř+
i (z) = Ři,i+1(z), Ř−i (z) = f(z)Ři,i+1(z),

Ǩ+(z) = Ǩ(z), Ǩ−(z) = fn(z)Ǩ(z),

Ǩ
+
(z) = Ǩ(z), Ǩ

−
(z) = f0(z)Ǩ(z).

Here, f, fn, f0 are rational functions given by:

f(z) =
q2z − 1

q2 − z
, fn(z) =

1− q2
nz2 − (u

1/2
n − u

−1/2
n )z

−q2
n + z2 − (u

1/2
n − u

−1/2
n )z

,

f0(z) =
1− sq2

0z
−2 − s1/2q0(u

1/2
0 − u

−1/2
0 )z−1

−q2
0 + sz−2 − s1/2q0(u

1/2
0 − u

−1/2
0 )z−1

.

Note that f, fn, f0 satisfy f(z)f(1/z) = 1, fn(z)fn(1/z) = 1,

f0(z)f0(s/z) = 1.

Take three signs σ, σn, σ0. For simplicity, we denote by Qσ
i (z), the oper-

ator Řσ
i,i+1(z) acting on i-th and (i + 1)-th components of V ⊗n. Similarly,

denote by Qσn
n (z), the operator Ǩσn(z) acting on the last component of

V ⊗n, and denote by Qσ0
0 (z), the operator Ǩ

σ0

(z) acting on the first com-

ponent of V ⊗n.

Definition 2.1. For a V ⊗n-valued function F (z1, . . . , zn), the boundary

quantum Knizhnik-Zamolodchikov (qKZ) equaion is a system of s-difference

equations given as follows: for 1 ≤ i ≤ n

F (z1, . . . , szi, . . . , zn) = Qσ
i−1(szi/zi−1) · · ·Q

σ
1 (szi/z1)Q

σ0
0 (zi)

×Qσ
1 (z1zi) · · ·Q

σ
i (zizi+1) · · ·Q

σ
n−1(znzi)Q

σn

n (zi)

×Qσ
n−1(zi/zn) · · ·Qσ

i (zi/zi+1)F (z1, . . . , zn).

3. Eigenvalue problem

In this section, we introduce Noumi representation of the affine Hecke alge-

braHn of type Cn, and introduce a family of Laurent polynomials satisfying

some properties described by Hn-action. Combining members of the family

with basis vectors in V ⊗n, we obtain V ⊗n-valued Laurent polynomials. We

will see that it gives a solution of the boundary qKZ equation. We also show

that finding a qKZ family is equivalent to solving an eigenvalue problem.

3.1. Affine Hecke algebra and Noumi representation

The affine Hecke algebra Hn = Hn(t1/2, t
1/2
n , t

1/2
0 ) of type Cn is a unital

associative C-algebra generated by T0, . . . , Tn with defining relations as
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follows:

(T0 − t
1/2
0 )(T0 + t

−1/2
0 ) = 0,

(Ti − t1/2)(Ti + t−1/2) = 0 1 ≤ i ≤ n− 1,

(Tn − t1/2
n )(Tn + t−1/2

n ) = 0,

T0T1T0T1 = T1T0T1T0,

TiTi+1Ti = Ti+1TiTi+1 1 ≤ i ≤ n− 2,

Tn−1TnTn−1Tn = TnTn−1TnTn−1,

TiTj = TjTi |i− j| ≥ 2.

Note that the elements Yi (1 ≤ i ≤ n) defined by

Yi := Tj . . . Tn−1(Tn . . . T0)T
−1
1 . . . T−1

j−1

are mutually commutative.

Let W = 〈s0, . . . , sn〉 be the affine Weyl group of type Cn. Define the

action of W with a parameter s on n-variable functions by

sif(. . . , zi, zi+1, . . .) = f(. . . , zi+1, zi, . . .)

snf(. . . , zn) = f(. . . , 1/zn)

s0f(z1, . . .) = f(s/z1, . . .).

For additional parameters un and u0, put

a := t1/2
n u1/2

n , b := −t1/2
n u−1/2

n , c := s1/2t
1/2
0 u

1/2
0 , d := −s1/2t

1/2
0 u

−1/2
0

and define linear operators on C[z±1
1 , . . . , z±1

n ] as follows:

T̂±1
0 = t

±1/2
0 + t

−1/2
0

(1− cz−1
1 )(1− dz−1

1 )

1− sz−2
1

(s0 − 1)

T̂±1
i = t

±1/2
i + t

−1/2
i

1− tiziz
−1
i+1

1− ziz
−1
i+1

(si − 1)

T̂±1
n = t±1/2

n + t−1/2
n

(1− azn)(1− bzn)

1− z2
n

(sn − 1).

Then the map Ti 7→ T̂i (0 ≤ i ≤ n) gives a representation of Hn. This is

so-called Noumi representation.
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3.2. qKZ family

We split the vector space V ⊗n into orbits of the actions of the R- and K-

matrices. Put γ := min(α, β) and take positive integers d−M , d−M+1, . . . , dγ

such that
∑γ

i=−M di = n. Let

δ := ((−M)d−M , . . . , . . . , (−γ − 1)d−γ−1 , (−γ)d−γ , . . . , γdγ ) (1)

Id := {(m1, . . . , mn) ∈ Zn; (2)

]{j; mj = i} = di (−γ ≤ i ≤ γ)

]{j; mj = i}+ ]{j; mj = −i} = di (−M ≤ i ≤ −γ − 1)}.

Id is an index set of each orbit and δ is a representative of Id.

Define the action · of W on Zn as follows:

s0 · (m1, m2, . . .) = (−m1, m2, . . .)

si · (. . . , mi−1, mi, mi+1, mi+2, . . .) = (. . . , mi−1, mi+1, mi, mi+2, . . .)

sn · (. . . , mn−1, mn) = (. . . , mn−1,−mn).

Definition 3.1. A family of Laurent polynomials {fε; ε ∈ Id} is called a

qKZ family with signs (σ, σn, σ0) and exponents c1, . . . , cM if

for 1 ≤ i ≤ n− 1

T̂ifε = qfε if εi = εi+1 (3)

T̂ifε = fsi·ε if εi > εi+1 (4)

for i = n

T̂nfε = qnfε if |εn| ≤ α (5)

T̂nfε = fsn·ε if εn > α (6)

for i = 0

T̂0fε = q0fε if |ε1| ≤ β (7)

T̂0fε = c−ε1fs0·ε if ε1 < −β (8)

where (q, qn, q0) = (σtσ/2, σnt
σn/2
n , σ0t

σ0/2
0 ), c0 := 1, and ci := c−1

−i if i < 0.

The condition for the polynomials given above is a sufficient condition

for the boundary qKZ equation. Thus we obtain one of the main theorems

as follows:

Theorem 3.2. Under the above notation, let {fε; ε ∈ Id} be a qKZ family

with signs (σ, σn, σ0). Then,

F (z1, . . . , zn) =
∑

ε∈Id

fεvε
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is a solution of the boundary qKZ equation with the same signs

(σ, σn, σ0). The correspondence of the parameters is given by (q, qn, q0) =

(σtσ/2, σnt
σn/2
n , σ0t

σ0/2
0 ).

3.3. Eigenvalue problem

From now on, for simplicity, we often identify the elements of Hn and their

images given by the representation, and omit the hat symbol .̂

Recall the mutually commutative elements Yi (1 ≤ i ≤ n):

Yi = Ti . . . Tn−1(Tn . . . T0)T
−1
1 . . . T−1

i−1.

Definition 3.3. Let (σ, σn, σ0) be signs and d−M , d−M+1, . . . , dγ be pos-

itive integers such that
∑γ

i=−M di = n. Fix δ and Id by (1) and (2). We

define the following eigenvalue problem for unknown polynomial E:

YiE = χiE if δi < −max(α, β)

TiE = σtσ/2E if δi = δi+1

Ti−1 · · ·T1T0T
−1
1 · · ·T−1

i−1E = σ0t
σ0/2
0 E if |δi| ≤ β

Ti · · ·Tn−1TnT−1
n−1 · · ·T

−1
i E = σntσn/2

n E if |δi| ≤ α

(Tn−1 · · ·T1T0T
−1
1 · · ·T−1

i−1)
−1Tn(Tn−1 · · ·T1T0T

−1
1 · · ·T−1

i−1)E

= σntσn/2
n E if −α ≤ δi < −β

(T−1
1 · · ·T−1

n−1T
−1
n T−1

n−1 · · ·T
−1
i )−1T0(T

−1
1 · · ·T−1

n−1T
−1
n T−1

n−1 · · ·T
−1
i )E

= σ0t
σ0/2
0 E if −β ≤ δi < −α.

For a qKZ family {fε; ε ∈ Id} with signs (σ, σn, σ0) and exponents

c1, . . . , cM , the member fδ is a solution of the eigenvalue problem above

with the eigenvalues

χi = c−δi
(σtσ/2)n(δ,>i)−n(δ,<i)

where n(δ, < i) := ]{j; j < i, δj = δi}

and n(δ, > i) := ]{j; j > i, δj = δi}.

Conversely, by acting Ti’s on a solution E of the eigenvalue problem, we

can obtain a qKZ family.

Before giving an explicit statement (Theorem 3.7), we introduce some

notions.

Lemma 3.4. Fix ε ∈ Id. Take an element w ∈ W and let w = sir
· · · si1

be a reduced expression. For 1 ≤ m ≤ r, put ε(m) := sim
· · · si1 · ε. Define
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T ε
∅ = 1 and T ε

im,...,i1
inductively as follows:

for 1 ≤ im ≤ n− 1

T ε
im,...,i1

:= Tim
T ε

im−1,...,i1
if ε

(m−1)
im

> ε
(m−1)
im+1

T ε
im,...,i1

:= σt−σ/2Tim
T ε

im−1,...,i1
if ε

(m−1)
im

= ε
(m−1)
im+1

T ε
im,...,i1

:= T−1
im

T ε
im−1,...,i1

if ε
(m−1)
im

< ε
(m−1)
im+1

for im = n

T ε
im,...,i1

:= Tim
T ε

im−1,...,i1
if ε

(m−1)
n > α

T ε
im,...,i1

:= σnt−σn/2
n Tim

T ε
im−1,...,i1

if |ε
(m−1)
n | ≤ α

T ε
im,...,i1

:= T−1
im

T ε
im−1,...,i1

if ε
(m−1)
n < −α

for im = 0

T ε
im,...,i1

:= c−1

−ε
(m−1)
1

Tim
T ε

im−1,...,i1
if ε

(m−1)
1 < −β

T ε
im,...,i1

:= σ0t
−σ0/2
0 Tim

T ε
im−1,...,i1

if |ε
(m−1)
1 | ≤ β

T ε
im,...,i1

:= c
ε
(m−1)
1

T−1
im

T ε
im−1,...,i1

if ε
(m−1)
1 > β.

Then T ε
ir,...,i1

does not depend on a choice of reduced expression of w. We

denote it by T ε
w.

For an element ε ∈ Id, we call a sequence (ir, . . . i1) ∈ {0, . . . , n}r is

ε-good if the elements ε(m) := sim
· · · si1 · ε (1 ≤ m ≤ r) satisfy

ε
(m−1)
im

6= ε
(m−1)
im+1 (1 ≤ im ≤ n− 1) (9)

|ε(m−1)
n | > α (im = n) (10)

|ε
(m−1)
1 | > β (im = 0). (11)

Lemma 3.5. For w ∈ W , let w = sir
· · · si1 = sjr

· · · sj1 be reduced ex-

pressions. If (ir, . . . i1) is ε-good, then (jr, . . . j1) is also ε-good. For such

situation, we call w is an ε-good element.

For any 1 ≤ i ≤ n such that δi < −max(α, β), let

(j2n, . . . j1) := (i, . . . , n− 1, n, n− 1, . . . , 1, 0, 1, . . . , i− 1).

We see that δ(m) := sjm
· · · sj1 · δ (1 ≤ m ≤ 2n) satisfies (10) and (11). If

δ(m) does not satisfy (9) for some m, then eliminate m-th component jm
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from the sequence. So that we obtain a subsequence (k`, . . . k1) which is

δ-good. In fact, (k`, . . . k1) is given by

(k`, . . . k1) = (i + n(δ, > i), . . . , n− 1, n,

n− 1, . . . , 1, 0, 1, . . . , i− 1− n(δ, < i)).

Using (k`, . . . k1), we define τi ∈ W and Γd ⊂W as follows:

τi := sk`
· · · sk1 ,

Γd := 〈τ±1
i ; δi < −max(α, β)〉.

Then we have

Lemma 3.6. (i) For any δ-good element w ∈ W satisfying δ = w · δ, we

have w ∈ Γd. Conversely, for any w ∈ Γd, we have δ = w · δ.

(ii) For any ε ∈ Id, there exists w ∈ W such that w is δ-good and

ε = w · δ.

(iii) Fix any ε ∈ Id. Take any w1 and w2 ∈ W such that wi is δ-good

and ε = wi · δ (i = 1, 2). Then we have w−1
1 w2 ∈ Γd.

Now we construct a qKZ family.

Theorem 3.7. Let E be a solution of the eigenvalue problem in Definition

3.3. For any ε ∈ Id, take a δ-good element wε ∈ W such that wε · δ = ε.

Then T δ
wε

E does not depend on a choice of wε. Putting fε := T δ
wε

E, the

family {fε; ε ∈ Id} forms a qKZ family with exponents

c−δi
:= χi(σtσ/2)−n(δ,>i)+n(δ,<i).

4. Special solutions

In this section, we review non-symmetric Koornwinder polynomials, which

are joint Y -eigenfunctions with 6 parameters. We will see that specific

non-symmetric Koornwinder polynomials can be also Ti-eigenfunctions. We

show that they are special solutions of the eigenvalue problem in Definition

3.3, so that they give polynomial solutions of the boundary qKZ equation.

4.1. Non-symmetric Koornwinder polynomials

Let λ ∈ Zn be any element. Denote by λ+ the unique dominant element in

W0 · λ (where W0 = 〈s1, . . . , sn〉 is finite Weyl group of type Cn). That is,

λ+
1 ≥ λ+

2 ≥ · · · ≥ λ+
n ≥ 0. Define partial orderings λ ≥ µ and λ � µ in Zn



September 3, 2010 15:38 WSPC - Proceedings Trim Size: 9in x 6in 009˙kasatani

Boundary quantum Knizhnik-Zamolodchikov equation 167

as follows:

λ ≥ µ if
∑i

j=1 λj ≥
∑i

j=1 µj for any 1 ≤ i ≤ n,

λ � µ if λ+ > µ+, or λ+ = µ+ and λ ≥ µ.

Take the shortest element w ∈ W0 such that w·λ+ = λ and denote it by w+
λ .

Put ρ = (n−1, n−2, . . . , 1, 0), ρ(λ) = w+
λ ·ρ, σ(λ) = (sgn(λ1), . . . , sgn(λn))

where sgn(0) = +1.

Definition 4.1. For λ ∈ Zn, the non-symmetric Koornwinder polynomial

Eλ is defined by the following properties:

YiEλ = y(λ)iEλ (12)

where y(λ)i := sλitρ(λ)i(tnt0)
σ(λ)i/2

Eλ = xλ +
∑

µ≺λ

cλµxµ (cλµ ∈ C).

We call the parameters s, t, tn, t0 generic if they do not satisfy either of

sr−1tk+1 = 1 (n− 1 ≥ k + 1 ≥ 0, r − 1 ≥ 1)

sr−1tk+1tnt0 = 1 (2n− 2 ≥ k + 1 ≥ 0, r − 1 ≥ 1).

If the parameters are generic, then for any λ ∈ Zn, the set of eigenvalues

y(λ)i is different. Thus all non-symmetric Koornwinder polynomial Eλ is

well-defined.

We have the action of Ti (1 ≤ i ≤ n) on Eλ. If 1 ≤ i ≤ n − 1 and

λi < λi+1, then

TiEλ = −
t1/2 − t−1/2

y(λ)i+1/y(λ)i − 1
Eλ + t1/2Esi·λ.

If 1 ≤ i ≤ n− 1 and λi = λi+1, then

TiEλ = t1/2Eλ. (13)

If 1 ≤ i ≤ n− 1 and λi > λi+1, then

TiEλ = −
t1/2 − t−1/2

y(λ)i+1/y(λ)i − 1
Eλ + t−1/2 N+

i N−i

D+
i D−i

Esi·λ (14)

where

D±i := (y(λ)i+1/y(λ)i)
±1 − 1 (1 ≤ i ≤ n− 1)

N±i := t1/2((y(λ)i+1/y(λ)i)
±1 − t−1) (1 ≤ i ≤ n− 1).
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If λn < 0, then

TnEλ = −
(t

1/2
n − t

−1/2
n ) + (t

1/2
0 − t

−1/2
0 )y(λ)−1

n

y(λ)−2
n − 1

Eλ + t1/2
n Esn·λ.

If λn = 0, then

TnEλ = t1/2
n Eλ. (15)

If λn > 0, then

TnEλ = −
(t

1/2
n − t

−1/2
n ) + (t

1/2
0 − t

−1/2
0 )y(λ)−1

n

y(λ)−2
n − 1

Eλ (16)

+t−1/2
n

N+
n N−n

D+
n D−n

Esn·λ

where

D±n := y(λ)∓2
n − 1

N±n := t1/2
n (y(λ)∓1

n − t−1/2
n t

−1/2
0 )(y(λ)∓1

n + t−1/2
n t

1/2
0 ).

4.2. Generic case

Suppose the parameters are generic. From (12), (13) and (15), we see that

Eλ is a solution of the eigenvalue problem with sign σ = + or σn = +.

Proposition 4.1. Take d−M , . . . , dγ such that di = 0 if |i| ≤ β, and fix δ by

(1). Take λ such that λi = λi+1 if δi = δi+1 and λi = 0 if −β > δi ≥ −α.

Then Eλ is a solution of the eigenvalue problem with sign (σ, σn, σ0) =

(+, +,±). (Note that there are no conditions including σ0 in the eigenvalue

problem.)

4.3. Specialized case 1

Fix 2 ≤ k + 1 ≤ n and 1 ≤ r − 1. we assume that the parameters only

satisfy

sr−1tk+1 = 1. (17)

Definition 4.2. For any λ ∈ Zn with no negative components, we call λ

admissible if it satisfies the following two properties:

λ+
i − λ+

i+k ≤ r − 1, and

λ+
i − λ+

i+k = r − 1 ⇒ w+
λ (i) < w+

λ (i + k).
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For any λ ∈ Zn with possibly negative components, let i1 < . . . < ip be

indexes of non-negative components and j1 < . . . < jn−p be that of negative

components. Set

λ0 := (λi1 , . . . , λip
,−λjn−p

, . . . ,−λj1).

We call λ admissible if λ0 is admissible.

Lemma 4.3. (Ref. 2) We specialize the parameters at (17). Fix any ad-

missible λ ∈ Zn. Then

(i) Eλ is well-defined,

(ii) TiEλ = −t−1/2Eλ if and only if siλ is not admissible.

From this lemma, we obtain a solution of the eigenvalue problem.

Theorem 4.4. Take integers ` and m such that n = k` + m and 0 ≤ m ≤

k − 1. Take d−M , . . . , dγ such that di = 0 if |i| ≤ max(α, β), and non-zero

components of d−M , . . . , dγ be a permutation of ((m + 1)`, mk−`). Fix δ by

(1). Take a = (a1, . . . , ak) satisfying (i), (ii), and (iii) below.

(i) If di > dj , then |ai| > |aj |, or

|ai| = |aj | and (sgn(ai), sgn(aj)) = (+, +) and i < j, or

|ai| = |aj | and (sgn(ai), sgn(aj)) = (+,−), or

|ai| = |aj | and (sgn(ai), sgn(aj)) = (+, +) and i < j.

(ii) maxi,j(
∣∣|ai| − |aj |

∣∣) ≤ r − 1.

(iii) ai − (r − 1)(di − 1) ≥ 0 or ai + (di − 1)(r − 1) < 0.

For any 1 ≤ i ≤ k, put a
(i) ∈ Zdi as follows. If ai− (di− 1)(r− 1) ≥ 0 then

a
(i) := (ai, ai − (r − 1), . . . , ai − (di − 1)(r − 1))

and if ai + (di − 1)(r − 1) < 0 then

a
(i) := (ai + (di − 1)(r − 1), . . . , ai + (r − 1), ai).

Take

λ := (a(1), . . . , a(k)).

Then Eλ is a solution of the eigenvalue problem with the sign (σ, σn, σ0) =

(−,±,±). (Note that there are no conditions including σn or σ0 in the

eigenvalue problem.)

Example of Theorem 4.4. (Ref. 2) For simplicity, suppose n = Mm.

Specialize the parameters at s = t−M−1. Then

µ = (m− 1, m− 2, . . . , 1, 0, m− 1, m− 2, . . . , 1, 0, . . . , m− 1, m− 2, . . . , 1, 0)
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is admissible. Hence Eµ is well-defined at s = t−M−1 and TiEµ = −t−1/2Eµ

if i ∈ {1, . . . , n} \ {m, 2m, . . . , Mm}. Therefore Eµ is a solution of the

eigenvalue problem for the case α = β = 0, σ = −, (d−M , . . . , d−1, d0) =

(m, . . . , m, 0). Moreover,

Eµ(z1, . . . , zn; s = t−M−1) =

k∏

`=1

∏

m(`−1)<i<j≤m`

(zi − t−1zj)(1−
t`−M−1

zizj

).

4.4. Specialized case 2

Assume that the parameters only satisfy

tn = −s−`.

Since such a specialization is generic, Eλ is well-defined for any λ ∈ Zn.

Let E = E(`,...,`)(z1, . . . , zn; tn = −s−`). Then from (13) and (16), we

see that

TiE = t1/2E (1 ≤ i ≤ n− 1),

TnE = −t−1/2
n E,

T0E = t
1/2
0 E.

Hence it gives a solution for the case σn = −.

Proposition 4.2. E(`,...,`)(z1, . . . , zn; tn = −s−`) is a solution of the eigen-

value problem with sign (σ, σn, σ0) = (+,−, +).
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This paper provides a brief review of the relations between the Feigin-Loktev
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proofs for all simple Lie algebras, and a pentagon of identities which results

from the proof.

Keywords: Fusion products; KR modules.

1. Introduction

This paper reviews work1–3 which followed the author’s fruitful collabora-

tion with T. Miwa and colleagues.4,5 This work was inspired by the work

of Feigin and Loktev on fusion products.6 The series of results described

here finally culminated in a proof2,3 of the Feigin-Loktev conjecture con-

cerning the graded character of the (non-level restricted) fusion product,

in the case of special modules known as Kirillov-Reshetikhin modules. The

purpose of this article is to make clear the sequence of connections and

relations between the various results which lead to the proof.

The fusion product character first appeared in the ‘80’s, in the work

on the completeness conjecture for Bethe Ansatz states7 for the general-

ized Heisenberg models. The completeness conjecture is one version of what

later became known as the Kirillov-Reshetikhin conjecture, and involves the

first appearance of an object called the generalized Kostka polynomial. The

(generalized) Kostka number gives the decomposition coefficients of tensor

products of KR-modules into irreducible components. Although much work
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was later published on the subject, the conjecture in its original, combina-

torial form – counting solutions of the Bethe equations – was only proved to

be true in special cases. In other cases, a similar but not manifestly positive

formula8–10 was shown to hold.

The key to proving both the Kirillov-Reshetikhin conjecture and the

Feigin-Loktev conjecture is a combinatorial identity, the equality of two

polynomials in q, one written as an alternating sum, and the other as a

sum of positive terms. The deeper meaning of this identity remains myste-

rious, but its proof3 using purely combinatorial means finally implies several

equalities, proving the conjectures above for any simple Lie algebras.

1.1. The objects of interest

We describe several objects and relations between their dimensions. (Section

2 contains a fuller discussion of several of these as necessary).

1.1.1. Kirillov-Reshetikhin modules

These are finite-dimensional modules of the quantum affine algebra Uq(ĝ)

or the Yangian Y (g). Let g be a simple Lie algebra of rank r with Car-

tan matrix C. Consider the irreducible, finite-dimensional g-module V

with a highest weight which is a non-negative multiple of a fundamen-

tal weight. The Yangian Y (g) contains g as a subalgebra. The irreducible

Y (g)-module induced from V is called a Kirillov-Reshetikhin module.7 It is

finite-dimensional, and its g-highest weight is that of V . In the case where

g = An, it is equal to V as a g-module. In other cases, the restriction to a

g-module may or may not be irreducible, but in that case, V is always a

component in the decomposition, with multiplicity 1, and with the highest

weight.

Equivalently, one may consider Kirillov-Reshetikhin modules for the

quantum affine algebra Uq(ĝ) and their similar decomposition into Uq(g)-

modules.11 These are also referred to as KR-modules.

We denote the KR-modules by KRα,m(ζ), where 1 ≤ α ≤ r and m is a

positive integer. These have a g-highest weight of the form mωα, where ωα

is a fundamental weight of g. The parameter ζ is a complex number which

is called the spectral parameter.

1.1.2. Chari’s graded g[t]-modules

These are modules of the current algebra g[t], defined as a quotient of

U(n−[t]) by an ideal generated by relations11 (see Equations (12),(11)).
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The relations are the q → 1 limits of the similar relations which hold in the

quantum case for Kirillov-Reshetikhin modules. These modules also have a

g-highest weight equal to a multiple of one of the fundamental weights of g,

as in the quantum algebra case. We denote this module by Cα,m(ζ), where

the highest weight is again mωα.

1.1.3. Decomposition of tensor products

We observe that by general deformation arguments, the dimension of KR-

modules is bounded from above by that of Chari’s modules.

More precisely, the decomposition coefficients of the KR-modules, and

therefore their tensor products at generic values of the spectral parameters,

into irreducible g-modules are bounded from above by those of Chari’s

modules. That is, choose a sequence of non-negative integers n = {n
(α)
m :

1 ≤ α ≤ r, m > 0} and consider the multiplicities MY
λ,n and M

g[t]
λ,n , defined

by

MY
λ,n = dim Homg

(
⊗α,mKR⊗n(α)

m
α,m , V (λ)

)
,

where V (λ) is the irreducible highest weight g-module with highest weight

λ, and

M
g[t]
λ,n = dim Homg

(
⊗α,mC

⊗n(α)
m

α,m , V (λ)
)

.

(Here, we omitted the dependence of the modules on the spectral parameter:

We assume that all spectral parameters are taken at generic values with

respect to each other). Then we have the first inequality:

MY
λ,n ≤M

g[t]
λ,n , (1)

which simply follows by general deformation arguments: Both are defined

as quotients by some ideal, and the ideal in the limit q → 1 may be smaller

than that for generic values of q.

1.1.4. The combinatorial KR-conjecture: The M-sum formula

This is a conjecture that MY
λ,n is equal to the number of Bethe vectors.

The generalized, inhomogeneous Heisenberg spin chain has a Hilbert space

which is equal, by definition, to the tensor product of Yangian modules,

Hn =
∏

α,m

KR⊗n(α)
m

α,m .
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Again, the modules are taken at generic values of the spectral parameters,

that is, pairwise not separated by an integer. (Note that the model is also

well-defined for any other finite-dimensional Y (g)-modules, but no Bethe

Ansatz solution is known generically.)

This model has a Bethe Ansatz solution. The completeness conjecture

of Kirillov and Reshetikhin7 states that there is a Bethe vector for each

g-highest weight vector in Hn. In particular, there is an explicit formula for

the number of Bethe vectors, and in fact, the authors wrote down a graded

formula (which we now know has a direct interpretation as a grading by the

linearized energy function of the model), although at the time, the meaning

of the refinement was unknown. For the g-highest weight λ, the multiplicity

is the number Mλ,n obtained as the q → 1 limit of the following, grading-

endowed formula:7

Mλ,n(q) =
∑

m

qQ(m,n)
∏

α,i

[
m

(α)
i + P

(α)
i

m
(α)
i

]

q

(2)

where the sum is taken over the non-negative integers m = {m
(α)
i : 1 ≤

α ≤ r, i ≥ 1} such that
∑

i m
(α)
i = m(α), where m(α) are integers fixed by

the “zero weight condition”
∑

β

Cα,βm(α) =
∑

i

n
(α)
i − `(α), (3)

`(α) being the coefficient of ωα in the weight λ. Note that this sum has only

a finite number of non-vanishing terms. Let us define

B
(α,β)
i,j = sign(Cα,β) min(|Cα,β |j, |Cβ,α|i).

Then the vacancy numbers P
(α)
i are defined as

P
(α)
i =

∑

i

min(i, j)n
(α)
j − (Bm)

(α)
i , (4)

and the quadratic form Q(m,n) is

Q(m,n) =
1

2
(m · (P + An)). (5)

where A is the matrix with entries A
(α,β)
i,j = δα,β min(i, j).

The q-binomial coefficient is defined as usual, and in the limit q → 1

becomes the usual binomial coefficient. In particular, the sum is taken over

the restricted set of integers m such that P
(α)
j ≥ 0.

This provides a formula for the tensor multiplicities MY
λ,n. It was proved

in several special cases using combinatorial means.7,12–16 In general, a sim-

ilar but not equivalent formula was known to be true, as explined below.
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1.1.5. The HKOTY N -sum formula

For general Lie algebras, and for generic KR-modules, the following formula

was conjectured:8

MY
λ,n = lim

q→1
Nλ,n(q), (6)

where Nλ,n(q) is a modified form of the formula (2), obtained by simply

removing the restriction P
(α)
j ≥ 0. Both the usual and the q-binomial coef-

ficients are defined when P
(α)
j < 0, but they carry a sign in that case. The

authors conjectured, after extensive testing, that all terms coming from sets

m such that P
(α)
j < 0 for some j, α cancel, so that

Mλ,n(q) = Nλ,n(q). (7)

The conjecture (6) holds provided that the so-called Q-system7 is sat-

isfied by the characters of KR-modules. It was shown by Nakajima (for

simply-laced algebras)9 and Hernandez for all other Lie algebras17 that

the q-characters of KR-modules satisfy the more general T -system,18 from

which the Q-system follows. Hence, Equation (6) had achieved the status

of a Theorem.

1.1.6. Feigin-Loktev fusion products

The Feigin-Loktev fusion product is a graded g[t]-module,6 which is a refine-

ment of the usual tensor product of g-module (cyclic, finite-dimensional).

One chooses a finite-dimensional cyclic g-module V , from which one induces

an action of the current algebra g[t] localized at some complex number ζ.

More specifically, one defines a graded tensor product by choosing N g-

modules Vi, each with a cyclic vector vi, localized at N distinct points in

CP . One then defines the fusion product as the associated graded space of

the filtered space, generated by the action of U(g[t]) on the tensor product

of cyclic vectors, with the grading defined by degree in t. This is a graded

space, and the graded components are g-modules.

Feigin and Loktev conjectured that the fusion product as a graded space

is independent of the localization parameters for sufficiently well-behaved

g-modules. Moreover, they conjectured a relation between the graded co-

efficients of the g-module V (λ) in the fusion product, and the generalized

Kostka polynomials.19 This conjecture was proved for sl2 in Ref. 5, and in

greater generality in several other works.

In particular, in Ref. 2, we proved the following inequality, using tech-

niques generalized from Ref. 5. Let F∗
n

be the fusion product of the mod-
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ules Cα,m with multiplicity n
(α)
m . This is a graded space. We define the

q-dimension to be the Hilbert polynomial of the graded space. Then

q- dim Homg (F∗
n
, V (λ)) ≤Mλ,n(q), (8)

where Mλ,n is the fermionic formula of Kirillov and Reshetikhin for the

number of Bethe vectors in the generalized, inhomogeneous Heisenberg spin

chain corresponding to KR-modules KRα,m with the same multiplicities.

Remark 1.1. The inequality in (8) arises from the following sequence of

maps: One may completely characterize the dual space of functions of the

fusion product in terms of symmetric functions with certain zeros and poles

(we do this in Section 3). Actual calculation of the Hilbert polynomial of

this space requires another injective mapping into another filtered space,

whose Hilbert polynomial is the polynomial Mλ,n(q). We do not prove the

surjectivity of the map, resulting in the inequality in Equation (8).

Moreover, the space F∗
n

is the associated graded space of the tensor

product of Chari modules, which are defined as a quotient of U(g[t]) by a

certain ideal. Again, by a general deformation argument, we have that

dim Homg(⊗C
⊗n

(α)
i

α,i , V (λ)) ≤ dim Homg(F
∗
n
, V (λ)).

Note that the sum on the right hand side of Equation (8) is manifestly

positive, and therefore if, in the q → 1 limit, it is equal to the tensor

product multiplicity, then we have the equality of graded spaces also, since

the left-hand side has a dimension which is greater than or equal to the

tensor product multiplicity by the deformation argument.

1.2. A pentagon of identities

We have a sequence of identities and inequalities:

∣∣∣∣Homg

(
⊗

α,m
C
⊗n(α)

m
α,m , V (λ)

)∣∣∣∣

≤

|Homg (F∗
n

, V (λ))|

≤

Mλ,n

≤ =←final step∣∣∣∣HomUq(g)

(
⊗

α,m
KR

⊗n(α)
m

α,m , V (λ)

)∣∣∣∣ = Nλ,n

The “final step” remaining in this pentagon was to prove the conjec-

tured identity (7). The proof turns all the inequalities in the pentagon
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to equalities. This conjecture was proven by combinatorial means3 for all

simple Lie algebras. Therefore, this provides a proof of the completeness

problem in the Bethe Ansatz known as the Kirillov-Reshetikhin conjecture,

as well as the Feigin-Loktev conjecture for the cases of Kirillov-Reshetikhin

conjecture.

1.3. Plan of the paper

In the following sections, we will summarize the proof2 of the inequality (8)

and the proof of the M = N conjecture.3 In Section 2, we give a definition

of the Feigin-Loktev fusion product of Chari’s modules. In Section 3, we

summarize the proof of the inequality (8) which is obtained via a functional

realization of the multiplicity space, following the ideas of B. Feigin. In

Section 4, we explain the combinatorial proof of the M = N conjecture.3

2. Definitions

Here, we add some details to the definitions of the representation-theoretical

objects which are important in the theorems below.

Let g be a simple Lie algebra of rank r and Cartan matrix C. Let

g[t] = g ⊗ C[t] be the corresponding Lie algebra of polynomials in t with

coefficients in g.

2.1. Finite-dimensional g[t]-modules and the fusion action

Given a complex number ζ, any g-module V can be extended to a g[t]-

module evaluation module V (ζ), with t evaluated at ζ. The generators

x[n] := x⊗ tn (x ∈ g) act on v ∈ V as π(x[n])v = ζnxv.

The dimension of the evaluation module is the same as that of V . If V

is irreducible as a g-module, so is V (ζ).

More generally, given a g[t]-module V , the g[t]-module localized at ζ,

V (ζ), is the module on which g[t] acts by expansion in the local parameter

tζ := t− ζ. If v ∈ V (ζ), then

x[n]v = x⊗ (tζ + ζ)nv =
∑

j

(
n

j

)
ζjx[n− j]ζv,

where x[n]ζ := x⊗ tζ and x[n]ζ acts on v ∈ V (ζ) in the same way that x[n]

acts on v ∈ V .

Another way to write this is in terms of generating functions, for any
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x ∈ g,

x(z) =
∑

n∈Z

x[n]z−n−1.

Then if ζ ∈ C,

x[n]ζ =
1

2πi

∮

z=ζ

(z − ζ)nx(z)dz. (9)

We will also need to be able to localize modules at infinity. In that case,

x[n]∞ =
1

2πi

∮

z=∞

z−nx(z)dz =
−1

2πi

∮

z=0

zn−2x(z−1)dz. (10)

An evaluation module V (ζ) is a special case of a localized module, on

which the positive modes x[n]ζ with n > 0 and x ∈ g act trivially.

Let V be a cyclic g[t]-module with cyclic vector v. Then V is endowed

with a g-equivariant grading inherited from the grading of U := U(g[t]). The

filtred components of V are F(n) = U≤nv, where U≤n is the subspace of

homogeneous degree in t bounded by n. The grading on V is the associated

graded space of this filtration, ⊕
n≥0
F(n)/F(n− 1).

As the filtration is g-equivariant, the graded components are g-modules.

2.2. Chari’s KR-modules of g[t]

A special case of the construction described in the previous subsection is

given as follows. Consider g[t]-modules with a highest weight mωα (m ≥ 0

and ωα a fundamental g-weight) defined as the cyclic module generated by

a highest weight vector v, with relations

x[n]ζv = 0 if x ∈ n+ and n ≥ 0;

hβ[n]ζv = δn,0δα,βmv;

fβ[n]ζv = 0 if n ≥ δα,β ; (11)

fα[0]m+1
ζ v = 0. (12)

We refer to these modules as Cα,m(ζ).11 Their graded version has been

previously considered by Chari and Moura.20 The graded components of

the associated graded space corresponding to the filtration by homogeneous

degree are, of course, g-modules.

Except in the case of g = Ar, these modules are not necessarily irre-

ducible under restriction to the action of g. However, Cα,m(ζ) does have

a highest weight component isomorphic to the g-module V (mωα), which
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appears with multiplicity 1, all other components having a smaller highest

weights in the total ordering.

It has not been directly proven (except in special cases) that these mod-

ules have the same g-decomposition as the Yangian KR-modules, but this

theorem will follow from the proof of the Feigin-Loktev conjecture below.

2.3. Fusion products and the Fegin-Loktev conjecture

Consider a set of cyclic g[t]-modules {V1(ζ1), ..., VN (ζN )} localized at pair-

wise distinct points in C, {ζ1, ..., ζN}. Denote the chosen cyclic vector of

Vi(ζi) by vi. If Vi(ζi) are finite-dimensional, so is the space U(g[t])v1 ⊗

· · · ⊗ vN . Moreover, it has a finite filtration by homogeneous degree in t.

The Feigin-Loktev fusion product6 is the associated graded space of this

filtration. We denote the fusion product by F∗
V

. As the grading of F∗
V

is g-

equivariant, the graded components are g-modules. The graded multiplicity

of the irreducible g-module V (λ) in the fusion product is a certain polyno-

mial generating function for the multiplicities in the graded components.

The Feigin-Loktev conjecture is that this polynomial is independent of

the localization parameters ζi for sufficiently well-behaved g-modules, and

that in the case that Vi are KR-modules, the graded multiplicity of V (λ) is

equal to the M -sum formula (2). The equality was proven for sl2-modules

in Ref. 5 and for symmetric power representations of sln in Ref. 21.

In this paper, we consider only fusion products of KR-modules. They

are generated by the highest weight vector v localized at ζ and the relations

are those in (12). Let V = (V1, ..., VN ) be a collection of KR-modules of

g[t] localized at distinct complex numbers ζ = (ζ1, ..., ζN ).

We parametrize the collection V by their highest weights n = (n
(α)
j :

1 ≤ α ≤ r, j ≥ 0), meaning that in V there are exactly n
(α)
j KR-modules

with highest weight jωα. We call this fusion product F∗
n
.

3. Functional realization of fusion spaces

We make use of the fact that g[t] ⊂ ĝ, therefore given a g[t]-module V , we

can consider the integrable modules induced at some fixed integer level k.

We choose k to be sufficiently large, so that the tensor products we consider

below have a decomposition determined by the Littlewood-Richardson rule

rather than the Verlinde rule. We choose integrable ĝ-modules since they

have the property that they are completely reducible. Note that smaller

values of k are also of interest, and computing the graded fusion product

at finite k is still an open problem for the most part.
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Consider the action of products of (generating functions of) elements of

the affine algebra ĝ on the tensor product of highest weight vectors vi of

KR-modules localized at distinct points ζi. We use the generating fuctions

fα(t) :=
∑

n∈Z
fα[n]t−n−1, where fα is the element of n− corresponding to

the simple root α. We define F∗λ,n = Hom(F∗
n
, V (λ)), where n parametrizes

the set of KR-modules in the fusion product.

The dual space of F∗λ,n is the associated graded space of Cλ,n, consisting

of all correlation functions the form

〈uλ|fα1(t1) · · · fαM
(tM )|v1 ⊗ · · · ⊗ vN 〉 (13)

Here, M ≥ 0 and α = (α1, ..., αM ) ∈ IM
r where Ir = [1, ..., r]. The action

of the currents is the fusion action of the previous section. The vector uλ is

the lowest weight vector of the module V localized at ζ = ∞, dual to the

highest weight module localized at 0 with g-highest weight λ.

This space has a filtration by the homogeneous degree in tj , and its

associated graded space is the graded multiplicity space of the g-module

V (λ) in the fusion product F∗
n
.

3.1. Characterization of functions in Cλ,n

We now fix λ and n, and characterize functions in the space Cλ,n according

to their symmetry, pole and zero structure:2

(1) Zero weight condition: The correlation function (13) is g-invariant.

Therefore it must have total g-weight equal to 0, which means that

0 = `(α) +
∑

β,j

Cα,βm
(β)
j −

∑

j

jn
(α)
j , 1 ≤ α ≤ r, (14)

where λ =
∑

α `(α)ωα. This fixes {m(1), ..., m(r)}.

For convenience, we rename the variables to keep track of the root α of

the generating function in which they appear. Thus, we have functions

in the variables {t1, ..., tM} = {t
(α)
i : α ∈ Ir, 1 ≤ i ≤ m(α)}, where

m(α) is the number of generators with root α. Note that the space Cλ,n

is the direct sum of spaces of the with fixed m = (m(1), ..., m(r)).

(2) Pole structure: Functions in Cλ,n have at most a simple pole when

t
(α)
i = t

(β)
j if Cα,β < 0. This is due to the relations in the algebra,

which, in the language of generating functions, means that fα(t)fβ(u) ∼
fα+β(t)

t−u
+ non-singular terms. We are therefore led to define the less

singular function g(t) for each f(t) ∈ Cλ,n:

g(t) :=
∏

α<β,Cα,β<0

∏

i,j

(t
(α)
i − t

(β)
j )f(t), f(t) ∈ Cλ,n. (15)



September 3, 2010 15:39 WSPC - Proceedings Trim Size: 9in x 6in 010˙kedem

A pentagon of identities, graded tensor products 183

(3) Symmetry: The function g(t) is symmetric under the exchange t
(α)
i ↔

t
(α)
j . This is due to the fact that [fα(t1), fα(t2)] = 0.

(4) Serre condition: Let α, β be simple roots such that Cα,β < 0 and

define mα,β = 1 − Cα,β . Then there is a Serre relation in g (hence a

corresponding relation in ĝ) of the form ad(fα)mα,βfβ = 0. In generat-

ing function language,

fα(t
(α)
1 ) · · · fα(t(α)

mα,β
)tβ(t

(β)
1 )

has no singularity when all the variables are set equal to each other.

This implies that the function g(t) of (15) has the following vanishing

property:

g(t)
∣∣∣
t
(α)
1 =···=t

(α)
mα,β

=t
(β)
1

= 0.

This cancels out the pole which would otherwise appear in the function

f(t).

(5) Degree restriction: As uλ is a lowest weight vector of the module

localized at infinity, positive currents fα[n]∞ with n ≥ 0 act on it

trivially. The action is given by taking the contour integral at infinity

(see Equation (10)), or equivalently, a residue taken at 0. That is, there

should be no residue when integrating tn−2f(t−1), with n ≥ 0, at t = 0.

This gives a degree restriction on the function f(t) ∈ Cλ,n for each of

the variables:

deg
t
(α)
i

f(t) ≤ −2.

(6) Poles at ζi: The relation (11) implies that f(t) ∈ Cλ,n may have

a simple pole at t
(α)
i = ζj only if the highest weight of the module

localized at ζj is a multiple of ωα, in accordance with the Equation (9).

Otherwise, f [n]ζi
v(ζi) = 0 if n ≥ 0. Moreover, we have

(7) Integrability condition: We assume each module Vk has high-

est weight `kωαk
. The relation (12) requires that g2(t) =(∏

α,j,k(t
(α)
j − ζk)δα,αk

)
g(t) has the following vanishing property:

g2(t)
∣∣∣
t
(α)
1 =···=t

(α)
`k+1=ζk

= 0.

These conditions characterize the space Cλ,n completely. The only dif-

ficulty is to compute its Hilbert polynomial. This is done by introducing

another filtration on the space of functions. The idea for such a filtration

was first introduced by Feigin and Stoyanovsky.22
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3.2. Filtration of the space of functions

Let λ = (λ(1), ..., λ(r)) where λ(α) is a partition of m(α). Let m
(α)
a denote

the number of parts of λ(α) equal to a. Thus,
∑

a am
(α)
a = m(α). Fix a

standard tableau for each partition (the result is independent of the choice

of tableaux, and when we discuss a partition below we always refer to the

fixed tableau) and define the evaluation map evλ : Cλ,n[m(1), ..., m(r)] →

H[λ], where H[λ] is the space of functions in several variables: one variable

for each row of each partition in λ.

The evaluation map is defined as follows. If the letter i appears in the

jth row of length a in λ(α), then evλ(t
(α)
i ) = u

(α)
a,j . This is extended by

linearity to Cλ,n.

We order multipartitions lexicographically, and define

Γλ = ∩
µ>λ

ker evµ.

This gives a finite filtration of Cλ,n, with Γµ ⊂ Γλ if µ < λ. We consider

the image of the graded components Γλ/(Γλ∩ker evλ) under the evaluation

map evλ.

Again, this is a space of functions, isomorphic to a subspace of H[λ].

Let us denote its image by H̃[λ]. Its characterization is as follows.

(1) Symmetry: Functions in Γλ are symmetric in the variables

{t
(α)
1 , ..., t

(α)

m(α)} for each α. The full symmetry is lost under the eval-

uation map, but the functions are still symmetric with respect to the

variables labeled by rows of the same length in λ(α). That is, they are

symmetric with respect to the exchange of variables {u
(α)
a,1 , ..., u

(α)

a,m
(α)
a

}

for each a, α.

(2) Functions in Γλ are in the kernel of any evaluation evµ with µ > λ,

which means that functions in the image vanish whenever we set the

variables corresponding to different rows of the same partition equal to

each other. In fact, one can prove that

Lemma 3.1. Functions in H̃[λ] have a factor (u
(α)
a,j −u

(α)
a,k)2 min(a,b) for

all j < k.

(3) Pole structure and Serre condition: The pole at t
(α)
i = t

(β)
j when

Cα,β < 0, together with the vanishing condition of g(t) which follows

from from the Serre relation, implies that functions in H̃[λ] have a pole

of order at most min(|Cα,β |b, |Cα,β |a) whenever u
(α)
a,i = u

(α)
b,j (inherited

from conditions (1) and (3) of the previous subsection).



September 3, 2010 15:39 WSPC - Proceedings Trim Size: 9in x 6in 010˙kedem

A pentagon of identities, graded tensor products 185

(4) Poles at ζj : The pole at t
(α)
i = ζj in case Vj has highest weight propor-

tional to ωα, together with the integrability of that module, translate

to the following statement for f ∈ H̃[λ]: There is a pole of order at

most min(`, a) at u
(α)
a,i = ζj if Vj has a highest weight equal to `jωα.

We define δ(j, α) = 1 if the highest weight of Vj is a multiple of ωα,

and δ(j, α) = 0 otherwise.

(5) Degree restriction: Functions in H̃[λ] have a degree in u
(α)
a,j which is

bounded from above by −2a.

We do not know that these are all the conditions on functions in H̃[λ]:

The map evλ is injective by definition but not necessarily surjective. How-

ever, we can compute the Hilbert polynomial of the space F defined by the

conditions above, which gives an upper bound on the Hilbert polynomial

of H̃[λ].

To summarize, we know that f(u) ∈ F has the form

∏

(a,i)6=(b,j)

(u
(α)
a,i − u

(α)
b,j )min(a,b) × f0(u)

∏

a,i,j

(u
(α)
a,i − ζj)

δ(j,α) min(`j ,a)
∏

a,i,b,j

∏

α<β:Cα,β<0

(u
(α)
a,i − u

(α)
b,j )min(|Cα,β |b,|Cβ,α|a)

,

where f0(u) is a polynomial in u, symmetric under the exchange u
(α)
a,i ↔

u
(α)
a,j , of degree such that

deg
u
(α)
a,j

f(u) ≤ −2a.

To compute the Hilbert polynomial we set all ζj = 0 so that the function

above is homogeneous in u. That is, we compute the Hilbert polynomial of

the associated graded space. It is very important to note that the values

of ζj do not affect the value of the Hilbert polynomial, that is, there is no

change in the q-dimensions of the space when we take the associated graded

space.

The degree in u
(α)
a,j of the prefactor of f0(u) is −2a−P

(α)
a , where P

(α)
a is

defined in Equation (4). Moreover, the overall homogeneous degree of the

prefactor is Q(m,n) as defined in equation (5). The Hilbert polynomial of

the space of symmetric functions in m variables of degree less than or equal
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to p is the q-binomial coefficient,

[
m + p

m

]

q

=

m+p∏

i=1

(1− qi)

m∏

i=1

(1− qi)

p∏

i=1

(1− qi)

.

Therefore, the Hilbert polynomial of F is

qQ(m,n)
∏

α,j

[
m

(α)
j + p

(α)
j

m
(α)
j

]

q

,

which is the upper bound (at each degree in q) of the Hilbert polynomial

of H̃[λ], since it is a polynomial with positive coefficients.

Summing over the graded components, there follows the main Theorem:

Theorem 3.1. (Ref. 2) The Hilbert polynomial of Cλ,n, which is the Feigin-

Loktev fusion product of KR-modules, is bounded from above by Mλ,n(q)

defined in Equation (2).

4. Proof of the M = N conjecture

In this section, we explain the proof3 of the identity (7). For ease of read-

ability, we explain the technique explicitly for the Lie algebra sl2, and then

state the key ingredients necessary in the generalization to arbitrary Lie

algebras. The only difficulty in this generalization is the rapid proliferation

of indices.

4.1. The case of sl2

As explained in the introduction, one need only prove the M = N identity

only for the case q = 1 for the pentagon of identities to hold, due to the

positivity of the M -sum. In the case of sl2, we drop the root superscript

(α) in the vacancy numbers P
(α)
i and so forth.

Fix n = (n1, ..., nk) ∈ Zk
+ and an sl2-highest weight `ω1 with ` ∈ Z+.

Consider the following generating function:

Z
(k)
`,n(x0, x1) =

∑

m∈Nk

x
−q0

1 x
q1

0

k∏

i=1

(
mi + qi

mi

)
(16)

Here, we have defined

qi = ` +

k∑

j=i+1

(j − i)(2mj − nj), i ≥ 0.
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In particular, notice that when q0 = 0, qi = Pi for all i > 0.

The binomial coefficient is defined as usual
(

m + p

m

)
=

(m + p)(m + p− 1) · · · (p + 1)

m!
.

This is well-defined for both negative and positive values of p.

This N -sum can be obtained from this generating function as follows.

First, here and below, we note that in the N and M -sums, mj = 0 if j > k

in (2). However all the identities we prove are valid under this restriction;

since only a finite number of the mj make a non-trivial contribution to the

summation (2), one can take k → ∞ at the end of the day with no loss of

generality.

Second, in both the N and M sums, there is a “weight restriction” on

the m-summation. This is equivalent to setting q = 0, or alternatively,

considering only the constant term in x1 in the generating function. We do

not restrict the sum to Pi ≥ 0 yet, but in the M and N sums, the variable

x0 must be set to 1.

Lemma 4.1. There is a recursion relation,

Z
(k)
`,(n1,..,nk)(x0, x1) =

xn1+2
1

x0x2
Z

(k−1)
`;(n2,...,nk)(x1, x2),

where xi are solutions of the A1 Q-system or cluster algebra mutation23

with arbitrary boundary conditions:

xi+1xi−1 = x2
i − 1, i ∈ Z.

Proof. The variable m1 is not part of the expression for q1 so we can

perform the summation over m1, using the identity

∑

m1≥0

x−2m1
1

(
m1 + q1

m1

)
=

(
x2

1

x2
1 − 1

)q1+1

=

(
x2

1

x0x2

)q1+1

,

where we have used the Q-system in the second equality.

We separate out the dependence on m1 in the summand, and note that

2qi − qi−1 + 2mi − ni = qi+1.

Moreover, if we denote by q
(j)
i the function qi with arguments being of

the last j − i variables in the list (m1, ..., mk) (so that q
(k)
i = qi), then

q
(k−1)
i = q

(k)
i+1, or q

(k−1)
i−1 = q

(k)
i .
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We have

Z
(k)
`,(n1,...,nk)(x0, x1) =

∑

m1,...,mk

x
−q0

1 x
q1

0

k∏

j=1

(
mj + qj

mj

)

=
∑

m2,...,mk

x
q1

0

∏

j≥2

(
mj + qj

mj

)
x

n1+q2−2q1

1

∑

m1

x−2m1
1

(
m1 + q1

m1

)

=
∑

m2,...,mk

x−1
0 x

n1+q2+2
1 x

−1−q1

2

k∏

j=2

(
mj + q

(k−1)
j−1

mj

)

=
xn1+2

1

x0x2

∑

m2,...,mk

x
−q

(k−1)
0

2 x
q
(k−1)
1

1

k−1∏

j=1

(
mj+1 + q

(k−1)
j

mj+1

)

=
xn1+2

1

x0x2
Z

(k−1)
`,(n2,...,nk)(x1, x2).

(Here, the superscript (k − 1) on q0, q1 means we take these variables as

defined for the k − 1 variables with indices 2, ..., k.)

Using the Lemma, by induction, we see that the generating function

factorizes:

Z
(k)
`,n(x0, x1) =

x1x
`+1
k

x0x
`+1
k+1

k∏

i=1

xni

i . (17)

In particular,

Z
(k)
`,n(x0, x1) = Z

(p−1)
0,(n1,...,np)(x0, x1)Z

(k−p+1)
`,(np+1,...,nk)(xp−1, xp). (18)

We are interested in the constant term in x1 in Z
(k)
`,n(x0, x1). We use the

factorization Lemma for the first factor, and the definition via summation

for the second factor:

Z
(k)
`,n(x0, x1) =

x1xp−1

x0xp

p−1∏

j=1

x
nj

j

∑

mp,...,mk

x−qp−1
p x

qp

p−1

k∏

j=p

(
mj + qj

mj

)
. (19)

Suppose we restrict the summation in the second factor to qp ≥ 0 only.

Moreover, we are interested in the generating function when x0 = 1. In this

case, all xi are polynomials in x1 (Chebyshev polynomials of the second

type). Terms in the summation in which qp−1 < 0 are therefore products of

polynomials in x1 since there are no factors of xi in the denominator in this

case. Moreover, there is an overall factor of x1, so that there is no constant

term in x1 in this case. Thus,
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Lemma 4.2. If the summation over (mp, ..., mk) in (19), is restricted to

qp ≥ 0, then only terms with qp−1 ≥ 0 contribute to the constant term in

x1 when x0 = 1.

We use an induction argument, where the base step is clear (qk = `), to

conclude that the only terms which contribute to the constant term in x1

are terms from the restricted summation, qi ≥ 0 (i > 0). When q0 = 0, this

is the N = M identity, since qi = Pi in that case.

4.2. The simply-laced case

This case is a straightforward generalization of the sl2 casea.

We now define the generating function

Z
(k)
λ,n(x0,x1) =

∑

m

x
q1

0 x
−q0

1

∏

α,j

(
m

(α)
j + q

(α)
j

m
(α)
j

)
,

(as is the norm, when x and q represent vectors indexed by the same set,

we write x
q for the product over the components.) Here, λ =

∑r

α=1 `(α)ωα,

n = (n
(α)
j )α∈Ir ,j∈Ik

, the summation is over m = {m
(α)
j , α ∈ Ir, j ∈ Ik}

non-negative integers, and we define

q
(α)
i = `(α) +

k∑

j=i+1

∑

β∈Ir

(j − i)(Cα,βm
(α)
j − δα,βn

(α)
j ).

When qα,0 = 0 for all α, this corresponds to the “weight restriction” (3) in

the M and N -sums, and in that case, q
(α)
i = P

(α)
i if i > 0. We have now

2r variables x0 = (x1,0, ..., xr,0) and x1 = (x1,1, ..., xr,1). The generating

function is related to the M or N -sums when we evaluate the sum at xα,0 =

1 and consider the constant term in x1.

Following the steps outlined for sl2 we derive a recursion relation for

the generating function:

Z
(k)
λ,n(x0,x1) =

x
2+n1
1

x0x2
Z

(k−1)

λ,n(k−1)(x1,x2)

where n
(k−1) is n with n1 = 0. Here, we have defined xα,i to be the solutions

of the following system:

xα,i+1xα,i−1 = x2
α,i −

∏

Cα,β=−1

xβ,i.

aBelow, we have two sets of indices for x, n etc. When we write x0 we mean the collection

of r elements (x1,0, ..., xr,0), and so forth.
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This is called the Q-system for the simply-laced Lie algebra g, provided we

set the initial conditions xα,0 = 1. Otherwise it is a cluster algebra muta-

tion,23 and therefore, under these special initial conditions, all its solutions

are polynomials in the variables xβ,1.
24

We again repeat the arguments of the previous section to factorize the

generating function:

Z
(k)
λ,n(x0,x1) =

∏

α

xα,1x
`α+1
α,k

xα,0x
`α+1
α,k+1

k∏

j=1

x
n

(α)
j

α,j ,

from which we deduce that

Z
(k)
λ,n(x0,x1) =

x1xp−1

x0xp

p−1∏

j=1

x
nj

j

∑

m(p)

x
−qp−1
p x

qp

p−1

k∏

j=p

(
mj + qj

qj

)
.

Here, m(p) are the last k−p+1 components of the list (m1, ...,mk). A bino-

mial coefficient with vector entries is notation for the product of binomial

coefficients over the components.

Suppose we restrict the summation to m
(p) such that q

(α)
p ≥ 0 for some

α, and such that q
(α)
p−1 < 0 for the same α. We look for a contribution to

the constant term in xα,1. All xi are polynomials in x1 after evaluation at

xα,0 = 1 for all α. Terms with q
(α)
p < 0 do not have a factor xα,p in the

denominator, and are therefore polynomials in xα,i for several i and fixed

α. One can show that
∏

β 6=α x−1
β,p

has no negative powers of xα,1 (see Ref. 3,

Lemma 4.8). Therefore we have a polynomial in xα,1, with an overall power

of xα,1, hence there is no constant term in xα,1. We repeat this argument

for each α and inductively for each p starting from p = k, until we get

Lemma 4.3. There is no contribution to the constant term in x1 in the

summation from terms with q
(α)
j < 0 for any p, j, hence from terms with

P
(α)
j < 0 when we consider the terms with q

(α)
0 = 0.

This implies that M = N for the simply-laced Lie algebras.

4.3. The non-simply laced case

This case is less elegantly derived, as it requires the introduction of even

more variables in the generating function, and each case must be treated

separately. Nevertheless, the argument goes through in the same (more

involved) manner. In the process we must define the set of variables which
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satisfy the following system of equations:

xα,i+1xα,i−1 = xα,i −
∏

β:Cα,β<0

−Cα,β−1∏

j=0

xβ,b|(Cβ,α|i+j)/|Cα,β |c.

If xα,0 = 1 for all α, then the equation for i > 0 is known as the Q-system

(for the simple Lie algebra with Cartan matrix C), and it is known to

be satisfied by the characters xα,i of the KR-modules KRα,i if xα,1 is the

character of the fundamental module.

We find in the k →∞ limit that

Theorem 4.1. (Ref. 3) For any simple Lie algebra and λ a dominant

weight, n a vector in Zr×k
+ , Mλ,n = Nλ,n.

5. Summary

Prior to the work described in the previous section, it was known that

for any simple Lie algebra, the multiplicity of the Uq(g)-module with g

highest weight λ in the tensor product of Kirillov-Reshetikhin modules

is the N -sum formula. This followed theorems of Hatayama et al8 and

Nakajima’s theorem about the q-characters for T -systems corresponding to

simply-laced Lie algebras,9 as well as the extension by Hernandez for other

algebras.10

We now have all the equalities in the pentagon of identities. That is,

since we have proven that M = N , we have proven also the following:

Corollary 5.1. The multiplicity of the g-module V (λ) in the tensor product

of Chari’s KR modules of g[t] is equal to the multiplicity of the Uq(g) module

with g-highest weight λ in the corresponding tensor product of Uq(ĝ) of

Kirillov-Reshetikhin type.

Corollary 5.2. The Hilbert polynomial of the graded multiplicity space of

V (λ) in the Feigin-Loktev fusion product is the fermionic M-sum (gen-

eralized Kostka polynomials in the case of An). This is the Feigin-Loktev

conjecture.

Corollary 5.3. The Bethe integer sets (parametrizing Bethe vectors) in

the generalized Heisenberg model as solved by Kirillov and Reshetikhin are

in bijection with vectors in the Hilbert space of the model, and therefore the

completeness conjecture holds.
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We should remark that although it is well known that not all Bethe states

come from the so-called “string hypothesis” in these models, nevertheless

this gives a good counting of the states.

The proof described in the previous section shows that the vanishing

of the “non-positive” components of the N -sum formula is due to the fact

that the solutions of the Q-system with the KR-boundary condition are

polynomials in the initial data xα,1. This fact is clear, once one refers to

the theorem that the solutions xα,n with n > 0 are characters of KR-

modules, which are in the Grothendieck group generated by {x1,1, ..., xr,1}

(the characters of the r fundamental representations). However these facts

are not immediately obvious without resorting to the proven theorems on

the subject. The cluster algebra formulation of the Q-system gives an en-

tirely combinatorial interpretation for this fact.23,24

The polynomiality property is quite general for a much larger class of

cluster algebras, under even more general boundary conditions, which give

a certain vanishing of the numerators.24 For example, the same property

holds for the T -systems.
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TBA FOR THE TODA CHAIN

KAROL KAJETAN KOZLOWSKI and JÖRG TESCHNER

DESY Theory, Notkestr. 85, 22603 Hamburg, Germany

We give a direct derivation of a proposal of Nekrasov-Shatashvili concerning

the quantization conditions of the Toda chain. The quantization conditions

are formulated in terms of solutions to a nonlinear integral equation similar

to the ones coming from the thermodynamic Bethe ansatz. This is equivalent

to extremizing a certain function called Yang’s potential. It is shown that

the Nekrasov-Shatashvili formulation of the quantization conditions follows

from the solution theory of the Baxter equation, suggesting that this way of

formulating the quantization conditions should indeed be applicable to large

classes of quantized algebraically integrable models.

1. Introduction

The N -body quantum mechanical Hamiltonian

H =
N∑

`=1

p2
`

2
+
(
κg2
)~

exN−x1 +
N∑

k=2

g2~exk−1−xk , (1)

is known as the quantum Toda chain. Above, p` and xk are quantum ob-

servables satisfying the canonical commutation relations [p`, xk] = i~δ`,k,

g and κ are coupling constant. When κ = 1 one deals with the so-called

closed Toda chain and, when κ = 0, with the open Toda chain.

This model appears to be a prototype for an interesting class of inte-

grable models called algebraically integrable models. It was introduced and

solved, on the classical level, by Toda12 in 1967. Then, in 1977, Olshanet-

sky and Perelomov9 constructed the set of N commuting and independent

integrals of motion for the closed chain, thus proving the so-called quan-

tum integrability of the model. In 1980-81, Gutzwiller6 was able to build

explicitly the eigenfunctions and write down the quantization conditions

for small numbers of particles (N = 2, 3, 4). In particular he expressed the

eigenfunctions of the closed chain with N -sites as a linear combination of

the eigenfunctions of the open chain with N − 1 particles.
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A particularly succesful approach to the solution of the quantum Toda

chain was initiated by Sklyanin. In 1985, Sklyanin applied the quantum

inverse scattering method (QISM) to the study of the Toda chain. This led

to the development of the so-called quantum separation of variables method.

In this novel framework, he was able to obtain the Baxter equations for the

model, from which Gutzwiller’s quantization conditions can be obtained.

The Baxter equation was later re-derived by Pasquier and Gaudin5 with

the help of an explicit construction of the so-called Q-operator, similar to

the method developed by Baxter for the solution of the eight vertex model.2

In ’99 Kharchev and Lebedev7 constructed the multiple integral rep-

resentations for the eigenfunctions of the closed N -particle Toda chain.

Their construction can be seen as a generalization of Gutzwiller’s solution

allowing one to express the eigenfunctions of the closed N -particle Toda

chain in terms of those of the open chain with N − 1 particles and this for

all values of N . In ’09, An1 completed the picture by proving rigorously

that Gutzwiller’s quantization conditions are necessary and sufficient for

obtaining a state in the spectrum.

However, the form of the quantization conditions obtained in the above-

mentioned works appears to be rather involved. Recently Nekrasov and

Shatashvili proposed in Ref. 8 that the quantization conditions for the Toda

chain can be reformulated in terms of the solutions to a nonlinear integral

equation (NLIE) similar to the equations originating in the thermodynamic

Bethe ansatz method. With the help of the solutions to the relevant non-

linear integral equation, Nekrasov and Shatashvili defined a function W

whose critical points are in a one-to-one correspondence with the simulta-

neous eigenstates of the conserved quantitites. This formulation not only

seems to be in some respects more efficient than the previous one, it also

indicates an amazing universality of the form the quantization conditions

may take in integrable models.

The proposal of Ref. 8 was based on rather indirect arguments com-

ing from the study of supersymmetric gauge theories. It seems desirable

to derive the proposal more directly from the integrable structure of the

model. Our main aim in this note is to give such a derivation. It is obtained

from the solution theory of the Baxter equation. In other integrable models

there are known connections between the Baxter equation and nonlinear

integral equations that look similar to the one that appears here, see e.g.

Refs. 3,11,14. However, the precise form of the NLIE depends heavily on the

analytic properties that the relevant solutions of the Baxter equation must

have in the different models. In the present case of a particle system we
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encounter an interesting new feature: the quantization conditions are not

formulated as equations on the zeros of the solutions of the Baxter equa-

tion, but instead, they are equations on the poles of the so-called quantum

Wronskian formed from two linearly independent solutions of the Baxter

equation. The positions δ = (δ1, . . . , δN ) of these poles are the variables

that the Yang’s potential W =W(δ) depends on.

It is worth stressing that the Baxter equation or generalizations thereof

have a good chance to figure as a universal tool for the study of the spectrum

of quantum integrable models. Our method of derivation strongly indicates

that similar formulations of the quantization conditions should exist for

large classes of quantized algebraically integrable models.

This article is organized as follows. We first recall how the Separation

of Variables method reduces the problem of finding the eigenstates of the

Toda chain to the problem to find a certain set of solutions to the Baxter

functional equation specified by strong conditions on the analyticity and the

asymptotics of its elements. Then, in Section 3 we explain how Gutzwiller’s

quantization conditions can be reformulated in terms of the solutions to a

certain NLIE and in terms of the Yang’s potential W(δ). The derivation

of this reformulation is sketched. The proofs of our claims are presented

in the Appendices. In Appendix A, we establish the relevant properties of

Gutzwiller’s basis of fundamental solutions to the T-Q equation. Then in

Appendix B we prove the existence and uniqueness of solutions to the NLIE

introduced in Section 3. In Appendix C we give rigorous proofs of the main

results presented in Section 3.

Acknowledgements. The authors gratefully acknowledge support from the
EC by the Marie Curie Excellence Grant MEXT-CT-2006-042695.

We are happy to dedicate this paper to T. Miwa on the occasion of his 60th

birthday.

2. Separation of variables approach to the Toda chain

2.1. Integrability of the Toda chain

The integrability of the Toda chain follows from the existence of Lax ma-

trices

Ln (λ) =

(
λ− pn g~ e−xn

−g~ exn 0

)
[ xn , pn ] = i , (2)
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satisfying a Yang-Baxter equation with a rational, six-vertex type, R-

matrix. Thus, the set of κ-twisted monodromy matrices

M (λ) =

(
1 0

0 κ~

)
LN (λ) . . . L1 (λ) , (3)

allows one to build the transfer matrix T (λ) = tr [M (λ)] which is the

generating function of the set of N commuting Hamiltonians associated

with the Toda chain

T (λ) = λN +

N−1∑

k=0

(−1)k
λN−k

Hk . (4)

The first two Hamiltonians read H1 =
N∑

k=1

pk = P and

H2 =
P

2

2
−

{
N∑

`=1

p2
`

2
+ g2~κ~exN−x1 +

N∑

k=2

g2~exk−1−xk

}
. (5)

The eigenvalues t (λ) of the transfer matrix T (λ) are thus polynomials

t (λ) =
∏N

k=1 (λ− τk). The N commuting Hamiltonians are self-adjoint,

hence the set {τ} is necessarily self conjugated: {τk} = {τk}.

2.2. Separation of variables

The Separation of Variables (SOV) method was developed for the Toda

chain in Refs. 1,5,7,10. The main results of these works may be summarized

as follows:

The wave-functions Ψt(x), x = (x1, . . . , xN ) of any eigenstate to the

transfer matrix T(λ) with eigenvalue t(λ) can be represented by means of

an integral transformation of the form

Ψt(x) =

∫

RN−1

dµ(γ) Φt(γ) ΞP (γ|x) , (6)

where integration is over vectors γ = (γ1, . . . , γN−1) ∈ RN−1 with respect

to a measure dµ(γ) first found in Ref. 10, ΞP (γ|x) is an integral kernel for

which the explicit expression can be found in Ref. 7, P is the eigenvalue of

the center of mass momentum P in the state Ψt, and Φt(γ) is the wave-

function in the so-called SOV-representation. The key feature of the SOV

representation is that Φt(γ) takes a factorized form

Φt(γ) =

N−1∏

k=1

qt(γk) . (7)
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The integral transformation (6) is constructed in such a way that the eigen-

value equation for the family of operators T(λ) is equivalent to the fact that

the function qt(y) which represents the state Ψt via (6) and (7) satisfies

the so-called Baxter equation,

t(λ)qt(λ) = iNgN~qt(λ + i~) + κ~(−i)NgN~qt(λ− i~) . (8)

The integral transformation (6) can be inverted to express Φt(γ) in terms

of Ψt(x). In this way it becomes possible to find the necessary and sufficient

conditions that qt(y) has to satisfy in order to represent an eigenstate of

T(λ) via (6) and (7). The conditions are1,7

(i) t(λ) is a polynomial of the form t(λ) =
∏N

k=1(λ − τk),

with {τk} = {τk}.

(ii) q(λ) is entire and has asymptotic behavior

q (λ) = O
(
e−

Nπ
2~
|<(λ)| |λ|

N
2~

(2|=(λ)|−~) )
.

Above, the O symbol is uniform in the strip {z : |= (z)| ≤ ~/2}. This

reduces the problem to construct all the eigenfunctions and finding the

complete spectrum of the Toda chain to finding the set S of all solutions

(t (λ) , qt (λ)) to the Baxter equation (8) that satisfy the conditions (i) and

(ii) above.

3. Quantization conditions

It turns out that the Baxter equation (8) admits solutions within the class S

described above only for a discrete set of choices for the polyonomial t(λ).

This is what expresses the quantization of the spectrum of T(λ) within

the SOV-framework. Our first aim in this section will be to outline how to

reformulate the resulting conditions on t(λ) more concretely, following the

approaches initiated by Gutzwiller and Pasquier-Gaudin.

It gives useful insight to divide the problem to construct and classify

the solutions to the Baxter equation (8) which satisfy (i) and (ii) into two

steps. In the first step, one weakens the analytic requirements (ii) on q(λ)

by allowing q(λ) to have a certain number of poles. In this case, it will be

possible to find two linearly independent solutions q±t (λ) to (8) for arbitrary

t(λ) satisfying (i). In the second step, one constructs the solution q(λ)

satisfying (i) and (ii) in the form

q(λ) = P+q+
t (λ) + P−q−t (λ) , (9)

where P± are constants. The requirement that q(λ) is entire means that

the poles of q±t (λ) must cancel each other in (9) which is only possible if
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t(λ) is fine-tuned in a suitable way. This is the origin of the quantization

of the spectrum of T(λ).

3.1. Gutzwiller’s formulation of the quantization conditions

It turns out that there is a canonical minmal choice for the set of poles of

q±t (λ) that one needs to allow. One needs to allow N poles δ1, . . . , δN whose

positions are determined by the choice of t(λ). More precisely, out of t(λ)

one constructs the so-called Hill determinant

H (λ) = det




. . .
. . .

. . .
. . . . . . . . .

. . .
ρ~

t (λ− i~)
1

1

t (λ− i~)
0 . . .

. . . 0
ρ~

t (λ)
1

1

t (λ)
0 . . .

. . .
. . .

. . .
. . .

. . .
. . .




, (10)

where ρ := κg2N . It can be shown that H(λ) admits the representation

H (λ) =

N∏

a=1

sinh
π

~
(λ− δa)

sinh
π

~
(λ− τa)

, (11)

where one chooses |= (δk)| < ~/2. This defines δ1, . . . , δN in terms of t(λ).

Let us then, instead of S consider the class S′ of solutions to (8) which

satisfy the conditions (i) and (ii)′,

(ii)′ q(λ) is meromorphic with set of poles contained in {δ1, . . . , δN} and

it has an asymptotic behavior |q (λ)| = O
(
e−

Nπ
2~
|<(λ)| |λ|

N
2~

(2|=(λ)|−~) )
.

The Baxter equation (8) has two linearly independent solutions q±t (λ)

within S′ for arbitrary t(λ). One possible construction of the solutions q±t (λ)

goes back to Gutzwiller’s work on the Toda chain. They may be defined as

follows:

q±t (λ) =
Q±t (λ)

∏N

a=1

{
e−

πλ
~ sinh π

~
(λ− δa)

} , (12)
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where

Q+
t (λ) =

(
κgN

)−iλ
K+ (λ) e−N π

~
λ

N∏
k=1

~−i λ
~ Γ(1− i(λ− τk)/~)

,

Q−t (λ) =
giNλK− (λ) e−N π

~
λ

N∏
k=1

~i λ
~ Γ(1 + i(λ− τk)/~)

,

(13)

with K± (λ) being half-infinite determinants:

K+ (λ) = det




1 t−1 (λ + i~) 0 · · ·
ρ~

t (λ + 2i~)
1 t−1 (λ + 2i~) 0 · · ·

0
. . .

. . .
. . .

. . . · · ·


 (14)

and K− (λ) = K+

(
λ
)

(recall that {τk} = {τk}). For the reader’s conve-

nience we have included a self-contained proof that q±t ∈ S′ in Appendix A.

It’s worth noting that Q±t are linearly independent entire functions whose

Wronskian can be evaluated explicitly, cf. Lemma 1:

Q+
t (λ)Q−t (λ + i~)−Q+

t (λ + i~)Q−t (λ) =

= κ−iλg−N~e−2N π
~

λ

N∏

a=1

{
~

iπ
sinh

π

~
(λ− τk)H (λ)

}
.

(15)

It can be shown that the most general solution q(λ) ∈ S′ to the Baxter

equation (8) may be represented in the form (9). The additional requirement

that q(λ) should be entire implies

Q+
t (δa)− ζ Q−t (δa) = 0 , for a = 1, . . . , N and ζ ∈ C, |ζ| = 1 , (16)

to be supplemented by the condition that
∑N

k=1 δk = P .5,6 This formulation

of the quantization conditions looks fairly involved. It may be considered

as a highly transcendental system of equations on the parameters τk deter-

mining t(λ), in which both Q±t (λ) and δ1, . . . , δN have to be constructed

from t(λ) by means of (13) and (10), (11) respectively.

3.2. Reformulation in terms of solutions to a nonlinear

integral equation

One may note that the set of parameters in δ = (δ1, . . . , δN) is just as big

as the set of parameters in τ = (τ1, . . . , τN ) characterizing the polynomial

t(λ) appearing on the left hand side of the Baxter equation. The form of
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the quantization conditions (16) suggests that it may be useful to formulate

these conditions directly in terms of the parameters δ = (δ1, . . . , δN) with

t(λ) = t(λ|τ (δ)) being determined in terms of δ by inverting the relation

δ = δ(τ). A more convenient representation of the quantization conditions

(16) would then be obtained if one was able to construct the solutions

Q±t (λ) more directly as functions of the parameters δ = (δ1, . . . , δN ). In

the following, for a given polynomial ϑ(λ) =
∏N

k=1(λ − δk) with complex

conjugated roots, we will construct functions Q±δ (λ). These will be shown

to yield solutions the Baxter equation (8) via (12), with tδ(λ) being a

polynomial whose coefficients depend on the parameters δ.

The functions Q±δ (λ) will be build out of the solutions Yδ(λ) to the

following NLIE,

log Yδ(λ) =

∫

R

dµ K(λ− µ) log

(
1 +

ρ~ Yδ(µ)

ϑ(µ− i~/2)ϑ(µ + i~/2)

)
, (17)

where

K (λ) =
~

π (λ2 + ~2)
. (18)

It will be shown in Appendix B that the solutions Yδ(λ) to (17) are

unique, and that they exist for all tuples δ = (δ1, . . . , δN) of zeros of Hill

determinants H(λ) constructed from polynomials t(λ) whose zeroes τk sat-

isfy |= (τk)| < ~/2. The function Yδ(λ) is meromorphic, with its poles ac-

cumulating in the direction |arg (λ)| = π/2 and such that Yδ → 1 if λ→∞

for λ uniformly away from its set of poles. The properties of Yδ allow one

to define two auxiliary functions:

log v↑ (λ) = −

∫

R

dµ

2iπ

1

λ− µ + i~/2
log

(
1 +

ρ~Yδ (µ)

ϑ (µ− i~/2)ϑ (µ + i~/2)

)
,

log v↓ (λ− i~) =

∫

R

dµ

2iπ

1

λ− µ− i~/2
log

(
1 +

ρ~Yδ (µ)

ϑ (µ− i~/2)ϑ (µ + i~/2)

)
.

(19)

Out of v↑ (λ) and v↓ (λ− i~), we may then construct

Q+
δ (λ) =

(
κgN

)−iλ
~i Nλ

~ e−
Nπ

~
λv↑ (λ)

N∏
k=1

Γ (1− i (λ− δk) /~)

,

Q−δ (λ) =
giNλ~−i Nλ

~ e−
Nπ

~
λv↓ (λ− i~)

N∏
k=1

Γ (1 + i (λ− δk) /~)

.

(20)
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It is shown in Appendix C that the functions Q±δ are entire (cf. Lemma

4). It is also shown there that the functions q±
δ

(λ) defined from Q±
δ

(λ) by

relations like (12) are solutions to the Baxter equation (8) which have the

correct asymptotic behavior so as to be contained in S′.

One may therefore take the construction of Q±δ (λ) from the solutions of

the nonlinear integral equation (17) as a replacement for the construction

based on Gutzwillers solutions. The quantization conditions (16) may now

be rewritten in terms of Yδ(λ) in the form

2πnk =
Nδk

~
log ~− δk log ρ + i log ζ − i

N∑

p=1

log
Γ(1 + i (δk − δp) /~)

Γ(1− i (δk − δp) /~)

+

∫

R

dτ

2π

{
1

δk − τ + i~/2
+

1

δk − τ − i~/2

}
(21)

× log

(
1 +

ρ~Yδ (τ)

ϑ (τ − i~/2)ϑ (τ + i~/2)

)
,

as is fully demonstrated in Appendix C. This form of the quantization

condition may be more convenient for many applications than the ones

previously obtained, equations (16).

3.3. Solutions to the Baxter equation from the solutions to

a NLIE

In order to understand how the connection between nonlinear integral equa-

tions and the Baxter equation comes about, the key observation is that the

two functions q±δ defined above constitute a system of two linearly indepen-

dent solutions of the Baxter equation (8). This fact can be deduced from

the so-called quantum Wronskian equation satisfied by Q±δ :

Q+
δ (λ) Q−δ (λ + i~)−Q−δ (λ) Q+

δ (λ + i~) (22)

= κ−iλ

(
~e−

2πλ
~

iπg~

)N N∏

k=1

sinh
π

~
(λ− δk) .

The quantum Wronskian equation allows one to show that Q±δ (λ) satisfy

a Baxter-type equation

tδ(λ)Q±δ (λ) = i−NgN~Q±δ (λ + i~) + κ~(i)NgN~Q±δ (λ− i~) , (23)

where the polynomial tδ (λ) is defined by

tδ (λ) =
(
iκgN

)~ Q+
δ (λ− i~) Q−δ (λ + i~)−Q+

δ (λ + i~)Q−δ (λ− i~)

Q+
δ (λ) Q−δ (λ + i~)−Q+

δ (λ + i~)Q−δ (λ)
.

(24)
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On the one hand, the Wronskian relation (22) allows one to show that tδ(λ)

and Q±δ (λ) are related by the Baxter equation (23). On the other hand, it

also ensures that the residues of the possible poles of tδ (24) vanish. Then,

the polynomiality of tδ is a consequence of the asymptotic behavior of the

functions Q±δ . The details of the arguments are found in Appendix C.

In order to see how the quantum Wronskian relation is connected to

the NLIE (17), let us, starting from a solution Yδ(λ) to (17), introduce two

functions v↑(λ) and v↓(λ) via (19). On the one hand, noting that the kernel

K(λ) defined in (18) can be written as

K(λ) =
1

2πi

(
1

λ− i~
−

1

λ + i~

)

it is easy to see that (17) implies

log Yδ (λ) = log (v↑ (λ + i~/2)) + log (v↓ (λ− 3i~/2)) . (25)

On the other hand, note that

log

[
v↑

(
λ− i

~

2
+ i0

)]
+ log

[
v↓

(
λ− i

~

2
− i0

)]
(26)

=

(∫

R+i0

−

∫

R−i0

)
dµ

2iπ

1

λ− µ
log

(
1 +

ρ~Yδ (µ)

ϑ (µ− i~/2)ϑ (µ + i~/2)

)

= log

(
1 +

ρ~Yδ (λ)

ϑ (λ− i~/2)ϑ (λ + i~/2)

)
.

Thus, using that v↑/↓ are meromorphic on C, we are able to continue the

obtained relation everywhere on C , leading to the functional relation

v↑ (λ) v↓ (λ) = 1 +
ρ~

ϑ (λ) ϑ (λ + i~)
v↑ (λ + i~) v↓ (λ− i~) . (27)

Rewriting this in terms of Q±δ by means of (20) yields the quantum Wron-

skian equation (22).

At the moment we don’t have a direct proof that a solution to (17) exists

for all choices of ϑ(λ). We are able, however, to prove that all functions Yδ(λ)

that can be constructed from Gutzwiller’s solutions are in fact solutions to

(17). This implies that all functions Yδ(λ) needed for the formulation of the

quantization conditions (21) can be obtained in this way.

Let us finally note that there is a more direct way (cf. Proposition 5)

to reconstruct the Newton polynomials in the zeroes {τk} of tδ from the
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solution Yδ to (8):

N∑

p=1

τk
p =

N∑

p=1

δk
p − k

∫

R

dτ

2iπ

{
(τ + i~/2)

k−1
− (τ − i~/2)

k−1
}

(28)

× log

(
1 +

ρ~Yδ (τ)

ϑ (τ − i~/2)ϑ (τ + i~/2)

)
.

As one may reconstruct the eigenvalues hk of the conserved quantities Hk

from the
∑N

p=1 τk
p , this essentially amounts to a reconstruction of the hk.

3.4. Definition of Yang’s potential

It is interesting to notice that the quantization conditions (21) characterize

the extrema of a certain function W (δ) called Yang’s potential in Ref. 8.

This Yang’s potential is defined as W (δ) =W inst (δ) +Wpert (δ), where

Wpert (δ) = i

N∑

k=1

δ2
k

2
log

(
~N/~

ρ

)
−log ζ

N∑

k=1

δk+

N∑

j,k=1

$ (δk − δj)−2iπ

N∑

k=1

nk ,

(29)

$′ (λ) = log Γ (1 + iλ/~), nk are some integers paremeterizing the eigen-

state, and

W inst (δ) = (30)

−

∫

R

{
log Yδ (µ)

2
log

(
1 +

ρ~Yδ (µ)

|ϑ (µ− i~/2)|
2

)
+ Li2

(
−ρ~Yδ (µ)

|ϑ (µ− i~/2)|
2

)}
dµ

2iπ
,

with

Li2 (z) =

0∫

z

log (1− t)

t
dt . (31)

It seems worth emphasizing that, in our treatment, the reformulation of

the quantization conditions in terms of Yang’s potential was obtained from

the solution theory of the Baxter equation (8). This may be seen as a hint

towards a more direct understanding of the claim in Ref. 8 that the quan-

tization conditions for large classes of quantized algebraically integrable

models can be formulated in this way. The claim should follow quite gen-

erally from the solution theory of the Baxter equation.
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Appendix A. Properties of Gutzwiller’s solutions

Appendix A.1. Analytic properties of Gutzwiller’s solution

The explicit construction of a set of two linearly independent entire so-

lutions Q±t of (8) with arbitrary monic polynomial t (λ) goes back to

Gutzwiller.6 Prior to writing down these two solutions, we recall the defi-

nition of the Wronskian of two solutions q1 and q2

W [q1, q2] (λ) = q1 (λ) q2 (λ + i~)− q2 (λ) q1 (λ + i~) . (A.1)

It is straightforward to see, using (8), that W [q1, q2] is i~ quasi-periodic:

W [q1, q2] (λ + i~) = (−1)N
κ~W [q1, q2] (λ) . (A.2)

Proposition 1. Let t (λ) =
∏N

k=1 (λ− τk) be a monic polynomial of degree

N with roots appearing in complex-conjugate pairs {τk} = {τk}. Then, the

two functions below are entire solutions to the Baxter equation (23),

Q+
t (λ) =

(
κgN

)−iλ
K+ (λ) e−N π

~
λ

N∏
k=1

~−i λ
~ Γ(1− i(λ− τk)/~)

,

Q−t (λ) =
giNλK− (λ) e−N π

~
λ

N∏
k=1

~i λ
~ Γ(1 + i(λ− τk)/~)

.

(A.3)

Here K± (λ) correspond to the unique meromorphic solutions to difference

equations

K+ (λ− i~) = K+ (λ)−
ρ~K+ (λ + i~)

t (λ) t (λ + i~)
, (A.4)

K− (λ + i~) = K− (λ)−
ρ~K− (λ− i~)

t (λ) t (λ− i~)
, (A.5)

that go to 1, when λ →∞ uniformly away from their set of poles. The so-

lutions to these recurrence relations are given explicitly by the determinant

formula (14) and its complex conjugate. These two solutions are entire and

posses the asymptotic behavior
∣∣Q±t (λ)

∣∣ = e−
Nπ

~
<(λ)O

(
e+Nπ

2~
|<(λ)| |λ|

N
2~

(∓2=(λ)−~) )
for < (λ)→ ±∞ .

(A.6)

There the O is uniform in any strip of C of bounded width.

Proof. The only non-trivial part concerns the asymptotic behavior of K±.

It follows as a corollary of Lemma 3. �
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Lemma 1. The functions Q±t are linearly independent and their Wron-

skian is expressed in terms of the Hill determinant (10) by (15). The latter

is closely related to K+ and K−

H (λ) = K+ (λ) K− (λ + i~)− ρ~
K+ (λ + i~)K− (λ)

t (λ) t (λ + i~)
. (A.7)

Its zeroes form complex conjugated pairs {δk} =
{
δk

}
, belong to the funda-

mental strip {z : |= (z)| < ~/2} and fulfill
∑N

p=1 τp =
∑N

p=1 δp.

Proof.

The fact that Q±t are linearly independent is a consequence of the fact

that their Wronskian does not vanish identically. The explicit expression

for this Wronskian follows after some algebra.

As we have assumed that the set {τk} is self-conjugated, it follows from

the determinant representation for H that H
(
λ
)

= H (λ), ie, the set {δk}

is self-conjugated. In its turn, this implies a particular relation between the

set of δ’s and τ ’s. Namely, computing the < (λ) → +∞ asymptotics of H

yields

N∑

p=1

τp =

N∑

p=1

δp + in~ , for some n ∈ N . (A.8)

However, as
∑

τk ∈ R and
∑

δk ∈ R, the only possibility is n = 0. �

We are now in position to prove the

Lemma 2. Let q be any meromorphic solution to (8). Then, there exists

two meromorphic i~-periodic functions P± (λ) such that

q (λ) = P+ (λ) Q+
t (λ) + P− (λ) Q−t (λ) . (A.9)

Proof.

Let q be any meromorphic solution to Baxter’s T-Q equation (8). Then

consider

q̃ (λ) = q (λ)−
W
[
q, Q−t

]
(λ)

W
[
Q+

t , Q−t
]
(λ)
·Q+

t (λ)+
W
[
q, Q+

t

]
(λ)

W
[
Q+

t , Q−t
]
(λ)
·Q−t (λ) . (A.10)

The ratio of two Wronskian being i~ periodic, one gets that, by construction

W
[
q̃, Q+

t

]
(λ) = W

[
q̃, Q−t

]
(λ) = 0 . (A.11)

This leads to the system of equations for q̃ (λ):
(

Q+
t (λ) Q+

t (λ + i~)

Q−t (λ) Q−t (λ + i~)

)(
−q̃ (λ + i~)

q̃ (λ)

)
= 0. (A.12)
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Given any fixed λ, there exist non-trivial solutions to (A.12) if only if the de-

terminant of the matrix defining the system vanishes, ie W
[
Q+

t , Q−t
]
(λ) =

0. However, it follows from (15) that W
[
Q+

t , Q−t
]
(λ) is an entire function

that is non-identically zero. Therefore, it can only vanish at isolated points.

Hence, we get that q̃ (λ) 6= 0 only at an at most countable set. As q̃ (λ) is

meromorphic on C, q̃ = 0. �

We now provide a rough characterization of the set of zeroes of Q±t .

As the Γ function has no zeroes on C, the only zeroes of Q±t are those of

K± (λ).

Proposition 2. Assume that |= (τk)| < ~/2 and that the set {τk} is in-

variant under complex conjugation. Then, the set of zeroes of K+ (λ− i~/2)

belongs to the half-plane {z ∈ C : = (z) < −~/2} and

|K+ (λ− i~/2)|
2

H (λ− i~/2)
> 1 , for λ ∈ R . (A.13)

A similar statement holds for K− (λ + i~/2), namely the set of ze-

roes of K− (λ + i~/2) lies in the half-plane {z ∈ C : = (z) > +~/2} and

K− (λ + i~/2) does not vanish on R.

Proof.

It follows from the determinant representations that K+ (λ− i~/2) has

poles at τk − i (2n + 1) ~/2, n ∈ N, in particular they all belong to the

half-plane {z ∈ C : = (z) < −~/2}. Also, since the zeroes and poles of the

Hill determinant are self-conjugated,

H (λ− i~/2) =

N∏

k=1

cosh
π

~
(λ− δk)

cosh
π

~
(λ− τk)

> 0 , ∀λ ∈ R . (A.14)

As the set {τk} is self-conjugate, it is easy to see that for λ ∈ R

K+ (λ) = K− (λ) and t (λ− i~/2) t (λ + i~/2) = |t (λ− i~/2)|2 ,

(A.15)

This allows us to rewrite (A.7) in the form

|K+ (λ− i~/2)|
2

H (λ− i~/2)
= 1 +

ρ~

H (λ− i~/2)

∣∣∣∣
K+ (λ + i~/2)

t (λ− i~/2)

∣∣∣∣
2

. (A.16)

It follows from (A.14) and (A.16) that there exists a c > 0 such

that |K+ (λ− i~/2)| > c for λ ∈ R. Hence, K+ (λ− i~/2) has no ze-

roes on R. As K+ (λ− i~/2) has manifestly no poles in the half-plane
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{z : = (z) > −~/2}, one has that

f (ρ) =

∫

R−i~/2

dτ

2iπ

K ′+ (τ)

K+ (τ)
= #

{
z ∈ C : = (z) > −

~

2
and K+ (z) = 0

}
.

(A.17)

Here, we remind that ρ is the deformation parameter appearing in (14).

We also specify that the function f (ρ) is well defined as |K+||R−i~/2 > c

and the ratio K ′+/K+ decays at least as λ−(2N+1) at infinity, uniformly

in ρ, cf lemma 3. Thus, applying the dominated convergence theorem we

obtain that f (ρ) is continuous in ρ. As it is integer valued, it is constant.

The value of this constant is fixed from f (0) = 0 (as then K+ = 1). This

shows that K+ (λ) has all of its zeros lying below the line R− i~/2. �

Appendix A.2. Bounds for K+

Lemma 3. Let {τk} = {τk} and |= (τk)| < ~/2, K± (λ) is bounded uni-

formly away from its set of poles, K± → 1 for λ→∞ with |arg(λ) ∓ π/2| >

ε for any ε > 0 and

K ′±

K±
(λ) = O

(
|< (λ)|

−(2N+1)
)

, (A.18)

where the O is uniform in ρ as long as ρ belongs to some fixed compact

subset of C.

Proof.

As the T-Q equations can be solved explicitly when N = 1 in terms of

Bessel functions, it is enough to consider the case N ≥ 2. We focus on K+

as the behavior of K− follows by complex conjugation.

K+ admits the discrete Fredholm series representation:

K+ (λ) = 1 +
∑

n≥1

1

n!

∑

h1,...,hn

∈N

detn [Mhahb
(λ)] , (A.19)

where we have

Mab (λ) =
δa,b+1

t (λ− ia~)
+

δa,b−1ρ
~

t (λ− ia~)
. (A.20)
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Then, by Hadamard’s inequality
∣∣∣∣∣∣∣

∑

h1,...,hn

∈N

detn [Mhahb
(λ)]

∣∣∣∣∣∣∣
(A.21)

≤
∑

h1,...,hn

∈N

n∏

a=1

{
n∑

b=1

|Mhahb
|2
} 1

2

≤
∑

h1,...,hn

∈N

n∏

a=1

{
+∞∑

b=1

|Mhab|
2

} 1
2

≤
∑

h1,...,hn

∈N

n∏

a=1

{
+∞∑

b=1

|Mhab|

}
≤






n∑

a,b=1

|Mab|






n

≤ un (λ)
(
1 + |ρ|

~
)n

.

Hence, we get that

|K+ (λ)− 1| ≤ eu(λ)(1+|ρ|~) − 1 , with u (λ) =

+∞∑

a=1

|t (λ− ia~)|
−1

.

(A.22)

We will now show that u (λ) is bounded uniformly away from the set

of the poles of K+ (λ) and that u (λ) → 0 for λ → ∞ in any sector

|arg (λ)− π/2| > ε with ε. This fact ensures that K+ → 1 for λ → ∞

in such sectors and that K+ is bounded uniformly away from the set of its

poles.

Let b be such that λ− ib~ ∈ {|= (z)| ≤ ~/2}. Let η > 0 and 1 > η′ > 0

be such that, for all k,

|λ− τk − ib~| > η~ > 0 and η′~ > |= (λ− τk − ib~)| . (A.23)

Such η and η′ exist by definition of b and {τk}. Setting ~ηk = λ− τk − ib~,

we get

|λ− τk − ia~|2 ≥ ~2
[
<2 (ηk) + (|a− b| − |=ηk|)

2
]

≥ ~2
[
δa,bη

2 + (1− δa,b) (|a− b| − η′)
2
]

.

Thus we obtain the boudedness of u for λ uniformly away from the set of

poles of K+:

u (λ) ≤

+∞∑

a=1

(
~−2

δa,bη2 + (1− δa,b) (|a− b| − η′)
2

)N
2

≤

(
1

(~η)
N

+ 2
+∞∑

a=1

1

[~ (a− η′)]
N

)
.
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There, in order to get the last estimate, we have extended the summation

to a ∈ Z and separated the contributions from a = b and a 6= b.

Also, using that for < (λ) large |λ− τk − ia~| ≥ |< (λ)−< (τk)| ≥

|< (λ)| /2, we obtain

1

|t (λ− ia~)|
(A.24)

=
1

|λ− τ1 − ia~|
·

1

|λ− τ2 − ia~|
1
2

{
1

|λ− τ2 − ia~|
1
2

N∏

k=3

1

|λ− τk − ia~|

}

≤

{
2

|< (λ)|

}N− 3
2

~−
3
2

[
δa,bη

2 + (1− δa,b) (|a− b| − η′)
2
]−3/2

.

Thus,

u (λ) ≤

(
2

|< (λ)|

)N− 3
2

(
1

(~δ)
3
2

+ 2
+∞∑

a=1

1

[~ (a− δ′)]
3
2

)
. (A.25)

It remains to prove the estimates for K ′+ (λ) at |< (λ)| → +∞. Termwise

differentiation in (A.19) leads to

∣∣K ′+ (λ)
∣∣ ≤

∑

n≥1

n

n!

(
u (λ)

(
1 + |ρ|

~
)n−1

)
ũ (λ)

(
1 + |ρ|

~
)

≤ ũ (λ)
(
1 + |ρ|

~
)
eu(λ)(1+|ρ|~) ,

where ũ (λ) =
∑

n≥1

∣∣t′/t2 (λ− in~)
∣∣ = O

(
|< (λ)|

−1 )
. One then takes the

derivative of the Hill’s determinant relation (A.7) at λ− i~/2. This leads to

K ′+ (λ) = H′ (λ) + ∂λ

{
ρ~ K+ (λ + i~) K− (λ)

t (λ) t (λ + i~)K− (λ + i~)

}
. (A.26)

The uniform estimates in ρ that we have established combined with

the fact that H′ (λ) = O
(
|< (λ)|−∞

)
uniformly in ρ lead to the de-

sired form of the estimates, with a O that is uniform as long as ρ be-

longs to some compact subset of C and λ to any fixed angular sector

|arg (λ)− π/2| |arg (λ) + π/2| > ε, with ε > 0. �

Appendix B. Existence and uniqueness of solutions to the non-

linear integral equation

In this Appendix we prove the existence and uniqueness of solutions to the

TBA non-linear integral equation (23). Let ϑ (λ) =
∏N

k=1 (λ− δk) have its

zeroes given by the N zeroes of the Hill determinant built out of t(λ). Then
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set

Yt (λ) =
K+ (λ + i~/2)K− (λ− i~/2)

H (λ− i~/2)
·
ϑ (λ− i~/2)ϑ (λ + i~/2)

t (λ− i~/2) t (λ + i~/2)
. (B.1)

It is a straightforward consequence of Lemma 3 that Yt is a meromorphic

function whose poles accumulate in the direction |arg (λ)| = π/2. Yt is also

bounded for λ → ∞ uniformly away from the set of its poles and Yt → 1

for λ → ∞ in any sector |arg (λ)− π/2| |arg (λ) + π/2| > ε for some fixed

ε > 0.

Proposition 3. The function log Yt defined in (B.1) is continuous, positive

and bounded on R. It is the unique solution in this class to the non-linear

integral equation (17).

Proof. We first prove the uniqueness of solutions. Let ‖·‖∞ stand for

the sup norm on bounded and continuous functions on R. We set F ={
f ∈ C 0 (R) : f ≥ 0 and ‖f‖∞ < +∞

}
. Then we define the operator

L on F by

L [f ] (λ) =

∫

R

dµ K (λ− µ) log

(
1 +

ρ~ef(µ)

|ϑ (λ− i~/2)|2

)
. (B.2)

The mapping L stabilizes F . Indeed,

|L [f ] (λ)| ≤

∫

R

dµ K (λ− µ) log

(
1 +

ρ~ef(µ)

|ϑ (λ− i~/2)|2

)

≤ log
(
1 + ρ~e‖f‖∞J−1

)
, (B.3)

where J = infλ∈R |ϑ (λ− i~/2)|2 > 0, due to |= (δk)| < ~/2.

Any solution to the NLIE appears as a fixed point of L in F . We shall

now prove that L can have at most one fixed point. This settles the question

of uniqueness of solutions to (17). This part goes as in Ref. 4. Let f, g ∈ F ,

then

|L [f ]− L [g]| (λ) (B.4)

=

∣∣∣∣∣∣

1∫

0

dt

∫

R

dτK (λ− τ)
ρ~eg(τ)+t(f−g)(τ)

|ϑ (τ − i~/2)|2 + ρ~eg(τ)+t(f−g)(τ)
(f − g) (τ)

∣∣∣∣∣∣

≤ c ‖f − g‖∞ with c =
ρ~emax(‖g‖

∞
,‖f‖

∞
)

J + ρ~emax(‖g‖
∞

,‖f‖
∞

)
< 1 .

Hence, L admits a unique fixed point.
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A direct proof of existence of the solutions to (17) is possible if ρ~/J < 1.

In this case it is easily seen that L [f ] (λ) is a bounded mapping in the sense

that it stabilizes all balls in F of radius R ≥ − log
(
1− ρ~/J

)
. In such a

case, (B.4) implies that L [f ] is a contractive map on a Banach space. It

thus admits a unique fixed point.

However, it is always possible to construct a solution to (17) in terms

of the the half-infinite determinants K±. Recall that {τk} and hence {δk}

are invariant under complex conjugation. Let

v↑ (λ) = K+ (λ)
N∏

k=1

Γ(1− i (λ− δk) /~)

Γ(1− i (λ− τk) /~)
(B.5)

v↓ (λ) = K− (λ + i~)

N∏

k=1

Γ(i (λ− δk) /~)

Γ(i (λ− τk) /~)
. (B.6)

It follows from Proposition 2 that v↑/↓ (λ− i~/2) are holomorphic

and non-vanishing in H+/−. Moreover, as
∑

δk =
∑

τk, we get that

v↑/↓ (λ− i~/2) = 1 + O
(
λ−1

)
in their respective domains of holomorphy.

Also, due to the Hill determinant identity (A.7)

|K+ (λ− i~/2)|2

H (λ)
= v↑ (λ− i~/2) v↓ (λ− i~/2) = 1 +

ρ~Yt (λ)

|ϑ (λ− i~/2)|2
.

(B.7)

We agree upon choosing a determination of v↑/↓ (λ− i~/2) such that

log v↑/↓ (λ− i~/2) −→
λ→+∞

0

⇒ log [v↑v↓] (λ− i~/2) = log v↑ (λ− i~/2) + log v↓ (λ− i~/2) .

Thus, for λ ∈ R, by computing the residues in the upper or lower half-

plane and using the decay properties of the integrand at infinity, one sees

that v↑ and v↓ are recovered from Yt(λ) via the integral representations

(19). Hence, with the same choice of branches of logarithm as before (the

one that goes to 0 when < (λ) goes to +∞) we get, on the one hand, that

log [v↑ (λ + i~/2) v↓ (λ− 3i~/2)]

=

∫

R

dτK (λ− τ) log

(
1 +

ρ~Yt (τ)

|ϑ (τ − i~/2)|
2

)
.

On the other hand, it is straightforward to check that

v↑ (λ + i~/2)v↓ (λ− 3i~/2) = Y (λ) .

This proves the existence of the relevant set of solutions to (17).
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Appendix C. Baxter Equation and quantization conditions from

TBA

We first prove basic properties of the functions Q±δ . Then we derive

the T-Q equation generated by Q±
δ

and finally obtain the quantization

conditons.

Appendix C.1. Analytic properties of Q±

δ

Lemma 4. The functions Q±δ defined in (20) are entire and have the

asymptotic behavior

∣∣Q±δ
∣∣ = e−

Nπλ
~ · O

(
e

Nπ
2~
|<(λ)| |λ|

N
2~

(±2=(λ)−~) )
< (λ)→ ±∞ (C.1)

where the O symbol is uniform in {z : |= (z)| ≤ ~/2}.

Proof.

It is readily seen from the asymptotic behavior in the strip

{z : |= (z)| < ~} of the solution Yδ to (17), that v↑ (λ) → 1 and

v↑ (λ− i~) → 1 when < (λ) → ±∞ in the strip {z : |= (z)| ≤ ~/2}. Then

a straightforward computation leads to (C.1). We assume that all the δ’s

are distinct and, if necessary, take the limit of coinciding δ’s at the end of

the calculation.

It remains to prove that Q±δ are entire. For this, we show that the

products of Γ-functions cancel the poles of v↑/↓. We need to construct a

meromorphic continuation to C of v↑/↓ starting from the strip B(1), with

B(n) = {z : |= (z)| < n~}. It follows from the very form of the NLIE (17)

that the solution Yδ is holomorphic in B(1). Let us introduce the notation

Vδ(µ) = 1 +
ρ~ Yδ(µ)

|ϑ(µ− i~/2)|2
. (C.2)

The only singularities of V ′δ (µ) /Vδ (µ) in B(1) correspond to the zeroes of

Vδ and to its poles. The latter are located at µ = δk ± i~/2, k = 1, . . . , N .
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Hence, as V ′δ (µ) /Vδ (µ) is decaying sufficiently fast at infinity, one gets

Y ′δ
Yδ

(τ) =
∑

z∈B
(n)
↑

Vδ(z)=0

nz

λ− z − i~
+

∑

z∈B
(n)
↓

Vδ(z)=0

nz

λ− z + i~
(C.3)

−

n∑

p=1

N∑

k=1

1

λ− δk − i (2p + 1) ~/2
−

n∑

p=1

N∑

k=1

1

λ− δk + i (2p + 1) ~/2

+

∫

R+in~−i0+

dµ

2iπ

V ′δ (µ) /Vδ (µ)

λ− µ− i~
−

∫

R−in~+i0+

dµ

2iπ

V ′δ (µ) /Vδ (µ)

λ− µ + i~
.

Above, we have denoted by nz the multiplicity of a zero z of Vδ and B
(n)
↑ ,

resp. B
(n)
↓ , stands for B(n)∩H+, resp. B(n)∩H−. It thus follows that Vδ has

simple poles at δk+i~

2 (2n + 1), n ∈ Z. Exactly the same reasoning as before

shows that v↑ (λ− i~) has its only simple poles at δk−in~, k = 1, . . . , N and

n ∈ N∗. Similarly, v↓ (λ) has its only simple poles at δk + in~, k = 1, . . . , N

and n ∈ N. Therefore, these poles are canceled out by the zeroes of the

Γ-functions and Q±δ are both entire. �

Appendix C.2. Baxter equation

Proposition 4. The polynomial tδ (λ) given in (24) is a monic real valued

polynomial of degree N . It is such that the functions Q±δ solve the Baxter

equation

tδ(λ) Q±δ (λ) = iNgN~ Q±δ (λ + i~) + κ~(−i)NgN~ Q±δ (λ− i~) , (C.4)

Finally, given any monic real valued polynomial of degree N with roots in the

strip {z : |= (z)| < ~/2}, it is always possible to find a complex-conjugation

invariant set of parameters {δk} such that tδ equals to this polynomial.

Proof. The proof that Q+
δ satisfies (C.4) with tδ being given by (24) can

be done by straightforward calculation, using the definition of tδ and the

Wronskian equation (22).

Now we show that tδ, as defined in (24), is indeed a monic real valued

polynomial of degree N . We first assume that the δk’s are pairwise distinct.

The case when several δk’s coincide follows by taking the limit in the final

formulae. As Q±δ are both entire, we get that the only potential poles of

tδ (λ) are located at λ = δk + in~, n ∈ Z. The set of zeroes of v↑/↓ differs

necessarily from its set of poles (as follows readily from (C.3) and similar
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representations for v↑/↓). Hence, Q±δ (δk + in~) 6= 0, for k = 1, . . . , N and

n ∈ Z. Therefore, it follows from the Wronskian relation (22) , that

Q+
δ (δk)

Q−δ (δk)
=

Q+
δ (δk + in~)

Q−δ (δk + in~)
for k ∈ [[ 1 ; N ]] and n ∈ N . (C.5)

This implies that the possible poles of the expression in (24) get canceled.

It follows that tδ is entire. It remains to control its asymptotic behavior.

We may express tδ in terms of v↑/↓,

tδ (λ) (C.6)

= v↑ (λ− i~) v↓ (λ)

N∏

a=1

(λ− δa)−

(
κg2N

)2~
v↑ (λ + i~) v↓ (λ− 2i~)

N∏
a=1

(λ− δa)
(

~2 + (λ− δa)
2
) .

Due to the asymptotic behavior of Yδ at∞, one can deform the integration

contour in the definition v↑/↓ so as to obtain its asymptotic behavior in the

whole plane λ→∞, for λ uniformly away from the set of poles of v↑/↓.

As we have that v↑/↓ → 1 when λ → ∞, we get that tδ ' λN when

λ → ∞. Hence, tδ is a monic polynomial of degree N . It is real valued for

λ ∈ R as for such λ’s, Vδ (λ) defined in (C.2) belongs to R, what implies

that v↑ (λ− i~) = v↓ (λ), ie tδ (λ) = tδ
(
λ
)
.

The fact that, in this way, one is able to generate any monic polynomial

with roots in the strip {z : |= (z)| < ~/2} follows form the uniqueness of

solutions to the TBA-NLIE and the construction of the function v↑/↓ in

terms of determinants, as given in (B.5)-(B.6). �

Appendix C.3. The quantization conditions

We now prove that the quantization conditions for the model (conditions

on the zeroes of the polynomial tδ (λ) for (8) to have entire solutions with

a prescribed decay as given in point (ii)) can be written down in a TBA-

like form. Moreover, as opposed to the Gutzwiller form of the quantization

conditions, the ones that will follow only involve one set of parameters.

Namely, the zeroes {δk} of the Hill determinant associated with tδ (λ) given

in (24). We show that under certain reasonable assumptions, it is possible

to reconstruct the Newton polynomials in the zeroes of tδ and hence the

spectrum of the model. This proves the Nekrasov-Shatashvili conjecture.8

We first reconstruct the zeroes of tδ.
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Proposition 5. Let tδ (λ) =
∏N

p=1 (λ− τa) be a polynomial whose zeroes

τk lie in the strip {z ∈ C : |= (z)| < ~/2}. If {δk} is the associated set

of zeroes of the Hill determinant and Yδ the unique solution to the NLIE

(17), then the Newton polynomials Ek =
∑N

p=1 τk
p in the zeroes of tδ are

reconstructed by means of formula (28) above. The convergence of these

integrals is part of the conclusion.

Proof.

Due to the uniqueness of solutions to the NLIE (17), one has that the

solution Yδ can be expressed, as in (B.1) in terms of K±, H. The latter

determinants are parameterized by the zeroes {τk} of tδ, and the parameters

{δk} appearing in the NLIE (17) coincide with the set of zeroes of the Hill

determinant. By invoking the continuity of the logarithm on R and its decay

at infinity, we get

k

∫

R

dµ

2iπ

{
(µ + i~/2)

k−1
− (µ− i~/2)

k−1
}

log

(
1 +

ρ~Yδ (µ)

|ϑ (µ− i~/2)|
2

)

= −

∫

R−i~/2

dµ

2iπ

{
(µ + i~)k − µk

}[K ′+

K+
(µ) +

K ′−

K−
(µ + i~)−

H′

H
(µ)

]

=

∫

R+i~/2→
R−i~/2←

dµ

2iπ
µkH

′

H
(µ) =

N∑

p=1

(
τk
p − δk

p

)
.

(C.7)

In the intermediate steps, we have used the quick decay at infinity of

the integrand

K ′±

K±
(λ) = O

(
λ−2N−1

)
and

H′

H
(λ) = O

(
λ−∞

)
. (C.8)

This allows us to split the integral in three and compute the parts involving

K+, resp. K−, by the residues in the upper/lower half plane (thus giving

0). Hence, the only part that gives a non-trivial contribution is the contour

integral involving H′/H. The only poles that contribute to the result are

located at the zeroes δk of the Hill determinant (they have residue +1)

and at the poles τk of the Hill determinant (they have residue -1) that are

located in the strip |= (z)| < ~/2. �

This result offers a direct way to recover the spectum of the model

from a solution to the TBA equation (17). It remains to derive the set of

quantization conditions on the parameters δk.
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Theorem 1. There exists a unique entire solution q (λ) to the T-Q equa-

tion (8) whose asymptotic behavior is as stated in (ii) if and only if the

parameters {δk} appearing in the TBA NLIE (17) satisfy to the quantiza-

tion conditions given in (21).

Remark 1. The solvability of the quantization conditions, the occurrence

of complex solutions ( = (δk) 6= 0, δk ∈ {z : |= (z)| < ~/2}, the uniqueness

of solutions for a given choice of integers nk ∈ Z are all open questions.

Proof.

According to lemma 2, any meromorphic solution q to the T-Q equation

takes the form

q (λ) =
W
[
q, Q−δ

]
(λ)

W
[
Q+

δ , Q−δ
]
(λ)
·Q+

δ (λ)−
W
[
q, Q+

δ

]
(λ)

W
[
Q+

δ , Q−δ
]
(λ)
·Q−δ (λ) . (C.9)

Recall that the Wronskian W
[
Q+

δ , Q−δ
]
(λ) is given by (22). It is possible to

compute the Wronskians W
[
q, Q±δ

]
(λ) by using the asymptotic behavior

of q (λ) and Q±δ . Due to their i~ quasi-periodicity, these Wronskians take

the form W
[
q, Q±δ

]
(λ) = e−N π

~
λκ−iλw± (λ), where w± (λ) are entire i~-

periodic functions. However, using the asymptotic behavior of q (λ) and Q±δ
we get that w± (λ) are bounded at infinity in the strip |= (λ)| ≤ ~/2, and

hence on C. They are thus constant. This proves the uniqueness of solutions

for a given choice of τk’s and hence δk’s. Indeed, up to a normalization

constant, any solution q (λ) satisfying to the requirements stated in point

(ii), is of the form

q (λ) = e
Nπ

~
λ Q+

δ (λ)− ζQ−δ (λ)
N∏

k=1

sinh
π

~
(λ− δk)

. (C.10)

As the solution q (λ) is entire, it has a vanishing residue at λ = δk, k =

1 . . . , N . Therefore, the quantization conditions for the Toda chain appear

as the set of N − 1 conditions that q (λ) has a vanishing residue at δk,

k = 1, . . . , N supplemented with the N th quantization condition for the

overall momentum :
∑N

p=1 τp =
∑N

p=1 δp = P . Note that it follows from

W
[
Q+

δ , Q−δ
]
(δk + in~) = 0 that if q (λ) has a vanishing residue at δk then

it also has a vanishing residue at δk + in~, n ∈ Z. Therefore, there is indeed

only a finite number N of constraints of the parameters δa. The explicit

form of these quantization conditions is then indeed as given in (21).

Conversely, if the quantization conditions are satisfied, then by taking

q (λ) as in (C.10), one obtains an entire solution with the desired asymp-

totics. �
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We introduce generalized energies for a class of Uq(D
(1)

n ) crystals by using the

piecewise linear functions that are building blocks of the combinatorial R. They

include the conventional energy in the theory of affine crystals as a special case.

It is shown that the generalized energies count the particles and anti-particles

in a quadrant of the two dimensional lattice generated by time evolutions of an

integrable D
(1)

n cellular automaton. Explicit formulas are conjectured for some

of them in the form of ultradiscrete tau functions.

Keywords: Crystal base; integrable cellular automaton; generalized energy;

combinatorial Bethe ansatz; inverse scattering method; ultradiscrete tau func-

tion.

1. Introduction

Let Bl be the crystal of the l-fold symmetric tensor representation of the

quantum affine algebra Uq(D
(1)
n ).9,11 The combinatorial R : x⊗y 7→ y′⊗x′

is the isomorphism of crystals Bl ⊗ Bm
∼
→ Bm ⊗ Bl corresponding to the

quantum R at q = 0.10 In Ref. 15, an explicit formula of the combinatorial

R was obtained in terms of several piecewise linear functions gi(x⊗ y) ∈ Z

on Bl⊗Bm. See Theorem 2.1. Among them is the local energy, which plays

an essential role in the theory of affine crystals.10 The family of piecewise
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linear functions {gi}, which we call generalized local energies in this paper,

are ultradiscretization of the subtraction-free rational functions that have

emerged as building blocks of the tropical R15,16 of the geometric crystal.3

They may be viewed as local energies in a principal picture rather than in

the conventional homogeneous picture.

From the local energy, one can form the integer-valued function called

energy on the tensor product P = Bl1⊗· · ·⊗BlL . Its generating function is

the one dimensional configuration sum that originates in the corner transfer

matrix method.1,2

In this paper we introduce generalized energies Egi
: P → Z≥0 corre-

sponding to gi’s, and study them from the viewpoint of the integrable cel-

lular automaton of type D
(1)
n .6,7 The latter is an integrable Uq(D

(1)
n ) vertex

model at q = 0. It is a dynamical system on P equipped with commuting

time evolutions {Tl}l≥1. Elements of P are naturally regarded as arrays

of particles and anti-particles, and Tl induces their factorized scattering

involving pair creation and annihilation. See Examples 3.1 and 3.2.

Our main result is Theorem 4.1, which states that Egi
(p) = ρgi

(p) for

any p = p1 ⊗ · · · ⊗ pL ∈ P . Here ρgi
(p) is a counting function giving the

number of certain particles and anti-particles specified by gi in the region

(40) under the time evolutions p, T∞(p), T 2
∞(p), . . .. As such, the counting

functions are non-local variables attached to a quadrant of the 2 dimensional

lattice. However, it will also be shown in Theorem 3.1 that the combined

data {ρgi
(p1⊗ · · · ⊗ pj) | j = k− 1, k} in turn reproduces the local variable

pk ∈ Blk completely in agreement with the spirit of the corner transfer

matrix method. Therefore the joint spectrum {Egi
(p1 ⊗ · · · ⊗ pk)} of the

generalized energies with 1 ≤ k ≤ L is equivalent to p = p1 ⊗ · · · ⊗ pL ∈ P

itself. This extends a similar result on type A
(1)
n (Proposition 4.6 in Ref. 17)

which is related to the katabolism.22 A supplementary result (Proposition

4.1) is parallel with Theorem 4.1 and treats generalized local energies with

opposite chirality (cf. Remark 2.2).

The layout of the paper is as follows. In Section 2, generalized (local)

energies are extracted from the piecewise linear formula of the combinatorial

R.15 In Section 3, the integrable D
(1)
n cellular automaton6,7 is recalled and

the counting functions are defined. In Section 4, the main Theorem 4.1 of the

paper is stated and proved. In Section 5, aspects related to combinatorial

Bethe ansatz are discussed. In Section 5.1 we give the inverse scattering

formalism of the D
(1)
n cellular automaton like Ref. 14. In Section 5.2, we

conjecture piecewise linear formulas for some generalized energies in terms

of ultradiscrete tau functions. This is also motivated by the A
(1)
n case,17
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where analogous results have led to a piecewise linear formula for the Kerov-

Kirillov-Reshetikhin map.13 Although the conjecture is yet to cover the full

family of generalized energies, the last one (57) is already rather intriguing.

We expect that the extention and the solution of Conjecture 5.1 will uncover

an interplay among combinatorial Bethe ansatz, ultradiscretization of the

DKP hierarchy8 and the bilinearlization of the tropical R.16

2. Generalized energies for D(1)

n
crystal

2.1. Crystals and combinatorial R

Let us recall the basic facts on crystal and combinatorial R briefly. For a

more information, see Refs. 9–11 and 19. For a positive integer l, let

Bl = {ζ = (ζ1, . . . , ζn, ζn, . . . , ζ1) ∈ Z2n
≥0 |

n∑

i=1

(ζi + ζi) = l, ζnζn = 0} (1)

be the crystal of the l-fold symmetric tensor representation of Uq(D
(1)
n ).9

We assume n ≥ 3. As for the functions εi, ϕi, the tensor product rule and

the action of Kashiwara operators ẽi and f̃i (0 ≤ i ≤ n), see Ref. 19.

The affinization of the crystal Bl is defined by Aff(Bl) = {b[d] | d ∈

Z, b ∈ Bl} with the crystal structure ẽi(b[d]) = (ẽib)[d + δi0] and f̃i(b[d]) =

(f̃ib)[d − δi0]. We call b and d the classical and the affine part of b[d],

respectively. There exists the unique bijection (crystal isomorphism) Bl ⊗

Bm
∼
→ Bm⊗Bl that commutes with all Kashiwara operators. It is lifted up

to a map Aff(Bl)⊗Aff(Bm)
∼
→ Aff(Bm)⊗Aff(Bl) called the combinatorial

R, which has the following form:

R : Aff(Bl)⊗Aff(Bm) −→ Aff(Bm)⊗Aff(Bl)

b[d]⊗ b′[d′] 7−→ b̃′[d′ + H(b⊗ b′)]⊗ b̃[d−H(b⊗ b′)],

where b⊗ b′ 7→ b̃′ ⊗ b̃ under the isomorphism Bl ⊗ Bm
∼
→ Bm ⊗ Bl.

a The

quantity H(b⊗ b′) is called the local energy and determined up to a global

additive constant by

H(ẽi(b⊗ b′)) =






H(b⊗ b′) + 1 if i = 0, ϕ0(b) ≥ ε0(b
′), ϕ0(b̃

′) ≥ ε0(b̃),

H(b⊗ b′)− 1 if i = 0, ϕ0(b) < ε0(b
′), ϕ0(b̃

′) < ε0(b̃),

H(b⊗ b′) otherwise.

The Yang-Baxter equation

(R⊗ 1)(1⊗R)(R ⊗ 1) = (1⊗R)(R ⊗ 1)(1⊗R) (2)

aThis classical part of the combinatorial R will also be referred as combinatorial R and

denoted by R(b ⊗ b
′) = b̃

′
⊗ b̃.
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is satisfied on Aff(Bl)⊗Aff(Bm)⊗Aff(Bk).

2.2. Generalized local energies

Let us give an explicit piecewise linear formula of the combinatorial R that

originates in the tropical R for geometric crystals of type D
(1)
n .15 First we

make a slight variable change. The set Bl (1) is in one to one correspondence

with another set

B′l = {x = (x1, . . . , xn, xn−1, . . . , x1) ∈ Z2n−1 | xi, xi ≥ 0 for 1 ≤ i ≤ n− 1,

xn ≥ −min(xn−1, xn−1),

n−1∑

i=1

(xi + xi) + xn = l} (3)

by the relations

xi = ζi, xi = ζi (1 ≤ i ≤ n− 2), (4)

xn−1 = ζn−1 + ζn, xn = ζn − ζn, xn−1 = ζn−1 + ζn, (5)

ζn = max(0, xn), ζn = max(0,−xn), (6)

ζn−1 = xn−1 + min(0, xn), ζn−1 = xn−1 + min(0, xn). (7)

Note that xn can be negative. We naturally use the notations like x[d] ∈

Aff(B′l) and R(x[d]⊗x′[d′]) = x̃′[d′+H(x⊗x′)]⊗ x̃[d−H(x⊗x′)], etc. Set

`(ζ) =
n∑

i=1

(ζi + ζi) (ζ ∈ Bl), `(x) =
n−1∑

i=1

(xi + xi) + xn (x ∈ B′l), (8)

so that `(ζ) = `(x) = l for ζ ∈ Bl and x ∈ B′l .

Let x = (x1, . . . , x1) ∈ B′l and y = (y1, . . . , y1) ∈ B′m. On the pair (x, y)

we introduce mutually commuting involutions σ1, σn and ∗ by

(x, y)σ1 = (xσ1 , yσ1), (x, y)σn = (xσn , yσn), (x, y)∗ = (y∗, x∗), (9)

σ1 : x1 ←→ x1,

σn : xn−1 → xn−1 + xn, xn−1 → xn−1 + xn, xn → −xn,

∗ : xi ←→ xi (1 ≤ i ≤ n− 1). (10)

The coordinates not included in the above rules are left unchanged. These

involutions are naturally defined on (ξ, ζ) ∈ Bl × Bm as well by the cor-

respondence (4)-(7). For instance, one has (ξ, ζ)∗ = (ζ∗, ξ∗) with ζ∗ =

(ζ1, . . . , ζn−1, ζn, ζn, ζn−1, . . . , ζ1) for ζ = (ζ1, . . . , ζn, ζn, . . . , ζ1).

For any function g = g(x, y), we write gσ1 = gσ1(x, y) = g(xσ1 , yσ1), etc.

Introduce the piecewise linear functions Vi = Vi(x, y) and Wi = Wi(x, y)
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for 0 ≤ i ≤ n− 1 as follows.

Vi = max
(
{θi,j , θ

′
i,j |1 ≤ j ≤ n− 2} ∪ {ηi,j , η

′
i,j |1 ≤ j ≤ n}

)
, (11)

W0 = 2V0, W1 = V0 + V σ1
0 , Wn−1 = Vn−1 + V ∗n−1, (12)

Wi = max
(
Vi + V ∗i−1 − yi, Vi−1 + V ∗i − xi

)
+ min(xi, yi), (13)

where 2 ≤ i ≤ n − 2 in the last line. The functions θi,j = θi,j(x, y), θ′i,j =

θ′i,j(x, y), ηi,j = ηi,j(x, y), η′i,j = η′i,j(x, y) are defined by

θi,j(x, y) =





`(x) +

i∑

k=j+1

(yk − xk) for 1 ≤ j ≤ i,

`(y) +

j∑

k=i+1

(xk − yk) for i + 1 ≤ j ≤ n− 2,

θ′i,j(x, y) = `(x) +

i∑

k=1

(yk − xk) +

j∑

k=1

(yk − xk) for 1 ≤ j ≤ n− 2,

ηi,j(x, y) =





`(x) +

i∑

k=j+1

(yk − xk) + yj − xj for 1 ≤ j ≤ i,

`(y) +

j∑

k=i+1

(xk − yk) + yj − xj for i + 1 ≤ j ≤ n− 1,

`(y) +

n−1∑

k=i+1

(xk − yk) + xn for j = n,

η′i,j(x, y) =





`(x)+
i∑

k=1

(yk−xk)+

j∑

k=1

(yk−xk)+xj−yj for 1 ≤ j ≤ n−1,

`(x)+ δi,n−1 (`(x)− `(y))+

i∑

k=1

(yk−xk)+

n−1∑

k=1

(yk−xk)−xn

for j = n.

Theorem 2.1 (Ref. 15, Theorem 4.28 and Remark 4.29). The im-

age y′ ⊗ x′ = R(x⊗ y) of the combinatorial R is given by

x′i = xi +V ∗i−1−V ∗i , x′i = xi +V ∗i−1 +Wi−V ∗i −Wi−1 (1 ≤ i ≤ n−1),

x′n = xn + V ∗n−1 − Vn−1, y′n = yn + Vn−1 − V ∗n−1,

y′i = yi + Vi−1 + Wi − Vi −Wi−1, y′i = yi + Vi−1 − Vi (1 ≤ i ≤ n− 1).

(14)
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Moreover, the local energy is given by

H(x⊗ y) = V0(x, y) (15)

up to a constant shift.

The functions V1, . . . , Vn−1, W1, . . . , Wn−1 and σ1, σn and ∗ of them are

relatives of the local energy. In addition to the involutions σ1, σn and ∗, the

combinatorial R naturally acts on them by (RV0)(x, y) = V0(y
′, x′) with

y′⊗x′ = R(x⊗y), etc. Their transformation properties under σ1, σn, ∗ and

R are summarized in Table 1.15 These involutions are commutative, thus

for instance R(V σ1

0 ) = (R(V0))
σ1 = V σ1

0 .

Table 1. Transformation by σ1, σn, ∗ and R.

V0 Vi (1 ≤ i ≤ n− 2) Vn−1 Wi (1 ≤ i ≤ n− 1)

σ1 V
σ1
0

Vi Vn−1 Wi

σn V0 Vi V
∗
n−1

Wi

∗ V0 V
∗
i

V
∗
n−1

Wi

R V0 Wi − V
∗
i

Vn−1 Wi

Due to these properties, there are a few simplifications in (14) as

x′1 = x1 + V0 − V ∗1 , x′1 = x1 + V σ1
0 − V ∗1 ,

y′1 = y1 + V σ1
0 − V1, y′1 = y1 + V0 − V1. (16)

We write

ul = (l, 0, . . . , 0) ∈ Bl. (17)

By using Theorem 2.1, one can show for any ζ ∈ Bm that

Bl ⊗Bm 3 ul ⊗ ζ
∼
7→ um ⊗ ξ′ ∈ Bm ⊗Bl if l ≥ m (18)

for some ξ′ under the combinatorial R. In particular

ul ⊗ um ' um ⊗ ul

holds. The functions in Table 1 attain their maximum V0 = V σ1
0 = Vi =

V ∗i = l + m and Wi = 2(l + m) for 1 ≤ i ≤ n− 1 at (x, y) = (ul, um).

For ξ ⊗ ζ ∈ Bl ⊗ Bm, let x ∈ B′l and y ∈ B′m be the elements corre-

sponding to ξ and ζ, respectively. We set

vi(ξ ⊗ ζ) = `(ξ) + `(ζ)− Vi(x, y) (0 ≤ i ≤ n− 1) (19)

vσ1
0 (ξ ⊗ ζ) = `(ξ) + `(ζ)− V σ1

0 (x, y), (20)

v∗i (ξ ⊗ ζ) = `(ξ) + `(ζ)− V ∗i (x, y) (1 ≤ i ≤ n− 1), (21)

wi(ξ ⊗ ζ) = 2`(ξ) + 2`(ζ)−Wi(x, y) (1 ≤ i ≤ n− 1), (22)
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and call them generalized local energies. Note that wn−1 − vn−1 = v∗n−1.

They are building blocks of the piecewise linear formula of the combina-

torial R (14). From the above remark, generalized local energies are all

nonnegative and normalized so that

g(ul ⊗ um) = 0 for any g = vi, v
σ1
0 , v∗i and wi. (23)

For ζ = (ζ1, . . . , ζn, ζn, . . . , ζ1) ∈ Bl, we introduce

a(ζ) = ζ2 + · · · ζn + ζn + · · ·+ ζ2 + 2ζ1 = `(ζ) + ζ1 − ζ1, (24)

γva
(ζ) = ζ2 + · · · ζn + ζn + · · ·+ ζa+1 + ζ1 (0 ≤ a ≤ n− 2), (25)

γvn−1(ζ) = ζ2 + · · ·+ ζn−1 + ζn + ζ1, (26)

γv∗
n−1

(ζ) = ζ2 + · · ·+ ζn−1 + ζn + ζ1, (27)

γwa−va
(ζ) = ζ2 + · · ·+ ζa + ζ1 (1 ≤ a ≤ n− 2), (28)

γv
σ1
0

(ζ) = 0. (29)

Note that γv0(ζ) = a(ζ).

Lemma 2.1. Let ξ = (ξ1, . . . , ξ1) ∈ Bl and ζ = (ζ1, . . . , ζ1) ∈ Bm. Set

ζ ′ ⊗ ξ′ = R(ξ ⊗ ζ) ∈ Bm ⊗ Bl. For ξ1 (hence l as well) sufficiently large,

the relation

g(ξ ⊗ ζ) = γg(ζ) + a(ζ ′)− γg(ζ
′)

is valid for g appearing in (25)–(29), where the left hand side with g =

wa − va is to be understood as wa(ξ ⊗ ζ)− va(ξ ⊗ ζ).

Proof. One can check that ξ1 ≥ m − ζ1 + ζ1 is sufficient to guarantee

that V0 (11) is equal to η′0,1 = l + ζ1 − ζ1. This implies that v0(ξ ⊗ ζ) =

m − ζ1 + ζ1 = γv0(ζ) showing the g = v0 case. All the other cases are

deduced from this, (14) and (4)–(7) without using the concrete forms of

θi,j , θ
′
i,j , ηi,j and η′i,j .

For g = wa (1 ≤ a ≤ n− 2), an analogue of Lemma 2.1 holds with

wa(ξ ⊗ ζ) = γwa
(ζ) + 2a(ζ ′)− γwa

(ζ ′),

γwa
(ζ) = γwa−va

(ζ) + γva
(ζ)

= a(ζ) + ζ2 + · · ·+ ζa − (ζa + · · ·+ ζ2). (30)

As ξ1 gets large, ζ ′ stabilizes since it is a piecewise linear function of ξ1

staying in a finite set Bm. (ξ1 ≥ m seems sufficient for the convergence.)

Therefore Lemma 2.1 ensures that all the generalized local energies g(ξ⊗ζ)

are well defined in the limit ξ1 →∞.
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2.3. Generalized energies

For p = p1 ⊗ · · · ⊗ pL ∈ Bl1 ⊗ · · · ⊗BlL , define p
(i)
j ∈ Blj (i < j) by

(Bli ⊗ · · · ⊗Blj−1)⊗Blj

∼
→ Blj ⊗ (Bli ⊗ · · · ⊗Blj−1 )

pi ⊗ · · · ⊗ pj−1 ⊗ pj 7→ p
(i)
j ⊗ p′i ⊗ · · · ⊗ p′j−1, (31)

sending pj to the left by successive applications of the combinatorial R. We

set p
(j)
j = pj . For any generalized local energy in (19)–(22), we define the

generalized energy of p = p1 ⊗ · · · ⊗ pL ∈ Bl1 ⊗ · · · ⊗BlL by

Eg(p) =
∑

0≤i<j≤L

g(pi ⊗ p
(i+1)
j ) (32)

by taking p0 = ul with sufficiently large l. This is well defined (finite) due

to Lemma 2.1 and the comment following it. In the rest of the paper, we

will simply write p0 = u∞ ∈ B∞.

When g = v0, (32) is the energy introduced in Refs. 18 and 5 up to

a sign and a constant shift. If furthermore l1, . . . , lL are all equal, then

p
(i+1)
j = pi+1 holds and (32) reduces to

Ev0(p) =
∑

0≤i<L

(L− i) v0(pi ⊗ pi+1).

Its generating function
∑

p qEv0 (p) is a version of the one dimensional con-

figuration sum going back to Refs. 2 and 1, which is the essential ingredient

in the corner transfer matrix method.

Any quantity G(pα⊗pα+1⊗· · ·⊗pβ) will be said R-invariant if G(· · ·⊗

pi ⊗ pi+1 ⊗ · · · ) = G(· · · ⊗R(pi ⊗ pi+1)⊗ · · · ) for any α ≤ i < β.

Remark 2.1. Due to the transformation property under R in Table 1,

the generalized energy Eg(p) is R-invariant for g = v0, v
σ1
0 , vn−1, v

∗
n−1 and

w1, . . . , wn−1. On the other hand, Eg with g = v1, . . . , vn−2 and v∗1 , . . . , v∗n−2

are not R-invariant.

Let us depict the relation R(b⊗ c) = c̃⊗ b̃ as

@
b̃

�
c

�
c̃

@
b

Then the Yang-Baxter equation (2) takes the well known form:

�
�

�

@
@

@��

@@

=

�
�

�

@
@

@ @@

��
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The defining relation (31) of p
(i)
j looks as

�
�

�
��@
@@

@···
@

@

pj−1 pj

pj−2

pi

p
(i)
j

(33)

Remember that each vertex is associated with various generalized local

energies g(b⊗ c). Let

Ig = Ig(pi ⊗ · · · ⊗ pj−1 ⊗ pj) =
∑

i≤k<j

g(pk ⊗ p
(k+1)
j ) (34)

be the sum of generalized local energy g over all the vertices in (33). Then

the generalized energy (32) is expressed as

Eg(p1 ⊗ · · · ⊗ pL) = Eg(p1 ⊗ · · · ⊗ pL−1) + Ig(u∞ ⊗ p1 ⊗ · · · ⊗ pL)

=
∑

1≤j≤L

Ig(u∞ ⊗ p1 ⊗ · · · ⊗ pj−1 ⊗ pj). (35)

From (18) and (23), it follows that

Ig(u∞ ⊗ u∞ ⊗ p1 ⊗ · · · ⊗ pj) = Ig(u∞ ⊗ p1 ⊗ · · · ⊗ pj), (36)

Eg(u∞ ⊗ p1 ⊗ · · · ⊗ pL) = Eg(p1 ⊗ · · · ⊗ pL). (37)

Lemma 2.2. In (33), the following quantities are R-invariant as the

functions of pi ⊗ · · · ⊗ pj−1. (i) The element p
(i)
j . (ii) Ig (34) for any

g = va (0 ≤ a ≤ n− 1), wa − va (1 ≤ a ≤ n− 2), v∗n−1 and vσ1
0 .

Proof. (i) This is due to the classical part of the Yang-Baxter equation (2).

(ii) The R-invariance of Iv0 follows from (19), (15) and the affine part of

the Yang-Baxter equation. Let y, y′ ∈ B′lj be the elements corresponding to

pj , p
(i)
j ∈ Blj , respectively. From (16), we have y′1−y1 = Iv1−Iv0 . Since the

left hand side is R-invariant by (i), this relation implies the R-invariance of

Iv1 . By similarly using the R-invariance of y′i − yi and y′i − yi in (16) and

(14), one can verify the R-invariance of the other Ig .

We note that Lemma 2.2 is applicable to the situation i = 0, i.e., pi ⊗

· · · ⊗ pj−1 = u∞ ⊗ p1 ⊗ · · · ⊗ pj−1.

Remark 2.2. Lemma 2.2 (ii) does not concern Iv∗1
, . . . , Iv∗

n−1
. In fact the

proof does not persist since V ∗1 , . . . , V ∗n−2 are not contained in any differ-

ence of the components of y′ and y in (14). Similarly, V1, . . . , Vn−2 do not
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appear in the differences of x and x′. This chirality of the combinatorial

R is a characteristic feature of the D
(1)
n case. In contrast, Ig ’s with all the

generalized local energies g for A
(1)
n (so called ith (un)winding number17)

are R-invariant. We shall come back to this point again in Section 4.2.

The following proposition and its proof are parallel with Lemma 4.4 in

Ref. 17 for type A
(1)
n .

Proposition 2.1. For g = vi (0 ≤ i ≤ n − 1), wi (1 ≤ i ≤ n − 1), vσ1
0 and

v∗n−1, the generalized energy Eg(p1 ⊗ · · · ⊗ pL) (32) is equal to the sum of

the generalized local energy g attached to all the vertices in the following

diagram (L = 3 example):

u∞ p1 p2 p3

�
�

�
�

���
�

��

��

@@ @
@

@@

@
@

@
@

@@

Proof. We invoke the induction on L. For L = 1, one has Eg(p1) = g(u∞⊗

p1), and the assertion is obviously true. We illustrate the induction step

from L = 2 to L = 3. Consider the following identity obtained by successive

applications of the Yang-Baxter equation:

u∞ p1 p2 p3

�
�

�
�

�
�@

@
@

@
@

@

�
�

�
�

�
�

@
@

@
@

@
@

•
•

•
e1

e2
e3

=

u∞ p1 p2 p3

�
�

�
�

�
�@

@
@

@
@

@

@
@

@
@

@
@

�
�

�
�

�
�

d1
d2

d3

Here •, ei, di stand for the values of g at the attached vertices. By the

induction assumption, the sum of the three • in the left hand side is equal

to Eg(p1 ⊗ p2). In view of the recursion relation (35), we are to verify

e1 + e2 + e3 = Ig(u∞ ⊗ p1 ⊗ p2 ⊗ p3). By the definition, Ig(u∞ ⊗ p1 ⊗ p2 ⊗

p3) = d1 + d2 + d3 in the right diagram, where d1 = g(p2 ⊗ p
(3)
3 ), d2 =

g(p1⊗ p
(2)
3 ), d3 = g(u∞⊗ p

(1)
3 ). Thanks to the R-invariance of Ig in Lemma

2.2 (ii), this is equal to e1 + e2 + e3.
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3. Integrable D(1)

n cellular automaton

3.1. States and time evolution

Let us recall the integrable D
(1)
n cellular automaton associated with Bl.

6,7

Consider the crystal Bl1 ⊗ · · · ⊗ BlL . Its elements are called states. We

regard each component (ζ1, . . . , ζ1) ∈ Bl as a capacity l box containing ζa

particles a and ζa anti-particles a for 2 ≤ a ≤ n, and furthermore ζ1 extra

1’s which we call bound pairs. The remaining 1’s represent empty space in

the box. Thus ul stands for an empty box. The indices a, a will be referred

as color of particles and anti-particles, respectively. A state p1⊗ · · · ⊗ pL ∈

Bl1 ⊗ · · · ⊗ BlL represents a configuration of particles, anti-particles and

bound pairs in an array of boxes with capacity l1, . . . , lL. Because of the

constraint ζnζn = 0 in (1), particles n and anti-particles n do not coexist

within a box. We shall denote the element (3, 0, 1, 0, 2, 0, 1, 0) ∈ B7 of D
(1)
4 ,

for example, by 1113442, etc.

For a positive integer l, we define the time evolution Tl(p) = p′1⊗· · ·⊗p′L
of a state p = p1 ⊗ · · · ⊗ pL by

ul ⊗ p1 ⊗ · · · ⊗ pL ' p′1 ⊗ · · · ⊗ p′L ⊗ ξ

under the isomorphism Bl⊗ (Bl1⊗· · ·⊗BlL) ' (Bl1⊗· · ·⊗BlL)⊗Bl. Here

ξ ∈ Bl as well as Tl(p) are uniquely determined from p by the combinatorial

R. It can be shown that

ξ = ul if pj = ulj for L′ ≤ j ≤ L with sufficiently large L− L′. (38)

The time evolutions {Tl} form a commuting family, and Tl stabilizes as l

gets large, which will be denoted by T∞.

When l1 = · · · = lL = 1, T∞ is factorized as

T∞ = K2K3 · · ·KnKn · · ·K3K2

with Ka given by the following algorithm (we understand a = a).7

(i) Replace each 1 by a pair a, a within a box.

(ii) Pick the leftmost a (if any) and move it to the nearest right box which is

empty or containing just a. (Boxes involving the pair a, a are prohibited

as the destination.)

(iii) Repeat (ii) for those a’s that are not yet moved until all of a’s are

moved once.

(iv) Replace the pair a, a within a box (if any) by 1.

In the above, taking some b (6= 1) ∈ B1 away from a box means the

change of the local state b → 1. Similarly, putting b (6= 1) ∈ B1 into an
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empty box means the change 1 → b. The steps (i) and (iv) can be viewed

as pair creation and annihilation, respectively.

Example 3.1. We consider D
(1)
4 and states from B⊗L

1 with L = 48. Suc-

cessive time evolutions of the initial state on the first line under T∞ is

presented downward, where b1 ⊗ · · · ⊗ bL is simply denoted by a horizontal

array b1b2 . . . bL. It shows a collision of solitons with amplitudes 6 and 3.

1 1 1 33 4 3 2 2 1 1 1 1 1 22 4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 33 4 3 2 2 1 1 22 4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 33 4 3 2 124 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 134 11 4 4 4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 2 222 3 4 4 4 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 2 2 1 1 1 22 3 4 4 4 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 2 2 1 1 1 1 1 122 3 4 4 4 1 1

For l1, . . . , lL general, T∞ still admits a similar, although slightly more

involved, algorithm. We omit it here and give an example instead.

Example 3.2. We consider D
(1)
4 and states from B6⊗B3⊗B4⊗B4⊗B⊗8

2 .

124321 · 234 · 2321 · 1344 · 11 · 11 · 11 · 11 · 11 · 11 · 11 · 11

111111 · 123 · 1232 · 3441 · 32 · 43 · 34 · 12 · 11 · 11 · 11 · 11

111111 · 111 · 1123 · 1113 · 33 · 44 · 23 · 12 · 32 · 43 · 34 · 12

111111 · 111 · 1111 · 1123 · 13 · 11 · 11 · 33 · 44 · 23 · 11 · 12

111111 · 111 · 1111 · 1111 · 23 · 13 · 11 · 11 · 11 · 11 · 33 · 44

111111 · 111 · 1111 · 1111 · 11 · 23 · 13 · 11 · 11 · 11 · 11 · 11

111111 · 111 · 1111 · 1111 · 11 · 11 · 23 · 13 · 11 · 11 · 11 · 11

111111 · 111 · 1111 · 1111 · 11 · 11 · 11 · 23 · 13 · 11 · 11 · 11

111111 · 111 · 1111 · 1111 · 11 · 11 · 11 · 11 · 23 · 13 · 11 · 11

111111 · 111 · 1111 · 1111 · 11 · 11 · 11 · 11 · 11 · 23 · 13 · 11

111111 · 111 · 1111 · 1111 · 11 · 11 · 11 · 11 · 11 · 11 · 23 · 13

Here, · represents ⊗.

Remark 3.1. Suppose pj = ulj for 1 ≤ j ≤ k in a state p = p1 ⊗ · · · ⊗ pL.

Then in the state T∞(p) = p′1⊗· · ·⊗ p′L, p′j = ulj is valid for 1 ≤ j ≤ k +1.

We postpone the inverse scattering formalism of the dynamics to The-

orem 5.2.
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3.2. Counting particles and anti-particles

Recall that a(ζ) is defined in (24). In our present context, it is the number

of all the particles and anti-particles within a box specified by ζ ∈ Bl, where

the term 2ζ1 means that a bound pair is regarded as a pair of a particle

and an anti-particle (whose color is unspecified). The symbol a means all

kinds of (anti-)particles.

Let p = p1 ⊗ · · · ⊗ pL be a state and write its time evolution as

T t
∞(p1 ⊗ · · · ⊗ pL) = pt

1 ⊗ · · · ⊗ pt
L,

where pt
j ∈ Blj . We write pj = p0

j = (ζj,1, . . . , ζj,n, ζj,n, . . . , ζj,1) ∈ Blj . For

any elements a1, . . . , ar of {2, 3, . . . , n, n, . . . , 2, 1}, we define the counting

function

ρa1,...,ar
(p) =

L∑

j=1

(ζj,a1 + · · ·+ ζj,ar
) +

∑

t≥1

L∑

j=1

a(pt
j), (39)

where ζj,3 = ζj,3, etc. The dependence on a1, . . . , ar enters the first

term only. The indices in ρa1,...,ar
will always be arranged in the order

2, 3, . . . , n, n, . . . , 3, 2, 1. The second term is finite due to Remark 3.1. In

fact the double sum may well be restricted to
∑L−1

t=1

∑L

j=t+1 where the

nonzero contributions are contained. This region is depicted as the SW

quadrant of the time evolution patterns like Examples 3.1 and 3.2.

pLp2p1 · · ·

(40)

The first term in (39) is the number of (anti-)particles with colors a1, . . . , ar

contained in the top row which is the state p itself. The second term counts

all kinds of particles and anti-particles in the hatched domain in (40).b By

the definition it follows that

ρ∅(p) = ρ2,...,n,n,...,2,1,1(T∞(p)). (41)

Given a state p = p1 ⊗ · · · ⊗ pL, we write

p[k] = p1 ⊗ · · · ⊗ pk (1 ≤ k ≤ L). (42)

bMore precisely, it should be hatched in a staircase shape.
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Example 3.3. Let p be the state in the first line in Example 3.2. Then, the

counting function ρa1,...,ar
(p[k]) for 1 ≤ k ≤ 9 takes the following values.

(The middle column shows g such that ρa1,...,ar
= ρg in (44)–(47).)

a1, . . . , ar g k = 1 2 3 4 5 6 7 8 9

23443211 v0 6 11 21 32 39 46 53 60 67

2344321 v1 5 10 19 30 37 44 51 58 65

234431 v2 4 9 17 28 35 42 49 56 63

2341 v3 3 8 15 24 31 38 45 52 59

2341 v∗3 2 6 13 24 31 38 45 52 59

21 w2 − v2 2 5 12 20 27 34 41 48 55

1 w1 − v1 1 3 9 17 24 31 38 45 52

∅ vσ1
0 0 2 7 15 22 29 36 43 50

We set ρa1,...,ar
(p[0]) = 0 for any a1, . . . , ar. Consider the difference

ρ21(p[k])− ρ1(p[k]) for example. By the definition (39), it is the number of

color 2 particles contained in p[k]. Thus we have

](color 2 particles) in pk (= ζk,2)

= ρ21(p[k])− ρ1(p[k])− ρ21(p[k−1]) + ρ1(p[k−1]).

This is an example of the relations that reproduces a local variable from

non-local counting functions. Given lk, the set of counting functions that

are necessary and sufficient to completely reproduce the local state pk ∈ Blk

is not unique. However there is a choice that is linked with the generalized

energies in Section 2.3. By using the function γg in (25)–(29), we set

ρg(p) =
L∑

j=1

γg(pj) +
∑

t≥1

L∑

j=1

a(pt
j) (43)

for g = va (0 ≤ a ≤ n−1), wa−va (1 ≤ a ≤ n−2), v∗n−1 and vσ1
0 . Although

the notations ρg here and ρa1,...,ar
in (39) are somewhat confusing, we dare

to use the both in the sequel supposing the resemblance is not too serious.

Then (43) is explicitly given as follows:

ρva
(p) = ρ2,...,n,n,...,a+1,1(p) (0 ≤ a ≤ n− 2), (44)

ρvn−1(p) = ρ2,3,...,n−1,n,1(p), ρv∗
n−1

(p) = ρ2,3,...,n−1,n,1(p), (45)

ρwa−va
(p) = ρ2,3,...,a,1(p) (1 ≤ a ≤ n− 2), (46)

ρv
σ1
0

(p) = ρ∅(p). (47)
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The last one is subsidiary in that ρv
σ1
0

(p) = ρw1−v1(p) − ρv0(p) + ρv1(p)

holds reflecting (12). One may also additionally introduce

ρwa
(p) = ρwa−va

(p) + ρva
(p) =

L∑

j=1

γwa
(pj) + 2

∑

t≥1

L∑

j=1

a(pt
j)

for 1 ≤ a ≤ n− 2. See (30). For D
(1)
4 , the counting functions (44)–(47) are

precisely those listed in Example 3.3.

Theorem 3.1. For p[k] in (42), set δρg = ρg(p[k]) − ρg(p[k−1]).

The counting functions (44)–(46) reproduce the local state pk =

(ζ1, . . . , ζn, ζn, . . . , ζ1) ∈ Blk by

ζ1 = lk − δρv0 + δρw1−v1 ,

ζa = δρwa−va
− δρwa−1−va−1 (2 ≤ a ≤ n− 2),

ζn−1 = min(δρvn−1 , δρv∗
n−1

)− δρwn−2−vn−2 ,

ζn = max(δρvn−1 − δρv∗
n−1

, 0),

ζn = max(δρv∗
n−1
− δρvn−1 , 0),

ζn−1 = −max(δρvn−1 , δρv∗
n−1

) + δρvn−2 ,

ζa = δρva−1 − δρva
(1 ≤ a ≤ n− 2).

Proof. Straightforward by using (39), (44)–(46) and min(ζn, ζn) = 0.

4. Main result

4.1. Counting functions and generalized energies

Theorem 4.1. For any state p ∈ Bl1 ⊗ · · · ⊗ BlL , the counting functions

and the generalized energies (32) coincide, namely,

Eg(p) = ρg(p) (48)

for g = va (0 ≤ a ≤ n− 1), wa − va (1 ≤ a ≤ n− 2), v∗n−1 and vσ1
0 .

Here, Ewa−va
(p) should be understood as Ewa

(p) − Eva
(p), and the same

convention is assumed for Iwa−va
(p) in the sequel. Of course Ewa

(p) =

ρwa
(p) follows as a corollary. The g’s in Theorem 4.1 are the same as those

considered in Lemma 2.2 (ii) and (43). By substituting (44)–(47) into (48),
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the theorem may be rephrased as

Eva
(p) = ρ2,...,n,n,...,a+1,1(p) (0 ≤ a ≤ n− 2),

Evn−1(p) = ρ2,3,...,n−1,n,1(p), Ev∗
n−1

(p) = ρ2,3,...,n−1,n,1(p),

Ewa−va
(p) = ρ2,3,...,a,1(p) (1 ≤ a ≤ n− 2),

Evσ1
0

(p) = ρ∅(p).

For the proof we need one more Lemma.

Lemma 4.1. Let p = p1 ⊗ · · · ⊗ pL ∈ Bl1 ⊗ · · · ⊗ BlL . For those g’s in

Theorem 4.1, the following equality is valid:

Eg(p)− Eg(T∞(p)) =
L∑

i=1

g(ξ(i) ⊗ pi), (49)

where ξ(i) ∈ B∞ is defined by u∞⊗ p1⊗ · · · ⊗ pi−1 ' p′1⊗ · · · ⊗ p′i−1 ⊗ ξ(i).

Proof. The following proof simplifies the one for Proposition 4.6 in Ref.

17 in that the assumption l1 ≥ · · · ≥ lL is not needed. We illustrate it for

L = 3. Set p = p1 ⊗ p2 ⊗ p3 and T∞(p) = p′1 ⊗ p′2 ⊗ p′3. Then, Proposition

2.1 tells that Eg(T∞(p)) is the sum of g at all • in the following diagram.

u∞ u∞ p1 p2 p3

•

•

•

•

•
•

◦
◦

◦

@
@

@
@

@
@

@
@
@

@
@

@
@

@
@

@
@
@

p′3

�
�

��

�
�

�
�

�
��

p′2

�
�
�

@
@@

��
p′1

��

@
@

@
@

@

On the other hand, the right hand side of (49) is equal to the sum of g at

all ◦. Thus from Lemma 2.2 (ii), we find

Eg(T∞(p)) +

L∑

i=1

g(ξ(i) ⊗ pi) =
∑

1≤j≤3

Ig(u∞ ⊗ u∞ ⊗ p1 ⊗ · · · ⊗ pj)

(36)
=

∑

1≤j≤3

Ig(u∞ ⊗ p1 ⊗ · · · ⊗ pj)
(35)
= Eg(p),

completing the proof.

Proof of Theorem 4.1. From Remark 3.1, T t
∞(p) = ul1 ⊗ · · · ⊗ ulL for

t ≥ L. For such a state Eg = 0 and ρg = 0 hold due to (23) and (44)–(47),
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respectively. Thus it suffices to show

Eg(p)− Eg(T∞(p)) = ρg(p)− ρg(T∞(p)).

By applying (49) and (43) to the left and the right hand sides, respectively,

this becomes
L∑

i=1

g(ξ(i) ⊗ pi) =

L∑

i=1

(γg(pi) + a(p′i)− γg(p
′
i)),

where we have set T∞(p) = p′1⊗· · ·⊗p′L. (This was denoted by p1
1⊗· · ·⊗p1

L

in (43).) From the definition of ξ(i) in (49), we have ξ(i) ⊗ pi ' p′i ⊗ ξ(i+1).

Therefore Lemma 2.1 tells that g(ξ(i) ⊗ pi) = γg(pi) + a(p′i)− γg(p
′
i) holds

for each i, finishing the proof. �

4.2. ∗-transformed correspondence

Let us give an analogous result on g = v∗a (1 ≤ a ≤ n − 2) which is not

included in Theorem 4.1. Our presentation in this subsection is brief since

the essential features are the same as the previous case. To state the result,

let us introduce a ∗-transformed generalized energy and a ∗-transformed

D
(1)
n cellular automaton. (See (9) and (10) for the original definition of ∗.)

Let u∗l = (0, . . . , 0, l) ∈ Bl. See (17). The ∗-transformed generalized

energy E∗v∗a(pL ⊗ · · · ⊗ p1) of an element pL ⊗ · · · ⊗ p1 ∈ BlL ⊗ · · · ⊗ Bl1 is

the sum of v∗a for all the vertices in the following diagram (L = 3 example):

E∗v∗a(p3 ⊗ p2 ⊗ p1) =

u∗∞p1p2p3

@
@

@
@

@@ @
@

@@

@@

���
�

��

�
�

�
�

��

Compare this with Proposition 2.1. One can show that E∗v∗a is well defined

and R-invariant.

The ∗-transformed D
(1)
n cellular automaton is the dynamical system on

BlL ⊗ · · · ⊗ Bl1 endowed with the commuting time evolutions T ∗l (l ≥ 1)

defined by pL⊗· · ·⊗ p1⊗u∗l ' ξ⊗T ∗l (pL⊗· · ·⊗ p1). (ξ ∈ Bl is determined

by this relation.) T ∗∞ is well defined. Moreover, under the time evolution

p′L ⊗ · · · ⊗ p′1 = T ∗∞(pL ⊗ · · · ⊗ p1), the equality p′j = u∗lj is valid for 1 ≤

j ≤ k + 1 if pj = u∗lj for 1 ≤ j ≤ k, which is parallel with Remark 3.1. For

ζ ∈ Bl, introduce the charge conjugation of (24)–(25) by

a∗(ζ) := a(ζ∗) = 2ζ1 + ζ2 + · · ·+ ζn + ζn + · · ·+ ζ2,

γ∗v∗a(ζ) := γva
(ζ∗) = ζ1 + ζa+1 + · · ·+ ζn + ζn + · · ·+ ζ2 (1 ≤ a ≤ n− 2).
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Writing the time evolutions of a state p = pL⊗· · ·⊗p1 ∈ BlL ⊗· · ·⊗Bl1 as

(T ∗∞)t(p) = pt
L ⊗ · · · ⊗ pt

1, we define the counting function (1 ≤ a ≤ n− 2):

ρ∗v∗a(p) =

L∑

j=1

γ∗v∗a (pj) +
∑

t≥1

L∑

j=1

a∗(pt
j) =

· · · p1p2pL

The counting is done by γ∗v∗a for the top row and by a∗ for the SE quadrant

generated by T ∗∞ beneath it. Thanks to the commutativity of ∗ and the

combinatorial R (Prop.4.4 in Ref. 15), Theorem 4.1 implies the following:

Proposition 4.1. For any state p ∈ BlL ⊗ · · ·⊗Bl1 , the following equality

is valid:

E∗v∗a(p) = ρ∗v∗a(p) (1 ≤ a ≤ n− 2).

This completes our interpretation of the (∗-transformed) generalized

energies associated with all the generalized local energies in terms of the

(∗-transformed) D
(1)
n cellular automaton.

5. Connection with combinatorial Bethe ansatz

Combinatorial Bethe ansatz was initiated by Kerov-Kirillov-Reshetikhin

(KKR)12,13 to establish a fermionic formula of the Kostka-Foulkes polyno-

mials with the invention of rigged configurations and the KKR bijection.

Their fermionic formula generalized Bethe’s formula4 for some simplest

Kostka numbers that originates in the completeness issue.

Rigged configurations are combinatorial analogue of solutions to the

Bethe equations. The KKR bijection maps them to the combinatorial ana-

logue of Bethe vectors which may be viewed as elements of (a subset of)

Bl1 ⊗ · · · ⊗ BlL . The combinatorial Bethe ansatz has flourished in the

fermionic formulas for general affine Lie algebras,5,19–21 the solution of the

initial value problem of integrable A
(1)
n cellular automata by the inverse

scattering method14 and a connection with the classical soliton theory8 via

ultradiscrete tau functions17 and so forth. Our aim in this section is to

present an inverse scattering formalism of the D
(1)
n cellular automaton and

to conjecture explicit formulas for some generalized energies in the form of

ultradiscrete tau functions associated with the D
(1)
n rigged configurations.
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5.1. Inverse scattering formalism

Set P+ = {p ∈ Bl1 ⊗ · · · ⊗ BlL | ẽip = 0 for i = 1, 2, . . . , n}. A state

belonging to P+ is called highest. It is known that there is a bijection

between P+ and the set of rigged configurations.20,21 Consider a set

S = {(ai, ji, ri) ∈ {1, 2, . . . , n} × Z≥1 × Z≥0 | i = 1, 2, . . . , N}, (50)

where N ≥ 0 is arbitrary and each triplet s = (a, j, r) called string

possesses color, length and rigging which will be denoted by cl(s) =

a, lg(s) = j and rg(s) = r, respectively.c S is a rigged configuration if

rg(s) ≤ p
(cl(s))
lg(s) is satisfied for all s ∈ S. Here p

(a)
j = δa,1

∑L

k=1 min(j, lk) −∑
t∈S Ca,cl(t) min(j, lg(t)), where (Ca,b)1≤a,b≤n is the Cartan matrix of Dn.

Note that p
(cl(s))
lg(s) ≥ 0 has to be satisfied for all s ∈ S, which imposes a

stringent condition on the set {(ai, ji) | i = 1, . . . , N}. Set RC = {S :

rigged configuration}.

Theorem 5.1 (Refs. 20 and 21). There is a bijection Φ : P+ → RC.

An explicit algorithm to determine the image of Φ±1 is known. It is a

D
(1)
n analogue of the Kerov-Kirillov-Reshetikhin bijection13 for A

(1)
n , which

plays a central role in the combinatorial Bethe ansatz. Our convention here

is the one adopted in Ref. 14.

For any highest state p ∈ P+, its time evolution Tl(p) is again highest.

Thus Tl induces a time evolution on RC via Φ. Let L be large enough and

assume the situation in (38). Then we have

Theorem 5.2. Φ(Tl(p)) = T̃lΦ(p) holds, where T̃l : {(ai, ji, ri)} 7→

{(ai, ji, ri + δai,1 min(ji, l))} is a linear flow on rigged configurations.

Proof. The proof uses Theorem 8.6 of Ref. 21 and is similar to that of

Proposition 2.6 in Ref. 14 for type A
(1)
n .

Thus the composition Φ−1 ◦ T̃l ◦Φ linearizes the original time evolution

Tl and solves the initial value problem in the D
(1)
n cellular automaton by

the inverse scattering method. See Ref. 14 for an analogous result for A
(1)
n .

5.2. Conjecture on ultradiscrete tau functions

For a rigged configuration S (50), let T ⊆ S be a (possibly empty) subset

of S. In general, T is no longer a rigged configuration. We introduce the

cColors 1, 2, . . . , n of strings in rigged configurations should not be confused with colors

1, 2, . . . , n, n, . . . , 2, 1 of (anti)-particles.
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piecewise linear functions (0 ≤ k ≤ L and 0 ≤ d ≤ n)

c(T ) =
1

2

∑

s,t∈T

Ccl(s),cl(t) min(lg(s), lg(t)) +
∑

s∈T

rg(s),

c
(d)
k

(T ) = c(T )−
k∑

i=1

∑

s∈T,cl(s)=1

min(li, lg(s)) +
∑

s∈T,cl(s)=d

lg(s)

By the definition, the last term in c
(d)
k (T ) is 0 when d = 0, and the relation

c
(d)
k (T ) = c

(0)
k (T )|rg(s)→rg(s)+lg(s)δcl(s),d

(51)

holds. Obviously we have c(∅) = c
(d)
k (∅) = 0. On the other hand, c(S) is

known as the (co)charge of the rigged configuration S.5,13,20,21

We define a Z≥0-valued piecewise linear function on S as follows:

τ
(d)
k (S) = −min

T⊆S

(
c
(d)
k (T )

)
(0 ≤ k ≤ L, 0 ≤ d ≤ n). (52)

For S in (50), the minimum extends over 2N candidates and reminds us of

the structure of tau functions in the theory of solitons.8 In fact, for type

A
(1)
n , analogous functions have been identified17 as ultradiscretization of

the tau functions in KP hierarchy. Although such an origin is yet to be

clarified, we call (52) ultradiscrete tau function. Guided by the results in

A
(1)
n and supported by computer experiments, we propose

Conjecture 5.1. For any highest state p ∈ P+, let S = Φ(p) be the cor-

responding rigged configuration. Then, the following equalities hold for p[k]

(42) with 0 ≤ k ≤ L.

τ
(0)
k (S) = Ev0(p[k]), (53)

τ
(1)
k (S) = Evσ1

0
(p[k]), (54)

τ
(n−1)
k (S) = Ev∗

n−1
(p[k]), (55)

τ
(n)
k (S) = Evn−1(p[k]), (56)

τ
(2)
k (S) = Ew2(p[k])− Ev0(p[k]) + ϕ0(p[k]). (57)

In (57), ϕ0(p[k]) is the standard notation in crystal theory meaning max{j ≥

0 | f̃ j
0p[k] 6= 0}. By using (41), (44) with a = 0, (47), (51) and Theorem 5.2,

one can show that (53) and (54) are equivalent.

The algorithm20,21 for Φ±1 seems valid not only for highest but arbitrary

states if one allows negative rigging. With such a generalization, we expect
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that Theorem 5.2 and Conjecture 5.1 hold for any state, which was indeed

the case for type A
(1)
n .17

Example 5.1. For the initial state p in Example 3.2, its rigged con-

figuration is S = Φ(p) = {(1, 8,−2), (1, 6, 0), (1, 2,−1), (1, 1,−1), (2, 8, 0),

(2, 6,−1), (2, 2,−1), (3, 8,−3), (4, 8,−1)}. The ultradiscrete tau function

τ
(d)
k (S) and ϕ0(p[k]) take the following values.

k = 1 2 3 4 5 6 7 8 9

τ
(0)
k (S) 6 11 21 32 39 46 53 60 67

τ
(1)
k (S) 0 2 7 15 22 29 36 43 50

τ
(2)
k (S) 1 3 9 16 23 30 37 44 51

τ
(3)
k (S) 2 6 13 24 31 38 45 52 59

τ
(4)
k (S) 3 8 15 24 31 38 45 52 59

ϕ0(p[k]) 1 0 1 0 0 0 0 0 0

Comparing this with Example 3.3, one can check Conjecture 5.1.

Still many generalized energies in previous sections await formulas as in

Conjecture 5.1 to be discovered. They are ultradiscrete analogue of the so

called X = M conjecture5,19 in the sense that the generalized energies from

crystal theory acquire explicit formulas of a fermionic nature originating in

the combinatorial Bethe ansatz. Such results combined with Theorems 3.1

and 4.1 will lead to a piecewise linear formula for the bijection Φ−1 as was

done for A
(1)
n .17

Let us end by raising a closely related question as another future prob-

lem. Let P+(λ) denote the subset of P+ having the prescribed weight λ.

Then, does the generating function

Xg(λ) =
∑

p∈P+(λ)

qEg(p)

of the generalized energy admit a fermionic formula like Refs. 13 and 5?
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We study a Fredholm determinant of the hypergeometric kernel arising in the

representation theory of the infinite-dimensional unitary group. It is shown

that this determinant coincides with the Palmer–Beatty–Tracy tau function of

a Dirac operator on the hyperbolic disk. Solution of the connection problem

for Painlevé VI equation allows to determine its asymptotic behavior up to a

constant factor, for which a conjectural expression is given in terms of Barnes

functions. We also present analogous asymptotic results for the Whittaker and

Macdonald kernel.

Keywords: Painlevé equations; tau function; Fredholm determinant.

1. Introduction

Connections between Painlevé equations and Fredholm determinants have

long been a subject of great interest, mainly because of their applica-

tions in random matrix theory and integrable systems.17,27,29 One of

the most famous examples is concerned with the Fredholm determinant

F (t) = det(1 − Ksine), where Ksine is the integral operator with the sine

kernel sin(x−y)
π(x−y) on the interval [0, t]. It is well-known that F (t) is equal to

the gap probability for the Gaussian Unitary Ensemble (GUE) in the bulk

scaling limit. As shown in Ref. 17, the function σ(t) = t
d

dt
lnF (t) satisfies

the σ-form of a Painlevé V equation,

(tσ′′)
2
+ 4 (tσ′ − σ)

(
tσ′ − σ + (σ′)2

)
= 0. (1)

Equation (1) and the obvious leading behavior F (t→ 0) = 1−t+O
(
t2
)

provide an efficient method of numerical computation of F (t) for all t.

∗On leave from Bogolyubov Institute for Theoretical Physics, 03680 Kyiv, Ukraine
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Further, as t→∞, one has

F (2t) = f0 t
− 1

4 e−t2/2
(
1 +

N∑

k=1

fkt
−k +O

(
t−N−1

))
.

The coefficients f1, f2, . . . in this expansion can in principle be determined

from (1). It was conjectured by Dyson12 that the value of the remaining un-

known constant is f0 = 2
1
12 e3ζ

′(−1), where ζ(z) is the Riemann ζ-function.

Dyson’s conjecture was rigorously proved only recently.9,13,19 Similar

results3,8 were also obtained for the Airy-kernel determinant describing the

largest eigenvalue distribution for GUE in the edge scaling limit.26

The present paper is devoted to the asymptotic analysis of the Fredholm

determinant of the hypergeometric kernel on L2(0, t) with t ∈ (0, 1). This

determinant, to be denoted by D(t), arises in the representation theory of

the infinite-dimensional unitary group5 and provides a 4-parameter class

of solutions to Painlevé VI (PVI) equation.6 Rather surprisingly, it turns

out to coincide with the Palmer–Beatty–Tracy (PBT) τ -function of a Dirac

operator on the hyperbolic disk20,23 under suitable identification of param-

eters. Relation to PVI allows to give a complete description of the behavior

of D(t) as t → 1 up to a constant factor analogous to Dyson’s constant

f0 in the sine-kernel asymptotics. Relation to the PBT τ -function, on the

other hand, suggests a conjectural expression for this constant in terms of

Barnes functions.

The paper is planned as follows. In Sec. 2, we recall basic facts on

Painlevé VI and the associated linear system. The 2F1 kernel determinant

D(t) and the PBT τ -function are introduced in Secs. 3 and 4. Section 5

gives a simple proof of a result of Ref. 6, relating D(t) to Painlevé VI. In

Sec. 6, we discuss Jimbo’s asymptotic formula for PVI and determine the

monodromy corresponding to the 2F1 kernel solution. Section 7 contains the

main results of the paper: the asymptotics of D(t) as t→ 1, obtained from

the solution of PVI connection problem (Proposition 7.1) and a conjecture

for the unknown constant (Conjecture 7.1). Numerical and analytic tests of

the conjecture are discussed in Secs. 8 and 9. Similar asymptotic results for

the Whittaker and Macdonald kernel are presented in Sec. 10. Appendix

contains a brief summary of formulas for the Barnes function.

2. Painlevé VI and JMU τ -function

Consider the linear system

dΦ

dλ
=

(
A0

λ
+

A1

λ− 1
+

At

λ− t

)
Φ, (2)
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where Aν ∈ sl2(C) (ν = 0, 1, t) are independent of λ with eigenvalues ±θν/2

and

A0 +A1 +At =

(
−θ∞/2 0

0 θ∞/2

)
, θ∞ 6= 0.

The fundamental matrix solution Φ(λ) is a multivalued function on

P1\{0, 1, t,∞}. Fix the basis of loops as shown in Fig. 1 and denote

by M0,Mt,M1,M∞ ∈ SL(2,C) the corresponding monodromy matrices.

Clearly, one has M∞M1MtM0 = 1.

Fig. 1. Generators of π1

(

P1
\{0, 1, t,∞}

)

.

Since the monodromy is defined up to overall conjugation, it is conve-

nient to introduce, following Ref. 16, a 7-tuple of invariant quantities

pν = TrMν = 2 cosπθν , ν = 0, 1, t,∞, (3)

pµν = Tr (MµMν) = 2 cosπσµν , µ, ν = 0, 1, t. (4)

These data uniquely fix the conjugacy class of the triple (M0,M1,Mt) un-

less the monodromy is reducible. The traces (3)–(4) satisfy Jimbo–Fricke

relation

p0tp1tp01 + p2
0t + p2

1t + p2
01 − (p0pt + p1p∞)p0t

−(p1pt + p0p∞)p1t − (p0p1 + ptp∞)p01 = 4.

As a consequence, for fixed {pν}, p0t, p1t there are at most two possible

values for p01.

It is well-known that the monodromy preserving deformations of the

system (2) are described by the so-called Schlesinger equations

dA0

dt
=

[At, A0]

t
,

dA1

dt
=

[At, A1]

t− 1
, (5)
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which are equivalent to the sixth Painlevé equation:

d2q

dt2
=

1

2

(
1

q
+

1

q − 1
+

1

q − t

)(
dq

dt

)2

−

(
1

t
+

1

t− 1
+

1

q − t

)
dq

dt
(6)

+
q(q − 1)(q − t)

2t2(t− 1)2

(
(θ∞ − 1)2 −

θ20t

q2
+
θ21(t− 1)

(q − 1)2
+

(1− θ2t )t(t− 1)

(q − t)2

)
.

Relation between A0,1,t(t) and q(t) is given by

(
A0

λ
+

A1

λ− 1
+

At

λ− t

)

12

=
k(t)(λ − q(t))

λ(λ− 1)(λ− t)
. (7)

Jimbo–Miwa–Ueno (JMU) τ -function18 of Painlevé VI is defined as

d

dt
ln τJMU(t; θ) =

tr (A0At)

t
+

tr (A1At)

t− 1
, (8)

where θ = (θ0, θ1, θt, θ∞). Introducing a logarithmic derivative

σ(t) = t(t− 1)
d

dt
ln τJMU(t; θ) +

t
(
θ2t − θ

2
∞

)

4
−
θ2t + θ20 − θ

2
1 − θ

2
∞

8
, (9)

it can be deduced from the Schlesinger system (5) that σ(t) satisfies the

following 2nd order ODE (σ-form of Painlevé VI):

σ′
(
t(t− 1)σ′′

)2

+
[
2σ′(tσ′ − σ) − (σ′)

2
−

(θ2
t
− θ

2
∞)(θ2

0
− θ

2

1
)

16

]2
(10)

=
(
σ′ +

(θt + θ∞)2

4

)(
σ′ +

(θt − θ∞)2

4

)(
σ′ +

(θ0 + θ1)2

4

)(
σ′ +

(θ0 − θ1)2

4

)
.

In terms of q(t), the definition of σ(t) reads

σ(t) =
t2(t− 1)2

4q(q − 1)(q − t)

(
q′ −

q(q − 1)

t(t− 1)

)2

−
θ20t

4q
+
θ21(t− 1)

4(q − 1)
−
θ2t t(t− 1)

4(q − t)

−
θ2∞(q − 1)

4
−
θ2t t

4
+
θ2t + θ20 − θ

2
1 − θ

2
∞

8
. (11)

3. Hypergeometric kernel determinant

It was shown in Ref. 5 that the spectral measure associated to the decom-

position of a remarkable 4-parameter family of characters of the infinite-

dimensional unitary group U(∞) gives rise to a determinantal point process

with correlation kernel

K(x, y) = λ
A(x)B(y) −B(x)A(y)

y − x
, x, y ∈ (0, 1),
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where

λ =
sinπz sinπz′

π2
Γ

[
1+z+w,1+z+w′,1+z′+w,1+z′+w′

1+z+z′+w+w′,2+z+z′+w+w′

]
, (12)

A(x) = x
z+z′+w+w′

2 (1− x)
− z+z′+2w′

2
2F1

[
z+w

′
,z
′+w

′

z+z′+w+w′

∣∣∣∣
x

x− 1

]
, (13)

B(x) = x
z+z′+w+w′+2

2 (1− x)
− z+z′+2w′+2

2
2F1

[
z+w′+1,z′+w′+1

z+z
′+w+w

′+2

∣∣∣∣
x

x− 1

]
.

(14)

Note that our notation slightly differs from the standard one;5,6 to shorten

some formulas from Painlevé theory, the interval
(

1
2 ,∞

)
of Refs. 5,6 is

mapped to (0, 1) by x 7→ 1/
(

1
2 + x

)
.

The kernel K(x, y) has a number of symmetries:

(S1) It is invariant under transformations z ↔ z′ and w ↔ w′; the latter

symmetry follows from 2F1

[
a, b

c

∣∣ z
]

= (1− z)c−a−b
2F1

[
c− a, c− b

c

∣∣ z
]
.

(S2) It is also straightforward to check that K(x, y) is invariant under trans-

formation z 7→ −z, z′ 7→ −z′, w 7→ w′ + z + z′, w′ 7→ w + z + z′.

(S3) We can simultaneously shift z 7→ z ± 1, z′ 7→ z′ ± 1, w 7→ w ∓ 1,

w′ 7→ w′ ∓ 1; together with (S2), this allows to assume without loss

of generality that 0 ≤ Re (z + z′) ≤ 1.

We are interested in the Fredholm determinant

D(t) = det
(
1−K

∣∣
(0,t)

)
, t ∈ (0, 1) . (15)

Assume that the parameters z, z′, w, w′ ∈ C satisfy the conditions:

(C1) z′ = z̄ ∈ C\Z or k < z, z′ < k + 1 for some k ∈ Z,

(C2) w′ = w̄ ∈ C\Z or l < w,w′ < l + 1 for some l ∈ Z,

(C3) z + z′ + w + w′ > 0, |z + z′| < 1, |w + w′| < 1.

Then, as was shown by Borodin and Deift,6 the determinant (15) is well-

defined and D(t) = τJMU (t; θ) for the following choice of PVI parameters:

θ = (z + z′ + w + w′, z − z′, 0, w − w′). (16)

The original proof6 that D(t) satisfies Painlevé VI is rather involved. In

Sec. 5, we give an alternative simple derivation of this result in the spirit

of Ref. 27.

Lemma 3.1. Assume (C1)–(C3). Then the asymptotic expansion of D(t)
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as t→ 0 has the form

D(t) = 1− κ · t1+z+z′+w+w′ +O
(
t2+z+z′+w+w

)
, (17)

where

κ =
sinπz sinπz′

π2
Γ

[
1+z+w,1+z+w′,1+z′+w,1+z′+w′

2+z+z′+w+w′,2+z+z′+w+w′

]
. (18)

Proof. As t→ 0, one has D(t) ∼ 1−
∫ t

0
K(x, x) dx. The result then follows

from

A(x) ∼ x
z+z′+w+w′

2 , B(x) ∼ x
z+z′+w+w′

2 +1 as x→ 0.

Note that in the expression for κ given in Remark 7.2 of Ref. 6 the gamma

product is missing, which seems to be a typesetting error.

The asymptotics (17) and σPVI equation (10) uniquely fix D(t) by a

result of Ref. 7. Gamma product in (18) is a function of θ0, θ1, θ∞ only,

but sin πz sin πz′

π2 depends on an additional parameter (e.g. z + z′); hence we

are dealing with a 1-parameter family of initial conditions.

The results of Ref. 6 can be extended to a larger set of parameters. This

follows already from the observation that the subset of C4 defined by (C1)–

(C3) is not stable under the transformations (S1)–(S3). However, instead

of trying to identify all admissible values of z, z′, w, w′, in the remainder

of this paper we simply replace (C1)–(C3) by a much weaker (invariant)

condition

(C4) z + w, z + w′, z′ + w, z′ + w′ /∈ Z<0 and Re (z + z′ + w + w′) > 0,

and define D(t) as the JMU τ -function of Painlevé VI with parameters

(16), whose leading behavior as t→ 0 is specified by (17)–(18). Our aim in

the next sections is to determine the asymptotics of D(t) as t→ 1.

4. PBT τ -function

Palmer–Beatty–Tracy τ -function20,23 is a regularized determinant of the

quantum hamiltonian of a massive Dirac particle moving on the hyperbolic

disk in the superposition of a uniform magnetic field B and the field of two

non-integer Aharonov–Bohm fluxes 2πν1,2 (−1 < ν1,2 < 0) located at the

points a1,2.

Denote by m and E the particle mass and energy, by −4/R2 the disk

curvature and write b = BR2

4 , µ =

√
(m2−E2)R2+4b2

2 , s = tanh2 d(a1,a2)
R

,
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where d(a1, a2) denotes the geodesic distance between a1 and a2. Then

τP BT (s) can be expressed23 in terms of a solution u(s) of the sixth Painlevé

equation (6):

d

ds
ln τP BT (s) =

s(1− s)

4u(1− u)(u− s)

(
du

ds
−

1− u

1− s

)2

(19)

−
1− u

1− s

(
(θ∞ − 1)2

4s
−

(θ0 + 1)2

4u
+

θ2t
4(u− s)

)
,

where the corresponding PVI parameters are given by θ = (1 + ν1 + ν2 −

2b, 0, 2µ, 1+ν1−ν2). The initial conditions are specified by the asymptotics

of τP BT (s) as s→ 1, computed in Ref. 20:

τP BT (s) = 1− κP BT (1− s)1+2µ +O
(
(1− s)2+2µ

)
, (20)

κP BT =
sinπν1 sinπν2

π2
Γ

[
2+µ+ν1−b,µ−ν1+b,2+µ+ν2−b,µ−ν2+b

2+2µ,2+2µ

]
.

Some resemblance between (11) and (19) suggests that τP BT (s) is a

special case of the JMU τ -function. Indeed, consider the following transfor-

mation:

s 7→ 1− t, u 7→
1− t

1− q
.

In the notation of Table 1 of Ref. 21, this corresponds to Bäcklund trans-

formation rxPxy for Painlevé VI. If u(s) is a solution with parameters

θ = (θ0, θ1, θt, θ∞), then q(t) solves PVI with parameters θ′ = (θt, θ∞ −

1, θ1, θ0 + 1). Straightforward calculation then shows that τP BT (1 − t) =

τJMU(t; θ′) provided θ1 = 0.

Lemma 4.1. Under the following identification of parameters

z + z′ + w + w′ = 2µ, z − z′ = ν1 − ν2, w − w
′ = 2 + ν1 + ν2 − 2b, (21)

cosπ(z + z′) = cosπ(ν1 + ν2), (22)

we have D(t) = τP BT (1− t).

Proof. It was shown above that if (21) holds, then both D(t) and τP BT (1−

t) are JMU τ -functions with the same θ. To show the equality, it suffices

to verify that (22) implies κ = κP BT .

Symmetries of D(t) imply that τP BT (s) is invariant under transforma-

tions
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(S1) µ 7→ µ, ν1,2 7→ ν1,2, b 7→ 2 + ν1 + ν2 − b;

(S2) µ 7→ µ, ν1,2 7→ −2− ν1,2, b 7→ −b.

These symmetries of τP BT (s) are by no means manifest, although they can

also be deduced from the Fredholm determinant representation in Ref. 20,

Theorem 1.1.

5. Painlevé VI from Tracy-Widom equations

5.1. Basic notation

Tracy and Widom27 have developed a systematic approach for deriving

differential equations satisfied by Fredholm determinants of the form

DI = det (1−KI) , (23)

where KI is an integral operator with the kernel

KI(x, y) =
ϕ(x)ψ(y) − ψ(x)ϕ(y)

x− y
, (24)

on L2(J), with J =
M⋃

j=1

(a2j−1, a2j). The kernels of the form (24) are called

integrable and possess rather special properties: e.g. the kernel of the resol-

vent (1−KI)
−1
KI is also integrable.15

The method of Ref. 27 requires that ϕ, ψ in (24) obey a system of linear

ODEs of the form

m(x)
d

dx

(
ϕ

ψ

)
=

(
N∑

k=0

Akx
k

)(
ϕ

ψ

)
, (25)

where m(x) is a polynomial and Ak ∈ sl2(C) (k = 0, . . . , N). Note that a

linear transformation

(
ϕ

ψ

)
7→ G

(
ϕ

ψ

)
leaves KI(x, y) invariant provided

detG = 1, and therefore {Ak} can be conjugated by an arbitrary SL(2,C)-

matrix.

Our aim is to show that in the special case

m(x) = x(1− x), N = 1, J = (0, t)

the determinant (23) (i) coincides with the 2F1 kernel determinant D(t)

and (ii) considered as a function of t, is a Painlevé VI τ -function.

Let us temporarily switch to the notation of Ref. 27 and introduce the

quantities

q =
[
(1−KI)

−1ϕ
]
(t), p(t) =

[
(1−KI)

−1ψ
]
(t),
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u = 〈ϕ|(1−KI)
−1|ϕ〉, v = 〈ϕ|(1−KI)

−1|ψ〉, w = 〈ψ|(1−KI)
−1|ψ〉,

where the inner products 〈 | 〉 are taken over J . Then

D−1
I DI

′ = qp′ − pq′,

with primes denoting derivatives with respect to t. Tracy-Widom approach

gives a system of nonlinear first order ODEs for q, p, u, v, w, which we are

about to examine.

5.2. Derivation

Let A1 be diagonalizable, so that one can set

A0 =

(
α0 β0

−γ0 −α0

)
, A1 =

(
α1 0

0 −α1

)
.

The Tracy-Widom equations then read

t(1− t)

(
q′

p′

)
=

(
α β

−γ −α

)(
q

p

)
, (26)

u′ = q2, v′ = pq, w′ = p2, (27)

where

α = α0 + α1t+ v, β = β0 + (2α1 − 1)u, γ = γ0 − (2α1 + 1)w.

The system (26)–(27) has two first integrals

I1 = 2αpq + βp2 + γq2 − 2α1v, (28)

I2 = (v + α0)
2 − βγ − 2α1t(1− t)pq + 2α1(1− t)v − I1t. (29)

Consider the logarithmic derivative ζ(t) = t(t − 1)D−1
I DI

′. It can be

easily checked that

ζ = 2αpq + βp2 + γq2 = 2α1v + I1, (30)

ζ ′ = 2α1pq, (31)

t(1− t)ζ ′′ = 2α1(βp
2 − γq2). (32)

Note that v, α are expressible in terms of ζ and pq in terms of ζ ′. Using

(29) and (30) one may also write βγ and βp2 + γq2 in terms of ζ and ζ ′.

Now squaring (32) we find a second order equation for ζ:
(
t(1− t)ζ ′′

)2
+ 4

(
ζ ′ − α2

1

)
(tζ ′ − ζ)

2
− 4ζ ′ (tζ ′ − ζ) (ζ ′ + 2α0α1 − I1)

= 4(I1 + I2) (ζ ′)
2
. (33)
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If we parameterize the integrals I1, I2 as

I1 = −k1k2 + α1(2α0 + α1), I2 =
(k1 + k2)

2

4
− α1(2α0 + α1),

and define

σ(t) = ζ(t) − α2
1t+

α2
1 + k1k2

2
, (34)

then (33) transforms into σPVI equation (10) with parameters θ = (k1 −

k2, k1 + k2, 0, 2α1). Moreover, (34) and the definition of ζ(t) imply that

DI(t) coincides with the corresponding JMU τ -function.

The system (25) has two linearly independent solutions, only one of

which can be chosen to be regular as x → 0. This is the only solution of

interest here, as if ϕ, ψ have an irregular part, the operator KI fails to be

trace-class. The regularity further implies that q, p, u, v, w vanish as t→ 0,

and therefore the integrals I1, I2 are given by I1 = 0, I2 = α2
0 − β0γ0.

Choosing A0, A1 as above, one can still conjugate them by a diagonal

matrix. Use this freedom to parameterize α0, β0, γ0, α1 as follows:

α0 = −
c

2
−

ab

c− a− b
, β0 = −

(c− a)(c− b)

c− a− b
,

γ0 = −
ab

c− a− b
, α1 =

c− a− b

2
,

so that I2 =
c2

4
and therefore (k1 + k2)

2 = (a − b)2, (k1 − k2)
2 = c2. Now

if Re c > 0, the regular solution of (25) is given by

(
ϕ

ψ

)
(x) =

(
1 (c−a)(c−b)

c(1+c)

−1 − ab
c(1+c)

)



x
c
2

(1−x)
a+b
2

2F1

[
a, b

c

∣∣∣∣
x

x− 1

]

x
1+ c

2

(1−x)1+
a+b
2

2F1

[
1 + a, 1 + b

2 + c

∣∣∣∣
x

x− 1

]


 .

(35)

Setting a = z+w′, b = z′+w′, c = z+z′+w+w′ and comparing (35) with

(13)–(14) we see that KI(t) coincides, up to an adjustable constant factor,

with the 2F1 kernel of Section 3.

Remark 5.1. A system similar to (26)–(27) has already appeared in the

Tracy-Widom analysis of the Jacobi kernel, see Section V.C of Ref. 27.

As the integral I2 was not noticed there, the final result of Ref. 27 was a

third order ODE (as one may well guess, it represents the first derivative

of (33) in a disguised form). Later Haine and Semengue14 have derived

another third order equation for the Jacobi kernel determinant using the

Virasoro approach of Ref. 2, and obtained Painlevé VI as the compatibility
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condition of the two equations. Our calculation gives, among other things,

an elementary proof of this result.

Remark 5.2. For non-diagonalizable A1 it can be assumed that A1 =(
0 1

0 0

)
. Equations (27) remain unchanged, whereas instead of (26) we get

t(1− t)

(
q′

p′

)
=

(
α̃ β̃

−γ̃ −α̃

)(
q

p

)
,

where

α̃ = α0 + v − w, β̃ = β0 + s− u+ 2v, γ̃ = γ0 − w.

As before, we have two first integrals,

I1 = 2α̃pq + β̃p2 + γ̃(q2 + 1),

I2 = α̃2 − β̃γ̃ − t(1− t)p2 + (2t− 1)γ̃ − I1t.

The rest of the computation is completely analogous to the diagonalizable

case. As a final result, one finds that the determinant D(t) with w = w′ is

a τ -function of Painlevé VI with parameters θ = (z + z ′ + 2w, z − z′, 0, 0).

6. Jimbo’s asymptotic formula

A remarkable result of Jimbo16 relates the asymptotic behavior of the JMU

τ -function (8) near the singular points t = 0, 1,∞ to the monodromy of the

associated linear system (2).

Theorem 6.1 (Theorem 1.1 in Ref. 16). Assume that

θ0, θ1, θt, θ∞ /∈ Z, (J1)

0 ≤ Reσ0t < 1, (J2)

θ0 ± θt ± σ0t, θ∞ ± θ1 ± σ0t /∈ 2Z. (J3)

Then τJMU(t) has the following asymptotic expansion as t→ 0:

τJMU(t) = const · t
σ2
0t
−θ2

0−θ2
t

4

[
1−

(

θ
2

0
− (θt − σ0t)

2
) (

θ
2
∞ − (θ1 − σ0t)

2
)

16σ2

0t
(1 + σ0t)2

ŝ t1+σ0t

−

(

θ
2

0
− (θt + σ0t)

2
) (

θ
2
∞ − (θ1 + σ0t)

2
)

16σ2

0t
(1 − σ0t)2

ŝ−1t1−σ0t

+
(θ2

0
− θ

2

t
− σ

2

0t
)(θ2∞ − θ

2

1
− σ

2

0t
)

8σ2

0t

t +O
(
|t|2(1−Re σ0t)

)]
, (36)
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where σ0t 6= 0 and

ŝ = Γ

[
1−σ0t,1−σ0t,1+

θ0+θt+σ0t
2 ,1−

θ0−θt−σ0t
2 ,1+

θ∞+θ1+σ0t
2 ,1−

θ∞−θ1−σ0t
2

1+σ0t ,1+σ0t,1+
θ0+θt−σ0t

2 ,1−
θ0−θt+σ0t

2 ,1+
θ∞+θ1−σ0t

2 ,1−
θ∞−θ1+σ0t

2

]
s,

s±1
(
cosπ(θt ∓ σ0t)− cosπθ0

)(
cosπ(θ1 ∓ σ0t)− cosπθ∞

)
=

= (± i sinπσ0t cosπσ1t − cosπθt cosπθ∞ − cosπθ0 cosπθ1) e
±iπσ0t

± i sinπσ0t cosπσ01 + cosπθt cosπθ1 + cosπθ∞ cosπθ0.

If σ0t = 0, then

τJMU(t) = const · t−
θ2
0+θ2

t
4

[
1−

θ1θt

2
t−

(θ2∞ − θ
2

1
)(θ2

0
− θ

2

t
)

16
t(Ω2 + 2Ω + 3)

+
θt(θ

2
∞ − θ

2

1
) + θ1(θ

2

0
− θ

2

t
)

4
t(Ω + 1) + o(|t|)

]
,

where Ω = 1− ŝ′ − ln t and

ŝ′ = s′ + ψ
(
1 +

θ0 + θt

2

)
+ ψ

(
1 +

θt − θ0

2

)

+ ψ
(
1 +

θ∞ + θ1

2

)
+ ψ

(
1 +

θ1 − θ∞

2

)
− 4ψ(1).

Here ψ(x) denotes the digamma function and

s′ = iπ
cosπσ1t + cosπσ01 − cosπθ0 e

iπθ1 − cosπθ∞ eiπθt + i sinπ(θ1 + θt)(
cosπθt − cosπθ0

)(
cosπθ1 − cosπθ∞

) .

When one tries to determine from Theorem 6.1 the monodromy associ-

ated to the 2F1 kernel solution D(t) of σPVI, it turns out that all three

assumptions (J1)–(J3) are not satisfied:

• Firstly, (J1) does not hold since in our case θt = 0. This requirement

can nevertheless be relaxed as the appropriate non-resonancy condition

for (2) is θ0, θ1, θt, θ∞ /∈ Z\{0}. The proof of asymptotic formulas when

some θ’s are equal to zero differs from that in Ref. 16 only in technical

details; see e.g. Ref. 11.

• If we blindly accept (36) then from D(t → 0) ∼ 1 follows σ0t = θ0 =

z+ z′+w+w′. Thus (J2) is violated unless Re θ0 < 1 and (J3) does not

hold in any case. Note, however, that (36) admits a well-defined limit as

θt = 0, σ0t → θ0. In this limit, the coefficients of t and t1−σ0t vanish; we

also have

cosπσ01 → cosπθ∞ + (cosπθ1 − cosπσ1t) e
−iπθ0 ,

s(θ0 − σ0t)→
1

π
·

sinπθ0 (cosπθ1 − cosπσ1t)

sin π
2 (θ∞ − θ0 + θ1) sin π

2 (θ∞ + θ0 − θ1)
,
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and hence the coefficient of t1+σ0t becomes

cosπθ1 − cosπσ1t

2π2
Γ

[
1+

θ0+θ1+θ∞
2 ,1+

θ0+θ1−θ∞
2 ,1+

θ0−θ1+θ∞
2 ,1+

θ0−θ1−θ∞
2

2+θ0,2+θ0

]
.

(37)

• Suppose that in our case the error estimate in (36) can be improved to

O
(
t2+θ0

)
(or at least to o

(
t1+θ0

)
). Then, assuming that 0 ≤ Re (z + z′) ≤

1 and comparing (37) with (18), (16) one would conclude that σ1t = z+z′.

The above steps can indeed be justified — after some tedious analysis going

into the depths of Jimbo’s proof. Alternatively, the monodromy can be

extracted from Sections 3, 4 of Ref. 6, where σPVI equation for D(t) has

itself been derived from a Riemann-Hilbert problem.

7. Asymptotics of D(t) as t → 1

Once the monodromy is known, the asymptotics of τJMU(t) as t → 1 can

be determined from Jimbo’s formula after substitutions t↔ 1− t, θ0 ↔ θ1,

σ0t ↔ σ1t, σ01 → σ̃01, where

2 cosπσ̃01 = Tr
(
M0M

−1
t M1Mt

)
= p0p1 + ptp∞ − p0tp1t − p01. (38)

Remark 7.1. The transformation σ01 → σ̃01 is missing in Ref. 16 due

to an incorrectly stated symmetry: the relation τJMU (1− t;M0,Mt,M1) =

const · τJMU (t;M1,Mt,M0) on p. 1144 of Ref. 16 should be replaced by

τJMU (1− t;M0,Mt,M1) =

= const · τJMU

(
t; (MtM0)

−1M1MtM0, (M0)
−1MtM0,M0

)
,

which can be understood from Fig. 2.

Fig. 2. Homotopy basis after transformation λ 7→ 1 − λ, t 7→ 1 − t.
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Proposition 7.1. Assume that 0 ≤ Re (z + z′) < 1 and

z, z′, w, w′, z + z′ + w, z + z′ + w′ /∈ Z.

(1) If z + z′ 6= 0, then the following asymptotics is valid as t→ 1:

D(t) = C (1− t)
zz′
[
1 +

zz
′ ((z + z

′ + w)(z + z
′ + w

′) + ww
′)

(z + z
′)2

(1− t)

− a+(1− t)1+z+z′ − a−(1− t)1−z−z′ +O
(
(1− t)2−2Re(z+z′)

)]
,

(39)

where C is a constant and

a± = Γ

[
∓z∓z′,∓z∓z′,1±z,1±z′,1+w+ z+z′

2 ±
z+z′

2 ,1+w′+ z+z′

2 ±
z+z′

2

2±z±z′,2±z±z′,∓z,∓z′,w+ z+z′

2 ∓
z+z′

2 ,w′+ z+z′

2 ∓
z+z′

2

]
.

(2) Similarly, if z + z′ = 0, then

D(t) = C(1− t)−z2
[
1 + z2ww′ (1− t)(Ω̃2 + 2Ω̃ + 3)

+ z2(w + w′)(1− t)(Ω̃ + 1) + o(1− t)
]
, (40)

where Ω̃ = 1− a′ − ln(1− t) and

a′ = ψ(1 + z) + ψ(1− z) + ψ(1 + w) + ψ(1 + w′)− 4ψ(1).

Proof. Take into account that in our case θt = 0, σ0t = θ0 and replace

θ0 ↔ θ1, σ0t ↔ σ1t, σ01 → σ̃01. Different quantities in Theorem 6.1 then

transform into

s→ s1t = 1 , s′ → s′1t = 0,

ŝ→ ŝ1t = Γ

[
1−σ1t ,1−σ1t,1+

θ1+σ1t
2 ,1−

θ1−σ1t
2 ,1+

θ0+θ∞+σ1t
2 ,1+

θ0−θ∞+σ1t
2

1+σ1t,1+σ1t,1+
θ1−σ1t

2 ,1−
θ1+σ1t

2 ,1+
θ0+θ∞−σ1t

2 ,1+
θ0−θ∞−σ1t

2

]
,

ŝ′ → ŝ′1t =ψ
(
1 +

θ1

2

)
+ ψ

(
1−

θ1

2

)

+ ψ
(
1 +

θ0 + θ∞

2

)
+ ψ

(
1 +

θ0 − θ∞

2

)
− 4ψ(1).

The statement now follows from σ1t = z + z′ and (16).

The constant C in (39)–(40) remains as yet undetermined. We will find

an expression for it using Lemma 4.1 and earlier results of Doyon,10 who

conjectured that for vanishing magnetic field τP BT (s) coincides with a cor-

relation function of twist fields in the theory of free massive Dirac fermions

on the hyperbolic disk. The asymptotics of τP BT (s) as s → 0 and s→ 1 is
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then fixed, respectively, by conformal behavior of the correlator and its form

factor expansion. The basic statement of Ref. 10 (supported by numerics) is

that there indeed exists a solution of the appropriate σPVI equation which

interpolates between the two asymptotics.

Although the proof that the correlator of twist fields satisfies σPVI has

not yet been found, there are further confirmations of Doyon’s hypothesis:

long-distance asymptotics (20) with b = 0 and the exponent zz ′ in the

short-distance power law (39) reproduce the conjectures of Ref. 10.

The QFT analogy also implies that for real z, z′ ∈ (0, 1) such that

0 < z+ z′ < 1 and w′ = w− z− z′ (this corresponds to b = 0) the constant

C in (39) can be expressed in terms of vacuum expectation values of twist

fields, which have been computed in Ref. 10 (see also Ref. 22). The resulting

conjectural evaluation is:

C
∣∣
w′=w−z−z′

= G

[
1−z,1+z,1−z′,1+z′,1+w,1+w,1+z+z′+w,1−z−z′+w

1−z−z′,1+z+z′,1+z+w,1−z+w,1+z′+w,1−z′+w

]
, (41)

where G

[
a1,...,am

b1,...,bn

]
=

∏m

k=1G (ak)∏n

k=1 G (bk)
and G(x) denotes the Barnes function:

G(x+ 1) = (2π)
x/2

exp
{
ψ(1)x2

− x(x+ 1)

2

} ∞∏

n=1

[(
1 +

x

n

)n

exp
{
−x+

x
2

2n

}]
.

In spite of what one might expect, extension of the above approach

to the case b 6= 0 turns out to be rather complicated. However, the simple

structure of (41) and the symmetries of the 2F1 kernel suggest the following:

Conjecture 7.1. Under assumptions of Proposition 7.1, the constant C

in the asymptotic expansions (39), (40) is given by

C = G

[
1−z,1+z,1−z′,1+z′,1+w,1+w′,1+z+z′+w,1+z+z′+w′

1−z−z′,1+z+z′,1+z+w,1+z+w′,1+z′+w,1+z′+w′

]
. (42)

The formula (42) is clearly compatible with (41) and (S1)–(S2). It has been

checked both numerically and analytically as described below.

8. Numerics

To verify Conjecture 7.1, one can proceed in the following way:

(1) The solution of PVI associated to the 2F1 kernel solution D(t) of σPVI

(uniquely determined by (17), (18)) has the following asymptotic be-

havior as t→ 0:

q(t) = t− λ0 t
1+z+z′+w+w′ +O(t2+z+z′+w+w′), (43)
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λ0 =
(1 + z + z′ + w + w′)2

(z + w)(z′ + w)
κ.

(2) In fact one can show that in this case

q(t) = t−λ0 t
1+z+z′+w+w′(1− t)1+z−z′

2F1

[
z + w, 1 + z + w

′

1 + z + z
′ + w + w

′

∣∣∣∣ t
]2

+O(t2+2(z+z′+w+w′)). (44)

(3) Use this asymptotics as initial condition and integrate the corre-

sponding PVI equation numerically for some admissible choice of θ.

It is then instructive to check Proposition 7.1 by verifying that for

0 < Re(z + z′) < 1 the asymptotic expansion of q(t) as t → 1 is given

by

q(t) = 1− λ1 (1− t)
1−z−z′

+ o
(
(1− t)1−Re(z+z′)

)
,

where

λ1 = Γ

[
z+z

′
,z+z

′
,1−z,1−z

′
,w,1+w

′

1−z−z′,1−z−z′,z,z′,z+z′+w,1+z+z′+w′

]
=

(1− z − z′)2

w (z + z′ + w′)
a− .

Similarly, for z + z′ = 0 one has a logarithmic behavior,

q(t) = 1 + (1− t)

[
z2
(
Ω̃ + w−1 − 1

)2

− 1

]
+O

(
(1− t)2 ln4(1− t)

)
.

(4) Finally, use q(t) and the initial condition D(t) ∼ 1 as t→ 0 to compute

D(t) from (9), (11). Looking at the asymptotics of D(t) as t → 1, one

can numerically check the formula (42) for C.

9. Special solutions check

For special choices of parameters and initial conditions Painlevé VI equation

can be solved explicitly. All explicit solutions found so far are either alge-

braic or of Picard or Riccati type. Algebraic solutions have been classified

in Ref. 21; up to parameter equivalence, their list consists of 3 continuous

families and 45 exceptional solutions.

It turns out that the parameters of exceptional algebraic solutions can-

not be transformed to satisfy 2F1 kernel constraints p0 = p0t, pt = 2.

Continuous families, however, do contain representatives verifying these

conditions. Explicit computation of the corresponding τ -functions provides

a number of analytic tests of Conjecture 7.1, some of which are presented

below. Our notation for PVI Bäcklund transformations follows Table 1 in

Ref. 21.
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Example 9.1. Painlevé VI equation with parameters θ = (1, θ1, 0, θ1) is

satisfied by

q(t) = 1−
(2θ1 − 1)− (2θ1 + 1)

√
1− t

(2θ1 − 3)− (2θ1 − 1)
√

1− t

√
1− t.

This two-branch solution is obtained by applying Bäcklund transformation

sδsxsyszsδszsδPxy to Solution II in Ref. 21 (set θa = 1, θb = θ1). An explicit

formula for the corresponding JMU τ -function can be found from (9), (11):

τJMU(t) =

[
2 (1− t)1/4

1 +
√

1− t

] 1−4θ2
1

4

.

Note that τJMU(t → 0) = 1 −
1−4θ2

1

128 t2 + O
(
t3
)
, and therefore τJMU(t)

coincides with the hypergeometric kernel determinant D(t) if we set z =

w = 1+2θ1

4 , z′ = w′ = 1−2θ1

4 .

The asymptotics of τJMU(t) as t→ 1 has the form

τJMU(t) = 2
1−4θ2

1
4 (1− t)

1−4θ2
1

16
(
1 +O

(√
1− t

))
,

which implies that C = 2
1−4θ2

1
4 . To verify that this coincides with the ex-

pression

C = G

[
3+2θ1

4 ,
3−2θ1

4 ,
5+2θ1

4 ,
5+2θ1

4 ,
5−2θ1

4 ,
5−2θ1

4 ,
7+2θ1

4 ,
7−2θ1

4

1
2 , 32 , 32 , 3

2 ,
3+2θ1

2 ,
3−2θ1

2

]
,

given by Conjecture 7.1, one can use the recursion relation G(z + 1) =

Γ(z)G(z), the duplication formulas (A.1), (A.3) for Barnes and gamma

functions, and the value of G
(

1
2

)
from Appendix A.

Example 9.2. Consider the rational curve

q =
(s+ 1)(s− 2)(5s2 + 4)

s(s− 1)(5s2 − 4)
, t =

(s+ 1)2(s− 2)

(s− 1)2(s+ 2)
.

It defines a three-branch solution of PVI with parameters θ = (2, 0, 0, 2/3),

which can be obtained from Solution III in Ref. 21 (with θ = 0) by the

transformation tx = sxsδ (syszs∞sδ)
2.

The associated τ -function is given by

τJMU(t(s)) =
3

15
8

2
25
9

·
s (s+ 2)

8
9

(s+ 1)
15
8 (s− 1)

7
72

,
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where the normalization constant is introduced for convenience. The map

t(s) bijectively maps the interval (2,∞) onto (0, 1). Choosing the corre-

sponding solution branch one finds that

τJMU(t→ 0) = 1−
16

19683
t3 +O

(
t4
)
,

τJMU(t→ 1) ∼ 3
15
8 · 2−

17
6 · (1− t)

1
36 .

First asymptotics implies that τJMU(t) coincides with D(t) provided

z = z′ = 1
6 , w = 7

6 , w′ = 1
2 . From the second asymptotics we obtain

C = 3
15
8 · 2−

17
6 , whereas Conjecture 7.1 gives

C = G

[
3
2 , 5

2 , 5
6 , 5

6 , 7
6 , 7

6 , 11
6 , 13

6

2
3 , 43 , 53 , 5

3 , 7
3 , 7

3

]
.

Equality of both expressions can be shown using the known evaluations of

G
(

k
6

)
, k = 1 . . . 5, see Ref. 1 or Appendix A.

Example 9.3. Applying the transformation (sδsxsy)
3
szs∞sδrx to Solu-

tion IV in Ref. 21 and setting θ = 0, one obtains a four-branch solution of

PVI with θ = (1, 1/2, 0, 1) parameterized by

q =
s(2− s)(5s2 − 15s+ 12)

(3− s)(3− 2s)
, t =

s(2− s)3

3− 2s
.

The corresponding τ -function has the form

τJMU(t(s)) =
2

5
12

3
15
16

·
(3− s)

15
16

(2− s)
5
12 (1− s)

5
48

.

Choose the solution branch with s ∈ (0, 1). From the asymptotics

τJMU(t → 0) = 1 + 15
2048 t

2 + O
(
t3
)

follows that τJMU(t) coincides with

D(t) provided z = 5
12 , z′ = − 1

12 , w = 5
6 , w′ = − 1

6 . Leading term in the

asymptotic behavior of τJMU(t) as t→ 1 is

τJMU(t→ 1) ∼ 2
25
18 · 3−

15
16 · (1− t)−

5
144 ,

so that we have C = 2
25
18 · 3−

15
16 . On the other hand, Conjecture 7.1 implies

that

C = G

[
5
6 , 7

6 , 11
6 , 13

6 , 7
12 , 11

12 , 13
12 , 1712

2
3 , 43 , 34 , 5

4 , 7
4 , 9

4

]
.

To prove that these expressions are equivalent, (i) use the multi-

plication formula (A.1) with n = 2 and z = 1
12 ,

5
12 to compute

G
(

1
12

)
G
(

5
12

)
G
(

7
12

)
G
(

11
12

)
and (ii) combine the resulting expression with

the evaluations of G
(

k
4

)
, G
(

k
6

)
.
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10. Limiting kernels

10.1. Flat space limit: PVI → PV

The interpretation of D(t) as a determinant of a Dirac operator (Sec. 4)

suggests to consider the flat space limit R → ∞. This corresponds to the

following scaling limit of the 2F1 kernel:

w′ → +∞, 1− t ∼
s

w′
, s ∈ (0,∞).

In this limit, D(t) transforms into the Fredholm determinant DL(s) =

det
(
1−KL

∣∣
(s,∞)

)
with the kernel

KL(x, y) = lim
w′→+∞

1

w′
K
(
1−

x

w′
, 1−

y

w′

)

= λL

AL(x)BL(y)−BL(x)AL(y)

x− y
,

λL =
sinπz sinπz′

π2
Γ [1 + z + w, 1 + z′ + w]

AL(x) = x−
1
2W 1

2−
z+z′+2w

2 ,
z−z′

2

(x), BL(x) = x−
1
2W
− 1

2−
z+z′+2w

2 ,
z−z′

2

(x),

whereWα,β(x) denotes the Whittaker’s function of the 2nd kind.KL(x, y) is

the so-called Whittaker kernel,4 which plays the same role in the harmonic

analysis on the infinite symmetric group as the 2F1 kernel does for U(∞).

The function σL(s) = s
d

ds
lnDL(s) satisfies a Painlevé V equation writ-

ten in σ-form:

(
s σ′′L

)2
=
(
2 (σ′L)

2
−(z+z′+2w+s)σ′L+σL

)2
−4
(
σ′L
)2(

σ′L−z−w
)(
σ′L−z

′−w
)
.

(45)

This can be shown by considering the appropriate limit of the σPVI equa-

tion for D(t). An initial condition for (45) is provided by the asymptotics

DL(s→∞) = 1− λL e
−ss−z−z′−2w−2

(
1 +O

(
s−1
))
.

To link our notation with the one used in the PV part of Jimbo’s pa-

per,16 we should set (θ0, θt, θ∞)
(V )
Jimbo = (z′ + w,−z − w, z − z′), which gives

DL(s) = e
(z+w)s

2 τ
(V )
Jimbo(s). This in turn allows to obtain from Theorem 3.1

in Ref. 16 the asymptotics of DL(s) as s→ 0:

Proposition 10.1. Assume that 0 ≤ Re (z + z′) < 1 and z, z′, w, z + z′ +

w /∈ Z.
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(1) If z + z′ 6= 0, then

DL(s) = CLs
zz′
[
1 +

zz
′(z + z

′ + 2w)

(z + z
′)2

s− a+
Ls

1+z+z′ − a−Ls
1−z−z′

+O
(
s2−2Re(z+z′)

)]

with a±L = Γ

[
∓z∓z′,∓z∓z′,1±z,1±z′,1+w+ z+z′

2 ±
z+z′

2

2±z±z′,2±z±z′,∓z,∓z′,w+ z+z′

2 ∓
z+z′

2

]
.

(2) If z + z′ = 0, then

DL(s) = CLs
−z2

[
1 + z2ws

(
Ω̃2

L + 2Ω̃L + 3
)

+ z2s
(
Ω̃L + 1

)
+ o(s)

]
,

where Ω̃L = 1−a′L−ln s and a′L = ψ(1+z)+ψ(1−z)+ψ(1+w)−4ψ(1).

Note that the same result is obtained by considering the formal limit of

the leading terms in the asymptotics of D(t). This further suggests an

expression for constant CL:

Conjecture 10.1. Under assumptions of Proposition 10.1, we have

CL = lim
w′→∞

(w′)
−zz′

C = G

[
1−z,1+z,1−z′,1+z′,1+w,1+z+z′+w

1−z−z′,1+z+z′,1+z+w,1+z′+w

]
.

10.2. Zero field limit: PV → PIII

Next we consider the limit of vanishing magnetic field, B → 0. In terms of

the parameters of the Whittaker kernel, this translates into

w → +∞, s ∼
ξ

w
, ξ ∈ (0,∞).

The scaled kernel is given by

KM (x, y) = lim
w→+∞

1

w
KL

( x
w
,
y

w

)

=
sinπz sinπz′

π2
·
AM (x)BM (y)−BM (x)AM (y)

x− y
,

AM (x) = 2
√
xKz′−z+1

(
2
√
x
)
, BM (x) = 2Kz′−z

(
2
√
x
)
,

where Kα(x) is the Macdonald function.

Denote DM (ξ) = det
(
1−KM

∣∣
(s,∞)

)
and introduce σM (ξ) =

ξ
d

dξ
lnDM (ξ). Then σM (ξ) solves the σ-version of a particular Painlevé III

equation:
(
ξσ′′M

)2
= 4σ′M (σ′M − 1)(σM − ξσ

′
M ) + (z − z′)2

(
σ′M
)2
. (46)
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To match the notation in Ref. 16, we have to set (θ0, θ∞)
(III)
Jimbo =

(z′ − z, z − z′), which gives DL(s) = eξτ
(III)
Jimbo(ξ). The appropriate initial

condition for this σPIII is given by

DM (ξ →∞) = 1−
sinπz sinπz′

4π
·
e−4
√

ξ

√
ξ

(
1 +

4(z − z′)2 − 3

8
√
ξ

+O
(
ξ−1
))

.

(47)

The asymptotics of DM (ξ) as ξ → 0 can now be obtained from Theo-

rem 3.2 in Ref. 16:

Proposition 10.2. Assume that 0 ≤ Re (z + z′) < 1 and z, z′ /∈ Z.

(1) If z + z′ 6= 0, then

DM (ξ → 0) =CM ξzz′
[
1 +

2zz′

(z + z
′)2
ξ − a+

Mξ1+z+z′ − a−Mξ1−z−z′

+O
(
ξ2−2 Re(z+z′)

)]
,

with a±M = Γ

[
∓z∓z′,∓z∓z′,1±z,1±z′

2±z±z′,2±z±z′,∓z,∓z′

]
.

(2) If z + z′ = 0, then

DM (ξ → 0) = CM ξ−z2
[
1 + z2ξ

(
Ω̃2

M + 2Ω̃M + 3
)

+ o(ξ)
]
,

where Ω̃M = 1− a′M − ln ξ and a′M = ψ(1 + z) + ψ(1− z)− 4ψ(1).

Analogously to the above, we suggest a conjectural expression for CM :

Conjecture 10.2. Under assumptions of Proposition 10.2, we have

CM = lim
w→∞

w−zz′CL = G

[
1−z,1+z,1−z′,1+z′

1−z−z′,1+z+z′

]
.

Partial proof. This formula can in fact be proved for real z = z ′ ∈
[
0, 1

2

)
,

though in an indirect way. Consider the solution ψ(r) of the radial sinh-

Gordon equation

d2ψ

dr2
+

1

r

dψ

dr
=

1

2
sinh 2ψ,

satisfying the boundary condition ψ(r, ν) ∼ 2νK0(r) as r → +∞. Define

the function

τ(r, ν) = exp

{
1

2

∫ ∞

r

u

[
sinh2 ψ(u, ν)−

(
dψ

du

)2
]
du

}
.
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and consider the logarithmic derivative σ̃(ξ) = ξ
d

dξ
ln τ(2

√
ξ, ν). It is

straightforward to show that σ̃(ξ) satisfies σPIII equation (46) with z = z ′.

Further, a little calculation shows that, as r → +∞,

τ(r, ν) = 1− πν2 e
−2r

2r

(
1−

3

4r
+O

(
r−2
))

.

Comparing this asymptotics with (47), we conclude that DM (ξ)
∣∣∣
z=z′

=

τ
(
2
√
ξ,±

sinπz

π

)
.

On the other hand, τ(r, ν) = τ−1
B (r, ν), where τB(r, ν) is a special case

of the bosonic 2-point tau function of Sato, Miwa and Jimbo, which can be

represented as an infinite series of integrals (formulas (4.5.30)–(4.5.31) in

Ref. 24 with l1 = l2). By direct asymptotic analysis of this series, Tracy25

has proved that for ν ∈
[
0, 1

π

)
it has the following behavior as r → 0:

τB(r, ν) = eβ(ν)r−α(ν) (1 + o(1)) ,

with

α(ν) =
σ2(ν)

2
, σ(ν) =

2

π
arcsinπν,

β(ν) = 3α(ν) ln 2 +
1

2
ln

1− π2ν2

cos4 πσ(ν)
2

− 2 ln

(
G

[
1
2 , 1

2

1+σ(ν)
2 ,

1−σ(ν)
2

])
.

From ν = ±
sinπz

π
one readily obtains σ2 = 2α = 4z2. Thus, in order to

show that β(ν) reproduces the conjectured expression for CM with z = z′,

it is sufficient to prove the identity

G

[
1+z,1+z,1−z,1−z

1+2z,1−2z

]
= 2−4z2

cosπz G

[
1
2 , 1

2 , 1
2 , 1

2

1
2+z, 1

2+z, 1
2−z, 1

2−z

]
.

This, however, is a simple consequence of the duplication formula for Barnes

function and the known evaluation of G
(

1
2

)
.

Appendix A.

Multiplication formula for Barnes function:28

lnG(nx) =

(

n2x2

2
− nx

)

ln 2 −
(n− 1)(nx− 1)

2
ln 2π −

n2 − 1

12
+

5

12
lnn

+
(

n2 − 1
)

lnA+

n−1
∑

j=0

n−1
∑

k=0

ln G

(

x+
j + k

n

)

, (A.1)
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where A = exp
(

1
12 − ζ

′(−1)
)

denotes Glaisher’s constant.

Asymptotic expansion as |z| → ∞, arg z 6= π:

lnG(1 + z) =

(

z2

2
−

1

12

)

ln z −
3z2

4
+
z

2
ln 2π − lnA+

1

12
+O

(

1

z2

)

. (A.2)

Special values (see, e.g. Ref. 1):

lnG

(

1

2

)

=
ln 2

24
−

lnπ

4
−

3

2
lnA+

1

8
,

lnG

(

1

3

)

=
ln 3

72
+

π

18
√

3
−

2

3
ln Γ

(

1

3

)

−
4

3
lnA−

1

12π
√

3
ψ′
(

1

3

)

+
1

9
,

lnG

(

2

3

)

=
ln 3

72
+

π

18
√

3
−

1

3
ln Γ

(

2

3

)

−
4

3
lnA−

1

12π
√

3
ψ′
(

2

3

)

+
1

9
,

lnG

(

1

6

)

=−
ln 12

144
+

π

20
√

3
−

5

6
ln Γ

(

1

6

)

−
5

6
lnA−

1

40π
√

3
ψ′
(

1

6

)

+
5

72
,

lnG

(

5

6

)

=−
ln 12

144
+

π

20
√

3
−

1

6
ln Γ

(

5

6

)

−
5

6
lnA−

1

40π
√

3
ψ′
(

5

6

)

+
5

72
,

lnG

(

1

4

)

=−
3

4
ln Γ

(

1

4

)

−
9

8
lnA+

3

32
−
K

4π
,

lnG

(

3

4

)

=−
1

4
ln Γ

(

3

4

)

−
9

8
lnA+

3

32
+
K

4π
,

where K is Catalan’s constant.

When checking Conjecture 7.1 with explicit examples, one also needs

the relations

Γ(nx) = (2π)−
n−1

2 nnx− 1
2

n−1∏

k=0

Γ
(
x+

k

n

)
, ψ′(x) + ψ′(1− x) =

π2

sin2 πx
.

(A.3)
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preprint arXiv:0809.4873 [math.CA].

22. S. Lukyanov, A. B. Zamolodchikov, Exact expectation values of local fields in

quantum sine-Gordon model, Nucl. Phys. B493, (1997), 571–587; preprint
hep-th/9611238.



September 7, 2010 18:12 WSPC - Proceedings Trim Size: 9in x 6in 013˙lisovyy

Dyson’s constant for the hypergeometric kernel 267

23. J. Palmer, M. Beatty, C. A. Tracy, Tau functions for the Dirac operator
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Here n ∈ N, k is a field, Sn is the symmetric group, δ ∈ k, and Pn(δ) is the par-
tition algebra over k. Our aim in this note is to study the representation theory
of a subalgebra Pnn of kSn⊗k Pn(δ) with certain interesting combinatorial and
representation theoretic properties.

In Section 1 we discuss the motivating combinatorial background. In Sec-
tion 2 we define Pnn (see Proposition 1). In Section 3 we determine its complex
representation theory.

Keywords: Partition algebra; symmetric group wreath product.

Foreword. Tetsuji Miwa, together with Michio Jimbo, kindly invited me to RIMS

Kyoto in the spring of 1989. That was an exciting time in Mathematical Physics.

In the inspiring environment which Miwa and Jimbo created at RIMS, I had some

fun with Potts transfer matrix algebras. (Miwa–Jimbo themselves, of course, were

working on more important things,6 but their encouragement was vital to me.)

Twenty years on, there is still fun to be had with partition algebras.

1. Introduction

The Young graph13 has vertex set the set Λ of all finite Young dia-

grams (equivalently of all integer partitions), and encodes the induction

and restriction rules for ordinary irreducible modules of the sequence

... ⊂ Sn ⊂ Sn+1 ⊂ ... of symmetric groups.11 That is, the Young graph

is the Bratteli diagram for this sequence [13, §1.1]. It can be considered

to lie at the heart of the analysis of these groups, and much of combina-

torics.13,15 The multiplicity free graph (see Figure 1) and simple associated

combinatorics allows a gentle build up of what, eventually, becomes a deep

and powerful representation theory.10,11,14,26
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Fig. 1. The Young graph up to rank 5

In various areas of Physics,2,19 algebra4,11,27 and analysis1,25 one is led

also to study the wreath products of symmetric groups:

...
...

∪ ∪
S2 o S1 ⊂ S2 o S2 ⊂ ...

∪ ∪
S1 o S1 ⊂ S1 o S2 ⊂ ...

Here however, no such multiplicity free Young graph can exist in general (at

least, without further refinement), and one confronts a much more rapid on-

set of combinatorial complexity. By working at the level of suitable Morita

equivalents, we might aim to bypass this obstruction and assemble an ana-

logue of Young’s theory of comparable reach. The challenge is to find a

sequence of algebras with suitable properties.

For example, as we shall see here, in the Bratteli diagram for the se-

quence ... ⊂ Pnn ⊂ Pnn+1 ⊂ ..., the vertex set Λ is replaced by ΛΛ∗
, the set

of functions from Λ∗ to Λ (where Λ∗ is the set of finite Young diagrams

excluding the empty diagram); while the combinatorial representation the-
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ory can also be closely tied to that of wreaths. (We do not claim here that

this sequence, encountered by chance while working on a different problem,

is the ideal tool for this purpose, but at least that it is worth studying.)

The original idea for this approach (inflating, in the sense of Ref. 16, from

one combinatorial structure to another through Morita equivalences) comes

serendipitously from observations on the representation theory of the ram-

ified partition algebra.23 We suspend all technical details for now, until

we have reviewed the relevant components of representation theory — see

Section 3.5.

Partition algebras play potentially important roles in Statistical Me-

chanics, in combinatorics, and in invariant theory. This is partly captured

by the Schur-Weyl duality diagram here:

GL(N)

%%JJJJJJJJJ
Sn

yysssssssssss � _

��
O(N) //

?�

OO

(kN )⊗n Bn(N)oo
� _

��
SN

99tttttttttt?�

OO

Pn(N)

eeKKKKKKKKKK

� _

��
SN−1

CC�����������������?�

OO

P 1
n+1(N)

\\

99999999999999999

where the groups/algebras in each layer give a dual pair of (left) actions on

tensor space. In each successive layer the action shown on the left-hand side

is included in the one above (and the action on the right correspondingly

includes the one above). Thus O(N) and Bn(N) are the orthogonal group

and the Brauer algebra respectively;8 SN acts by permuting the standard

ordered basis of kN and Pn(N) acts by the Potts representation (§8.2.1 of

Ref. 20, Ref. 12). The SN−1 layer corresponds to breaking the global SN

symmetry of the N -state Potts model by applying a magnetic field.22 (From

an invariant theory perspective this dual pair sequence has been extended

below (SN , Pn(N)) in a number of ways. See for example Refs. 4,24.)

The complex reductive representation theory (i.e. Cartan decomposi-

tion matrices and so forth, in case k = C) of all the algebras appearing in

this diagram is reasonably well understood. It has been noted that ram-

ified partition algebras (RPAs) have applications in similar areas,23 but

these are much less well understood. Particularly intriguing is the relation-
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ship between RPAs and wreaths (which, independently, also have roles in

Physics2,19 and combinatorics18). The ramified partition algebras P
2
n(δ′, δ)

are physically motivated subalgebras of Pn(δ
′) ⊗k Pn(δ) (see Ref. 23 for a

definition; δ, δ′ are independently chosen parameters). As we shall see in

Section 2, we have algebra inclusions

Pn(δ
′)⊗k Pn(δ)

⊃ kSn ⊗k Pn(δ) ⊃
⊃ P

2
n(δ′, δ) ⊃ Pnn

and the representation theory of Pnn provides, from one perspective, a kind

of approximation to that of P
2
n (and hence also to that of the assembly of

wreaths). Here, focussing on the representation theory of Pnn , we are able

to get pleasingly complete results on this representation theory (see the

Theorems in the main section, §3.4).
The Bratteli diagram sought for the connection to wreath combinatorics

is then discussed in the final section (we determine the simple restriction

rules in low rank, and give a conjecture for the general form).

2. Definitions

Set n = {1, 2, ..., n} and n′ = {1′, 2′, ..., n′} and so on. Write

add′ : n ∪ n′ → n′ ∪ n′′

for the map that adds a prime; and cor−′ : n ∪ n′′ → n ∪ n′ for the map

that removes a prime when necessary (i.e. when there are two).

For S a set, PS is the set of partitions of S, andP(S) the power set. Thus

|Pn| = Bn, the Bell number.17 We write (PS , >) for the usual refinement

order on PS , that is p > q if each part of p is a union of parts of q. This

order is a lattice.

Define Pn = Pn∪n′ . We write P ′
n for the subset of partitions in Pn in

which every part contains both primed and unprimed elements.

The algebra Pn(δ) has a basis Pn. We now briefly recall the algebra

product. (We refer the reader to Ref. 21 or Ref. 23 for a gentler exposition.)

For a ⊂ P(S) (some S) write a ∈ PS for the most refined (lowest) partition

such that each part of a is a union of elements of a. Thus for example

a = {{1, 2}, {2, 3}, {4}} gives a = {{1, 2, 3}, {4}}. Note that if p, q ∈ Pn∪n′

then p ∪ add′(q) ⊂ P(n ∪ n′ ∪ n′′) and we can define

pOq := p ∪ add′(q) ∈ Pn∪n′∪n′′ .

For r ∈ Pn∪n′∪n′′ we write res(r) for the restriction of this partition to

Pn∪n′′ (so that cor−′(res(r)) ∈ Pn∪n′); and c(r) for the number of parts
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containing only elements of n′. Then the multiplication in Pn(δ) is defined

on pairs p, q from the basis Pn by

p.q = δc(pOq) cor−′(res(pOq)).

Note from this construction that the set P ′
n forms a submonoid in Pn(δ),

and that this submonoid contains an isomorphic image of Sn, defined by

identifying the transposition σi = (i, i+ 1) ∈ Sn with the partition

σi = {{1, 1′}, {2, 2′, }, ..., {i, (i+ 1)′}, {(i+ 1), i′}, ..., {n, n′}}
Write diag-Pn for the subset of P ′

n of partitions such that i, i′ are in

the same part for all i. Such partitions are in natural bijection with the

partitions of n, so |diag-Pn| = |Pn|. For example

Ai,j := {{1, 1′}, {2, 2′, }, ..., {i, i′, j, j′}, ..., {n, n′}}
is in diag-Pn.

We write M b
n for the monoid generated by {Aij}ij and Md

n for that

generated by Sn∪{Aij}ij . Define subalgebras of Pn(δ) generated by subsets:

P d
n = k〈Sn, A

i,j〉i,j and P b
n = k〈Ai,j〉i,j . (Note that neither subalgebra

depends on δ.) These are simply the monoid algebras of the monoids above.

From the form of the partition algebra product we have

Lemma 1. P b
n is a commutative algebra with basis diag-Pn of idempotents.

Indeed P b
n is isomorphic (via the natural bijection) to the monoid algebra

of the monoid (Pn,∧), where ∧ is the meet operation on (Pn,>). ¤

Note that this remark completely determines the reductive representa-

tion theory of P b
n (as for any finite commutative monoid of idempotents).

The tensor product algebra kSn ⊗k Pn(δ) has basis Sn × Pn. Just as

for Sn
11 and P b

n, the complex representation theory of Pn(δ) is well under-

stood,22 and hence so are the tensor products.5 We get a more challenging

new algebra, however, if we proceed as follows. Define an injective map

n : Sn × diag-Pn → Sn × Pn

(a, b) 7→ (a, ba)

Write Pnn for the free k-submodule of kSn⊗kP
d
n with basis n(Sn×diag-Pn).

Proposition 1. The k-submodule Pnn is a subalgebra of kSn ⊗k P d
n .

Proof: Multiplication is given by (a, ba)(c, dc) = (ac, badc), but badc =

bada−1ac, and bada−1 ∈ P b
n. ¤
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Proposition 2. The algebra Pnn is generated by (1, Aij) and (σi, σi) (all

i, j), and hence by (1, A12) and (σi, σi). ¤

We will write [a, b] = n(a, b). Thus

[a, b][c, d] = [ac, bada−1] (1)

and in particular

[a, 1][1, d] = [a, ada−1]

Note that Aij 7→ (1, Aij) defines a natural injection of P b
n into Pnn ; and

σi 7→ (σi, σi) a natural injection of kSn into Pnn .

Define the set of (2-)ramified partitions

P2
n = {(a, b) | a, b ∈ Pn; a < b}

From Ref. 23 this is a basis for the RPA P
2
n(δ, δ′) ⊂ Pn(δ)⊗k Pn(δ

′). Note

also from the definition of P
2
n(δ, δ′) in Ref. 23 that kSn ⊗k Pn(δ

′) is not a

subalgebra of P
2
n(δ, δ′) (for example, any non-identical pair of permutations

lies outside P2
n). However

Proposition 3. We have an algebra inclusion Pnn ↪→ P
2
n .

Proof: It is easy to see that elements of form [1, b] and [s, 1] are ramified,

and these generate Pnn . ¤
Remark: We shall not make explicit use of it here, but for those comfortable

with the ramified diagram calculus (see in particular Fig. 2 of Ref. 23) it

might well be helpful to note that the diagrams for these generators may

be exemplified as follows (in case n = 5):

,

,

3. Representation theory of Pnn

3.1. Shapes and combinatorics

The shape of a set partition is the list of sizes of parts in non-increasing

order. Thus the shape of a partition of n is an integer partition of n. We

will write b `̀ µ if set partition b has shape µ.
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By convention we shall express shapes in power notation:

µ = (λ1, λ1, ..., λ1︸ ︷︷ ︸
p1

, λ2, λ2, ..., λ2︸ ︷︷ ︸
p2

, ...) Ã λp = (λp1

1 , λp2

2 , ...)

In particular

λp
i = λpi

i

Via this notation a shape can be considered as a pair of a strictly descend-

ing integer partition (λ1, λ2, ...) and a composition (p1, p2, ...) of the same

length.

There is a natural action of Sn on Pn. For each b ∈ Pn define S(b) as the

subgroup that fixes b. We mention two subgroups in S(b): S0(b) is the group

the permutes within parts: S0(b) ∼= (Sλ1)
×p1 × (Sλ2)

×p2 × ... ⊂ Sn (in case

b `̀ λp); and S1(b) permutes parts of equal order: S1(b) ∼= Sp1 ×Sp2 × ... ⊂
Sn. We have

S(b) ∼= ×i(Sλi o Spi) (2)

Considering S(b) or otherwise (see e.g. Ref. 21), the number of partitions

of given shape is

Dλp =
n!∏

i((λi!)pipi!)
=

n!

|S(b `̀ λp)| (3)

Write TL
b (resp. TR

b ) for a traversal of the left (resp. right) cosets of S(b)

in Sn. I.e. ∪w∈TL
b
wS(b) is a partition of Sn.

3.2. On representations of wreaths

We shall establish later a construction of irreducible representations of our

algebra Pnn directly in terms of representations of S(b). Accordingly we

mention these now. (However the reader may safely skip all the standard

material in this section.)

Write Λ for the set of all integer partitions including the empty partition,

and Λn for the subset of partitions of degree n. For G a group, write ΛC(G)

for an index set for ordinary irreducible representations (together, in prin-

ciple, with a map to explicit representations), so that ΛC(Sn) = Λn. (We

will use the analogous notation, ΛC(A), for any algebra A over the complex

field.) Set sG = |ΛC(G)| and assume there is a natural counting. For S, T

any sets, write Hom(S, T ) for the set of maps f : S → T . Thus an element

V of Hom(ΛC(G),Λ) may be expressed as an sG-tuple (V1, V2, ..., VsG) of

integer partitions (a multipartition). For any Hom(S,Λ), write Hom(S,Λ)n
for the subset of multipartitions of total degree n.
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The ordinary irreducible representation theory of S(b) is, in effect, fairly

well understood. Since C is a splitting field it is enough to study the wreath

factors. Now see Ref. 11. In particular we have

Theorem 1. (Cf. [11, COR.4.4.4] or [18, §1.Appendix B])

ΛC(G o Sn) = Hom(ΛC(G),Λ)n

The construction of irreducible LV , V ∈ ΛC(Sl o Sn) is then as follows.

The datum V consists (see Ref. 11 or, say, Ref. 2) of a map V : ΛC(G =

Sl) → Λ such that
∑

i |Vi| = n. We set v = (v1, v2, ...) = (|V1|, |V2|, ...) and
form a traversal Tv of the left cosets of Sv in Sn. Let Bi be a basis for

the irreducible representation Si in our numbering scheme for irreducible

representations of Sl (lex order of Λl, say); andBVi a basis for the irreducible

representation S(Vi) of Svi (note that Vi ` vi, so this is via the usual

labelling scheme). Thus

Bv = ×i((B
i)×vi)

is a basis for the irreducible representation of S×n
l obtained from the rep-

resentations (S1,S1, ..,S1︸ ︷︷ ︸
v1 copies

,S2,S2, ..,S2︸ ︷︷ ︸
v2 copies

, ...,Ss) of Sl. Set

Bv
V = ×i((B

i)×vi ×BVi)

or rather in the order

Bv
V = (×i(B

i)×vi)× (×iB
Vi)

Then Bv
V ×Tv can be equipped with the property of basis for an (irreducible)

representation of Sl o Sn.

Let b1 ⊗ ... ⊗ bn ⊗ (bn+1..) ⊗ [t] be an element of this basis. If σ ∈ Sv,

t′ ∈ Tv, then the action of (g1, g2, .., gn; t
′σ) is given by

(g1, g2, .., gn; t
′σ) b1 ⊗ ...⊗ bv1 ⊗ bv1+1 ⊗ ...⊗ bn ⊗ (bn+1..)⊗ [t]

= g1bσ−1(1) ⊗ ...⊗ gnbσ−1(n) ⊗ σ(bn+1..)⊗ [t′σt]

where [t′σt] is understood as the coset representative of the coset containing

this element. (See Ref. 11 for a much more detailed exposition, but) Note

that the dimension of LV is clear:

dimLV =
n!∏
i vi!

∏

i

dVi(di)
vi (4)

where we write dλ for the dimension of the Svi Specht module Sλ, and di
for Specht dimensions for Sl labeled using our numbering scheme.
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Recall

n! =
∑

λ`n
d2λ (5)

3.3. Useful decompositions of ΛΛ∗

The following will be useful later.

Another way to express an integer partition in an (ascending) power

notation is simply as an element α of Hom(N,N0) of finite support. The

construct (1α(1), 2α(2), ...) determines an integer partition in ordinary power

notation on omitting all terms i such that α(i) = 0 and then reversing the

order of the remaining terms.

For example α : (1, 2, 3, 4, ...) = (2, 4, 0, 0, ...) becomes (24, 12).

More generally, to specify a function µ ∈ Hom(S, T ), given x an or-

dered list of the elements of S, we may write µ : x = y, meaning

µ(xi) = yi (as in the example immediately above). But if almost all

µ(xi) = t0, with t0 some given element of T , then it is convenient to write

µ = (xi1 , µ(xi1))(xi2 , µ(xi2))... where {i1, i2, ...} is the set of i such that

µ(xi) 6= t0. Depending on circumstances, the alternative layout

µ =
xi1

µ(xi1)

xi2

µ(xi2)
... (6)

may also be useful.

In this notation our example above becomes α = 2
4
1
2 (with t0 = 0).

Let us write Homf (Λ∗,Λ) for the set of functions

µ : Λ∗ → Λ

with only finitely many λ ∈ Λ∗ such that µ(λ) 6= ∅. We also emphasise

that Λ is the set of integer partitions of finite integers. Thus the degree of

µ ∈ Homf (Λ∗,Λ)

|µ| =
∑

λ

|λ||µ(λ)|

is well defined. Write HomN (Λ∗,Λ) for the subset of Homf (Λ∗,Λ) of func-
tions of degree N .

For example, Hom3(Λ
∗,Λ) = { (3)

(1) ,
(21)
(1) ,

(13)
(1) ,

(2)
(1)

(1)
(1) ,

(12)
(1)

(1)
(1) ,

(1)
(3) ,

(1)
(21) ,

(1)
(13)}

The shape of µ ∈ Homf (Λ∗,Λ) is an integer partition κ(µ) defined as

follows. We specify via ascending power notation, in terms of which the

partition is given by

α(i) =
∑

λ`i
|µ(λ)|
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and then recast in ordinary power notation as described above.

Example: µ : ((1), (2), (12), (3), ...) = (∅, (1), (13), ∅, ...) has κ(µ) = (24).

We write Homλp(Λ∗,Λ) for the subset of functions of shape λp. We have

HomN (Λ∗,Λ) =
⋃

λp`N
Homλp(Λ∗,Λ)

In the simple case in which κ has just a single ‘factor’ im then

Hom(im)(Λ
∗,Λ) is just the set of maps from Λi to Λ of total degree m.

By Theorem 1 then,

ΛC(Sn o Sm) = Hom(nm)(Λ
∗,Λ)

Thus with b `̀ λp

ΛC(S(b)) = Homλp(Λ∗,Λ)

We now have the notation to assert (as we shall show in Theorem 4)

ΛC(P
n
n ) = Homn(Λ

∗,Λ)

3.4. Decomposing the regular Pnn -module

We will say that the shape of [a, b] = (a, ba) is the shape of b. It follows

from (1) that the shape of [a, b] = (a, ba) is unchanged by left or right

multiplication by [σi, 1] = (σi, σi).

As shapes of set partitions, integer partitions inherit a partial order

from the order on set partitions themselves. E.g.

(14) < (2, 12) < (3, 1) < (4)

< (22) <

Thus left or right multiplication by [1, Aij ] either acts like 1 or takes the

shape up in this order. Altogether, then, the left regular Pnn -module is

filtered by a poset of submodules (indeed ideals) labelled by shape. Set

eλp :=
∑

b`̀λp

[1, b]

and note that these are central elements in Pnn . For example e1n = [1, 1].

We have

Pnn eλp ⊂ Pnn eλp′ ⇐⇒ λp > λp′

The sectionsMλp of this poset each have basis the set of elements of n(Sn×
diag-Pn) of fixed shape. The number of basis elements of shape λp is n!Dλp .

We want to decompose the sections as far as possible.
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As a vector space we have

Mλp =
⊕

b`̀λp

k[Sn, b] =
⊕

b`̀λp

⊕

w∈TR
b

k[S(b)w, b] (7)

Note that the S(b)-module k[Sn, b] is isomorphic to kSn as an S(b)-module,

and hence is simply n!
|S(b)| copies of the regular module.

Consider the quotient algebra of Pnn by all the ideals Pnn eλp′ below λp.

The central element eλp is idempotent in this quotient. Thus we can regard

Mλp as an idempotent subalgebra of the quotient, with identity element

eλp . The category of left Mλp -modules thus fully embeds in the category

of left Pnn -modules (§6.2 of Ref. 9), with the simple modules not hit by this

embedding coming from the other Mλp′ .

Now consider the idempotent [1, b0], b0 `̀ λp, and note that in the

algebra Mλp we have [1, b0][1, b] = δb0,b[1, b0]. We have

[1, b0]Mλp = [1, b0]
⊕

w∈Sn;b`̀λp

k[w, b] =
⊕

w∈Sn;b`̀λp

k[1, b0][w, b] =
⊕

w∈Sn

k[w, b0]

Thus

[1, b0]Mλp [1, b0] =
⊕

w∈Sn

k[w, b0][1, b0] =
⊕

w∈Sn

k[w, b0wb0w
−1]

=
⊕

w∈S(b0)

k[w, b0] ∼= kS(b0)

and

Mλp [1, b0]Mλp = Mλp

⊕

w∈Sn

k[w, b0] =


 ⊕

x∈Sn; b`̀λp

k[x, b]


 ⊕

w∈Sn

k[w, b0]

=
⊕

x∈Sn; b`̀λp

⊕

w∈Sn

k[x, b][w, b0] =
⊕

x∈Sn; b`̀λp; w∈Sn

k[xw, bxb0x
−1] = Mλp

Thus

Theorem 2. The algebras Mλp and kS(b0) (with b0 `̀ λp) are Morita

equivalent.

Recall that Pnn has a subalgebra isomorphic to P b
n. By restricting to this

we see that no two sections contain any isomorphic factors. Thus each simple

factor will appear in its section with multiplicity given by the dimension of

its projective cover (with this dimension bounded from below, ab initio, by

the dimension of the simple itself).
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It also follows that

ΛC(P
n
n ) =

⋃̇
λp `n

ΛC(Mλp)

so we have determined ΛC(Pnn ) (by Theorem 2 and the results in §3.2 –

equation(2) and Theorem 1). We will unpack the details shortly.

Next we compute the dimensions of these simple modules, and the over-

all algebra structure.

Consider the left submodule generated by an arbitrary non-zero element∑
ij cij [xi, yj ] of the λp-th section, Mλp . Choosing l so that some scalar

cil 6= 0, then in the section,

[1, yl]
∑

ij

cij [xi, yj ] =
∑

ij

cij [1, yl][xi, yj ] =
∑

ij

cij [xi, ylyj ] =
∑

i

cil[xi, yl]

Thus this submodule itself contains a submodule generated by
∑

i cil[xi, yl].

Further, by (1) this submodule contains, for every partition of shape λp, an

element of this form whose partition part is that partition. (These elements

are of course all linearly independent.) Thus

Lemma 2. Any submodule of Mλp contains a non-vanishing element of

form
∑

i ci[xi, b], with b `̀ λp.

How does Pnn = 〈[1, A12], [Sn, 1]〉 act on this element? As noted, [1, A12]

acts as 1 or 0. We consider the action of [Sn, 1] in two parts: [S(b), 1]; and

a traversal. The first part is simply a copy of S(b) ↪→ Pnn , so the element

in Lemma 2 generates at least a simple S(b)-module. But since S(b) fixes

b, the S(b)-module generated will be spanned by elements of this form, so

there will be an element of this form which generates precisely a simple

S(b)-module. Meanwhile the action of an element w of a traversal is

w
∑

i

ci[xi, b] = [w, 1]
∑

i

ci[xi, b] =
∑

i

ci[wxi, b
w]

Note that the right hand side generates an S(bw)-module that is isomorphic

(via the natural group isomorphism) to the original S(b)-module. This tells

us that every Pnn -submodule of Mλp decomposes as a vector space in to

summands, indexed by b `̀ λp, the b-th of which is an S(b)-module iso-

morphic (via the various group isomorphisms) to all the other summands.

Clearly then, in particular every simple Pnn -submodule is at least a sum

(as a vector space) of Dλp spaces each of which is an (isomorphic) simple

module for S(b) for the appropriate b.

In particular
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Proposition 4. For each inequivalent simple S(b)-module Lµ (i.e. with

µ ∈ Homλp(Λ∗,Λ) and λp ⊣⊣ b) of dimension mµ and basis {gµi xµ|i =

1, ..,mµ}, say (see §3.2), there is a simple P⋉
n -module L⋉

µ of dimension

dimL⋉

µ = mµDλp (8)

and basis {[wgµi xµ, b
w] | i = 1, ..,mµ, w ∈ TL

b }. The modules {L⋉
µ } are

pairwise inequivalent. �

Similarly,

Theorem 3. The decomposition of the b-th summand (any b) of Mλp it-

self, S(b)[1, b], into a series of simple S(b)-modules passes to a complete

decomposition of Mλp into a series of simple P⋉
n -modules of this construc-

tion.

That is, every simple P⋉
n -module arises this way (for some λp).

Working over k such that kS(b) is split semisimple for every shape (e.g.

over the complex numbers), the multiplicity of Lµ in the b-th summand is

mµDλp , since the summand is Dλp copies of the regular S(b)-module. Thus

(or by Theorem 2) each Mλp is semisimple (cf. §1.7 of Ref. 3 for example),

and hence

Theorem 4. Let n ∈ N. Over k as above, P⋉
n is split semisimple. The

simple modules may be indexed by the set Homn(Λ
∗,Λ). The dimensions of

the simple modules are given by (8), using (2) and (4). �

We give some concrete illustrative examples in the next Section. For

each λp we have

n!Dλp =
∑

µ∈Homλp(Λ∗,Λ)

(mλp

µ Dλp)2

n! =
∑

µ

(mλp

µ )2Dλp (9)

∏

i

((λi!)
pipi!) =

∑

µ

(mλp

µ )2

This is not a trivial identity, but it is simply the S(b) version of the hook

dimension formula (cf. Ref. 15). Note that the solution to this when Dλ = 1

is given by the hook dimension formula.
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Fig. 2. Bratelli diagram for Pnn (drawn rotated to fit on the page).
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3.5. Examples and combinatorial restriction

First we unpack Theorem 4 a little. The explicit simple module index sets

for the first few algebras Pnn (n = 1, 2, 3, 4, ...) are given in figure 2. In the

figure they appear as the vertices in the n-th layer of a certain directed

graph. In a vertex, i.e. in an element µ ∈ Homn(Λ
∗,Λ), we use here the

notation λ|µ(λ)|
µ(λ) for each ‘factor’ (i.e. each remaining (λ, µ(λ))-pair after

removing pairs of form λ
∅ ). (We further omit the brackets, if there is only

a single factor in µ.) The slight redundancy here (the exponent on the

‘numerator’ – a redundant addition to our notation in (6)) facilitates some

useful consistency checking in practical calculations.

To explicitly illustrate the application of the structure Theorem we com-

pute the dimensions of certain modules dimLnµ explicitly. For µ = (2)2(1)2

(2)(12)

we need D2212 = 6!
(2!)22!(1!)22! = 45, dimL (2)

(2)

= 2!
2!d(2)d

2
(2) = 1, and

dimL (1)

(12)

= 2!
2!d(12)d

2
(1) = 1 (from the formula (4)), giving dimLnµ = 45. For

(2)
(1)

(13)
(21) ,

(2)
(1)

(13)
(13) and (2)2

(2)
(1)
(1) we have D213 = 5!

2!3! = 10, and D221 = 5!
(2!)22! =

15.We have dimL (13)
(21)

= 3!
3!d(21)d

3
(1) = 2, and all the other dimLV s are 1. Al-

together then dimLn
(2)
(1)

(13)
(21)

= 20, dimLn
(2)
(1)

(13)

(13)

= 10, and dimLn
(2)2

(2)
(1)
(1)

= 15.

Next we turn attention to restriction rules. The graph in the figure shows

the Bratteli diagram of the sequence Pnn−1 ⊂ Pnn for n ≤ 4 (computed by

direct calculation of characters). A heuristic explanation for the general

process of restriction is as follows. (We assume that the reader is familiar

with induction and restriction rules for Sn.) A representation of the ‘right-

hand end’ of a diagram in a typical simple Pnn -module is as in Figure 3.

Here we shall call a collection of ‘strings’ with symmetrisation λ a λ-string.

Thus the last string in line in any diagram (i.e. string n) is involved in a

λ-string for some λ. The action of Pnn−1 on this Pnn -module excludes the

last string, which has the following effect. Firstly it ‘destroys’ a λ-string

into µ(λ), so we need to restrict µ(λ) Ã
∑

j µ(λ) − ej (cf. the first term

in (10) below). At the same time this creates a new λ− ek-string for each

suitable k. And for each such k this extra string gives rise to an induction

on µ(λ − ek), hence µ(λ − ek) Ã
∑

l µ(λ − ek) + el for each suitable l.

(Note that the overall degree of every term produced in this way is n− 1,

as required.)

In light of the above heuristic, we define another directed graph G with

vertex set Hom(Λ∗,Λ) as follows. Consider an element µ. Each non-trivial

factor is of the form λ
µ(λ) (or λ|µ(λ)|

µ(λ) in the redundant notation) as noted.
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We first define a linear map M from ZHom(Λ∗,Λ) to itself by

Mµ =
∑

λ

′ ∑

j

λ

µ(λ)− ej

∑

k

∑

l

λ− ek
µ(λ− ek) + el

µ|λ,λ−ek (10)

where the sum
∑′

λ is over partitions not mapped to ∅ by µ; and all the

sums involving rows of partitions are restricted to the appropriate addable

or subtractable rows as usual (if λ = (1) then the
∑

k nominally consists

in a single summand contributing a factor with ‘numerator’ (1) − e1 = ∅
and ‘denominator’ undefined — this overall-undefined factor is omitted, but

the term is kept); and µ|λ,λ−ek means µ with the images of λ, λ− ek both

omitted (NB, they are replaced by the explicitly given factors). We draw

an edge between µ and µ′ in G if µ′ appears in Mµ above.

The edges of G up to level 4 are again as in figure 2. For example

M (2)
(1) = (2)

∅
(1)

∅+e1
= (1)

(1) , and M (1)2

(2) = (1)
(1)

∅
− = (1)

(1) omitting the undefined

factor. A more challenging example is (2)2(1)2

(2)(12) . Here we have

Mµ =
(2)(1)3

(1)(21)
+

(2)(1)3

(1)(13)
+

(2)2(1)

(2)(1)
(11)

Note that the dimensions of the corresponding simple modules were com-

puted in our examples above, and indeed obey 45 = 20 + 10 + 15.

We conjecture that the graphs coincide. (If the conjecture is true then

the Bratteli diagram is multiplicity-free and, noting the results at the end

of Section 3.3, our ‘unification’ of wreaths would have the property sought

in our first motivating example.)

µ(λ)
λ λ

Fig. 3. Right-hand end of a representative diagram in a simple module over C, with
the last string marked.

3.6. Discussion

We remark that there is an established setting in which the Faa di Bruno

coefficients Dλp appear ensemble in a way intriguingly analogous to their
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role in Pnn . This is in the combinatorics of Bell matrices (that is, of Taylor

series of composite functions).1 Let g(x) =
∑

i=1 gi
xi

i! be a formal power

series with g(0) = 0. The Bell matrix is the matrix whose jth column

contains the coefficients of the corresponding power series for gj(x)
j! (see

e.g. (13.66) of Ref. 1). This begins

B[g] =




g1 0

g2 g21 0

g3 3g1g2 g31 0

g4 4g1g3 + 3g22 6g21g2 g41 0

g5 5g1g4 + 10g2g3 10g21g3 + 15g1g
2
2 10g31g2 g51 0

g6
6g1g5 + 15g2g4

+10g23

15g21g4 + 60g1g2g3
+15g32

20g31g3
+45g21g

2
2

15g41g2 g61 0

...




The coefficients (within the entries) in B[g] are the Faa di Bruno coefficients.

The intriguing point is that these coincide with the multiplicities Dλp from

(3), specifically with Dλp the coefficient of
∏

i g
pi

λi
. It would be interesting

to extend this connection to the dimensions of the simple modules of Pnn
(cf. Ref. 7 for example).
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2. LPTHIRM and Départment d’Aeronautique, Université de Blida. Algeria
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75252 Paris Cedex 05, France

5. Dept. of Math. Indiana University, Bloomington, Indiana, 47405 USA

We review developments made since 1959 in the search for a closed form for

the susceptibility of the Ising model. The expressions for the form factors in

terms of the nome q and the modulus k are compared and contrasted. The

λ generalized correlations C(M, N ;λ) are defined and explicitly computed in

terms of theta functions for M = N = 0, 1.

1. Introduction

There are three important thermodynamic properties of any magnetic sys-

tem in zero magnetic field: the partition function from which free energy

and the specific heat are obtained; the magnetization; and the magnetic

susceptibility. For the two dimensional Ising model in zero field defined by

E0 = −
∑

j,k

{Evσj,kσj+1,k + Ehσj,kσj,k+1} (1)

with σj,k = ±1 the free energy was first computed by Onsager1 in 1944

and the spontaneous magnetization was announced by Onsager in 19482

and proven by Yang3 in 1952. To this day a closed form for the magnetic

susceptibility has never been found. We will here trace the saga of the quest

for this susceptibility.

If we could solve the Ising model in the presence of a magnetic field H
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which interacts with the total spin of the system as

E = E0 −H
∑

j,k

σj,k (2)

then the magnetic susceptibility would be computed as

χ(H) =
∂M(H)

∂H
(3)

where the magnetization is

M(H) =
1

Z(H)

∑

σj,k=±1

σ0,0 e−E/kBT (4)

with the partition function defined by

Z(H) =
∑

σj,k=±1

e−E/kBT (5)

However, because the Ising model has only been solved for H = 0 we are

forced to restrict our attention to χ(0) which from (2)-(5) is given in terms

of the two point correlation functions as

kBTχ(0) =
∑

M,N

{〈σ0,0 σM,N 〉 −M(0)2} (6)

where M(0) is the spontaneous magnetization of the system which is zero

for T > Tc and for T < Tc

M(0) = (1− k2)1/8 (7)

where

k = (sinh 2Kv sinh 2Kh)−1 (8)

with Kv,h = Ev,h/kBT and Tc is defined by

k = 1. (9)

The first exact result for the susceptibility was given in 1959 by Fisher4

who used results of Kaufmann and Onsager5 to argue that as T → Tc the

susceptibility diverges as |T −Tc|
−7/4. The saga may be said to begin with

the concluding remark of this paper:

In conclusion we note that the relatively simple results (1) and (3)

suggest strongly that there is a closed expression for the susceptibility in

terms of elliptic integrals. It is to be hoped that such a formula will be

discovered,· · · .
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One year later Syozi and Naya,6 on the basis of short series expansions,

proposed such a formula for T > Tc which does not involve elliptic integrals

kBTχ(0) =
(1− sinh2 2Kv sinh2 2Kh)1/4

cosh 2Kv cosh 2Kh − sinh 2Kv − sinh 2Kh
(10)

However, when higher order terms were computed this conjecture was

shown not to be exact.

To this day the “closed expression” for the susceptibility hoped for in

Ref. 4 has not been found.

2. Form factor expansion and the λ extension

To proceed further a systematic understanding of the two point correlation

function is required. For short distances the correlations are well represented

by determinants5,7 whose size grows with the separation of the spins. How-

ever, in order to execute the sum over all separations required by (6) an

alternative form of the correlations which is efficient for large distances is

needed. The study of this alternative form was initiated in 1966 by Wu8

who discovered that for the row correlation 〈σ0,0σ0,N 〉 that when

N |T − Tc| � 1 for T < Tc

〈σ0,0σ0,N 〉 = (1− t)1/4 · {1 + f
(2)
0,N + · · · } (11)

with t = k2 with k given by (8). For T > Tc we define k =

sinh 2Kv sinh 2Kh and find

〈σ0,0σ0,N 〉 = (1− t)1/4 · {f
(1)
0,N + · · · } (12)

with t = k2. In (11) and (12) f
(n)
0,N is an n fold integral which exponentially

decays for large N . The results (11) and (12) are the leading terms in what

has become known as the form factor representation of the correlations

which in general for T < Tc is

〈σ0,0σM,N 〉 = (1− t)1/4 · {1 +
∞∑

n=1

f
(2n)
M,N} (13)

and for T > Tc

〈σ0,0σM,N 〉 = (1− t)1/4 ·

∞∑

n=0

f
(2n+1)
M,N (14)

where f
(n)
M,N is an n dimensional integral. For general M, N these f

(n)
M,N

were computed in 1976 by Wu, McCoy, Tracy and Barouch9 and related

forms are given in Refs. 10,11. However, for the diagonal correlations an
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alternative and simpler form is available which was announced in Ref. 12

and proven in Ref. 13. For the diagonal form factor for T < Tc

f
(2n)
N,N(t) =

tn(N+n)

(n!)2π2n

∫ 1

0

2n∏

k=1

dxkxN
k

n∏

j=1

(
(1− tx2j)(x

−1
2j − 1)

(1− tx2j−1)(x
−1
2j−1 − 1)

)1/2

∏

1≤j≤n

∏

1≤k≤n

(
1

1− tx2k−1x2j

)2 ∏

1≤j<k≤n

(x2j−1 − x2k−1)
2(x2j − x2k)2

(15)

for T > Tc

f
(2n+1)
N,N (t) =

t(n+1/2)N+n(n+1)

n!(n + 1)!π2n+1

∫ 1

0

2n+1∏

k=1

dxkxN
k

n+1∏

j=1

x−1
2j−1[(1− tx2j−1)(x

−1
2j−1 − 1)]−1/2

n∏

j=1

x2j [(1− tx2j)(x
−1
2j − 1)]1/2

∏

1≤j≤n+1

∏

1≤k≤n

(
1

1− tx2j−1x2k

)2

∏

1≤j<k≤n+1

(x2j−1 − x2k−1)
2

∏

1≤j<k≤n

(x2j − x2k)2 (16)

In particular

f
(1)
N,N(t) = tN/2 ·

Γ(N + 1/2)

π1/2N !
· F

(
1

2
, N +

1

2
; N + 1; t

)
(17)

where F (a, b; c; t) is the hypergeometric function.

It is often useful and instructive to extend the form factor expansions

(13) and (14) by weighting f
(n)
M,N by λn and thus we define “λ generalized

correlations”

C−(M, N ; λ) = (1− t)1/4 · {1 +

∞∑

n=1

λ2nf
(2n)
M,N} (18)

and for T > Tc

C+(M, N ; λ) = (1− t)1/4 ·

∞∑

n=0

λ2n+1f
(2n+1)
M,N (19)

This λ extension was first introduced in 1977 by McCoy, Tracy and Wu14

in the context of the scaling limit.
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3. Leading divergence as T → Tc

These form factor expansions may now be used in (6) where the sums over

M, N are easily executed under the integral signs to produce a correspond-

ing expansion of the susceptibility9 which we write for T < Tc as

kBTχ(0) = (1− t)1/4 ·

∞∑

n=1

χ̂(2n) (20)

and for T > Tc

kBTχ(0) = (1− t)1/4 ·

∞∑

n=0

χ̂(2n+1) (21)

where

χ̃(n) =

∞∑

M=−∞

∞∑

N=−∞

f
(n)
M,N . (22)

For n = 1, 2 the χ̂(n) are explicitly evaluated.9 For the isotropic lattice we

have

χ̂(1) =
1

(1− k1/2)2
(23)

χ̂(2) =
(1 + k2)E − (1− k2)K

3π(1− k)(1− k2)
(24)

where K and E are the complete elliptic integrals of the first and second

kind. The form (10) of Syozi and Naya6 with Kv = Kh is seen to be the

first term in (21). It is quite clear that unlike the 1959 argument of Ref. 4

the behavior of the susceptibility as T → Tc will be different depending on

whether T approaches Tc from above or below. This dramatic difference

was first seen in 1973 in Ref. 15 where it is shown that for T → Tc±

kBχ(0) ∼ C0± · |T − Tc|
−7/4 (25)

where

C0± = 2−1/2 · coth 2Kv
c coth 2Kh

c · [K
v
c coth 2Kv

c + Kh
c coth 2Kh

c ]−7/4 · I±

and I± have been numerically evaluated to 52 digits in Ref. 16:

I+ = 1.000815260440212647119476363047210236937534925597789 · · ·

I− =
1

12π
· 1.000960328725262189480934955172097320572505951770117 · · ·
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4. The singularities of Nickel

The next advance in the understanding of the analytic structure of the sus-

ceptibility came in 1996 when Guttmann and Enting,17 using resummed

high temperature series expansions of the anisotropic Ising model, argued

that the susceptibility cannot satisfy a finite order differential equation and

raised the question of the occurrence of a natural boundary. This natural

boundary argument was made very concrete for the isotropic case in 199918

and 200019 by Nickel who analyzed the singularities of the n fold integrals

χ̃(n). These integrals, of course, have singularities at T = Tc where the indi-

vidual correlation functions 〈σ0,0σM,N 〉 have singularities. However, Nickel

made the remarkable discovery that the integrals, for χ̂(n), contain many

more singularities. In particular he found that, for the isotropic lattice, χ̂(n)

has singularities in the complex temperature variable s = sinh 2E/kBT at

s = sj,k = eiθj,k (26)

where

2 cos(θj,k) = cos(2πk/n) + cos(2πj/n) (27)

For n odd (T > Tc) the behavior of χ̂(n) near the singularity is

χ̂(2n+1) ∼ ε2n(n+1)−1 · ln ε (28)

with

ε = 1 − s/sj,k (29)

and for even n (T < Tc)

χ̂(2n) ∼ ε2n2−3/2 (30)

The discovery of these singularities demonstrates that the magnetic sus-

ceptibility is a far more complicated object than either the free energy or

the spontaneous magnetization and that the hope expressed in Ref. 4 of a

closed form in terms of a few elliptic integrals is far too simple.

5. The theta function expressions of Orrick, Nickel,

Guttmann and Perk

In the following year a major advance was made by Orrick, Nickel,

Guttmann and Perk16 who studied both the form factors and the suscep-

tibility by means of generating on the computer series of over 300 terms.

From these series they then made several remarkable conjectures for the

form factors.
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To present these conjectures we define theta functions as

θ1(u, q) = 2
∞∑

n=0

(−1)n q(n+1/2)2 sin[(2n + 1)u] (31)

θ2(u, q) = 2

∞∑

n=0

q(n+1/2)2 cos[(2n + 1)u] (32)

θ3(u, q) = 1 + 2

∞∑

n=1

qn2

cos 2nu (33)

θ4(u, q) = 1 + 2

∞∑

n=1

(−1)n qn2

cos 2nu (34)

and for u = 0 we use the short hand

θ2 = θ2(0, q), θ3 = θ3(0, q), θ4 = θ4(0, q) (35)

The quantity q is the nome of the elliptic functions and is related to the

modulus k by the relation

k = 4 q1/2 ·

∞∏

n=1

[
1 + q2n

1 + q2n−1

]4
(36)

In terms of these theta functions, conjectures for form factors are given

in sec. 5.2 of Ref. 16 by defining an operator Φ0 which converts a power

series in z to a power series in q as

Φ0

( ∞∑

n=0

cnzn
)

=
∞∑

n=0

cnqn2/4 (37)

Conjectures are then given for f
(n)
0,0 , f

(n)
1,1 , f

(n)
1,0 , f

(n)
2,0 and f

(n)
2,1 . In partic-

ular we note

2−n · (1− k2)1/4 · f
(n)
0,0 =

(1, k−1/2)

θ3
· Φ0

( zn(1− z2)

(1 + z2)n+1

)
(38)

and

2−n · (1− k2)1/4f
(n)
1,1 =

2 (n + 1)(1, k−1/2)

θ2θ
2
3

· Φ0

(zn+1(1− z2)

(1 + z2)n+2

)
(39)

where

(1, k−1/2) = 1 for T < Tc (n even)

k−1/2 for T > Tc (n odd). (40)



September 2, 2010 18:56 WSPC - Proceedings Trim Size: 9in x 6in 015˙mccoy

294 B.M. McCoy et al.

6. Linear differential equations

A second approach to the form factors and susceptibility was initiated in

2004 in Ref. 20 and subsequently greatly developed in Refs. 21–26. These

studies are similar to Ref. 16 in that they expand the form factors and

susceptibility in long series. However, instead of the nome q the expansion

is in the (modular) variable t. The goal of these studies is to characterize

the n particle contributions χ̂(n)(t) to the susceptibility in terms of finding

a Fuchsian linear ordinary differential equation satisfied by χ̂(n)(t). Such

a linear differential equation always exists for an n-fold integral with an

algebraic integrand in some well-suited choice of integration variable and in

the parameter t. However the order and the degree of the equation rapidly

become large for increasing n and it may take series of many thousands of

terms to find the differential equation. Such a study can only be done by

computer.

There are several features of these differential equations to be noted. In

particular the operator which annihilates χ̂(n) factorizes and furthermore

the operator has a direct sum decomposition such that χ̂(n−2j) for j =

1, · · · [n/2] are “contained” in χ̂(n).

7. Diagonal form factors

With the observation of factorization, direct sum decomposition and Nickel

singularities of the n particle contributions to the bulk susceptibility χ̂(n), it

has become clear that the susceptibility is far more complicated than what

was envisaged by Fisher4 in 1959. Because of this complexity the question

was asked if there could be a simpler object to study which would yet be

able to give insight into the structures which had been observed. Several

such “simplified” objects have been studied27 which consist of more or less

forcibly modifying parts of the integrals for the χ̂(n). However, there is one

“simplified” model which commands interest in its own right. This is the

“diagonal susceptibility” which is defined28 by restricting the sum in (6) to

the correlation of spins on the diagonal

kBT · χd =
∞∑

N=−∞

{〈σ0,0σN,N〉 −M2(0)}. (41)

In statistical language this diagonal susceptibility is the susceptibility

for a magnetic field interacting only with the spins on one diagonal. In

magnetic language this is the p = 0 value of the groundstate structure
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function

Sx(p) =

∞∑

j=−∞

eipj{〈σx
0σx

j 〉 −M2
x} (42)

of the transverse Ising model

HTI =

∞∑

j=−∞

{σx
j σx

j+1 + Hzσz
j } (43)

These interpretations give the diagonal susceptibility a physical inter-

pretation which the other “simplified” models do not have.27 Furthermore

much more analytic information is available for the diagonal Ising corre-

lations than for correlations off the diagonal. Firstly it is known from the

work of Jimbo and Miwa29 that the diagonal correlations are characterized

by the solutions of a particular sigma form of Painlevé VI equation and

secondly the integral representation of the diagonal form factors (15) and

(16) is more tractable than the representation of the general off diagonal

correlations.

The diagonal form factors have been extensively studied in Ref. 12 by

means of processing the differential equations obtained from long series

expansions by use of Maple. Diagonal form factors f
(n)
N,N for n as large as

9 and N as large as 4 have been studied and many examples are given

in Ref. 12 where they have all been reduced to expressions in the elliptic

integrals E and K. A few such examples are as follows:

For n = 1 (when the hypergeometric function of (17) is reduced to the

basis of E and K by use of the contiguous relations)

f
(1)
0,0 = (2/π) ·K (44)

t1/2 f
(1)
1,1 = (2/π) · {K −E} (45)

3 t f
(1)
2,2 = (2/π) · {(t + 2 )K − 2(t + 1) E} (46)

15 t3/2 f
(1)
3,3 = (2/π) · {(4t2 + 3t + 8) K − (8t2 + 7t + 8) E} (47)

105 t2 f
(1)
4,4 = (2/π) · {(24t3 + 17t2 + 16t + 48)K

− (48t3 + 40t2 + 40t + 48) E}; (48)
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for n = 2

2 f
(2)
0,0 = (2/π)2 ·K (K −E) (49)

2 f
(2)
1,1 = 1 − (2/π)2 ·K · {(t− 2) K + 3E} (50)

6 t f
(2)
2,2 = 6t

−(2/π)2 · {6t2 − 11t + 2) K2 + (15t− 4) KE + 2(t + 1) E2} (51)

90 t2 f
(2)
3,3 = 135t2 − (2/π)2 · {(137t3 − 242t2 + 52t + 8) K2 (52)

−(8t3 − 319t2 + 112t + 16) KE + 4(t + 1)(2t2 + 13t + 2)E2} (53)

3150 t3 f
(2)
4,4 = 6300 t3

−(2/π)2 · {(32t5 + 6440t4 − 11191t3 + 2552t2 + 464t + 128) K2

−(128t5 + 576t4 − 14519t3 + 5648t2 + 1056t + 256) KE

+8(1 + t)(16t4 + 58t3 + 333t2 + 58t + 16) E2}; (54)

for n = 3

6 f
(3)
0,0 = (2/π) · K − (2/π)3 · K2{(t− 2) K + 3E} (55)

6 t1/2 f
(3)
1,1 = 4 (2/π) · (K −E)− (2/π)3 ·K{(2t− 3) K2 + 6KE − 3E2}

(56)

18 t f
(3)
2,2 = 7 (2/π) · {(t + 2) K − 2 (t + 1) E} (57)

−(2/π)3 · {3(t2 − 2) K3 − 3 (2t2 − 11t + 2) K2E

−36 (t− 1) KE2 − 24E3} (58)

270 t5/2 f
(3)
3,3 = 30(2/π){(4t2 + 3t + 8) K − (8t2 + 7t + 8) t E}

−(2/π)3 · {(72t4 − 158t3 + 189t2 − 156t + 8) K3

−6(24t4 − 108t3 + 29t2 − 6t + 4) K2E

−3 (232t3 − 111t2 − 180 t − 8) KE2

−4 (t + 1)(2t2 + 103t + 2) t E3}; (59)
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for n = 4

24 f
(4)
0,0 = 4 (2/π)2 ·K (K −E)

−(2/π)4 ·K2{(2t− 3) K2 + 6KE − 3E2} (60)

24 f
(4)
1,1 = 9 − (2/π)2 · 10 K{(t− 2) K + 3E}

+(2/π)4 ·K2{(t2 − 6t + 6) K2 + 10 (t− 2) KE + 15E2} (61)

72 t f
(4)
2,2 = 72t

−(2/π)2 · 16 · {(6t2 − 11t + 2) K2 + (15t− 4) KE + 2(t + 1) E2}

+(2/π)4 · {24t3 − 98t2 + 113t− 36) K4 + 2 (74t2 − 157t + 66) K3E

+3 (71t− 60) K2E2 + 12 (t + 9) KE3 − 24E4}. (62)

These examples are sufficient to illustrate the following phenomena

which hold for all examples considered in Ref. 12 and which are certainly

true in general:

f
(2n)
N,N =

n∑

j=0

c−j;ng
(2j)
N,N(t) (63)

f
(2n+1)
N,N =

n∑

j=0

c+
j;ng

(2j+1)
N,N (t) (64)

where c±j;n are constants independent of t and g
(j)
N,N(t) for even j are of the

form

g
(2n)
0,0 (t) =

n∑

j=0

P−j,n;0(t) K2n−jEj (65)

g
(2n)
1,1 (t) =

n∑

j=0

P−j,n;1(t) K2n−jEj (66)

g
(2n)
N,N(t) = t−N+1

2n∑

j=0

P−j,n;N (t) K2n−jEj for N ≥ 2 (67)



September 2, 2010 18:56 WSPC - Proceedings Trim Size: 9in x 6in 015˙mccoy

298 B.M. McCoy et al.

and for odd j

g
(2n+1)
0,0 (t) =

n∑

j=0

P+
j,n;0(t) K2n+1−jEj (68)

g
(2n+1)
1,1 (t) = t−1/2

n+1∑

j=0

P+
j,n;1(t) K2n+1−jEj (69)

g
(2n+1)
N,N (t) = t−N/2

2n+1∑

j=0

P+
j,n;N (t) K2n+1−jEj for N ≥ 2 (70)

where P±j,n;m(t) are polynomials.

The decompositions (63) and (64) represent a direct sum decomposition

of the form factors.28 The functions g
(j)
N,N individually are annihilated by

Fuchsian operators which are equivalent to the j + 1 symmetric power of

the second order operator associated with the complete elliptic integral E

(or equivalently K).

We also observe the relation between f
(n)
1,1 (t) and f

(n+1)
0,0 (t)

(2/π) ·K · f
(2n)
1,1 (t) = (2n + 1) · f

(2n+1)
0,0 (t) (71)

(2/π) · t1/2 ·K · f
(2n+1)
1,1 (t) = 2 (n + 1) · f

(2n+2)
0,0 (t) (72)

8. Nome q-representation versus modulus k-representation

We will need the following identities which relate functions of the nome

q = eiπτ where τ = iK(k′)/K(k) with functions of the modulus k

k =
θ2
2

θ2
3

, k′ = (1− k2)1/2 =
θ2
4

θ2
3

, (73)

2

π
K = θ2

3, and
dq

dk
=

π2

2

q

kk′2K2
(74)

which we will use as

q
d

dq
=

2

π2
k k′2 ·K2 ·

d

dk
. (75)

We will also use

dK

dk
=

E − k′2K

kk′2
,

dE

dk
=

E −K

k
(76)
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8.1. f
(2n)

0,0

We first write (38) for j = 2n using (73) as

f
(2n)
0,0 =

1

θ4
· Φ0

(22nz2n(1− z2)

(1 + z2)2n+1

)
(77)

Thus, by use of the elementary expansion

22n · z2n · (1− z2)

(1 + z2)2n+1
= 2

(−1)n

(2n)!

∞∑

j=0

(−1)j z2j

n−1∏

m=0

4 [j2 −m2] (78)

and the definition (37) of the operator Φ0 we find that in terms of the nome

q

f
(2n)
0,0 = 2

(−1)n 4n

θ4(2n)!
·

∞∑

j=0

(−1)j qj2
n−1∏

m=0

[j2 −m2]

= 2
(−1)n 4n

θ4(2n)!
·

∞∑

j=0

(−1)j

n−1∏

m=0

[q
d

dq
−m2]qj2

=
(−1)n 4n

θ4(2n)!
·

n−1∏

m=1

[q
d

dq
−m2] · q

d

dq
θ4. (79)

To convert this to an expression in terms of the modulus k we first use

(73) to write

θ2
4 =

2

π
· k′ ·K (80)

and thus using (74)

q
d

dq
θ2
4 =

2

π2
· k k′2 ·K2 ·

d

dk

(
2

π
k′K

)
(81)

which using (76) reduces to

q
d

dq
θ2
4 =

2

π2
· k′ ·K2 ·

2

π
{E −K}. (82)

Using (80) on the right hand side we find

2 θ4 · q
d

dq
θ4 =

2

π2
· θ2

4 ·K · {E −K} (83)

and thus

1

θ4
· q

d

dq
θ4 =

1

π2
·K · {E −K}. (84)
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To evaluate f
(2)
0,0 we use (84) in (79) with n = 1 to obtain

f
(2)
0,0 =

2

π2
·K · {K −E} (85)

which is in agreement with (49). For arbitrary n the form factor f
(2n)
0,0 is

obtained from (79) by repeated use of (84) and (76).

8.2. f
(2n+1)

0,0

To study f
(2n+1)
0,0 we first use (73) to write (38) as

f
(2n+1)
0,0 =

θ3

θ2θ4
· Φ0

(22n+1z2n+1(1− z2)

(1 + z2)2n+2

)
(86)

and then, using the elementary expansion

22n+1 · z2n+1 · (1− z2)

(1 + z2)2n+2
(87)

= 2
(−1)n

(2n + 1)!
·

∞∑

j=0

(2j + 1) · (−1)j · z2j+1 ·

n−1∏

m=0

[(2j + 1)2 − (2m + 1)2]

and the definition (37) of the operator Φ0 we find

f
(2n+1)
0,0

=
θ3

θ2θ4

2(−1)n

(2n + 1)!
·
∞∑

j=0

(2j +1) · (−1)j ·q(2j+1)2/4 ·
n−1∏

m=0

[(2j +1)2− (2m+1)2]

=
θ3

θ2θ4

2 (−1)n

(2n + 1)!
·

n−1∏

m=0

[4 q
d

dq
− (2m + 1)2]

∞∑

j=0

(2j + 1)(−1)jq(2j+1)2/4.

(88)

Thus, if we write

2

∞∑

j=0

(2j + 1) · (−1)j · q(2j+1)2/4 =
∂

∂u
θ1(u, q)|u=0 = θ2θ3θ4 (89)

where in the last line we have used a well known identity, we find the result

f
(2n+1)
0,0 =

θ3

θ2θ4

(−1)n

(2n + 1)!
·

n−1∏

m=0

[4 q
d

dq
− (2m + 1)2] θ2θ3θ4. (90)

We may now use (73)–(76) to reduce (90) from a function of q to a

function of k.



September 2, 2010 18:56 WSPC - Proceedings Trim Size: 9in x 6in 015˙mccoy

The saga of the Ising susceptibility 301

For n = 0 we use (74) to find

f
(1)
0,0 = θ2

3 =
2

π
·K (91)

which agrees with (44).

For n ≥ 3 we need an expression analogous to (84) for the product

θ2θ3θ4. From (73), (74)

θ2
2θ

2
3θ

2
4 = k k′ · (2 K/π)3 (92)

and thus

q
d

dq
θ2
2θ

3
3θ

2
4 = 2 θ2θ3θ4 · q

d

dq
θ2θ3θ4 =

2

π2
· k k′2 K2 ·

d

dk
{k k′(2 K/π)3}

=
2

π2
· k k′ · (2K/π)3 ·K · {(k2 − 2) K + 3E}

=
2

π2
· θ2

2 θ2
3 θ2

4 ·K · {(k
2 − 2) K + 3E}. (93)

Therefore we obtain

q
d

dq
θ2θ3θ4 =

1

π2
θ2θ3θ4 ·K {(k

2 − 2) K + 3E} (94)

which when used in (90) with n = 1 gives

f
(3)
0,0 =

1

3!
· {(2/π) ·K − (2/π)3 K · [(k2 − 2) K + 3E]} (95)

which is in agreement with (55).

8.3. f
(n)

1,1

The equalities (71) and (72) which express f
(n)
1,1 in terms of f

(m)
0,0 follow

immediately from (38) and (39) by use of (73) and (74).

9. The λ generalized correlations

For N = 0, 1 the diagonal λ generalized correlations defined by (18) and

(19) may be obtained by using the expressions for (1− t)1/4f
(n)
N,N in terms

of the operator Φ0 as given by (38) and (39). In this form the sums over

n are easily done as geometric series and the operator Φ0 is then used to

convert the series in z to series in the nome q which can then be expressed

in terms of θ functions as was done in the previous section. Then, setting

λ = cosu (96)
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we obtain the following results

C−(0, 0; λ) =
θ3(u; q)

θ3(0; q)
(97)

C+(0, 0; λ) =
θ2(u; q)

θ2(0; q)
(98)

C−(1, 1; λ) =
−θ′2(u; q)

sin(u)θ2(0; q)θ3(0; q)2
(99)

C+(1, 1; λ) =
−θ′3(u; q)

sin(u)θ2
2(0; q)θ3(0; q)

(100)

where prime indicates the derivative with respect to u. The result (97) was

first reported in Ref. 12. The results (98)–(100) have recently been given in

Ref. 30. For u a rational multiple of π these diagonal generalized correla-

tions reduce to algebraic functions of the modulus k. Several examples for

C−(0, 0; λ), C−(1, 1; λ) and C−(2, 2; λ) are given in Ref. 12.

10. Diagonal susceptibility

We may now explicitly obtain28 the diagonal susceptibility by using the

form factor expansion (13)–(16) in the definition (41) and evaluate the sum

on N as a geometric series. We obtain for T < Tc

kT · χd−(t) = (1− t)1/4 ·

∞∑

n=1

χ̃
(2n)
d (t) (101)

with

χ̃
(2n)
d (t) =

tn
2

(n!)2
1

π2n
·

∫ 1

0

· · ·

∫ 1

0

2n∏

k=1

dxk ·
1 + tn x1 · · ·x2n

1 − tn x1 · · ·x2n

×
n∏

j=1

(
x2j−1(1− x2j)(1− tx2j)

x2j(1− x2j−1)(1 − t x2j−1)

)1/2

×
∏

1≤j≤n

∏

1≤k≤n

(1 − t x2j−1 x2k)−2

×
∏

1≤j<k≤n

(x2j−1 − x2k−1)
2 (x2j − x2k)2 (102)

and for T > Tc

kT · χd+(t) = (1− t)1/4 ·

∞∑

n=0

χ̃
(2n+1)
d (t) (103)
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with

χ̃
(2n+1)
d (t) =

tn(n+1))

π2n+1n! (n + 1)!
·

∫ 1

0

· · ·

∫ 1

0

2n+1∏

k=1

dxk

×
1 + tn+1/2 x1 · · ·x2n+1

1 − tn+1/2 x1 · · ·x2n+1
·

n∏

j=1

(
(1− x2j)(1 − t x2j) · x2j

)1/2

×
n+1∏

j=1

(
(1 − x2j−1)(1 − t x2j−1) · x2j−1

)−1/2

×
∏

1≤j≤n+1

∏

1≤k≤n

(1 − t x2j−1 x2k)−2 (104)

×
∏

1≤j<k≤n+1

(x2j−1 − x2k−1)
2

∏

1≤j<k≤n

(x2j − x2k)2.

This diagonal susceptibility has been extensively studied in Ref. 28.

The integrals for χ̃
(1)
d (t) and χ̃

(2)
d (t) are explicitly evaluated as

χ̃
(1)
d (t) =

1

1 − t1/2
(105)

and

χ̃
(2)
d (t) =

1

8πi

∮
dz1

t

(1 − t1/2z1)(z1 − t1/2)
=

t

4 (1− t)
. (106)

Fuchsian equations have been obtained for χ̃
(3)
d (t), χ̃

(4)
d (t) and χ̃

(5)
d (t).

From these equations we find that χ̃
(3)
d (t) has a direct sum decomposi-

tion into the sum of three terms. One term is just χ̃
(1)
d (t) as given by (105);

the second is

1

k − 1
· (2K/π) +

1

(k − 1)2
· (2E/π) (107)

and the three solutions to the differential equation for the third term are

two Meijer G functions and

(1 + 2k)(k + 2)

(1− k)(1 + k + k2)
· {F (1/6, 1/3; 1; Q)2

+
2Q

9
· F (1/6, 1/3; 1; Q)F (7/6, 4/3; 2; Q)} (108)

where

Q =
27

4

(1 + k)2k2

(k2 + k + 1)2
(109)
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Furthermore the χ̃
(n)
d (t) have singularities on |t| = 1 which are the

analog of the Nickel singularities for the bulk susceptibility. For T < Tc the

singularities in χ̃(2n)(t) are at tn = 1 and are of the form ε2n2−1 ln ε and for

T > Tc the singularities in χ̃(2n+1) are at tn+1/2 = 1 and are of the form

ε(n+1)2−1/2.

11. Natural boundary

The most intriguing feature in both the bulk and the diagonal susceptibility

are the singularities on the unit circle of the modular variable k = 1. As n

increases the number of these singularities increases and becomes dense as

n → ∞. Therefore, unless a massive cancellation occurs the susceptibility

will have a natural boundary on the circle |k| = 1. Recently further argu-

ments in favor of such a natural boundary were given in Ref. 23. In terms

of the nome q the circle |k| = 1 corresponds to the curve in Fig. 1.

Fig. 1. The curve in the plane of the nome q of the unit circle |k| = 1

12. Conclusion

We have seen that since 1959 a great deal of progress has been made in

understanding the susceptibility of the Ising model and that the analytic

structure is vastly more complicated than was envisaged 50 years ago in

Ref. 4. In particular the existence of a natural boundary is a completely
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new phenomenon which has never before appeared in the study of critical

behavior. The connections with elliptic modular functions are profound and

extensive and much of the structure still remains to be discovered. It is quite

remarkable that in 50 years the problem has not been solved.
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Consider a tensor product of finite-dimensional irreducible gl
N+1

-modules and

its decomposition into irreducible modules. The gl
N+1

Gaudin model assigns to

each multiplicity space of that decomposition a commutative (Bethe) algebra

of linear operators acting on the multiplicity space. The Bethe ansatz method

is a method to find eigenvectors and eigenvalues of the Bethe algebra. One

starts with a critical point of a suitable (master) function and constructs an

eigenvector of the Bethe algebra.

In this paper we consider the algebra of functions on the critical set of the

associated master function and show that the action of this algebra on itself

is isomorphic to the action of the Bethe algebra on a suitable subspace of the

multiplicity space.

As a byproduct we prove that the Bethe vectors corresponding to different

critical points of the master function are linearly independent and, in particu-

lar, nonzero.

Keywords: Bethe ansatz; Gaudin model.

1. Introduction

Let Lλ be the irreducible finite-dimensional glN+1-module of highest weight

λ. Let LΛ = ⊗n
s=1Lλ(s) be a tensor product of such modules, and

LΛ = ⊕λ(∞)Lλ(∞) ⊗ Wλ(∞) the decomposition into irreducible represen-

tations. The multiplicity space Wλ(∞) of Lλ(∞) can be identified with

Sing LΛ[λ(∞)] ⊂ LΛ, the subspace of singular vectors of weight λ(∞).

To each multiplicity space Sing LΛ[λ(∞)] and distinct complex numbers

z1, . . . , zn, the glN+1 Gaudin model assigns a commutative subalgebra of
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End (Sing LΛ[λ(∞)]) called the Bethe algebra and denoted by B
Λ,λ(∞),z.

The B
Λ,λ(∞),z-module Sing LΛ[λ(∞)] has an interesting geometric real-

ization. In Ref. 6 we constructed an isomorphism of the B
Λ,λ(∞),z-module

Sing LΛ[λ(∞)] and the regular representation of the algebra of functions

on the scheme-theoretical intersection of suitable Schubert cycles. This iso-

morphism can be viewed as the geometric Langlands correspondence in the

glN+1 Gaudin model. In Ref. 7 we argued that this geometric Langlands

correspondence extends to the third, equally important, player — the al-

gebra of functions on the critical set of the corresponding master function.

In this paper we prove another result supporting that principle.

The master and weight functions are useful objects associated with each

multiplicity space Sing LΛ[λ(∞)], see Ref. 13. They are functions of some

auxiliary variables t = (t
(i)
j ). The master function Φ(t) is a scalar function

and the weight function ω(t) is an LΛ-valued function. They are used in

the Bethe ansatz method to construct eigenvectors of the Bethe algebra

B
Λ,λ(∞),z. Namely, if p is a critical point of the master function then the

vector ω(p) lies in Sing LΛ[λ(∞)] and is an eigenvector of the Bethe algebra,

see Ref. 5.

In this paper we consider the algebra AΦ of functions on the critical

set of the master function. With the help of the weight function, we con-

struct a linear embedding α : AΦ → Sing LΛ[λ(∞)] and show that α(AΦ)

is a B
Λ,λ(∞),z-submodule of Sing LΛ[λ(∞)]. We denote the image of B in

End(α(AΦ)) by AB . We construct an algebra isomorphism β : AΦ → AB

and show that the AB-module α(AΦ) is isomorphic to the regular represen-

tation of AΦ. That statement is our main result, see Theorems 5.5 and 7.1.

As a byproduct we show that for any critical point p of the master function,

the vector ω(p) is nonzero. For a nondegenerate critical point that fact was

proved in Ref. 10 and Ref. 15.

The paper is organized as follows. In Section 2 we define the master

function Φ and the algebra AΦ of functions on the critical set CΦ of the

master function. The algebra AΦ is the direct sum of local algebras Ap,Φ

corresponding to points p ∈ CΦ. In Theorem 2.1 we describe useful gener-

ators of the algebra Ap,Φ. We prove Theorem 2.1 in Section 3. In Section 4

the Bethe algebra is introduced. We define the weight function in Section 5

and formulate our first main result Theorem 5.5. We prove Theorem 5.5 in

Section 6. Our second main result, Theorem 7.1 is formulated and proved

in Section 7.

The authors thank P. Belkale for help in proving Theorem 2.1. The
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author is supported in part by NSF grant DMS-0901616. The third author

is supported in part by NSF grant DMS-0555327.

2. Algebra AΦ

2.1. Lie algebra glN+1

Let eij , i, j = 1, . . . , N + 1, be the standard generators of the Lie algebra

glN+1 satisfying the relations [eij , esk] = δjseik − δikesj . Let h ⊂ glN+1

be the Cartan subalgebra generated by eii, i = 1, . . . , N + 1. Let h∗ be

the dual space. Let εi, i = 1, . . . , N + 1, be the basis of h∗ dual to the

basis eii, i = 1, . . . , N + 1, of h. Let α1, . . . , αN ∈ h∗ be simple roots,

αi = εi − εi+1. Let ( , ) be the standard scalar product on h∗ such that the

basis εi, i = 1, . . . , N + 1, is orthonormal.

A sequence of integers λ = (λ1, . . . , λN+1) such that λ1 > λ2 > · · · >

λN+1 > 0 is called a partition with at most N + 1 parts . Denote |λ| =∑N+1
i=1 λi. We identify partitions λ with vectors λ1ε1 + · · ·+ λN+1εN+1 of

h∗.

2.2. Master function

Let Λ = (λ(1), . . . , λ(n)) be a collection of partitions, where λ(i) =

(λ
(i)
1 , . . . , λ

(i)
N+1) and λ

(i)
N+1 = 0. Let l = (l1, . . . , lN ) be nonnegative integers

such that

λ(∞) =

n∑

i=1

λ(i) −

N∑

j=1

ljαj

is a partition. Denote l = l1 + · · ·+ lN ,

t = (t
(1)
1 , . . . , t

(1)
l1

, t
(2)
1 , . . . , t

(2)
l2

, . . . , t
(N)
1 , . . . , t

(N)
lN

) .

Fix a collection of distinct complex numbers z = (z1, . . . , zn). Let Φ(t) be

the master function associated with this data,

Φ(t) =

N∏

i=1

∏

16j<j′6li

(t
(i)
j − t

(i)
j′ )2

×

N−1∏

i=1

li∏

j=1

li+1∏

j′=1

(t
(i)
j − t

(i+1)
j′ )−1

N∏

i=1

li∏

j=1

n∏

s=1

(t
(i)
j − zs)

−(λ(s),αi).

Denote

U = {p ∈ Cl | Φ is well-defined at p and Φ(p) 6= 0}. (1)
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The set U is the complement in Cl to a union of hyperplanes. The master

function is a rational function regular on U .

Denote by C(t)U the algebra of rational functions on Cl regular on U .

The partial derivatives

Ψij = ∂(log Φ)/∂t
(i)
j , i = 1, . . . , N, j = 1, . . . , li ,

are elements of C(t)U . Denote by IΦ ⊂ C(t)U the ideal generated by Ψij ,

i = 1, . . . , N, j = 1, . . . , li, and set

AΦ = C(t)U/IΦ. (2)

Denote by CΦ the zero set of the ideal. The zero set is finite, Ref. 9. The

algebra AΦ is finite-dimensional and is the direct sum of local algebras,

AΦ = ⊕p∈CΦAp,Φ

corresponding to points p ∈ CΦ. For p ∈ CΦ, the local algebra Ap,Φ may be

defined as the quotient of the algebra of germs at p of holomorphic functions

modulo the ideal Ip,Φ generated by all the functions Ψij . The algebra Ap,Φ

contains the maximal ideal mp generated by the germs of functions equal

to zero at p.

2.3. Generators of the local algebra of a critical point

Let u be a variable. Define an N -tuple of polynomials T1, . . . , TN ∈ C[u],

Ti(u) =

n∏

s=1

(u− zs)
(λ(s),αi) ,

an N -tuple of polynomials y1, . . . , yN ∈ C[u, t],

yi(u, t) =

li∏

j=1

(u− t
(i)
j ) ,

and the differential operator

DΦ = (∂u − log′(
T1 . . . TN

y1
))

× (∂u − log′(
y1T2 . . . TN

y2
)) . . . (∂u − log′(

yN−1TN

yN

))(∂u − log′(yN )),

where ∂u = d/du and log′ f denotes (df/du)/f . We have

DΦ = ∂N+1
u +

N+1∑

i=1

Gi ∂N+1−i
u , Gi =

∞∑

j=i

Giju
−j , (3)
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where Gij ∈ C[t].

For p ∈ CΦ, f ∈ C(t)U denote by f̄ the image of f in Ap,Φ. Denote

D̄Φ = ∂N+1
u +

N+1∑

i=1

Ḡi ∂N+1−i
u ,

where Ḡi =
∑∞

j=i Ḡiju
−j .

Theorem 2.1. For any p ∈ CΦ, the elements Ḡij , i = 1, . . . , N , j > i,

generate Ap,Φ.

Theorem 2.1 is proved in Section 3.4.

2.4. Polynomials hi

Let A be a commutative algebra. For g1, . . . , gi ∈ A[u], denote by

Wr(g1(u), . . . , gi(u)) the Wronskian,

Wr(g1(u), . . . , gi(u)) = det




g1(u) g′1(u) . . . g
(i−1)
1 (u)

g2(u) g′2(u) . . . g
(i−1)
2 (u)

. . . . . . . . . . . .

gi(u) g′i(u) . . . g
(i−1)
i (u)


 ,

where g(j)(u) denotes the j-th derivative of g(u) with respect to u.

Introduce a set

P = {d1, d2, . . . , dN+1} , di = λ
(∞)
i + N + 1− i . (4)

Theorem 2.2. There exist unique polynomials h1, . . . , hN+1 ∈ Ap,Φ[u] of

the form

hi = udi +

di∑

j=1, di−j 6∈P

hiju
di−j (5)

such that hN+1 = yN and

Wr(hN+1, hN . . . , hN+1−j)

= yN−jT
j

NT
j−1
N−1 . . . T 1

N−j+1

∏

N+1−j6i<i′6N+1

(di − di′ ) (6)

for j = 1, . . . , N , where y0 = 1. Moreover, each of the polynomials

h1, . . . , hN+1 is a solution of the differential equation D̄Φh(u) = 0. �
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Proof. The existence of unique polynomials hi satisfying (6) is proved in

Ref. 3 generalizing the corresponding result in Section 5 of Ref. 9. The

fact that the polynomials hi satisfy the differential equation D̄Φh(u) = 0 is

proved like in Section 5 of Ref. 9.

Lemma 2.3. The subalgebra of Ap,Φ generated by elements Ḡij , i =

1, . . . , N , j > i, contains all the coefficients hij , i = 1, . . . , N + 1, j =

1, . . . , di, di − j 6∈ P .

The proof of the lemma is the same as the proof of Lemma 3.4 in Ref. 6.

3. Algebra AGr

3.1. Algebra Oλ(∞)

Let Λ = (λ(1), . . . , λ(n)), λ(∞), z = (z1, . . . , zn) be partitions and numbers

as in Section 2.2. Let d be a natural number such that d −N − 1 > λ
(∞)
1

and d−N − 1 > λ
(i)
1 for i = 1, . . . , n.

Let Cd[u] be the space of polynomials in u of degree less than d. Let

Gr(N + 1, d) be the Grassmannian of all N + 1-dimensional subspaces of

Cd[u].

For a complete flag F = {0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fd = Cd[u]} and a

partition λ = (λ1, . . . , λN+1) with λ1 6 d −N − 1, define a Schubert cell

Ωλ(F) ⊂ Gr(N + 1, d),

Ωλ(F) = {q ∈ Gr(N + 1, d) | dim(q ∩ Fd−j−λj
) = N + 1− j ,

dim(q ∩ Fd−j−λj−1) = N − j} .

We have codim Ωλ(F) = |λ|.

Let P = {d1, d2, . . . , dN+1} be defined in (4). Introduce a new partition

λ(∨) = (d−N − 1− λ
(∞)
N , d−N − 1− λ

(∞)
N−1, . . . , d−N − 1− λ

(∞)
1 ) . (7)

Denote

F(∞) = {0 ⊂ C1[u] ⊂ C2[u] ⊂ · · · ⊂ Cd[u]} .

Consider the Schubert cell Ωλ(∨)(F(∞)). We have dim Ωλ(∨) (F(∞)) =

|λ(∞)|.

The Schubert cell Ωλ(∨)(F(∞)) consists of N + 1-dimensional subspaces

q ⊂ Cd[u] with a basis {f1, . . . , fN+1} of the form

fi = udi +

di∑

j=1, di−j 6∈P

fiju
di−j . (8)
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Such a basis is unique.

Denote by Oλ(∞) the algebra of regular functions on Ωλ(∨) (F(∞)). The

cell Ωλ(∨)(F(∞)) is an affine space with coordinate functions fij . The alge-

bra Oλ(∞) is the polynomial algebra in variables fij ,

Oλ(∞) = C[fij , i = 1, . . . , N + 1, j = 1, . . . , di, di − j 6∈ P ]. (9)

3.2. Intersection of Schubert cells

For z ∈ C, consider the complete flag

F(z) =
{
0 ⊂ (u− z)d−1C1[u] ⊂ (u− z)d−2C2[u] ⊂ · · · ⊂ Cd[u]

}
.

Denote by Ω
Λ,λ(∞),z the set-theoretic intersection and by AGr the

scheme-theoretic intersection of the n + 1 Schubert cells Ωλ(∨)(F(∞)),

Ωλ(s)(F(zs)) , s = 1, . . . , n, see Section 4 of Ref. 6. The set-theoretic inter-

section Ω
Λ,λ(∞),z is a finite set and the scheme-theoretic intersection AGr is

a finite-dimensional algebra (“of functions on Ω
Λ,λ(∞),z”). The algebra of

functions on Ω
Λ,λ(∞),z is the direct sum of local algebras,

AGr = ⊕q∈Ω
Λ,λ(∞),z

Aq,Gr ,

corresponding to points q ∈ Ω
Λ,λ(∞),z. The algebra AGr is the quotient

of the algebra Oλ(∞) of functions on Ωλ(∨)(∞) by a suitable ideal. For

q ∈ Ω
Λ,λ(∞),z and f ∈ Oλ(∞) denote by f̄ the image of f in Aq,Gr.

Lemma 3.1. For any q ∈ Ω
Λ,λ(∞),z, the elements f̄ij , where i =

1, . . . , N + 1, j = 1, . . . , di, di − j 6∈ P , generate Aq,Gr. �

3.3. Isomorphism of algebras

Theorem 3.2 (Ref. 9). Let p ∈ CΦ. Let h1, . . . , hN+1 ∈ Ap,Φ[u] be poly-

nomials defined in Theorem 2.2. Denote by h̃1, . . . , h̃N+1 the projection of

the polynomials to Ap,Φ/mp[u] = C[u]. Then 〈h̃1, . . . , h̃N+1〉 ∈ Ω
Λ,λ(∞),z.

�

Denote q = 〈h̃1, . . . , h̃N+1〉. Let f̄ij ∈ Aq,Gr be elements of Lemma 3.1.

Let hij be coefficients of the polynomials h1, . . . , hN+1 in Theorem 3.2.

Theorem 3.3 (Ref. 3). The map f̄ij 7→ hij , where i = 1, . . . , N + 1,

j = 1, . . . , di, di − j 6∈ P , extends uniquely to an algebra isomorphism

Aq,Gr → Ap,Φ. �

Corollary 3.4. The elements hij , where i = 1, . . . , N + 1, j = 1, . . . , di,

di − j 6∈ P , generate Ap,Φ. �
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3.4. Proof of Theorem 2.1

By Lemma 2.3 the subalgebra of Ap,Φ generated by all the elements Ḡij

contains all the coefficients hij . By Corollary 3.4 the coefficients hij generate

Ap,Φ. Theorem 2.1 is proved.

4. Bethe algebra

4.1. Lie algebra glN+1
[t]

Let glN+1[t] = glN+1⊗C[t] be the Lie algebra of glN+1-valued polynomials

with the pointwise commutator. For g ∈ glN+1, we set g(u) =
∑∞

s=0(g ⊗

ts)u−s−1.

We identify glN+1 with the subalgebra glN+1⊗ 1 of constant polynomi-

als in glN+1[t]. Hence, any glN+1[t]-module has a canonical structure of a

glN+1-module.

For each a ∈ C, there exists an automorphism ρa of glN+1[t], ρa :

g(u) 7→ g(u− a). Given a glN+1[t]-module M , we denote by M(a) the pull-

back of M through the automorphism ρa. As glN+1-modules, M and M(a)

are isomorphic by the identity map.

We have the evaluation homomorphism, glN+1[t]→ glN+1, g(u) 7→

gu−1. Its restriction to the subalgebra glN+1 ⊂ glN+1[t] is the identity

map. For any glN+1-module M , we denote by the same letter the glN+1[t]-

module, obtained by pulling M back through the evaluation homomor-

phism.

4.2. Definition of row determinant

Given an algebra A and an (N + 1)× (N + 1)-matrix C = (cij) with entries

in A, we define its row determinant to be

rdet C =
∑

σ∈ΣN+1

(−1)σ c1σ(1)c2σ(2) . . . cN+1 σ(N+1) .

4.3. Definition of Bethe algebra

Define the universal differential operator DB by the formula

DB = rdet




∂u − e11(u) −e21(u) . . . −eN+11(u)

−e12(u) ∂u − e22(u) . . . −eN+12(u)

. . . . . . . . . . . .

−e1 N+1(u) −e2 N+1(u) . . . ∂u − eN+1 N+1(u)


 .
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We have

DB = ∂N+1
u +

N+1∑

i=1

Bi ∂N+1−i
u , Bi =

∞∑

j=i

Biju
−j , Bij ∈ U(glN+1[t]) .

(10)

The unital subalgebra of U(glN+1[t]) generated by Bij , i = 1, . . . , N + 1,

j > i, is called the Bethe algebra and denoted by B.

By Ref. 14, cf. Ref. 5, the algebra B is commutative, and B commutes

with the subalgebra U(glN+1) ⊂ U(glN+1[t]).

As a subalgebra of U(glN+1[t]), the algebra B acts on any glN+1[t]-

module M . Since B commutes with U(glN+1), it preserves the glN+1 weight

subspaces of M and the subspace Sing M of glN+1-singular vectors.

If L is a B-module, then the image of B in End(L) is called the Bethe

algebra of L.

4.4. Bethe algebra of Sing LΛ[λ(∞)
]

For a partition λ with at most N + 1 parts denote by Lλ the irreducible

glN+1-module with highest weight λ.

Let Λ = (λ(1)
, . . . , λ(n)), λ(∞), z = (z1, . . . , zn) be partitions and num-

bers as in Section 2.2. Denote LΛ = Lλ(1) ⊗ · · · ⊗ Lλ(n) . Let

LΛ[λ(∞)] = {v ∈ LΛ | eiiv = λ
(∞)
i v for i = 1, . . . , N + 1},

Sing LΛ[λ(∞)] = {v ∈ LΛ[λ(∞)] | eijv = 0 for i < j}

be the subspace of vectors of glN+1-weight λ(∞) and the subspace of glN+1-

singular vectors of glN+1-weight λ(∞), respectively. Consider on LΛ the

glN+1[t]-module structure of the tensor product of evaluation modules,

LΛ = ⊗n
s=1Lλ(s)(zs). Then Sing LΛ[λ(∞)] is a B-submodule. We denote

by B
Λ,λ(∞),z the Bethe algebra of Sing LΛ[λ(∞)].

4.5. Shapovalov Form

Let τ : glN+1 → glN+1 be the anti-involution sending eij to eji for all (i, j).

Let M be a highest weight glN+1-module with a highest weight vector w.

The Shapovalov form S on M is the unique symmetric bilinear form such

that

S(w, w) = 1, S(xu, v) = S(u, τ(x)v)

for all u, v ∈M and x ∈ glN+1.
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Fix highest weight vectors vλ(s) ∈ Lλ(s) , s = 1, . . . , n. Define a symmet-

ric bilinear form on the tensor product LΛ = Lλ(1) ⊗ · · · ⊗ Lλ(n) by the

formula

SΛ = S1 ⊗ · · · ⊗ Sn, (11)

where Ss is the Shapovalov form on Lλ(s) . The form Sλ is called the tensor

Shapovalov form.

Theorem 4.1 (Ref. 5). Consider the space LΛ as the glN+1[t]-module

⊗n
s=1Lλ(s)(zs). Then any element B ∈ B acts on LΛ as a symmetric op-

erator with respect to the tensor Shapovalov form, SΛ(Bu, v) = SΛ(u, Bv)

for any u, v ∈ LΛ. �

5. Weight function

5.1. Definition of the weight function

Let Λ = (λ(1), . . . , λ(n)), λ(∞), z = (z1, . . . , zn) be partitions and numbers

as in Section 2.2. Recall the construction of a rational map

ω : Cl → LΛ[λ(∞)]

called the weight function, see Ref. 13, cf. Ref. 4, Ref. 12.

Denote by P (l, n) the set of sequences

C = (c1
1, . . . , c

1
b1

; . . . ; cn
1 , . . . , cn

bn
)

of integers from {1, . . . , N} such that for every i = 1, . . . , N , the integer i

appears in C precisely li times.

Denote by Σ(C) the set of all bijections σ of the set {1, . . . , l} onto

the set of variables {t
(1)
1 , . . . , t

(1)
l1

, t
(2)
1 , . . . , t

(2)
l2

, . . . , t
(N)
1 , . . . , t

(N)
lN
} with the

following property. For every a = 1, . . . , l the a-th element of the sequence

C equals i, if σ(a) = t
(i)
j .

To every C ∈ P (l, n) we assign a vector

eCv = ec1
1+1,c1

1
. . . ec1

b1
+1,c1

b1
vλ(1) ⊗ · · · ⊗ ecn

1 +1,cn
1

. . . ecn
bn

+1,cn
bn

vλ(n) ,

eCv ∈ LΛ[λ(∞)].

To every C ∈ P (l, n) and σ ∈ Σ(C), we assign a rational function

ωC,σ

= ωσ;1,2,...,b1(z1) · · · ωσ;b1+···+bn−1+1,b1+···+bn−1+2,...,b1+···+bn−1+bn
(zn),
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where

ωσ;a,a+1,...,a+j(z)

=
1

(σ(a) − σ(a + 1)) . . . (σ(a + j − 1)− σ(a + j))(σ(a + j)− z)
.

We set

ω(t) =
∑

C∈P (l,n)

∑

σ∈Σ(C)

ωC,σeCv . (12)

Examples. If n = 2 and (l1, l2, . . . , lN ) = (1, 1, 0, . . . , 0), then

ω(t) =
1

(t
(1)
1 − t

(2)
1 )(t

(2)
1 − z1)

e21e32vλ(1) ⊗ vλ(2)

+
1

(t
(2)
1 − t

(1)
1 )(t

(1)
1 − z1)

e32e21vλ(1) ⊗ vλ(2)

+
1

(t
(1)
1 − z1)(t

(2)
1 − z2)

e21vλ(1) ⊗ e32vλ(2)

+
1

(t
(2)
1 − z1)(t

(1)
1 − z2)

e32vλ(1) ⊗ e21vλ(2)

+
1

(t
(1)
1 − t

(2)
1 )(t

(2)
1 − z2)

vλ(1) ⊗ e21e32vλ(2)

+
1

(t
(2)
1 − t

(1)
1 )(t

(1)
1 − z2)

vλ(1) ⊗ e32e21vλ(2) .

If n = 2 and (l1, l2, . . . , lN) = (2, 0, . . . , 0), then

ω(t) = (
1

(t
(1)
1 − t

(1)
2 )(t

(1)
2 − z1)

+
1

(t
(1)
2 − t

(1)
1 )(t

(1)
1 − z1)

) e2
21vλ(1) ⊗ vλ(2)

+ (
1

(t
(1)
1 − z1)(t

(1)
2 − z2)

+
1

(t
(1)
2 − z1)(t

(1)
1 − z2)

) e21vλ(1) ⊗ e21vλ(2)

+ (
1

(t
(1)
1 − t

(1)
2 )(t

(1)
2 − z2)

+
1

(t
(1)
2 − t

(1)
1 )(t

(1)
1 − z2)

) vλ(1) ⊗ e2
21vλ(2) .

Lemma 5.1 (Lemma 2.1 in Ref. 10). The weight function is regular

on U . �

5.2. Grothendieck residue and Hessian

Let

Hess log Φ = det

(
∂2

∂t
(i)
j ∂t

(i′)
j′

log Φ

)
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be the Hessian of log Φ. Let p ∈ U be a critical point of Φ. Denote by Hp

the image of the Hessian in the local algebra Ap,Φ. It is known that Hp is

nonzero and the one-dimensional ideal CHp ⊂ Ap,Φ is the annihilator of

the maximal ideal mp ⊂ Ap,Φ.

Let ρp : Ap,Φ → C, be the Grothendieck residue,

f 7→
1

(2πi)l
Resp

f∏
ij Ψij

.

It is known that ρp(Hp) = µp, where µp = dim Ap,Φ is the Milnor number

of the critical point p. Let ( , )p be the Grothendieck residue bilinear form

on Ap,Φ ,

(f, g)p = ρp(fg) .

It is known that ( , )p is nondegenerate. These facts see for example in

Section 5 of Ref. 1.

5.3. Projection of the weight function

Let p ∈ CΦ be a critical point of Φ. Let

ωp ∈ LΛ[λ(∞)]⊗Ap,Φ

be the element induced by the weight function. Let SΛ be the tensor Shapo-

valov form on LΛ.

Theorem 5.2 (Ref. 10, Ref. 15). We have

SΛ(ωp, ωp) = Hp . (13)

�

Theorem 5.3 (Ref. 13). The element ωp belongs to Sing LΛ[λ(∞)] ⊗

Ap,Φ, where Sing LΛ[λ(∞)] ⊂ LΛ[λ(∞)] is the subspace of singular vectors.

�

Theorem 5.3 is a direct corollary of Theorem 6.16.2 in Ref. 13, see also

Ref. 11 and Ref. 2.

5.4. Bethe ansatz

Let p ∈ CΦ be a critical point of Φ. Consider the differential operator

DΦ = ∂N+1
u +

N+1∑

i=1

Gi ∂N+1−i
u , Gi =

∞∑

j=i

Giju
−j , Gij ∈ C[t],
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described by (3), and projections Ḡij of its coefficients to Ap,Φ. Consider

the differential operator

DB = ∂N+1
u +

N+1∑

i=1

Bi ∂N+1−i
u , Bi =

∞∑

j=i

Biju
−j , Bij ∈ U(glN+1[t]) ,

described by (10).

Theorem 5.4 (Ref. 5). For any i = 1, . . . , N + 1, j > i, we have

(Bij ⊗ 1) ωp = (1⊗ Ḡij) ωp (14)

in Sing LΛ[λ(∞)]⊗Ap,Φ. �

This statement is the Bethe ansatz method to construct eigenvectors of

the Bethe algebra in the glN+1 Gaudin model starting with a critical point

of the master function.

5.5. Main result

Let g1, . . . , gµp
be a basis of Ap,Φ considered as a C-vector space. Write

ωp =
∑

i vi ⊗ gi, with vi ∈ Sing LΛ[λ(∞)]. Denote by Mp ⊂ Sing LΛ[λ(∞)]

the vector subspace spanned by v1, . . . , vµp
. Define a linear map

α : Ap,Φ → Mp , f 7→ (f, ωp)p =

µp∑

i=1

(f, gi)p vi . (15)

Theorem 5.5. Let p ∈ CΦ. Then the following statements hold:

(i) The subspace Mp ⊂ Sing LΛ[λ(∞)] is a B-submodule. Let Ap,B ⊂

End (Mp) be the Bethe algebra of Mp. Denote by B̄ij the image in

Ap,B of generators Bij ∈ B.

(ii) The map α : Ap,Φ →Mp is an isomorphism of vector spaces.

(iii) The map Ḡij 7→ B̄ij extends uniquely to an algebra isomorphism β :

Ap,Φ → Ap,B.

(iv) The isomorphisms α and β identify the regular representation of Ap,Φ

and the B-module Mp , that is, for any f, g ∈ Ap,Φ we have α(fg) =

β(f)α(g).

Corollary 5.6. Let p ∈ CΦ. Then the value ω(p) of the weight function at

p is a nonzero vector of Sing LΛ[λ(∞)].

Theorem 5.5 and Corollary 5.6 are proved in Section 6.4.
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6. Proof of Theorem 5.5

6.1. Proof of part (i) of Theorem 5.5

It is sufficient to show that for any f ∈ Ap,Φ and any (i, j) we have

Bijα(f) ∈Mp. Indeed, we have

Bijα(f) =

µp∑

l=1

(f, gl)pBijvl =

µp∑

l=1

(f, Ḡijgl)pv̄l

=

µp∑

l=1

(Ḡijf, gl)pv̄l = α(Ḡijf). (16)

Here the second equality follows from Theorem 5.4 and the third equality

follows from properties of the Grothendieck residue form.

6.2. Bilinear form ( , )S

Define a symmetric bilinear form ( , )S on Ap,Φ,

(f, g)S = SΛ(α(f), α(g)) =

µp∑

i,j=1

SΛ(vi, vj) (f, gi)p (g, gj)p

for all f, g ∈ Ap,Φ.

Lemma 6.1. For all f, g, h ∈ Ap,Φ we have (fg, h)S = (f, gh)S.

Proof. By Theorem 2.1 the elements Ḡij generate Ap,Φ. We have

(Ḡijf, h)S = SΛ(α(Ḡijf), α(h)) = SΛ(B̄ijα(f), α(h))

= SΛ(α(f), B̄ijα(h)) = SΛ(α(f), α(Ḡijh)) = (f, Ḡijh)S .

Here the third equality follows from Theorem 4.1.

Lemma 6.2. There exists F ∈ Ap,Φ such that (f, h)S = (Ff, h)p for all

f, h ∈ Ap,Φ.

Proof. Consider the linear function Ap,Φ → C, h 7→ (1, h)S . The form

( , )p is nondegenerate. Hence there exits F ∈ Ap,Φ such that (1, h)S =

(F, h)p for all h ∈ Ap,Φ. Now the lemma follows from Lemma 6.1.
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6.3. Auxiliary lemmas

Lemma 6.3. For any f ∈ Ap,Φ, we have

fHp =
1

µp

(f, Hp)pHp . (17)

Proof. The lemma follows from the fact that formula (17) evidently holds

for 1 ∈ Ap,Φ and for any element of the maximal ideal.

For f ∈ Ap,Φ, denote by Lf the linear operator Ap,Φ → Ap,Φ, h 7→ fh.

Lemma 6.4. We have tr Lf = (f, Hp)p.

Proof. The linear function Ap,Φ → C, f 7→ tr Lf , is such that 1 7→ µp

and f 7→ 0 for all f ∈ mp. Hence this function equals the linear function

f 7→ (f, Hp)p.

Let g∗1 , . . . , g∗µp

be the basis of Ap,Φ dual to the basis g1, . . . , gµp
with

respect to the form ( , )p. Then Hp =
∑µp

i=1(Hp, g∗i )pgi. Indeed for any

f ∈ Ap,Φ, we have f =
∑

i (f, g∗i )pgi.

Lemma 6.5. We have
∑µp

i=1 g∗i gi = Hp .

Proof. For f ∈ Ap,Φ, we have tr Lf =
∑

i(g
∗
i , fgi)p = (

∑
i g∗i gi, f)p. By

Lemma 6.4, we get (
∑

i g∗i gi, f)p = (Hp, f)p. Hence
∑

i g∗i gi = Hp, since

the form ( , )p is nondegenerate.

Lemma 6.6. Let F ∈ Ap,Φ be the element defined in Lemma 6.2. Then F

is invertible, FHp = Hp, and the form ( , )S is nondegenerate.

Proof. By definitions we have

(f, h)S =
∑

ij

SΛ(vi, vj)(gi, f)p(gj , h)p

and

(f, h)S = (Ff, h)p =
∑

i

(gi, F f)p(g∗i , h)p =
∑

i

(Fgi, f)p(g∗i , h)p .

Hence
∑

ij SΛ(vi, vj)gi⊗ gj =
∑

i Fgi⊗ g∗i and therefore by Lemma 6.5 we

get
∑

ij

SΛ(vi, vj)gigj =
∑

i

Fgig
∗
i = FHp.

By Theorem 5.2,
∑

ij SΛ(vi, vj)gigj = Hp. Hence FHp = Hp, the element

F is invertible, and the form ( , )S is nondegenerate.



September 2, 2010 19:20 WSPC - Proceedings Trim Size: 9in x 6in 016˙mukhin

322 E. Mukhin, V. Tarasov & A. Varchenko

6.4. Proof of Theorem 5.5 and Corollary 5.6

Part (i) of Theorem 5.5 is proved in Section 6.1.

Assume that
∑µp

i=1 λivi = 0. Denote h =
∑

i λig
∗
i . Then α(h) = 0 and

(f, h)S = SΛ(α(f), α(h)) = 0 for all f ∈ Ap,Φ. Hence h = 0 since ( , )S is

nondegenerate. Therefore, λi = 0 for all i and the vectors v1, . . . , vµp
are

linearly independent. We have α(g∗i ) = vi for all i. That proves part (ii) of

Theorem 5.5.

Parts (iii-iv) easily follow from part (ii) and formula (16).

We have

µp ω(p) = (Hp, ωp)p = α(Hp). (18)

That implies that ω(p) is a nonzero vector.

7. Concluding remarks

Theorem 7.1. Let CΦ = {p1, . . . , pk}, be the critical set of Φ in U . Let

Mps
⊂ Sing LΛ[λ(∞)], s = 1, . . . , k, be the corresponding subspaces defined

in Section 5.5. Then the sum of these subspaces is direct.

Proof. It follows from Theorem 5.5 that for any s and any (i, j) the oper-

ator B̄ij −Gij(ps) restricted to Mps
is nilpotent. Moreover, the differential

operators DΦ|t=ps
, s = 1, . . . , k, which contain eigenvalues of the operators

Bij , are distinct. These observations imply Theorem 7.1.

Let α(AΦ) = ⊕k
s=1Mps

. Denote by AB the image of B in End(α(AΦ)).

Consider the isomorphisms

α = ⊕k
s=1αs : ⊕k

s=1Aps,Φ → ⊕k
s=1Mps

,

β = ⊕k
s=1βs : ⊕k

s=1Aps,Φ → ⊕k
s=1Aps,B

of Theorem 5.5.

Corollary 7.2. We have

(i) AB = ⊕k
s=1Aps,B;

(ii) The isomorphisms α, β identify the regular representation of the algebra

AΦ and the AB-module α(AΦ).

The corollary follows from Theorems 5.5 and 7.1.
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T-SYSTEMS, Y-SYSTEMS, AND CLUSTER ALGEBRAS:

TAMELY LACED CASE
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Dedicated to Professor Tetsuji Miwa on his 60th birthday

The T-systems and Y-systems are classes of algebraic relations originally as-

sociated with quantum affine algebras and Yangians. Recently they were gen-

eralized to quantum affinizations of quantum Kac-Moody algebras associated

with a wide class of generalized Cartan matrices which we say tamely laced.

Furthermore, in the simply laced case, and also in the nonsimply laced case

of finite type, they were identified with relations arising from cluster algebras.

In this note we generalize such an identification to any tamely laced Cartan

matrices, especially to the nonsimply laced ones of nonfinite type.

Keywords: T-systems; Y-systems; quantum groups; cluster algebras.

1. Introduction

The T-systems and Y-systems appear in various aspects for integrable sys-

tems. Originally, the T-systems are systems of relations among the Kirillov-

Reshetikhin modules in the Grothendieck rings of modules over quantum

affine algebras and Yangians. The T and Y-systems are related to each

other by certain changes of variables. See, for example, Ref. 1 and refer-

ences therein for more information and background.

Let I = {1, . . . , r} and let C = (Cij )i,j∈I be a (generalized) Cartan

matrix in Ref. 2; namely, it satisfies Cij ∈ Z, Cii = 2, Cij ≤ 0 for any i 6= j,

and Cij = 0 if and only if Cji = 0. We assume that C is symmetrizable, i.e.,

there is a diagonal matrix D = diag(d1, . . . , dr) with di ∈ N := Z>0 such

that B = DC is symmetric. We always assume that there is no common

divisor for d1, . . . , dr except for 1. Following Ref. 4, we say that a Cartan

matrix C is tamely laced if it is symmetrizable and satisfies the following



September 3, 2010 16:19 WSPC - Proceedings Trim Size: 9in x 6in 017˙nakanishi

326 T. Nakanishi

condition due to Hernandez:3

If Cij < −1, then di = −Cji = 1. (1)

Recently, the T-systems were generalized by Hernandez3 to the quantum

affinizations of the quantum Kac-Moody algebras associated with tamely

laced Cartan matrices. Subsequently, the corresponding Y-systems were

also introduced by Kuniba, Suzuki, and the author.4

Remarkably, these T and Y-systems are identified with (a part of) re-

lations among the variables for cluster algebras,5,6 which are a class of

commutative algebras closely related to the representation theory of quiv-

ers. For the T and Y-systems associated with simply laced Cartan matrices

of finite type, this identification is a topic intensively studied by various

authors recently with several reasons (periodicity, categorification, positiv-

ity, dilogarithm identities, etc.)1,6–16 In Ref. 4, such an identification was

generalized to the simply laced Cartan matrices. In Refs. 15 and 16, it was

also extended to the nonsimply laced Cartan matrices of finite type.

In this note we present a generalization of the above identification to

any tamely laced Cartan matrices, especially to the nonsimply laced ones of

nonfinite type, thereby justifying Sec. 6.5 of Ref. 4 which announced that

such a generalization is possible. Basically it is a straightforward extension

of the simply laced ones4 and the nonsimply laced ones of finite type,15,16

but it is necessarily more complicated. At this time we do not have any

immediate application of such a generalization. However, we believe that

this is a necessary step toward further study of the intriguing interplay of

two worlds — the representation theories of quantum groups and quivers

— through cluster algebras.

2. T and Y-systems

In this section we recall the definitions of (restricted) T and Y-systems. See

Ref. 4 for more detail.

With a tamely laced Cartan matrix C, we associate a Dynkin diagram

X(C) in the standard way: For any pair i 6= j ∈ I with Cij < 0, the vertices

i and j are connected by max{|Cij |, |Cji|} lines, and the lines are equipped

with an arrow from j to i if Cij < −1. Note that the condition (1) means

(i) the vertices i and j are not connected, if di, dj > 1 and di 6= dj ,

(ii) the vertices i and j are connected by di lines with an arrow from i

to j or not connected, if di > 1 and dj = 1,

(iii) the vertices i and j are connected by a single line or not connected,

if di = dj .
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As usual, we say that a Cartan matrix C is simply laced if Cij = 0 or

−1 for any i 6= j. If C is simply laced, then it is tamely laced.

For a tamely laced Cartan matrix C, we set integers t and ta (a ∈ I) by

t = lcm(d1, . . . , dr), ta =
t

da

. (2)

For an integer ` ≥ 2, we set

I` := {(a, m, u) | a ∈ I ; m = 1, . . . , ta`− 1; u ∈
1

t
Z}. (3)

For a, b ∈ I , we write a ∼ b if Cab < 0, i.e., a and b are adjacent in X(C).

First, we introduce the T-systems and the associated rings.

Definition 2.1. Fix an integer ` ≥ 2. For a tamely laced Cartan matrix

C, the level ` restricted T-system T`(C) associated with C (with the unit

boundary condition) is the following system of relations for a family of

variables T` = {T
(a)
m (u) | (a, m, u) ∈ I`},

T
(a)
m

(
u− da

t

)
T

(a)
m

(
u + da

t

)
= T

(a)
m−1(u)T

(a)
m+1(u) +

∏

b:b∼a

T
(b)
da
db

m
(u) if da > 1,

(4)

T
(a)
m

(
u− da

t

)
T

(a)
m

(
u + da

t

)
= T

(a)
m−1(u)T

(a)
m+1(u) +

∏

b:b∼a

S(b)
m (u) if da = 1,

(5)

where T
(a)
0 (u) = 1, and furthermore, T

(a)
ta` (u) = 1 (the unit boundary con-

dition) if they occur in the right hand sides in the relations. The symbol

S
(b)
m (u) is defined as follows. For m = 0, 1, 2, . . . and 0 ≤ j < db,

S
(b)
dbm+j(u) =

{
j∏

k=1

T
(b)
m+1

(
u +

1

t
(j + 1− 2k)

)}

×

{
db−j∏

k=1

T (b)
m

(
u +

1

t
(db − j + 1− 2k)

)}
.

(6)

For the later use, let us formally write (4) and (5) in a unified manner

T (a)
m

(
u− da

t

)
T (a)

m

(
u + da

t

)
= T

(a)
m−1(u)T

(a)
m+1(u)

+
∏

(b,k,v)∈I`

T
(b)
k (v)G(b,k,v;a,m,u). (7)

Definition 2.2. Let T`(C) be the commutative ring over Z with identity

element, with generators T
(a)
m (u)±1 ((a, m, u) ∈ I`) and relations T`(C)
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together with T
(a)
m (u)T

(a)
m (u)−1 = 1. Let T◦` (C) be the subring of T`(C)

generated by T
(a)
m (u) ((a, m, u) ∈ I`).

Similarly, we introduce the Y-systems and the associated groups.

Definition 2.3. Fix an integer ` ≥ 2. For a tamely laced Cartan matrix

C, the level ` restricted Y-system Y`(C) associated with C is the following

system of relations for a family of variables Y = {Y
(a)
m (u) | (a, m, u) ∈ I`},

Y
(a)
m

(
u− da

t

)
Y

(a)
m

(
u + da

t

)
=

∏

b:b∼a

Z
(b)
da
db

,m
(u)

(1 + Y
(a)
m−1(u)−1)(1 + Y

(a)
m+1(u)−1)

if da > 1,

(8)

Y
(a)
m

(
u− da

t

)
Y

(a)
m

(
u + da

t

)
=

∏

b:b∼a

(
1 + Y

(b)
m
db

(u)
)

(1 + Y
(a)
m−1(u)−1)(1 + Y

(a)
m+1(u)−1)

if da = 1,

(9)

where Y
(a)
0 (u)−1 = Y

(a)
ta` (u)−1 = 0 if they occur in the right hand sides

in the relations. Besides, Y
(b)
m/db

(u) = 0 in (9) if m/db 6∈ N. The symbol

Z
(b)
p,m(u) (p ∈ N) is defined as follows.

Z
(b)
p,m(u) =

p−1∏

j=−p+1





p−|j|∏

k=1

(
1 + Y

(b)
pm+j

(
u + 1

t
(p− |j|+ 1− 2k)

))


 . (10)

One can write (8) and (9) in a unified manner as

Y
(a)
m

(
u− da

t

)
Y

(a)
m

(
u + da

t

)
=

∏

(b,k,v)∈I`

(1 + Y
(b)
k (v))

tG(b,k,v;a,m,u)

(1 + Y
(a)
m−1(u)−1)(1 + Y

(a)
m+1(u)−1)

, (11)

where tG(b, k, v; a, m, u) := G(a, m, u; b, k, v).

A semifield (P,⊕) is an abelian multiplicative group P endowed with

a binary operation of addition ⊕ which is commutative, associative, and

distributive with respect to the multiplication in P.

Definition 2.4. Let Y`(C) be the semifield with generators Y
(a)
m (u)

((a, m, u) ∈ I`) and relations Y`(C). Let Y◦` (C) be the multiplicative sub-

group of Y`(C) generated by Y
(a)
m (u), 1+Y

(a)
m (u) ((a, m, u) ∈ I`). (Here we

use the symbol + instead of ⊕ for simplicity.)
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3. Cluster algebra with coefficients

In this section we recall the definition of cluster algebras with coefficients

following Ref. 6. The description here is minimal to fix convention and

notion. See Ref. 6 for more detail and information.

Let I be a finite set, and let B = (Bij)i,j∈I be a skew symmetric (integer)

matrix. Let x = (xi)i∈I and y = (yi)i∈I be I-tuples of formal variables.

Let P = Qsf(y) be the universal semifield of y = (yi)i∈I , namely, the

semifield consisting of the subtraction-free rational functions of y with usual

multiplication and addition (but no subtraction) in the rational function

field Q(y). Let QP denote the quotient field of the group ring ZP of P.

For the above triplet (B, x, y), called the initial seed, the cluster algebra

A(B, x, y) with coefficients in P is defined as follows.

Let (B′, x′, y′) be a triplet consisting of skew symmetric matrix B′, an I-

tuple x′ = (x′i)i∈I with x′i ∈ QP(x), and an I-tuple y′ = (y′i)i∈I with y′i ∈ P.

For each k ∈ I , we define another triplet (B′′, x′′, y′′) = µk(B′, x′, y′), called

the mutation of (B′, x′, y′) at k, as follows.

(i) Mutations of matrix.

B′′ij =

{
−B′ij i = k or j = k,

B′ij + 1
2 (|B′ik |B

′
kj + B′ik|B

′
kj |) otherwise.

(12)

(ii) Exchange relation of coefficient tuple.

y′′i =






y′k
−1 i = k,

y′i

(
y′k

1⊕ y′k

)B′ki

i 6= k, B′ki ≥ 0,

y′i(1⊕ y′k)−B′ki i 6= k, B′ki ≤ 0.

(13)

(iii) Exchange relation of cluster.

x′′i =






y′k
∏

j:B′
jk

>0 x′j
B′jk +

∏
j:B′

jk
<0 x′j

−B′jk

(1⊕ y′k)x′k
i = k,

x′i i 6= k.

(14)

It is easy to see that µk is an involution, namely, µk(B′′, x′′, y′′) =

(B′, x′, y′). Now, starting from the initial seed (B, x, y), iterate mutations

and collect all the resulted triplets (B′, x′, y′). We call (B′, x′, y′) the seeds ,

y′ and y′i a coefficient tuple and a coefficient , x′ and x′i, a cluster and a clus-

ter variable, respectively. The cluster algebra A(B, x, y) with coefficients in

P is the ZP-subalgebra of the rational function field QP(x) generated by

all the cluster variables. Similarly, the coefficient group G(B, y) associated
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with A(B, x, y) is the multiplicative subgroup of the semifield P generated

by all the coefficients y′i together with 1⊕ y′i.

It is standard to identify a skew-symmetric (integer) matrix B =

(Bij)i,j∈I with a quiver Q without loops or 2-cycles. The set of the ver-

tices of Q is given by I , and we put Bij arrows from i to j if Bij > 0. The

mutation Q′′ = µk(Q′) of a quiver Q′ is given by the following rule: For

each pair of an incoming arrow i→ k and an outgoing arrow k → j in Q′,

add a new arrow i → j. Then, remove a maximal set of pairwise disjoint

2-cycles. Finally, reverse all arrows incident with k.

4. Cluster algebraic formulation: The case |I| = 2; t is odd

4.1. Cartan matrix Mt

We are going to identify T`(C) and Y`(C) as relations for cluster vari-

ables and coefficients of the cluster algebra associated with a certain quiver

Q`(C).

To begin with, we consider the case I = {1, 2}, which will be used

as building blocks of the general case. Without loss of generality we may

assume that a Cartan matrix C is indecomposable, i.e., X(C) is connected.

Thus, we assume that our tamely laced Cartan matrix C has the form

(t = 1, 2, . . . )

C = Mt :=

(
2 −1

−t 2

)
, D =

(
t 0

0 1

)
. (15)

We have the data d1 = t, d2 = 1, t = lcm(d1, d2), t1 = 1, t2 = t, and the

corresponding Dynkin diagram looks as follows (t lines in the middle and

there is no arrow for t = 1):

1 2

We ask the reader to refer to Refs. 4, 15, and 16, where the cases t = 1

(type A2), 2 (type B2), and 3 (type G2), respectively, are treated in detail.

It turns out that we should separate the problem depending on the

parity of t. In this section we consider the case when t is odd.

4.2. Parity decompositions of T and Y-systems

For a triplet (a, m, u) ∈ I`, we set the parity conditions P+ and P− by

P+ : m + tu is odd for a = 1; m + tu is even for a = 2,

P− : m + tu is even for a = 1; m + tu is odd for a = 2.
(16)
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We write, for example, (a, m, u) : P+ if (a, m, u) satisfies P+. We have

I` = I`+ t I`−, where I`ε is the set of all (a, m, u) : Pε. Define T◦` (Mt)ε

(ε = ±) to be the subring of T◦` (Mt) generated by T
(a)
m (u) ((a, m, u) ∈ I`ε).

Then, we have T◦` (Mt)+ ' T◦` (Mt)− by T
(a)
m (u) 7→ T

(a)
m (u + 1

t
) and

T◦` (Mt) ' T◦` (Mt)+ ⊗Z T◦` (Mt)−. (17)

For a triplet (a, m, u) ∈ I`, we introduce another parity conditions P
′
+

and P
′
− by

P
′
+ : m + tu is even for a = 1; m + tu is odd for a = 2,

P
′
− : m + tu is odd for a = 1; m + tu is even for a = 2.

(18)

Since P
′
± = P∓, it may seem redundant, but we use this notation to make

the description unified for both odd and even t. We have

(a, m, u) : P′+ ⇐⇒ (a, m, u± da

t
) : P+. (19)

Let I ′`ε be the set of all (a, m, u) : P
′
ε. Define Y◦` (Mt)ε (ε = ±) to be

the subgroup of Y◦` (Mt) generated by Y
(a)
m (u), 1 + Y

(a)
m (u) ((a, m, u) ∈

I ′`ε). Then, we have Y◦` (Mt)+ ' Y◦` (Mt)− by Y
(a)
m (u) 7→ Y

(a)
m (u + 1

t
), 1 +

Y
(a)
m (u) 7→ 1 + Y

(a)
m (u + 1

t
), and

Y◦` (Mt) ' Y◦` (Mt)+ × Y◦` (Mt)−. (20)

4.3. Quiver Q`(Mt)

With the Cartan matrix Mt and ` ≥ 2 we associate a quiver Q`(Mt) as

below. First, as a rather general example, the case t = 5 is given in Fig. 1,

where the right columns in the five quivers Q1,. . . ,Q5 are identified. Also

we assign the empty or filled circle ◦/• and the sign +/− to each vertex

as shown. For a general odd t, the quiver Q`(Mt) is defined by naturally

extending the case t = 5. Namely, we consider t quivers Q1,. . . ,Qt. In each

quiver Qi there are ` − 1 vertices (with ◦) in the left column and t` − 1

vertices (with •) in the right column. The arrows are put as clearly indicated

by the example in Fig. 1. The right columns in all the quivers Q1, . . . , Qt

are identified.

Let us choose the index set I of the vertices of Q`(Mt) so that i =

(i, i′) ∈ I represents the vertex at the i′th row (from the bottom) of the left

column in Qi for i = 1, . . . , t, and the one of the right column in any quiver

for i = t + 1. Thus, i = 1, . . . , t + 1, and i′ = 1, . . . , ` − 1 if i 6= t + 1 and

i′ = 1, . . . , t`− 1 if i = t + 1.
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Fig. 1. The quiver Q
`
(Mt) with t = 5 for even ` (upper) and for odd ` (lower), where

we identify the right columns in all the quivers Q1, . . . , Q5.
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For k ∈ {1, . . . , t}, let I
◦
+,k (resp. I

◦
−,k) denote the set of the vertices i

in Qk with property ◦ and + (resp. ◦ and −). Similarly, let I
•
+ (resp. I

•
−)

denote the set of the vertices i with property • and + (resp. • and −). We

define composite mutations,

µ◦+,k =
∏

i∈I◦+,k

µi, µ◦−,k =
∏

i∈I◦
−,k

µi, µ•+ =
∏

i∈I•+

µi, µ•− =
∏

i∈I•
−

µi. (21)

Note that they do not depend on the order of the product.

For a permutation w of {1, . . . , t}, let w̃ be the permutation of I such

that w̃(i, i′) = (w(i), i′) for i 6= t+1 and (t+1, i′) for i = t+1. Let w̃(Q`(Mt))

denote the quiver induced from Q`(Mt) by w̃. Namely, if there is an arrow

i→ j in Q`(Mt), then, there is an arrow w̃(i)→ w̃(j) in w̃(Q`(Mt)). For a

quiver Q, let Qop denote the opposite quiver.

Lemma 4.1. Let Q(0) := Q`(Mt). We have the following periodic sequence

of mutations of quivers:

Q(0)
µ•+µ◦+,1
←→ Q( 1

t
)

µ•
−

µ◦+,t−1
←→ Q( 2

t
)

µ•+µ◦+,3
←→ Q( 3

t
)

µ•
−

µ◦+,t−3
←→ Q( 4

t
)

µ•+µ◦+,5
←→ · · ·

µ•
−

µ◦+,2
←→ Q( t−1

t
)

µ•+µ◦+,t

←→ Q(1)
µ•
−

µ◦
−,1

←→ Q( t+1
t

)
µ•+µ◦

−,t−1
←→ Q( t+2

t
)

µ•
−

µ◦
−,3

←→ Q( t+3
t

)
µ•+µ◦

−,t−3
←→ Q( t+4

t
)

µ•
−

µ◦
−,5

←→ · · ·
µ•+µ◦

−,2
←→ Q( 2t−1

t
)

µ•
−

µ◦
−,t

←→ Q(2) = Q(0).

(22)

Here, the quiver Q(p/t) (p = 1, . . . , 2t) is defined by

Q(p/t) :=

{
w̃p(Q(0))op p: odd

w̃p(Q(0)) p: even,
(23)

and wp is a permutation of {1, . . . , t} defined by

wp =

{
r+r− · · · r+ (p terms) p: odd

r+r− · · · r− (p terms) p: even,
(24)

r+ = (23)(45) · · · (r − 1, r), r− = (12)(34) · · · (r − 2, r − 1), (25)

where (ij) is the transposition of i and j.

Proof. Let Q1, . . . , Qt be the subquivers in the definition of Q`(Mt) as

in Fig. 1. By the sequence of mutations (22), one can easily check that Q1

mutates as

Q1 ↔ Q
op
1 ↔ Q2 ↔ Q

op
3 ↔ · · ·Q

op
t ↔ Qt ↔ · · ·Q3 ↔ Q

op
2 ↔ Q1, (26)
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Q2 mutates as

Q2 ↔ Q
op
3 ↔ · · · ↔ Q

op
t ↔ Qt ↔ · · · ↔ Q

op
2 ↔ Q1 ↔ Q

op
1 ↔ Q2, (27)

Q3 mutates as

Q3 ↔ Q
op
2 ↔ Q1 ↔ Q

op
1 ↔ · · · ↔ Q

op
t ↔ Qt ↔ · · · ↔ Q

op
4 ↔ Q3, (28)

and so on. The result is summarized as (23).

Example 4.2. The mutation sequence (22) for t = 5 is explicitly given in

Figs. 2 and 3, where only a part of each quiver is presented. (Caution: the

mutations of the top and bottom arrows may look erroneous but they are

correct because of the effect from the omitted part.) The encircled vertices

are the mutation points of (22) in the forward direction.

4.4. Embedding maps

Let B = B`(Mt) be the skew-symmetric matrix corresponding to the quiver

Q`(Mt). Let A(B, x, y) be the cluster algebra with coefficients in the uni-

versal semifield Qsf(y), and let G(B, y) be the coefficient group associated

with A(B, x, y) as in Section 3.

In view of Lemma 4.1 we set x(0) = x, y(0) = y and define clusters

x(u) = (xi(u))i∈I (u ∈ 1
t
Z) and coefficient tuples y(u) = (yi(u))i∈I (u ∈ 1

t
Z)

by the sequence of mutations

· · ·
µ•
−

µ◦
−,t

←→ (B(0), x(0), y(0))
µ•+µ◦+,1
←→ (B( 1

t
), x( 1

t
), y( 1

t
))

µ•
−

µ◦+,t−1
←→ · · ·

µ•
−

µ◦
−,t

←→ (B(2), x(2), y(2))
µ•+µ◦+,1
←→ · · · ,

(29)

where B(u) is the skew-symmetric matrix corresponding to Q(u).

For (i, u) ∈ I× 1
t
Z, we set the parity condition p+ by

p+ :





i ∈ I
•
+ t I

◦
+,p+1 u ≡ p

t
, 0 ≤ p ≤ t− 1, p: even

i ∈ I
•
− t I

◦
+,t−p u ≡ p

t
, 0 ≤ p ≤ t− 1, p: odd

i ∈ I
•
+ t I

◦
−,2t−p u ≡ p

t
, t ≤ p ≤ 2t− 1, p: even

i ∈ I
•
− t I

◦
−,p+1−t u ≡ p

t
, t ≤ p ≤ 2t− 1, p: odd,

(30)

where ≡ is modulo 2Z. We define the condition p− by (i, u) : p− ⇐⇒

(i, u− 1/t) : p+. Plainly speaking, each (i, u) : p+ (resp. p−) is a mutation

point of (29) in the forward (resp. backward) direction of u.

There is a correspondence between the parity condition p+ here and

P+, P
′
+ in (16).
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Fig. 2. (Continues to Fig. 3.) The mutation sequence of the quiver Q
`
(Mt) in (22) for

t = 5. Only a part of each quiver is presented. The encircle vertices correspond to the

mutation points in the forward direction.

Lemma 4.3. Below ≡ means the equivalence modulo 2Z.

(i) The map g : I`+ → {(i, u) : p+}

(a, m, u− da

t
) 7→





((2j + 1, m), u) a = 1; m + u ≡ 2j

t

(j = 0, 1, . . . , (t− 1)/2)

((2t− 2j, m), u) a = 1; m + u ≡ 2j

t

(j = (t + 1)/2, . . . , t− 1)

((t + 1, m), u) a = 2

(31)
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Fig. 3. (Continues from Fig. 2.)

is a bijection.

(ii) The map g′ : I ′`+ → {(i, u) : p+}

(a, m, u) 7→






((2j + 1, m), u) a = 1; m + u ≡ 2j

t

(j = 0, 1, . . . , (t− 1)/2)

((2t− 2j, m), u) a = 1; m + u ≡ 2j

t

(j = (t + 1)/2, . . . , t− 1)

((t + 1, m), u) a = 2

(32)

is a bijection.
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Proof. The fact (i) is equivalent to (ii) due to (19). So, it is enough to prove

(ii). Let us examine the meaning of the map (32) in the case t = 5 with

Fig. 2. Each encircled vertex therein corresponds to (i, u) : p+, and some

(a, m, u) is attached to it by g′. For example, in Q(0), (1, m, 0) (m: even)

are attached to the vertices with (◦, +) in the first quiver (from the left),

and (2, m, 0) (m: odd) are attached to the vertices with (•, +). Similarly,

in Q(1/5), (1, m, 1/5) (m: odd) are attached to the vertices with (◦, +) in

the fourth quiver (from the left), and (2, m, 1/5) (m: even) are attached to

the vertices with (•,−). Then, one can easily confirm that g′ is indeed a

bijection. A general case is verified similarly.

We introduce alternative labels xi(u) = x
(a)
m (u−da/t) ((a, m, u−da/t) ∈

I`+) for (i, u) = g((a, m, u − da/t)) and yi(u) = y
(a)
m (u) ((a, m, u) ∈ I ′`+)

for (i, u) = g′((a, m, u)), respectively.

Remark 4.4. In the case t = 1, i.e., the simply laced case, the map g in

Lemma 4.3 reads (a, m, u) 7→ ((a, m), u + 1), thus, differs from the simpler

one (a, m, u) 7→ ((a, m), u) used in Refs. 1 and 4. Either will serve as a

natural parametrization and the transferring from one to the other is easy.

4.5. T-system and cluster algebra

We show that the T-system T`(Mt) naturally appears as a system of re-

lations among the cluster variables xi(u) in the trivial evaluation of co-

efficients. (The quiver Q`(Mt) is designed to do so.) Let A(B, x) be the

cluster algebra with trivial coefficients, where (B, x) is the initial seed. Let

1 = {1} be the trivial semifield and π1 : Qsf(y)→ 1, yi 7→ 1 be the projec-

tion. Let [xi(u)]1 denote the image of xi(u) by the algebra homomorphism

A(B, x, y)→ A(B, x) induced from π1. It is called the trivial evaluation.

Lemma 4.5. Let G(b, k, v; a, m, u) be the one in (7). The family {x
(a)
m (u) |

(a, m, u) ∈ I`+} satisfies a system of relations

x(a)
m

(
u− da

t

)
x(a)

m

(
u + da

t

)
=

y
(a)
m (u)

1 + y
(a)
m (u)

∏

(b,k,v)∈I`+

x
(b)
k (v)G(b,k,v; a,m,u)

+
1

1 + y
(a)
m (u)

x
(a)
m−1(u)x

(a)
m+1(u),

(33)

where (a, m, u) ∈ I ′`+. In particular, the family {[x
(a)
m (u)]1 | (a, m, u) ∈

I`+} satisfies the T-system T`(Mt) in A(B, x) by replacing T
(a)
m (u) with
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[x
(a)
m (u)]1.

Proof. This follows from the exchange relation of cluster variables (14)

and the property of the sequence (22) which are observed in Figs. 2 and 3.

Let us demonstrate how to obtain these relations in the case t = 5 using

Figs. 2 and 3. For example, consider the mutation at ((1, 2), 0). Then, the

attached variable x
(1)
2 (−1) is mutated to

1

x
(1)
2 (−1)

{
y
(1)
2 (0)

1 + y
(1)
2 (0)

x
(2)
10 (0) +

1

1 + y
(1)
2 (0)

x
(1)
1 (0)x

(1)
3 (0)

}
, (34)

which should equal to x
(1)
2 (1). Also, consider the mutation at, say, ((2, 9), 0).

Then, the attached variable x
(2)
9 (−1/5) is mutated to

1

x
(2)
9 (− 1

5 )

{
y
(2)
9 (0)

1 + y
(2)
9 (0)

x
(1)
1 (0)x

(1)
2 (− 3

5 )x
(1)
2 (− 1

5 )x
(1)
2 ( 1

5 )x
(1)
2 ( 3

5 ) (35)

+
1

1 + y
(2)
9 (0)

x
(2)
8 (0)x

(2)
10 (0)

}
, (36)

which should equal to x
(2)
9 (1/5). They certainly agree with (4) and (5).

(The quiver Q`(Mt) is designed to do so.)

Definition 4.6. The T-subalgebra AT (B, x) of A(B, x) associated with the

sequence (29) is the subring of A(B, x) generated by [xi(u)]1 ((i, u) ∈ I ×
1
t
Z).

By Lemma 4.5, we have the following embedding.

Theorem 4.7. The ring T◦` (Mt)+ is isomorphic to AT (B, x) by the corre-

spondence T
(a)
m (u) 7→ [x

(a)
m (u)]1.

Proof. The map ρ : T
(a)
m (u) 7→ [x

(a)
m (u)]1 is a ring homomorphism due

to Lemma 4.5. We can construct the inverse of ρ as follows. For each

i ∈ I, let ui ∈
1
t
Z be the smallest nonnegative ui such that (i, u) : p+.

Then, thanks to Lemma 4.3 (i) there is a unique (a, m, ui − da/t) ∈ I`+

such that g((a, m, ui − da/t)) = (i, ui). We define a ring homomorphism

ϕ̃ : Z[x±1
i

]i∈I → T`(Mt) by x±1
i
7→ T

(a)
m (ui − da/t)±1. Thus, we have

ϕ̃ : [x
(a)
m (ui − da/t)]1 7→ T

(a)
m (ui − da/t). Furthermore, one can prove that

ϕ̃ : [x
(a)
m (u)]1 7→ T

(a)
m (u) for any (a, m, u) ∈ I`+ by induction on the forward

and backward mutations, applying the same T-systems for the both sides.

By the the restriction of ϕ̃ to AT (B, x), we obtain a ring homomorphism

ϕ : AT (B, x)→ T◦` (Mt)+, which is the inverse of ρ.
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4.6. Y-system and cluster algebra

The Y-system Y`(Mt) also naturally appears as a system of relations among

the coefficients yi(u).

The following lemma follows from the exchange relation of coefficients

and the property of the sequence (22).

Lemma 4.8. The family {y
(a)
m (u) | (a, m, u) ∈ I ′`+} satisfies the Y-system

Y`(Mt) by replacing Y
(a)
m (u) with y

(a)
m (u).

Proof. Again, let us demonstrate how to obtain these relations in the

case t = 5 using Figs. 2 and 3. For example, consider the mutation at

((1, 2), 0). Then, the attached variable y
(1)
2 (0) is mutated to y

(1)
2 (0)−1. Then,

the following factors are multiplied to y
(1)
2 (0)−1 during u = 1

5 , . . . , 9
5 :

(1 + y
(2)
14 ( 5

5 )),

(1 + y
(2)
13 ( 4

5 ))(1 + y
(2)
13 ( 6

5 )),

(1 + y
(2)
12 ( 3

5 ))(1 + y
(2)
12 ( 5

5 ))(1 + y
(2)
12 ( 7

5 )),

(1 + y
(2)
11 ( 2

5 ))(1 + y
(2)
11 ( 4

5 ))(1 + y
(2)
11 ( 6

5 ))(1 + y
(2)
11 ( 8

5 )),

(1 + y
(2)
10 ( 1

5 ))(1 + y
(2)
10 ( 3

5 ))(1 + y
(2)
10 ( 5

5 ))(1 + y
(2)
10 ( 7

5 ))(1 + y
(2)
10 ( 9

5 )),

(1 + y
(2)
9 ( 2

5 ))(1 + y
(2)
9 ( 4

5 ))(1 + y
(2)
9 ( 6

5 ))(1 + y
(2)
9 ( 8

5 )),

(1 + y
(2)
8 ( 3

5 ))(1 + y
(2)
8 ( 5

5 ))(1 + y
(2)
8 ( 7

5 )),

(1 + y
(2)
7 ( 4

5 ))(1 + y
(2)
7 ( 6

5 )),

(1 + y
(2)
8 ( 5

5 )),

(1 + y
(1)
1 (1)−1)−1(1 + y

(1)
3 (1)−1)−1.

The result should equal to y
(1)
2 (2). Also, consider the mutation at, say,

((2, 9), 0). Then, the attached variable y
(2)
9 (0) is mutated to y

(2)
9 (0)−1. Then,

the following factors are multiplied to y
(2)
9 (0)−1 at u = 1

5 :

(1 + y
(2)
8 ( 1

5 )−1)−1(1 + y
(2)
10 ( 1

5 )−1)−1.

The result should equal to y
(2)
9 ( 2

5 ). They certainly agree with (8) and (9).

Definition 4.9. The Y-subgroup GY (B, y) of G(B, y) associated with the

sequence (29) is the subgroup of G(B, y) generated by yi(u) ((i, u) ∈ I× 1
t
Z)

and 1 + yi(u) ((i, u) : p+ or p−).
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By Lemma 4.8, we have the following embedding.

Theorem 4.10. The group Y◦` (Mt)+ is isomorphic to GY (B, y) by the cor-

respondence Y
(a)
m (u) 7→ y

(a)
m (u) and 1 + Y

(a)
m (u) 7→ 1 + y

(a)
m (u).

Proof. The map ρ : Y
(a)
m (u) 7→ y

(a)
m (u), 1 + Y

(a)
m (u) 7→ 1 + y

(a)
m (u) is a

group homomorphism due to Lemma 4.5. We can construct the inverse of ρ

as follows. For each i ∈ I, let ui ∈
1
t
Z be the largest nonpositive ui such that

(i, ui) : p+. Then, thanks to Lemma 4.3 (ii) there is a unique (a, m, ui) ∈

I ′`+ such that g′((a, m, ui)) = (i, ui). We define a semifield homomorphism

ϕ̃ : Qsf(yi)i∈I → Y`(Mt) as follows. If ui = 0, then yi 7→ Y
(a)
m (0). If ui < 0,

we define

ϕ̃(yi) = Y (a)
m (ui)

−1

∏

(b,k,v)

(1 + Y
(b)
k (v))

∏

(b,k,v)

(1 + Y
(b)
k (v)−1)

, (37)

where the product in the numerator is taken for (b, k, v) : I ′`+ such that

ui < v < 0 and Bji(v) < 0 for (j, v) = g′((b, k, v)), and the product in

the denominator is taken for (b, k, v) : I ′`+ such that ui < v < 0 and

Bji(v) > 0 for (j, v) = g′((b, k, v)). Then, we have ϕ̃ : y
(a)
m (ui) 7→ Y

(a)
m (ui).

Furthermore, one can prove that ϕ̃ : y
(a)
m (u) 7→ Y

(a)
m (u) for any (a, m, u) ∈

I ′`+ by induction on the forward and backward mutations, applying the

same Y-systems for the both sides. By the restriction of ϕ̃ to GY (B, x),

we obtain a group homomorphism ϕ : GY (B, x) → Y◦` (Mt)+, which is the

inverse of ρ.

5. Cluster algebraic formulation: The case |I| = 2; t is even

In this section we consider the case |I | = 2 when t is even. Basically it is

parallel to the former case and we omit proofs.

5.1. Parity decompositions of T and Y-systems

For a triplet (a, m, u) ∈ I`, we reset the ‘parity conditions’ P+ and P− by

P+ : tu is even if a = 1; m + tu is even if a = 2,

P− : tu is odd if a = 1; m + tu is odd if a = 2.
(38)

Let I`ε be the set of all (a, m, u) : Pε. Define T◦` (Mt)ε (ε = ±) to be the

subring of T◦` (Mt) generated by T
(a)
m (u) ((a, m, u) ∈ I`ε). Then, we have
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T◦` (Mt)+ ' T◦` (Mt)− by T
(a)
m (u) 7→ T

(a)
m (u+ 1

t
), and the decomposition (17)

holds.

For a triplet (a, m, u) ∈ I` , we set another ‘parity conditions’ P
′
+ and

P
′
− by

P
′
+ : tu is even if a = 1; m + tu is odd if a = 2,

P
′
− : tu is odd if a = 1; m + tu is even if a = 2.

(39)

We have

(a, m, u) : P′+ ⇐⇒ (a, m, u± da

t
) : P+. (40)

Let I ′`ε be the set of all (a, m, u) : P
′
ε. Define Y◦` (Mt)ε (ε = ±) to be

the subgroup of Y◦` (Mt) generated by Y
(a)
m (u), 1 + Y

(a)
m (u) ((a, m, u) ∈

I ′`ε). Then, we have Y◦` (Mt)+ ' Y◦` (Mt)− by Y
(a)
m (u) 7→ Y

(a)
m (u + 1

t
), 1 +

Y
(a)
m (u) 7→ 1 + Y

(a)
m (u + 1

t
), and the decomposition (20) holds.

5.2. Quiver Q`(Mt)

With the Cartan matrix Mt and ` ≥ 2 we associate the quiver Q`(Mt).

Again, as a rather general example, the case t = 4 is given by Fig. 4,

where the right columns in the four quivers Q1,. . . ,Q4 are identified. Also

we assign the empty or filled circle ◦/• and the sign +/− to each vertex

as shown. For a general even t, the quiver Q`(Mt) is defined by naturally

extending the case t = 4. Even though it looks quite similar to the odd

t case in Fig. 1, there is one important difference due to the parity of t;

that is, when t is even, any vertex in the right column of Qi has the sign

‘−’ whenever it is connected to a vertex in the left column by a horizontal

arrow. This is not so when t is odd.

Let us choose the index set I of the vertices of Q`(Mt) as before so that

i = (i, i′) ∈ I represents the vertex at the i′th row (from the bottom) of

the left column in Qi for i = 1, . . . , t, and the one of the right column in

any quiver for i = t + 1. We use the same notations I
◦
±,k I

•
± as before. For

k, k′ ∈ {1, . . . , t}, k 6= k′, let I
◦
±,k,k′ = I

◦
±,k t I

◦
±,k′ . We define composite

mutations,

µ◦+,k,k′ =
∏

i∈I◦
+,k,k′

µi, µ◦−,k,k′ =
∏

i∈I◦
−,k,k′

µi, µ•+ =
∏

i∈I•+

µi, µ•− =
∏

i∈I•
−

µi.

(41)

Lemma 5.1. Let Q(0) := Q`(Mt). We have the following periodic sequence
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Fig. 4. The quiver Q
`
(Mt) with t = 4 for even ` (upper) and for odd ` (lower), where

we identify the right columns in all the quivers Q1, . . . , Q4.

of mutations of quivers:

Q(0)
µ•+µ◦+,1,t

←→ Q( 1
t
)

µ•
−

←→ Q( 2
t
)

µ•+µ◦+,3,t−2
←→ Q( 3

t
)

µ•
−

←→ Q( 4
t
)

µ•+µ◦+,5,t−4
←→ · · ·

µ•+µ◦+,t−1,2
←→ Q( t−1

t
)

µ•
−

←→ Q(1)
µ•+µ◦

−,1,t

←→ Q( t+1
t

)
µ•
−

←→ Q( t+2
t

)
µ•+µ◦

−,3,t−2
←→ Q( t+3

t
)

µ•
−

←→ Q( t+4
t

)
µ•+µ◦

−,5,t−4
←→ · · ·

µ•+µ◦
−,t−1,2
←→ Q( 2t−1

t
)

µ•
−

←→ Q(2) = Q(0).

(42)
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Here, the quiver Q(p/t) (p = 1, . . . , 2t) is defined by

Q(p/t) :=

{
w̃p(Q)op p: odd

w̃p(Q) p: even,
(43)

and wp is a permutation of {1, . . . , t} defined by

wp =

{
r+r− · · · r+ (p terms) p: odd

r+r− · · · r− (p terms) p: even,
(44)

r+ = (23)(45) · · · (r − 2, r − 1), r− = (12)(34) · · · (r − 1, r), (45)

where (ij) is the transposition of i and j.

Example 5.2. The mutation sequence (42) for t = 4 is explicitly given in

Fig. 5. where only a part of each quiver is presented as before.

5.3. Embedding maps

Let B = B`(Mt) be the corresponding skew-symmetric matrix to the quiver

Q`(Mt) for even t. Let A(B, x, y) be the cluster algebra with coefficients in

the universal semifield, and let G(B, y) be the coefficient group associated

with A(B, x, y) as before.

In view of Lemma 5.1 we set x(0) = x, y(0) = y and define clusters

x(u) = (xi(u))i∈I (u ∈ 1
t
Z) and coefficient tuples y(u) = (yi(u))i∈I (u ∈ 1

t
Z)

by the sequence of mutations

· · ·
µ•
−

←→ (B(0), x(0), y(0))
µ•+µ◦+,1,t

←→ (B( 1
t
), x( 1

t
), y( 1

t
))

µ•
−

←→ · · ·
µ•
−

←→ (B(2), x(2), y(2))
µ•+µ◦+,1,t

←→ · · · ,
(46)

where B(u) is the skew-symmetric matrix corresponding to Q(u).

For (i, u) ∈ I× 1
t
Z, we set the parity condition p+ by

p+ :





i ∈ I
•
+ t I

◦
+,p+1,t−p u ≡ p

t
, 0 ≤ p ≤ t− 1, p: even

i ∈ I
•
+ t I

◦
−,p+1−t,2t−p u ≡ p

t
, t ≤ p ≤ 2t− 1, p: even

i ∈ I
•
− u ≡ p

t
, 0 ≤ p ≤ 2t− 1, p: odd,

(47)

where ≡ is modulo 2Z. Again, each (i, u) : p+ is a mutation point of (42)

in the forward direction of u.

Lemma 5.3. Below ≡ means the equivalence modulo 2Z.
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Fig. 5. The mutation sequence of the quiver Q
`
(Mt) in (42) for t = 4.
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(i) The map g : I`+ → {(i, u) : p+}

(a, m, u− da

t
) 7→





((2j + 1, m), u) a = 1; m + u ≡ 2j

t

(j = 0, 1, . . . , t/2− 1)

((2t− 2j, m), u) a = 1; m + u ≡ 2j

t

(j = t/2, . . . , t− 1)

((t + 1, m), u) a = 2

(48)

is a bijection.

(ii) The map g′ : I ′`+ → {(i, u) : p+}

(a, m, u) 7→






((2j + 1, m), u) a = 1; m + u ≡ 2j

t

(j = 0, 1, . . . , t/2− 1)

((2t− 2j, m), u) a = 1; m + u ≡ 2j

t

(j = t/2, . . . , t− 1)

((t + 1, m), u) a = 2

(49)

is a bijection.

5.4. T-system, Y-system, and cluster algebra

All the properties depending on the parity of t are now absorbed in the

quiver Q`(Mt), the mutation sequence (46), and the embedding maps g

and g′ in Lemma 4.3. Lemmas 4.5, 4.8, and Theorems 4.7, 4.10 are true for

even t.

6. Cluster algebraic formulation: Tree case

In this section we extend Theorems 4.7 and 4.10 to any tamely laced Cartan

matrix C whose Dynkin diagram is a tree, by patching parity conditions

and quivers introduced in Secs. 4 and 5. This is an intermediate step for

treating the most general case in Sec. 7.

6.1. Parity decompositions of T and Y-systems

Throughout this section we assume that C is a tamely laced and indecom-

posable Cartan matrix whose Dynkin diagram X(C) is a tree, i.e., without

cycles.

We decompose the index set I of X(C) into two parts I = I+ t I− such

that the following two rules are satisfied:
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da 3 3 1 2 2 1 1

+ − + +, α +, β + −

Fig. 6. Example of a decomposition and a coloring of I.

(I) If a and b are adjacent in X(C) and both da and db are odd, then

either a ∈ I+, b ∈ I− or a ∈ I+, b ∈ I− holds.

(II) If a and b are adjacent in X(C) and at least one of da and db is

even, then either a, b ∈ I+ or a, b ∈ I− holds.

To each a ∈ I with da even, we also attach the ‘color’ ca = α or β

satisfying the following condition:

(III) If a and b are adjacent in X(C), then ca 6= cb.

See Fig. 6 for an example. (The coloring is not used in this subsection.)

For a triplet (a, m, u) ∈ I`, we set the parity conditions Q+ as follows.

Q+ =






(o+) m + tu is even da is odd, a ∈ I+

(o−) m + tu is odd da is odd, a ∈ I−

(e+) tu is odd da is even, a ∈ I+

(e−) tu is even da is even, a ∈ I−

(50)

Let Q− be the negation of Q+. Suppose that a and b in I with da ≥ db

are adjacent in X(C). Due to the condition (1), we have four possibilities:

(i) da is odd and db = 1, (ii) da = db, and da is odd and not 1, (iii) da is

even and db = 1, (iv) da = db, and da is even. For (i), the condition Q+ is

compatible with P± in (16) with t = da therein. For (iii), the condition Q+

is compatible with P± in (38) with t = da therein. For (ii) and (iv), one

can directly check that the condition Q+ is compatible with (4). Therefore,

we have the parity decomposition

T◦` (C) ' T◦` (C)+ ⊗Z T◦` (C)−, (51)

where T◦` (C)ε (ε = ±) is the subring of T◦` (C) generated by T
(a)
m (u)

((a, m, u) : Qε).

Similarly, for a triplet (a, m, u) ∈ I`, we set the parity conditions Q
′
+
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as follows.

Q
′
+ =






(o+) m + tu is odd da is odd, a ∈ I+

(o−) m + tu is even da is odd, a ∈ I−

(e+) tu is odd da is even, a ∈ I+

(e−) tu is even da is even, a ∈ I−

(52)

We have

(a, m, u) : Q′+ ⇐⇒ (a, m, u± da

t
) : Q+. (53)

Let Q
′
− be the negation of Q

′
+. Then, we have the parity decomposition

Y◦` (C) ' Y◦` (C)+ × Y◦` (C)−, (54)

where Y◦` (C)ε (ε = ±) is the subring of Y◦` (C) generated by Y
(a)
m (u), 1 +

Y
(a)
m (u) ((a, m, u) : Q′ε).

6.2. Construction of quiver Q`(C)

Let us construct a quiver Q`(C) for C and `. We do it in two steps. In Step

1, to each adjacent pair (a, b) of the Dynkin diagram X(C) we attach a

certain quiver Q(a, b). In Step 2, these quivers are ‘patched’ at each vertex.

Step 1. Q(a, b).

Recall that t is the one in (2). Below suppose that a and b are adjacent

in X(C) and da ≥ db.

Case (i). da is odd and db = 1. (a) The case a ∈ I−. We set the quiver

Q(a, b) by the quiver Q`′(Mt′) in Sec. 4.3 with t′ = da and `′ = t`/da. We

assign +/− as in Sec. 4.3. (We do not need to assign •/◦ here.)

(b) The case a ∈ I+. We set the quiver Q(a, b) by the quiver Q(1)

obtained from Q(0) = Q`′(Mt′) in Sec. 4.3 with t′ = da and `′ = t`/da. We

assign +/− in the opposite way to Sec. 4.3.

Case (ii). da = db, and da is odd and not 1. We can assume that

a ∈ I− and b ∈ I+. We set the quiver Q(a, b) as a disjoint union of quivers

Q1,. . . ,Qda
specified as follows. The quivers Q1, Q3,. . . , Qda

are the quiver

Q`′(Mt′) in Sec. 4.3 with t′ = 1 and `′ = t`/da. We assign +/− as in

Sec. 4.3. The quivers Q2, Q4,. . . , Qda−1 are the opposite quiver of Q`′(Mt′)

in Sec. 4.3 with t′ = 1 and `′ = t`/da. We assign +/− in the opposite way

to Sec. 4.3.

Case (iii). da is even and db = 1. (a) The case a ∈ I+ and ca = α.

We set the quiver Q(a, b) by the quiver Q`′(Mt′) in Sec. 5.2 with t′ = da

and `′ = t`/da. We assign +/− as in Sec. 5.2.
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(b) The case a ∈ I+ and ca = β. We set the quiver Q(a, b) by the quiver

Q(1) obtained from Q(0) = Q`′(Mt′) in Sec. 5.2 with t′ = da and `′ = t`/da.

For •/◦ in Sec. 5.2, we assign +/− to vertices with • as in Sec. 5.2, while

we assign +/− to vertices with ◦ in the opposite way to Sec. 5.2.

(c) The case a ∈ I− and ca = α. We set the quiver Q(a, b) by the

quiver Q(−1/t′) obtained from Q(0) = Q`′(Mt′) in Sec. 5.2 with t′ = da

and `′ = t`/da. For •/◦ in Sec. 5.2. we assign +/− to vertices with ◦ as

in Sec. 5.2, while we assign +/− to vertices with • in the opposite way to

Sec. 5.2.

(d) The case a ∈ I− and ca = β. We set the quiver Q(a, b) by the quiver

Q((t′ − 1)/t′) obtained from Q(0) = Q`′(Mt′) in Sec. 5.2 with t′ = da and

`′ = t`/da. We assign +/− in the opposite way to Sec. 5.2.

Case (iv). da = db, and da is even. We can assume that ca = α and

cb = β. We set the quiver Q(a, b) as a disjoint union of quivers Q1,. . . ,Qda

specified as follows. The quivers Q1, Q3,. . . , Qda−1 are the quiver Q`′(Mt′)

in Sec. 4.3 with t′ = 1 and `′ = t`/da. We assign +/− as in Sec. 4.3. The

quivers Q2, Q4,. . . , Qda
are the opposite quiver of Q`′(Mt′) in Sec. 4.3 with

t′ = 1 and `′ = t`/da. We assign +/− in the opposite way to Sec. 4.3.

Throughout Step 1, we regard the left column(s) of Q(a, b) (with length

t`/da − 1) as attached to a and the right column(s) of Q(a, b) (with length

t`/db − 1) as attached to b.

Step 2. Q`(C).

The quiver Q`(C) is defined by patching the above quivers Q(a, b) at

each vertex. Namely, fix a ∈ I , and take all b’s which are adjacent to a. If

da = 1, we identify the columns attached to a in Q(b, a) for all b. If da > 1,

for each i = 1, . . . , da, we identify the columns attached to a in the ith

quivers Qi of Q(a, b) or Q(b, a) (depending on the sign and color of a) for

all b. (For Cases (i) and (ii), Qi appears in the construction of Q`(Mt).)

Some basic examples are given below.

Example 6.1. The two examples below mostly clarify the situation in-

volving Cases (i) and (ii).

(1) Let C be the Cartan matrix with the following Dynkin diagram.

+ − + − + −
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The corresponding quiver Q`(C) for ` = 3 is given as follows.
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Here, the long columns at the same horizontal positions in three quivers are

identified with each other. The encircled vertices are the mutation points

at Q(0) = Q`(C), which will be described in the next subsection. The same

remark applies below.

(2) Let C be the Cartan matrix with the following Dynkin diagram.

+ − + − + −

The corresponding quiver Q`(C) for ` = 3 is given as follows.
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Example 6.2. The four examples below mostly clarify the situation in-

volving Cases (iii) and (iv).

(1) Let C be the Cartan matrix with the following Dynkin diagram.

+ +, α +, β +, α +

The corresponding quiver Q`(C) for ` = 3 is given as follows.
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(2) Let C be the Cartan matrix with the following Dynkin diagram.

+ +, α +, β +, α +, β +

The corresponding quiver Q`(C) for ` = 3 is given as follows.
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(3) Let C be the Cartan matrix with the following Dynkin diagram.

− −, α −, β −, α −

The corresponding quiver Q`(C) for ` = 3 is given as follows.
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(4) Let C be the Cartan matrix with the following Dynkin diagram.

− −, α −, β −, α −, β −

The corresponding quiver Q`(C) for ` = 3 is given as follows.
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6.3. Mutation sequence

We set Q(0) = Q`(C) and define a periodic sequence of mutations of quivers

Q(0)
µ(0)
←→ Q( 1

t
)

µ( 1
t
)

←→ Q( 2
t
)

µ( 2
t
)

←→ · · ·
µ( 2t−1

t
)

←→ Q(2) = Q(0) (55)

by patching the ones in (22) and (42). Let Ma(k/t) (a ∈ I , k = 0, . . . , 2t−1)

be the set of the mutation points of µ(k/t) in the columns attached to a.
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It is defined as follows. (Below we use the assignment of +/− specified in

Sec. 6.2. Also we use the similar notations in the ones in (22) and (42), e.g.,

I
a
+,i denotes the set of vertices in the column attached to a of ith quiver Qi

with property +. )

(i) da: odd. (cf. (22))

Ma(0) = I
a
+,1, Ma(

1
t
) = I

a
+,da−1, Ma( 2

t
) = I

a
+,3, . . . ,

Ma( 2da−2
t

) = I
a
−,2, Ma( 2da−1

t
) = I

a
−,da

, Ma( 2da

t
) = Ma(0), . . .

(56)

In particular, for da = 1,

Ma(0) = I
a
+,1, Ma( 1

t
) = I

a
−,1, Ma( 2

t
) = M0(0), . . . (57)

(ii) da: even, a ∈ I+ (cf. (42))

Ma(0) = I
a
+,1,da

, Ma(
1
t
) = ∅, Ma(

2
t
) = I

a
+,3,da−2, . . . ,

Ma( 2da−2
t

) = I
a
−,da−1,2, Ma( 2da−1

t
) = ∅, Ma(

2da

t
) = M0(0), . . .

(58)

(iii) da: even, a ∈ I− (cf. (42))

Ma(0) = ∅, Ma( 1
t
) = I

a
+,1,da

, Ma(
2
t
) = ∅, Ma( 3

t
) = I

a
+,3,da−2, . . . ,

Ma( 2da−2
t

) = ∅, Ma( 2da−1
t

) = I
a
−,da−1,2, Ma( 2da

t
) = M0(0), . . .

(59)

6.4. T-system, Y-system, and cluster algebra

Now it is straightforward to repeat the formulation in Secs. 4 and 5. The

compatibility of mutations is the only issue, but it has been already taken

care of in the construction of Q`(C) as self-explained in Examples 6.1 and

6.2.

Let I be the index set of the quiver Q`(C). Let B the skew-symmetric

matrix corresponding to Q`(C). Using the sequence (55), we define cluster

variables xi(u) and coefficients yi(u) (i ∈ I, u ∈ 1
t
Z) as before. Define the

T-subalgebra AT (B, x) and Y-subgroup AT (B, y) as parallel to Definitions

4.6 and 4.9.

Repeating the same argument as before, we obtain the conclusion of

this section.

Theorem 6.3. Let C be any tamely laced and indecomposable Cartan ma-

trix whose Dynkin diagram is a tree. Then, the ring T◦` (C)+ is isomorphic

to AT (B, x). The group Y◦` (C)+ is isomorphic to GY (B, y).
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7. Cluster algebraic formulation: General case

It is easy to extend Theorem 6.3 to any tamely laced Cartan matrix C

with suitable modification. Due to the lack of the space, we concentrate on

describing the construction of the quiver Q`(C). Throughout the section

we assume that C is a tamely laced and indecomposable Cartan matrix.

Before starting, we introduce some preliminary definitions. We call a

subdiagram Y of X(C) an even block, if Y is an maximal indecomposable

subdiagram of X(C) such that da of each vertex a of Y is even. Due to

the condition (1), da is constant for any vertex a of Y . Below we suppose

that X(C) has n even blocks Y1,. . . , Yn. (n may be zero.) Let X ′(C) be

the diagram obtained from X(C) by shrinking each even block Yi into a

vertex ‘⊗’ while keeping any line from Yi to its outside. For example, for

the following X(C)

(60)

X ′(C) is given by

(61)

7.1. The case X′
(C) is bipartite

Let us assume that X ′(C) is bipartite, i.e., it contains no odd cycle.

First, consider the case when all the even blocks Y1, . . . , Yn are also

bipartite. Then, X(C) admits a decomposition and a coloring of I satisfying

Conditions (I)–(III) in Sec. 6.1, and one can construct Q`(C) as in Sec. 6.2.

Next, consider the case when some of the even blocks, say, Y1, . . . , Yk

are nonbipartite. Then, X(C) does not admit a coloring of I satisfying

Condition (III) in Sec. 6.1. Following Ref. 4, we define the bipartite double

Y # of any tamely laced Dynkin diagram Y as follows. Let J be the vertex

set of Y . The vertex set J# of Y # is the disjoint union J# = J+tJ−, where

J+ = {j+ | j ∈ J} and J− = {j− | j ∈ J}; furthermore, we write a line (or

multiple line with arrow) in Y # from i+ to j− and also from i− to j+ if

and only if there is a line (or multiple line with arrow) from i to j in Y . Let

X̃(C) be the diagram obtained from X(C) by replacing each nonbipartite

even block Yi (i = 1, . . . , k) with its bipartite double Y
#
i , while connecting

i± in Yi to any vertex j outside Yi by a line (or multiple line with arrow)

if and only if i and j are connected in X(C) by a line (or multiple line

with arrow). The diagram X̃(C) now admits a decomposition and coloring

satisfying Conditions (I)–(III) in Sec. 6.1. See Fig. 7 for an example. Then,

we repeat the construction of the quiver Q`(C) in Sec. 6.2 for the diagram
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1 2 3

5 4

4− 2+ 5−

5+ 2− 4+

1 3
+ +

+, β +, α +, β

+, α +, β +, α

Fig. 7. Example of Dynkin diagram X(C) (left) and X̃(C) (right).

1 2 3 4

6 5

6− 1+ 2 3 4+ 5−

5+ 4− 3 2 1− 6+

− + +, α +, β + −

+ − −, α −, β − +

Fig. 8. Example of Dynkin diagram X(C) (left) and X̃(C) (right).

X̃(C) with the following modification: In Step 1 of Sec. 6.2, in Cases (iii)

and (iv), we only take the da/2 subquivers Q1, Q3,. . . , Qda−1 for those

Q(a, b) involving the vertices of Y
#
1 , . . . , Y

#
k . We write the resulted quiver

as Q`(C). Accordingly, we also replace I
a
+,1,da

, Ia
+,3,da−2, . . . in (58) and (59)

with I
a
+,1, I

a
+,3, . . . . The rest are defined in the same way as in Sect. 6.4.

Now we have the first main result of the paper.

Theorem 7.1. Let C be any tamely laced and indecomposable Cartan ma-

trix such that X ′(C) is bipartite. Let B the skew-symmetric matrix cor-

responding to the quiver Q`(C) defined above. Then, the ring T◦` (C)+ is

isomorphic to AT (B, x). The group Y◦` (C)+ is isomorphic to GY (B, y).

7.2. The case X′
(C) is nonbipartite

Let us assume that X ′(C) is nonbipartite. Then, X(C) does not admit a de-

composition of I satisfying Conditions (I) and (II) in Sec. 6.1; consequently,

neither T◦` (C) nor Y◦` (C) admits the parity decomposition.

First, consider the case when all the even blocks Y1, . . . , Yn of X(C) are

bipartite. We take the bipartite double X ′(C)# of X ′(C). Then, in X ′(C)#,

restore each even block of X(C), which appears twice in X ′(C)#, in place of

⊗. The resulted diagram X̃(C) now admits a decomposition and a coloring

satisfying Conditions (I)—(III) in Sec. 6.1. See Fig. 8 for an example. Now

we repeat the construction of the quiver Q`(C) in Sec. 6.2 for the diagram

X̃(C). We write the resulted quiver as Q`(C).
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Next, consider the case when some of the even blocks of X(C), say, Y1,

. . . , Yk are nonbipartite. Then, in the above construction of X̃(C), we fur-

ther replace each nonbipartite even block Yi (i = 1, . . . , k) with its bipartite

double Y
#
i as in Sec. 7.1. We write the resulted diagram as X̃(C). Then,

repeat the construction of the quiver Q`(C) in Sec. 7.1 for the diagram

X̃(C). We write the resulted quiver as Q`(C).

The rest are defined in the same way as before. Then, as in the simply

laced case,4 we have the counterpart of Theorem 7.1, which is the second

main result of the paper.

Theorem 7.2. Let C be any tamely laced and indecomposable Cartan ma-

trix such that X ′(C) is nonbipartite. Let B the skew-symmetric matrix cor-

responding to the quiver Q`(C) defined above. Then, the ring T◦` (C) is iso-

morphic to AT (B, x). The group Y◦` (C) is isomorphic to GY (B, y).
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We study the relation between the periodic Benjamin-Ono equation with dis-

crete Laplacian and the two-dimensional-Toda hierarchy. We introduce the

tau-functions τ±(z) for the periodic Benjamin-Ono equation, construct two

families of integrals of motion {M1,M2, · · · }, {M1, M2, · · · }, and calculate

some examples of the bilinear equations using the Hamiltonian structure. We

confirmed that some of the low lying bilinear equations agree with the ones

obtained from a certain reduction of the 2D-Toda hierarchy.

Keywords: Benjamin-Ono equation; 2D-Toda hierarchy.

1. Introduction

1.1. Periodic Benjamin-Ono equation with discrete

Laplacian

Let γ be a complex parameter satisfying Im(γ) ≥ 0. Let x and t be real

independent variables, and η(x, t) be an analytic function satisfying the

periodicity condition η(x + 1, t) = η(x, t). In Refs. 1 and 2, we considered

the integro-differential equation

∂

∂t
η(x, t) = η(x, t) ·

i

2

∫ 1/2

−1/2

\
(
∆γ cot(π(y − x))

)
η(y, t)dy, (1)

where the discrete Laplacian ∆γ is defined by (∆γf)(x) = f(x−γ)−2f(x)+

f(x+γ), and the integral
∫
\ means the Cauchy principal value. This can be
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regarded as a periodic version of the Benjamin-Ono3,4 equation associated

with the discrete Laplacian ∆γ .

For the sake of simplicity, set z = e2πix and q = e2πiγ . By abuse

of notation, we use the notation η(z) to indicate the dependence on z.

From the spatial periodicity, we have the Fourier series expansion η(z) =∑
n∈Z ηnz−n. Set η+(z) =

∑
n>0 η−nzn and η−(z) =

∑
n>0 ηnz−n. Note

that we have η(z) = η+(z) + η0 + η−(z). Then the equation (1) can be

expressed as

∂tη(z) = η(z)
∑

l6=0

sgn(l)(1− q|l|)η−lz
l

= η(z)(η+(z)− η+(zq)− η−(z) + η−(z/q)). (2)

1.2. Poisson algebra and Toda field equation

We show that one can introduce another time t and obtain the 2D Toda

field equation5 by using the Poisson Heisenberg algebra for our periodic

Benjamin-Ono equation with discrete Laplacian.1,2 As for the Hamiltonian

structure for the usual Benjamin-Ono equation, see Refs. 6 and 7. See Ref.

8 also.

Our Poisson algebra is generated by αn (n ∈ Z 6=0) with the Poisson

brackets

{αn, αm} = sgn(n)(1− q|n|)δn+m,0, (3)

where sgn(n) = |n|/n for n 6= 0 and sgn(0) = 0. Namely, the αn’s are the

canonical coordinates being introduced to the study of the Hamiltonian

structure associated with (2).

Definition 1.1. Set

τ+(z) = exp

(
−
∑

n>0

α−n

1− qn
zn

)
, τ−(z) = exp

(
−
∑

n>0

αn

1− qn
z−n

)
. (4)

We call τ±(z) the tau-functions.

Express the dependent variable η(z) in terms of the tau-functions and

a constant ε as

η(z) =
∑

n∈Z

ηnz−n = ε exp




∑

n6=0

αnz−n



 = ε
τ−(z/q)τ+(zq)

τ−(z)τ+(z)
. (5)
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We need to introduce another dependent variable ξ(z) by

ξ(z) =
∑

n∈Z

ξnz−n =
1

ε
exp


−

∑

n6=0

αnq−|n|/2z−n




=
1

ε

τ−(zq1/2)τ+(zq−1/2)

τ−(zq−1/2)τ+(zq1/2)
. (6)

The Poisson brackets among our dependent variables can be calculated

as follows.

Lemma 1.1. We have

{η(z), η(w)} = η(z)η(w)
∑

l6=0

sgn(l)(1− q|l|)
(w

z

)l

, (7)

{ξ(z), ξ(w)} = ξ(z)ξ(w)
∑

l6=0

sgn(l)(q−|l| − 1)
(w

z

)l

, (8)

{η(z), ξ(w)} = δ(q1/2w/z)
τ+(zq)τ+(z/q)

τ+(z)τ+(z)

−δ(q−1/2w/z)
τ−(zq)τ−(z/q)

τ−(z)τ−(z)
, (9)

{η(w), τ−(z)} = η(w)τ−(z)
∑

n>0

(w

z

)n

, (10)

{η(w), τ+(z)} = −η(w)τ+(z)
∑

n>0

( z

w

)n

, (11)

{ξ(w), τ−(z)} = −ξ(w)τ−(z)
∑

n>0

q−n/2
(w

z

)n

, (12)

{ξ(w), τ+(z)} = ξ(w)τ+(z)
∑

n>0

q−n/2
( z

w

)n

, (13)

where δ(z) =
∑

n∈Z zn.

Remark 1.1. In Ref. 9, a deep connection was found between the Mac-

donald Polynomials10 Pλ(x; q, t) and the level one representation of the

quantum algebra of Ding-Iohara U(q, t). We note that the αn, η(z) and

ξ(z) in the present paper are the level one generators of the Ding-Iohara

algebra in the classical (namely commutative) limit given by letting the

parameter as t→ 1. (Note that t here is one of the two parameters q, t for

the Macdonald polynomials and should not be confused with the time t.)
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As a special case of (7) in Lemma 1.1, we have

{η0, η(z)} = η(z)
∑

l6=0

sgn(l)(1− q|l|)η−lz
l. (14)

By looking at this and (2), one is lead to the following definition.

Definition 1.2. Let η0 be our Hamiltonian, and define the time evolution

equation over the Poisson algebra by setting ∂t∗ = {η0, ∗}.

Proposition 1.1. The periodic Benjamin-Ono equation with discrete

Laplacian (2) is written in the Hamiltonian form ∂tη(z) = {η0, η(z)}.

Now we move on to the study of another Hamiltonian derived from ξ(z).

Proposition 1.2. We have {η0, ξ0} = 0.

Proof. This follows from (9) in Lemma 1.1.

Remark 1.2. Since our Poisson algebra is the classical limit of the Ding-

Iohara algebra, we have two sets of mutually Poisson commutative families,

having η0 and ξ0 respectively, in the same way as was discussed in Ref. 9.

As for the explicit form of them, see (38) and (39) below.

Because of the commutativity {η0, ξ0} = 0, we may interpret ξ0 as

another Hamiltonian corresponding to time t.

Definition 1.3. Define ∂t∗ = {∗, ξ0}.

Proposition 1.3. From (9) we have

∂tη(z) =
τ+(zq)τ+(z/q)

τ+(z)τ+(z)
−

τ−(zq)τ−(z/q)

τ−(z)τ−(z)
, (15)

Next we turn to the equations for the tau-functions τ±(z).

Proposition 1.4. From (10), (11), (12) and (13), we have

∂tτ−(z) = η−(z)τ−(z), ∂tτ+(z) = −η+(z)τ+(z), (16)

∂tτ−(zq−1/2) = ξ−(z)τ−(zq−1/2), ∂tτ+(zq1/2) = −ξ+(z)τ+(zq1/2),

where ξ+(z) =
∑

n>0 ξ−nzn and ξ−(z) =
∑

n>0 ξnz−n.

Suitable combinations of these may give us equations written in terms

of the Hirota derivatives.
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Definition 1.4. Define the Hirota derivative Dt1 , Dt2 , · · · by
(
Dk1

t1
Dk2

t2
· · ·
)

f · g (17)

= ∂k1
a1

∂k2
a2
· · · f(t1 + a1, t2 + a2, · · · )g(t1 − a1, t2 − a2, · · · )

∣∣∣∣∣
a1=a2=···=0

.

Proposition 1.5. We have the Hirota equations

Dtτ−(z) · τ+(z) = ετ−(z/q)τ+(zq)− η0τ−(z)τ+(z), (18)

Dtτ−(zq−1/2) · τ+(zq1/2) (19)

= ε−1τ−(zq1/2)τ+(zq−1/2)− ξ0τ−(zq−1/2)τ+(zq1/2),

1

2
DtDtτ±(z) · τ±(z) (20)

+ τ±(zq) · τ±(z/q)− τ±(z) · τ±(z) = 0.

Proof. From (16), we have ∂tτ−(z) · τ+(z) − τ−(z) · ∂tτ+(z) = (η(z) −

η0)τ−(z)τ+(z). Using (5) we have (18). The equation (19) can be derived

in the same way. Eq. (20) is obtained from (15) and (16).

Remark 1.3. Note that Eq. (20) is nothing but the Toda field equation

written in terms of the tau-function.5

One finds that the Heisenberg generators correspond to the standard

dependent variables of the Toda field theory.

Definition 1.5. Set

φ+(z) =
∑

n>0

α−nzn, φ−(z) = −
∑

n>0

αnz−n. (21)

Proposition 1.6. The φ±(z) satisfy the Toda field equation

∂t∂tφ±(z) = eφ±(z)−φ±(z/q) − eφ±(zq)−φ±(z). (22)

Proof. This follows from Eqs. (3) and (9).

Motivated by the appearance of the Toda field equation (22), in this

article we will try to understand how the 2D Toda hierarchy appears from

the point of view of the Hamiltonian structure.

The present paper is organized as follows. In Section 2, we recall the

Hirota-Miwa equation11,12 (23) for the 2D Toda hierarchy. Based on the n-

soliton solutions, we derive some variants of the bilinear equations (Propo-

sition 2.1). In Section 3, two sets of integrals of motion M1, M2, · · · and



September 3, 2010 16:20 WSPC - Proceedings Trim Size: 9in x 6in 018˙shiraishi

362 J. Shiraishi & Y. Tutiya

M1, M2, · · · are introduced (Definition 3.2). Since at present we lack enough

technologies to handle the evolution equations in general, we need to restrict

ourself to some low lying cases. To show some evidences of the agreement,

we check up to certain degree that exactly the same equations are obtained

both from Proposition 2.1 and the Hamiltonian Mk’s. Our observation is

summarized in Conjecture 3.2.

2. Hirota-Miwa equation for 2D Toda hierarchy

2.1. Hirota-Miwa equation

We briefly recall the Hirota-Miwa equation11,12 for the 2D Toda hierarchy.5

Using the n-soliton solution, we derive several variants of bilinear equations

which can be connected to Eqs. (18), (19) and (20) obtained in the previous

section.

Let s, t = (t1, t2, · · · ) and t = (t1, t2, · · · ) be independent variables, and

τ(s, t, t) be the tau-function of the 2D Toda hierarchy. For a parameter λ,

we use the standard notation for the infinite vector [λ] = (λ, 1
2λ2, 1

3λ3, · · · ).

The Hirota-Miwa equation for the 2D Toda hierarchy is written as fol-

lows.

(1− αβ)τ(s, t, t̄)τ(s, t + [α], t̄ + [β])− τ(s, t + [α], t̄)τ(s, t, t̄ + [β])

+ αβτ(s + 1, t + [α], t̄)τ(s − 1, t, t̄ + [β]) = 0. (23)

It is well known that the n-soliton solution to the Hirota-Miwa equation

is given by

τ(s, t, t) =

n∑

r=0

∑

I⊂{1,2,··· ,n}

|I|=r

∏

{i,j}⊂I

i<j

(λi − λj)(µi − µj)

(λi − µj)(µi − λj)
(24)

×
∏

k∈I

(λk/µk)se
∑

∞

i=1(tiλ
i
k+tiλ

−i

k
)−
∑

∞

i=1(tiµ
i
k+tiµ

−i

k
).

Let a1, · · · , an be parameters. Set λk = ak, µk = qak for k = 1, 2, · · · , n.

Write z = q−s. Then we have (λk/µk)s = q−s = z.

We define τ+(z, t, t) by the n-soliton solution τ(s, t, t) of 2D Toda hier-

archy under this specialization (λk = ak, µk = qak).

Definition 2.1. Set

τ+(z, t, t) =

n∑

r=0

zr
∑

I⊂{1,2,··· ,n}

|I|=r

∏

{i,j}⊂I

i<j

(ai − aj)
2

(ai − qaj)(ai − q−1aj)
(25)

×
∏

k∈I

e
∑

∞

i=1(1−qi)tia
i
k+
∑

∞

i=1(1−q−i)tia
−i

k .
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Note that τ+(z, t, t) is a polynomial in z whose degree is n.

To introduce τ−(z, t, t), we need a Lemma.

Lemma 2.1. We have

τ+(z, t, t̄− [β])

=

n∑

r=0

zr
∑

I⊂{1,2,··· ,n}

|I|=r

∏

{i,j}⊂I

i<j

(ai − aj)
2

(ai − qaj)(ai − q−1aj)

×
∏

k∈I

1− β/ak

1− β/qak

e
∑

∞

i=1(1−qi)tia
i
k+
∑

∞

i=1(1−q−i)tia
−i

k

= zn
∏

1≤i<j≤n

(ai − aj)
2

(ai − qaj)(ai − q−1aj)

×

n∏

k=1

1− β/ak

1− β/qak

e
∑

∞

i=1(1−qi)tia
i
k+
∑

∞

i=1(1−q−i)tia
−i

k

×

n∑

r=0

z−r
∑

I⊂{1,2,··· ,n}

|I|=r

∏

{i,j}⊂I

i<j

(ai − aj)
2

(ai − qaj)(ai − q−1aj)

×
∏

k∈I

dk(β)e−
∑

∞

i=1(1−qi)tia
i
k−
∑

∞

i=1(1−q−i)tia
−i

k ,

where

dk(β) =
1− β/qak

1− β/ak

∏

j 6=k

1≤j≤n

(ak − qaj)(ak − q−1aj)

(ak − aj)2
.

Now we define τ−(z, t, t) by the following Laurent polynomial.

Definition 2.2. Set

τ−(z, t, t)

= τ+(z, t, t− [qnε])× z−n
∏

1≤i<j≤n

(ai − qaj)(ai − q−1aj)

(ai − aj)2

×

n∏

k=1

1− qn−1ε/ak

1− qnε/ak

e−
∑

∞

i=1(1−qi)tia
i
k−
∑

∞

i=1(1−q−i)tia
−i

k

=

n∑

r=0

z−r
∑

I⊂{1,2,··· ,n}

|I|=r

∏

{i,j}⊂I

i<j

(ai − aj)
2

(ai − qaj)(ai − q−1aj)
(26)

×
∏

k∈I

dk(qnε)e−
∑

∞

i=1(1−qi)tia
i
k−
∑

∞

i=1(1−q−i)tia
−i

k .
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Proposition 2.1. We have

τ−(z, t + [α], t)τ+(z, t, t)

= (1− αqnε)

n∏

k=1

(1− αak)

(1− αqak)
τ−(z, t, t)τ+(z, t + [α], t) (27)

+αε τ−(z/q, t + [α], t)τ+(zq, t, t),

τ−(z/q, t, t + [β])τ+(z, t, t)

= (1− β/qnε)

n∏

k=1

(1− β/ak)

(1− β/qak)
τ−(z/q, t, t)τ+(z, t, t + [β]) (28)

+(β/ε) τ−(z, t, t + [β])τ+(z/q, t, t),

τ±(z, t + [α], t̄)τ±(z, t, t̄ + [β]) (29)

= (1− αβ)τ±(z, t, t̄)τ±(z, t + [α], t̄ + [β])

+ αβτ±(z/q, t + [α], t̄)τ±(zq, t, t̄ + [β]) = 0.

Proof. Eq. (27) follows from the Hirota-Miwa equation (23), (25), (26)

and Lemma 2.1. Noting that we have τ(s, t− [α], t) = τ(s + 1, t, t− [α−1]),

we have (28) in the same way. Eq. (29) follows from Eq. (23).

Remark 2.1. Note that we may write

(1− αqnε)

n∏

k=1

(1− αak)

(1− αqak)
= exp

(
−

∞∑

i=1

Miα
i

)
, (30)

(1− β/qnε)

n∏

k=1

(1− β/ak)

(1− β/qak)
= exp

(
−

∞∑

i=1

M iβ
i

)
, (31)

Mi =
1− qi

i

(
ai
1 + · · ·+ ai

n + qniεi + q(n+1)iεi + q(n+2)iεi + · · ·
)

,(32)

M i =
1− q−i

i

(
a−i
1 + · · ·+ a−i

n + q−niε−i + q−(n+1)iε−i + · · ·
)

. (33)

Proposition 2.2. By expanding (27) in α, subtracting some constant mul-

tiples or time-differentials of lower order equations, we have the Hirota

equations

(Dt1 + M1)τ−(z) · τ+(z) = ετ−(z/q) · τ+(zq), (34)

(Dt2 + 2M2)τ−(z) · τ+(z) = ε(Dt1 + M1)τ−(z/q) · τ+(zq), (35)

(Dt3 + 3M3)τ−(z) · τ+(z) +
1

8
(Dt1 + M1)

3τ−(z) · τ+(z) (36)

=
3

4
ε(Dt2 + 2M2)τ−(z/q) · τ+(zq) +

3

8
ε(Dt1 + M1)

2τ−(z/q) · τ+(zq).
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Here Mi’s are defined in (32).

Thus we found that Eq. (18) coincide with Eq. (34) under the identifi-

cation t = t1, t = t1. Eqs. (19) and (20) coincide with the first nontrivial

equation from Eqs. (28) and (29) respectively.

In the next section, we will check that Eqs. (35) and Eq. (36) also agree

with the equations derived from the Poisson structure.

3. Poisson algebra and 2D Toda hierarchy

3.1. elementary and power sum symmetric functions

We need some facts about the symmetric functions.10 Let x = (x1, x2, · · · )

be an infinite set of independent indeterminates. Let en(x) be the n-th

elementary symmetric function, and pn(x) be the n-th power sum function.

The generating functions for them are given by E(y) =
∑∞

n=0 en(x)yn =∏∞
i=1(1 + xiy), and P (y) =

∑∞
n=1

1
n
pn(x)yn = − logE(−y). Solving the

equation P ′(y) = −E′(−y)/E(−y), we have

pn =

∣∣∣∣∣∣∣∣∣∣∣

e1 1 0 · · · 0

2e2 e1 1 · · ·

3e3 e2 e1 · · ·
...

. . .
...

nen en−1 en−2 · · · e1

∣∣∣∣∣∣∣∣∣∣∣

. (37)

3.2. Integrals of motion from Ding-Iohara algebra

First we introduce some notations. We denote the constant term f0 of a se-

ries f(z) =
∑

n∈Z fnzn by [f(z)]1. We also use the same symbol for the case

of a series with several variables. For examples, by [f(z1, z2)]1 we denote

the constant term f0,0 of the series f(z1, z2) =
∑

n1,n2∈Z
fn1,n2z

n1
1 zn2

2 .

Definition 3.1. Define the integrals of motion by

Ik =




∏

1≤i<j≤k

1− wj/wi

1− qwj/wi

η(w1)η(w2) · · · η(wk)




1

, (38)

Ik =




∏

1≤i<j≤k

1− wj/wi

1− q−1wj/wi

ξ(w1)ξ(w2) · · · ξ(wk)




1

, (39)

where the rational factors in wi’s should be understood in the sense of the

series as (1− wj/wi)/(1− q±1wj/wi) = 1 + (1− q∓1)
∑

n>0(q
±1wj/wi)

n.
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For example, we have I1 = η0 and I2 = η2
0 + (1 − q−1)

∑
n>0 qnη−nηn,

and so on. Based on the argument given in Ref. 9 with considering the

classical limit (t→ 1), one can prove the following.

Proposition 3.1. We have the commutativity {Ik, Il} = 0, {Ik, I l} = 0

and {Ik, I l} = 0.

3.3. Integrals of motion associated with t and t

Some explicit calculations show us that the integrals Ik and Ik does not

correspond to the Toda times t1, t2, · · · and t1, t2, · · · in general. Hence our

task is to find a suitable set of integrals, which we call Mk and Mk.

At present, unfortunately, it is not easy to do the task purely within the

framework of Poisson algebra. However, with the knowledge of the values

of the integrals Ik and Ik on the n-soliton solution (25), (26), we can guess

the correct formula.

Conjecture 3.1. Let τ±(z, t, t) be as in (25) and (26), and set η(t) =

ετ−(z/q, t, t)τ+(zq, t, t)/τ−(z, t, t)τ+(z, t, t), namely as in (5). Then one can

define the quantities Ik’s and Ik’s by (38) and (39) using this η(z) associ-

ated with the n-soliton solution.

Then the quantities Ik’s and Ik’s are independent of t and t. The val-

ues are given by the follwing specialization of the elementary symmetric

functions as

Ik = q−k(k−1)/2(1− q)(1− q2) · · · (1− qk) (40)

×ek(a1, · · · , an, qnε, qn+1ε, · · · ),

Ik = qk(k−1)/2(1− q−1)(1− q−2) · · · (1− q−k) (41)

×ek(a−1
1 , · · · , a−1

n , q−nε−1, q−n−1ε−1, · · · ).

As for the statement about Ik in Eq. (40), see Ref. 2.

Remark 3.1. For small k, we have

I1 = (1− q)(a1 + · · ·+ an) + qnε,

I2 = q−1(1− q)(1− q2)(a1a2 + a1a3 + · · ·+ an−1an)

+qn−1(1− q2)(a1 + · · ·+ an)ε + q2nε2.

Definition 3.2. Set I ′k = qk(k−1)/2((1 − q)(1 − q2) · · · (1 − qk))−1Ik and

I
′

k = q−k(k−1)/2((1−q−1)(1−q−2) · · · (1−q−k))−1Ik for simplicity of display.
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Define

Mk =
1− qk

k

∣∣∣∣∣∣∣∣∣∣∣

I ′1 1 0 · · · 0

2I ′2 I ′1 1 · · ·

3I ′3 I ′2 I ′1 · · ·
...

. . .
...

kI ′k I ′k−1 I ′k−2 · · · I
′
1

∣∣∣∣∣∣∣∣∣∣∣

, (42)

Mk =
1− q−k

k

∣∣∣∣∣∣∣∣∣∣∣∣

I
′

1 1 0 · · · 0

2I
′

2 I
′

1 1 · · ·

3I
′

3 I
′

2 I
′

1 · · ·
...

. . .
...

kI
′

k I
′

k−1 I
′

k−2 · · · I
′

1

∣∣∣∣∣∣∣∣∣∣∣∣

. (43)

Remark 3.2. Conjecture 3.1 implies that if τ±(z, t, t) be as in (25) and

(26), Mk’s and Mk’s are given by

Mk =
1− qk

k
pk(a1, · · · , an, qnε, qn+1ε, · · · ),

Mk =
1− q−k

k
pk(a−1

1 , · · · , a−1
n , q−nε−1, q−n−1ε−1, · · · ).

3.4. Formulas for M2 and M3

Now we come back to our study of the Poisson algebra to check the higher

Hirota equations (35) and (36).

It is desirable to find some reasonably simple expressions for Mk’s. At

present, however, we only have the following partial results.

Lemma 3.1. We have M1 = [η(w)]1 and

M2 =

[(
1

2
+

qw2/w1

1− qw2/w1

)
η(w1)η(w2)

]

1

, (44)

M3 =

[(
1

3
+

qw3/w2

(1− qw2/w1)(1− qw3/w2)

)
η(w1)η(w2)η(w3)

]

1

. (45)

Proof. From (42), we have M1 = I1 = [η(w)]1, and

M2 =
1 + q

2(1− q)
I2
1 −

q

1− q
I2

=

[(
1 + q

2(1− q)
−

q

1− q

1− w2/w1

1− qw2/w1

)
η(w1)η(w2)

]

1

=

[(
1

2
+

qw2/w1

1− qw2/w1

)
η(w1)η(w2)

]

1

.
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Next, we have

M3 =
1− q3

3(1− q)2
I3
1 −

q(1− q3)

(1− q)2(1− q2)
I1I2 +

q3

(1− q)(1− q2)
I3

=

[(
1− q3

3(1− q)2
−

q(1− q3)

(1− q)2(1− q2)

1− w3/w2

1− qw3/w2

+
q3

(1− q)(1− q2)

1− w2/w1

1− qw2/w1

1− w3/w1

1− qw3/w1

1− w3/w2

1− qw3/w2

)

×η(w1)η(w1)η(w1)

]

1

.

Since we have the property of the constant term [f(w1, w2, w3)]1 =

[Symw1,w2,w3
f(w1, w2, w3)]1, and

Symw1,w2,w3

(
1− q3

3(1− q)2
−

q(1− q3)

(1− q)2(1− q2)

1− w3/w2

1− qw3/w2

+
q3

(1− q)(1− q2)

1− w2/w1

1− qw2/w1

1− w3/w1

1− qw3/w1

1− w3/w2

1− qw3/w2

)

= Symw1,w2,w3

(
1

3
+

qw3/w2

(1− qw2/w1)(1− qw3/w2)

)
,

(45) holds. Here the symbol Symw1,w2,w3
denotes the symmetrization with

respect to w1, w2 and w3.

Remark 3.3. It is an open problem to find a simple expression as above

for M4, M5, · · · .

3.5. Main conjecture and equations with respect to t2, t3

Definition 3.3. Set ∂tk
∗ = {Mk, ∗} and ∂tk

∗ = {∗, Mk}.

Now we are ready to state our conjecture.

Conjecture 3.2. Calculating ∂tk
and ∂tk

by using the Poisson brackets

given in Definition 3.3, we recover the same equation derived from the

Hirota-Miwa equations (27), (28) and (29) within the Hamiltonian for-

malism.

The rest of the paper is devoted to give some evidence of our conjecture.
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Proposition 3.2. Calculating ∂t2 and ∂t1 by using the Poisson brackets

given in Definition 3.3, we recover the same equation as in Eq. (35).

For the sake of simplicity, we introduce a notation. For a series

f(z, w1, w2, · · · , wn) in z and w1, w2, · · ·wn, we denote the constant

term with respect to wi’s by the symbol [f(z, w1, w2, · · · , wn)]1,w1,··· ,wn
.

For example, for f(z, w1, w2) =
∑

i,j,k∈Z fi,j,kziwk
1wl

2, we have

[f(z, w1, w2)]1,w1,w2 =
∑

i∈Z fi,0,0z
i.

Proof. From (10), (11) and (44), we have

∂t2τ−(z)

τ−(z)
−

∂t2τ+(z)

τ+(z)
+ 2M2

=

[
(δ(w1/z) + δ(w2/z))

(
1

2
+

qw2/w1

1− qw2/w1

)
η(w1)η(w2)

]

1,w1,w2

= M1η(z) + η(z)

[
qw2/z

1− qw2/z
η(w2)

]

1,w2

+ η(z)

[
qz/w1

1− qz/w1
η(w1)

]

1,w1

= M1η(z) + η(z)η−(z/q) + η(z)η+(zq).

Using (5) and (16) (with t = t1), we have the result.

Finally, we study the Hirota equation involving the third time t3.

Proposition 3.3. Calculating ∂t3 , ∂t2 and ∂t1 by using the Poisson brack-

ets given in Definition 3.3, we have

(Dt3 + 3M3) τ−(z) · τ+(z) (46)

=
1

2
ε (Dt2 + 2M2) τ−(z/q) · τ+(zq) +

1

2
ε (Dt1 + M1)

2
τ−(z/q) · τ+(zq),

(Dt1 + M1)
3
τ−(z) · τ+(z) (47)

= 2ε (Dt2 + 2M2) τ−(z/q) · τ+(zq)− ε (Dt1 + M1)
2
τ−(z/q) · τ+(zq).

Corollary 3.1. As a linear combination of the above two, we recover (36)

from the the Hamiltonian structure.

Remark 3.4. For small n, we can check that n-soliton solution (25), (26)

satisfy both (46) and (47). At present, however, we do not have a proof for

general n.

Proof of Proposition 3.3. They follow from (7), (10), (11) and Lemmas

3.2, 3.3, 3.4 and 3.5 below.
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Proofs of Lemmas 3.2, 3.3,3.4 and 3.5 can be obtained by using Lemma

3.1. All the calculations are tedious but straightforward. Therefore we omit

them.

Lemma 3.2. From (10), (11) and (45), we have

(Dt3 + 3M3) τ−(z) · τ+(z)

τ−(z) · τ+(z)

= η(z)

(
M2 +

1

2
M2

1 + M1(η+(zq) + η−(z/q)) + η+(zq)η−(z/q)

)

+η(z)

[(
qw1/w2

1− qw1/w2

qw2/z

1− qw2/z

+
qw2/w1

1− qw2/w1

qz/w2

1− qz/w2

)
η(w1)η(w2)

]

1,w1,w2

.

Lemma 3.3. From (7), (10) and (11), we have

(Dt1 + M1)
3
τ−(z) · τ+(z)

τ−(z) · τ+(z)

= η(z)

(
4M2 −M2

1 + M1(η+(zq) + η−(z/q))− 2η+(zq)η−(z/q)

)

+2η(z)

[(
qw1/w2

1− qw1/w2
+

qw2/w1

1− qw2/w1

)

×

(
qw2/z

1− qw2/z
+

qz/w2

1− qz/w2

)
η(w1)η(w2)

]

1,w1,w2

−η(z)

[(
qw1/w2

1− qw1/w2
−

qw2/w1

1− qw2/w1

)

×

(
qw2/z

1− qw2/z
−

qz/w2

1− qz/w2

)
η(w1)η(w2)

]

1,w1,w2

.

Lemma 3.4. From (10), (11) and (44), we have

(Dt2 + 2M2) τ−(z/q) · τ+(zq)

τ−(z/q) · τ+(zq)

= 2M2 + M1(η+(zq) + η−(z/q))

+

[(
qw1/w2

1− qw1/w2
+

qw2/w1

1− qw2/w1

)

×

(
qw2/z

1− qw2/z
+

qz/w2

1− qz/w2

)
η(w1)η(w2)

]

1,w1,w2

.
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Lemma 3.5. From (7), (10) and (11), we have

(Dt1 + M1)
2
τ−(z/q) · τ+(zq)

τ−(z/q) · τ+(zq)

= M2
1 + M1(η+(zq) + η−(z/q)) + 2η+(zq)η−(z/q)

+

[(
qw1/w2

1− qw1/w2
−

qw2/w1

1− qw2/w1

)

×

(
qw2/z

1− qw2/z
−

qz/w2

1− qz/w2

)
η(w1)η(w2)

]

1,w1,w2

.
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Recent work of Foda and his group on a connection between classical integrable

hierarchies (the KP and 2D Toda hierarchies) and some quantum integrable

systems (the 6-vertex model with DWBC, the finite XXZ chain of spin 1/2, the

phase model on a finite chain, etc.) is reviewed. Some additional information

on this issue is also presented.

Keywords: Six-vertex model; XXZ model; domain wall boundary condition;

Bethe ansatz; KP hierarchy; Toda hierarchy; tau function.

1. Introduction

Searching for a connection between classical and quantum integrable sys-

tems is an old and new subject, occasionally leading to a breakthrough to-

wards a new area of research. One of the landmarks in this sense is the quan-

tum inverse scattering method, also known as the algebraic Bethe ansatz.

Stemming from the classical inverse scattering method, the algebraic Bethe

ansatz covers a wide class of integrable systems including solvable models

of statistical mechanics on the basis of the Yang-Baxter equations.1 More-

over, remarkably, it was recognized later that a kind of classical integrable

systems (discrete Hirota equations) show up in the so called nested Bethe

ansatz.2

Recently a new connection was found by Foda and his group.3–7 They

observed that special solutions of the classical integrable hierarchies (the

KP and 2D Toda hierarchies) are hidden in quantum (or statistical) inte-

grable systems such as the 6-vertex model under the domain wall boundary

condition (DWBC),3 the finite XXZ chain of spin 1/2,4,5 and some other

quantum integrable systems.6,7 Their results are based on a determinant

formula of physical quantities, namely, the Izergin-Korepin formula for the
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partition function of the 6-vertex model8–10 and the Slavnov formula for the

scalar product of Bethe states in the XXZ spin chain.11,12 Those formulae

contain a set of free variables, and the determinant in the formula is divided

by the Vandermonde determinant of these variables. Foda et al. interpreted

the quotient of the determinant by the Vandermonde determinants as a tau

function of the KP (or 2D Toda) hierarchy expressed in the so called “Miwa

variables”.

In this paper, we review these results along with some additional infor-

mation on this issue. We are particularly interested in the relevance of the

2-component KP (2-KP) and 2D Toda hierarchies. Unfortunately, this re-

search is still in an early stage, and we cannot definitely say which direction

this research leads us to. A modest goal will be to understand the algebraic

Bethe ansatz better in the perspective of classical integrable hierarchies.

This paper is organized as follows. In Section 2, we start with a brief

account of the notion of Schur functions that play a fundamental role in

the theory of integrable hierarchies, and introduce the tau function of the

KP, 2-KP and 2D Toda hierarchies as a function of both the usual time

variables and the Miwa variables. Section 3 deals with the partition function

of the 6-vertex model with DWBC. Following the procedure of Foda et

al., we rewrite the Izergin-Korepin formula into an almost rational form

and show that a main part of the partition function can be interpreted

as a KP tau function. Actually, the partition function allows two different

interpretations that correspond to two choices of the Miwa variables. We

examine a unified interpretation of the partition function as a tau function

of the 2-KP (or 2D Toda) hierarchy. In Section 4, we turn to the finite XXZ

chain of spin 1/2, and present a similar interpretation to the scalar product

of Bethe states (one of which depends on free variables) on the basis of

the Slavnov formula. Section 5 is devoted to some other models including

the phase model,13 which is also studied by the group of Foda.6 For those

models, a determinant formula is known to hold for the scalar product of

Bethe states both of which depend on free parameters.14 We consider a

special case related to enumeration of boxed plane partitions.

2. Tau functions

2.1. Schur functions

Let us review the notion of Schur functions. We mostly follow the notations

of Macdonald’s book.15

For N variables x = (x1, . . . , xN ) and a partition λ = (λ1, λ2, . . . , λN )
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(λ1 ≥ λ2 ≥ · · · ≥ λN ≥ 0) of length (λ) ≤ N , the Schur function sλ(x) can

be defined by Weyl’s character formula

sλ(x) =
det(xλi−i+N

j )N
i,j=1

∆(x)
, (1)

where ∆(x) is the Vandermonde determinant

∆(x) = det(x−i+N
j )N

i,j=1 =
∏

1≤i<j≤N

(xi − xj).

By one of the Jacobi-Trudi formulae, sλ(x) can be expressed as a de-

terminant of the form

sλ(x) = det(hλi−i+j(x))N
i,j=1, (2)

where hn(x), n = 0, 1, 2, . . ., are the completely symmetric functions

hn(x) =
∑

1≤k1≤k2≤···≤kn≤N

xk1xk2 · · ·xkn
for n ≥ 1, h0(x) = 1.

The complete symmetric functions hn(x) themselves can be identified with

the Schur functions for partitions with a single part:

hn(x) = s(n)(x), (n) := (n, 0, . . . , 0).

Another form of the Jacobi-Trudi formulae uses on the elementary sym-

metric functions en(x). Since we shall not use it in the following, its details

are omitted here.

The complete symmetric functions have the generating function

∞∑

n=0

hn(x)zn =

N∏

k=1

(1− xkz)−1 = exp

(
−

N∑

k=1

log(1− xkz)

)
.

Since log(1− xkz) has a Taylor expansion of the form

log(1− xkz) = −

∞∑

n=1

xn
k

n
zn,

this generating function can be rewritten as

∞∑

n=0

hn(x)zn = exp

(
∞∑

n=1

tnz

)
, (3)

where tn’s are defined as

tn =
1

n

N∑

k=1

xn
k . (4)
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In view of (2) and (3), one can redefine the complete symmetric functions

and the Schur functions as functions hn[t] and sλ[t] a of t = (t1, t2, . . .),

namely,

∞∑

n=0

hn[t]zn = exp

(
∞∑

n=1

tnzn

)
(5)

and

sλ[t] = det(hλi−i+j [t])
N
i,j=1, (6)

where λ is understood to be an infinite decreasing sequence λ = (λ1, λ2, . . .)

with λi = 0 for all but a finite number of i’s, and N is arbitrary integer

greater than or equal to l(λ) = max{i | λi 6= 0}. The right hand side of (6)

is independent of N , because the lower left block of the matrix therein for

i > l(λ) and j ≤ l(λ) is zero and the lower right block for i, j > l(λ) is an

upper triangular matrix with 1 on the diagonal line.

This is a place where a connection with the KP hierarchy17 shows up.

Namely, the variables t = (t1, t2, . . .) are nothing but the “time variables” of

the KP hierarchy, and the Schur functions sλ[t] are special tau functions. As

first pointed out by Miwa,18 viewing the tau function as a function of the x

variables leads to a discrete (or difference) analogue of the KP hierarchy. For

this reason, the x variables are sometimes referred to as “Miwa variables”

in the literature of integrable systems.

2.2. Tau functions of KP hierarchy

Let us use the notation τ [t] for the tau function in the usual sense (namely,

a function of t), and let τ(x) denote the function obtained from τ [t] by

the change of variables (4). It is the latter that plays a central role in this

paper.

A general tau function of the KP hierarchy is a linear combination of

the Schur functions

τ [t] =
∑

λ

cλsλ[t], (7)

where the coefficients cλ are Plücker coordinates of a point of an infinite

dimensional Grassmann manifold (Sato Grassmannian).19 Roughly speak-

ing, the Sato Grassmannian consists of linear subspaces W ' C
N of a fixed

aThese convenient notations are borrowed from Zinn-Justin’s paper.16



September 3, 2010 16:21 WSPC - Proceedings Trim Size: 9in x 6in 019˙takasaki

KP and Toda tau functions in Bethe ansatz 377

linear space V ' C
Z. We shall not pursue those fully general tau functions

in the following.

We are interested in a smaller (but yet infinite dimensional) class of tau

functions such that cλ = 0 for all partitions with l(λ) > N . This corresponds

to a submanifold Gr(N,∞) of the full Sato Grassmannian. The Plücker

coordinates cλ are labelled by partitions of the form λ = (λ1, . . . , λN ), and

given by finite determinants as

cλ = det(fi,lj )
N
i,j=1, li := λi − i + N. (8)

Note that the sequences λi’s and li’s of non-negative integers are in one-to-

one correspondence:

∞ > λ1 ≥ · · ·λN ≥ 0 ←→ ∞ > l1 > · · · > lN ≥ 0.

The N ×∞ matrix

F = (fij)i=1,...,N, j=0,1,...

of parameters represent a point of the Grassmann manifold Gr(N,∞).

By the Cauchy-Binet formula, the tau function τ(x) in the x-picture

can be expressed as

τ(x) =
∑

∞>l1>···>lN≥0

det(fi,lj )
N
i,j=1 det(x

lj
i )N

i,j=1

∆(x)
=

det(fi(xj))
N
i,j=1

∆(x)
, (9)

where fi(x)’s are the power series of the form

fi(x) =

∞∑

l=0

filx
l.

In particular, if there is a positive integer M such that

fij = 0 for i ≥M + N

(in other words, fi(x)’s are polynomials of degree less than M + N), the

Plücker coordinate cλ vanishes for all Young diagrams not contained in the

N ×M rectangular Young diagram, namely,

cλ = 0 for λ 6⊆ (MN ) := (M, . . . , M︸ ︷︷ ︸
N

)

The tau function τ [t] thereby becomes a linear combination of a finite num-

ber of Schur function, hence a polynomial in t. Geometrically, these solu-

tions of the KP hierarchy sit on the finite dimensional Grassmann manifold

Gr(N, N + M) of the Sato Grassmannian.
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2.3. Tau functions of 2-KP hierarchy

The tau function τ [t, t̄] of the 2-component KP (2-KP) hierarchy is a func-

tion of two sequences t = (t1, t2, . . .) and t̄ = (t̄1, t̄2, . . .) of time variables,

and can be expressed as

τ [t, t̄] =
∑

λ,µ

cλµsλ[t]sµ [̄t], (10)

where cλµ’s are Plücker coordinates of a point of a 2-component analogue

of the Sato Grassmannnian (which is, actually, isomorphic to the one-

component version).19

The aforementioned class of tau functions of the KP hierarchy can be

generalized to the 2-component case. Such tau functions correspond to

points of the submanifold Gr(M + N, 2∞) of the 2-component Sato Grass-

mannian. For those tau functions, the Plücker coordinates cλµ vanish if

l(λ) > M or l(µ) > N ; the remaining Plücker coordinates are given by finite

determinants of a matrix with two rectangular blocks of size (M +N)×M

and (M + N)×N as

cλµ = det(fi,lj | gi,mk
), (11)

where i is the row index ranging over i = 1, . . . , M +N and j, k are column

indices in the two blocks ranging over j = 1, . . . , M and k = 1, . . . , N ,

respectively. lj ’s and mk’s are related to the parts of λ = (λj)
M
j=1 and

µ = (µi)
N
j=1 as

lj = λj − j + M, mk = µk − k + N.

By the change of variables from x and y to

tn =
1

n

M∑

j=1

xn
j , t̄n =

1

n

N∑

k=1

yn
k , (12)

the tau function τ [t, t̄] is converted to the (x,y)-picture τ(x, y). Again

by the Cauchy-Binet formula, τ(x, y) turns out to be a quotient of two

determinants as

τ(x, y) =
det(fi(xj) | gi(yk))

∆(x)∆(y)
, (13)

where the denominator is the determinant with the same block structure

as (11), and fi(x) and gj(y) are power series of the form

fi(x) =
∞∑

l=0

filx
l, gi(y) =

∞∑

l=0

gily
l.
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2.4. Tau function of 2D Toda hierarchy

The 2-KP hierarchy is closely related to the 2D Toda hierarchy.20 The tau

function τs[t, t̄] of the 2D Toda hierarchy depends on a discrete variable

(lattice coordinate) s alongside the two series of time variables t and t̄.

For each value of s, τs[t, t̄] is a tau function of the 2-KP hierarchy, and

these 2-KP tau functions are mutually connected by a kind of Bäcklund

transformations. Consequently, τs[t, t̄] can be expressed as shown in (10)

with the coefficients csλµ depending on s.

Actually, it is more natural to use sλ[t]sµ[−t̄] rather than sλ[t]sµ [̄t] for

the Schur function expansion of the Toda tau function.21 (Note that sµ[−t̄]

can be rewritten as

sµ[−t̄] = (−1)|µ|s tµ[t],

where tµ denotes the transpose of µ.) Expanded in these product of tau

functions as

τs[t, t̄] =
∑

λ,µ

csλµsλ[t]sµ[−t̄], (14)

the coefficients csλµ become Plücker coordinates of an infinite dimensional

flag manifold. Intuitively, they are minor determinants

csλµ = det(gλi−i+s,µj−j+s)
∞
i,j=1 (15)

of an infinite matrix g = (gij)i,j∈Z, though this definition requires justifi-

cation.21 In particular, if g is a diagonal matrix, the coefficients csλµ are

also diagonal (namely, csλµ ∝ δλµ) and the Schur function expansion (14)

simplifies to the “diagonal” form

τs[t, t̄] =
∑

λ

csλsλ[t]sλ[−t̄], csλ =

∞∏

i=1

gλi−i+s. (16)

If we reformulate the 2D Toda hierarchy on the semi-infinite lattice

s ≥ 0, the infinite determinants defining cλ’s are replaced by finite determi-

nants, and τs[t, t̄] itself becomes a finite determinant. We shall encounter

an example of such tau functions in the next section.

3. 6-vertex model with DWBC

3.1. Setup of model

We consider the 6-vertex model on an N × N square lattice with inho-

mogeneity parameters u = (u1, . . . , uN ) and v = (v1, . . . , vN ) assigned to
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·
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Fig. 1. Square lattice with DWBC

the rows and columns. The boundary of the lattice is supplemented with

extra edges pointing outwards, and the domain-wall boundary condition

(DWBC) is imposed on these extra edges. Namely, the arrows on the extra

edges on top and bottom of the boundary are pointing outwards, and those

on the other extra edges are pointing inwards (see figure 1).

The vertex at the intersection of the i-th row and the j-th column is

given the following weight wij determined by the configuration of arrows

on the adjacent edges:

- -
6

6
� �

?

? wij = a(ui − vj)

- -

?

? � �
6

6
wij = b(ui − vj)

-�

?

6
� -

6
? wij = c(ui − vj)

The weight functions a(u), b(u), c(u) are defined as

a(u) = sinh(u + γ), b(u) = sinh u, c(u) = sinh γ, (17)

where γ is a parameter. Thus the partition function of this model is defined
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as a function of the inhomogeneity parameters u and v:

ZN = ZN (u, v) =
∑

configuration

N∏

i,j=1

wij .

3.2. Izergin-Korepin formula for ZN

According to the result of Korepin8 and Izergin,9 the partition function ZN

has the determinant formula

ZN =

∏N

i,j=1 sinh(ui − vj + γ) sinh(ui − vj)∏
1≤i<j≤N sinh(ui − uj) sinh(vj − vi)

× det

(
sinh γ

sinh(ui − vj + γ) sinh(ui − vj)

)N

i,j=1

, (18)

which one can rewrite as

ZN =
sinhN γ∏

1≤i<j≤N sinh(ui − uj) sinh(vj − vi)

× det

(∏N

k=1 sinh(ui − vk + γ) sinh(ui − vk)

sinh(ui − vj + γ) sinh(ui − vj)

)N

i,j=1

(19)

and

ZN =
sinhN γ∏

1≤i<j≤N sinh(ui − uj) sinh(vj − vi)

× det

(∏N

k=1 sinh(uk − vj + γ) sinh(uk − vj)

sinh(ui − vj + γ) sinh(ui − vj)

)N

i,j=1

. (20)

If we introduce the new variables and parameters3

xi := e2ui , yi := e2vi , q := e−γ ,

we can rewrite these formulae as

ZN = CN

N∏

i,j=1

(xiq
−1 − yjq)(xi − yj)

×
1

∆(x)∆(y)
det

(
q−1 − q

(xiq−1 − yjq)(xi − yj)

)N

i,j=1

, (21)
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ZN =
CN (q−1 − q)N

∆(x)∆(y)
det

(∏N

k=1(xiq
−1 − ykq)(xi − yk)

(xiq−1 − yjq)(xi − yj)

)N

i,j=1

, (22)

and

ZN =
CN (q−1 − q)N

∆(x)∆(y)
det

(∏N

k=1(xkq−1 − yjq)(xk − yj)

(xiq−1 − yjq)(xi − yj)

)N

i,j=1

, (23)

where CN = CN (u, v) is an exponential function of a linear combination of

ui’s and vi’s. Apart from this simple factor, ZN thus reduces to a rational

function of x = (x1, . . . , xN ) and y = (y1, . . . , yN ).

3.3. KP and 2-KP tau functions hidden in ZN

As pointed out by Foda et al.,3 two KP tau functions are hidden in these

determinant formulae of ZN . Firstly, if yi’s are considered to be constants,

the x-dependent part of (22) give the function

τ1(x) =
det(fj(xi))

N
i,j=1

∆(x)
, fj(x) :=

∏N

k=1(xq−1 − ykq)(x− yk)

(xq−1 − yjq)(x − yj)
. (24)

This is a tau function of the KP hierarchy with respect to tn = 1
n

∑N

k=1 xn
k .

Moreover, since fj(x)’s are polynomials in x, this tau function is as a poly-

nomial in t. In the same sense, if xi’s are considered to be constants, the

y-dependent part of (23) gives the function

τ2(y) =
det(gi(yj))

N
i,j=1

∆(y)
, gi(y) :=

∏N

k=1(xiq
−1 − yq)(xi − y)

(xiq−1 − yq)(xi − y)
, (25)

which is a polynomial tau function of the KP hierarchy with respect to

t̄n = 1
n

∑N

k=1 yn
k .

Thus, apart from an irrelevant factor, ZN is a tau function of the KP

hierarchy with respect to x and y separately. It will be natural to ask

whether a tau function of the 2-KP hierarchy is hidden in ZN .

A partial answer can be found in the work of Stroganov22 and Okada.23

According to their results, if q = eπi/3, the partition function coincides, up

to a simple factor, with a single Schur function of (x, y) as

ZN = (simple factor)sλ(x, y), (26)

where λ is the double staircase partition

λ = (N − 1, N − 1, N − 2, N − 2, . . . , 1, 1)
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of length 2N . By the way, for any partition λ = (λ1, . . . , λ2N ) of length

≤ 2N , the Weyl character formula for sλ(x, y) reads

sλ(x, y) =
det(xλi−i+2N

j | yλi−i+2N
k )

∆(x, y)
,

where the row index i ranges over i = 1, . . . , 2N and the column indices

j, k in the two blocks over j, k = 1, . . . , N . Multiplying this function by

∆(x, y)/∆(x)∆(y) gives

∆(x, y)

∆(x)∆(y)
sλ(x, y) =

det(xλi−i+2N
j | yλi−i+2N

k )

∆(x)∆(y)
, (27)

which may be thought of as a 2-KP tau function of the form (13).

Another answer, which is valid for arbitrary values of q, was found by

Zinn-Justin (private communication). Let us note that (21) can be rewritten

as

ZN = CN (q−1 − q)N

N∏

i,j=1

(1− q−2xiy
−1
j )(1− xiy

−1
j )

∏

1≤i<j≤N

(−yiyj)

×
1

∆(x)∆(y−1)
det

(
1

(1− q−2xiy
−1
j )(1− xiy

−1
j )

)N

i,j=1

, (28)

where

y−1 = (y−1
1 , . . . , y−1

N ).

The last part of thins expression, namely the quotient of the determinant

by the Vandermonde determinants ∆(x)∆(y−1), may be thought of as a

2-KP tau function with respect to the time variables

tn =
1

n

N∑

k=1

xn
k , t̄n = −

1

n

N∑

k=1

y−n
k . (29)

This is a special case of the tau functions

τ(x, y) =
det(h(xiy

−1
j ))N

i,j=1

∆(x)∆(y−1)
, (30)

considered by Orlov and Shiota,24 where h(z) is an arbitrary power series

of the form

h(z) =

∞∑

n=0

hnzn, hn 6= 0 for n ≥ 0.
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By the Cauchy-Binet formula, τ(x, y) can be expanded as

τ(x, y) =
∑

λ=(λ1,...,λN )

cλsλ(x)sλ(y−1), cλ :=

N∏

i=1

hλi−i+N . (31)

This is an analogue (for a semi-infinite lattice) of the Toda tau functions

of the diagonal form (16). Note that the role of the lattice coordinate s is

played by N . Since the number of the Miwa variables in (29) also depends on

N , translation to the lanugage of the 2D Toda hierarchy is somewhat tricky,

but this tricky situation is rather common in random matrix models.24

Thus, though not of the type shown in (13), the last part of (28) turns out

to be a 2-KP tau function.

Lastly, let us mention that Korepin and Zinn-Justin considered the par-

tition function in the homogeneous limit as ui, vj → 0.25 In that limit, the

partition function reduces, up to a simple factor, to a special tau function

of the 1D Toda equation, and can be treated as an analogue of random

matrix models.

4. Scalar product of states in finite XXZ spin chain

4.1. L- and T -matrices for spin 1/2 chain

We consider a finite XXZ spin chain of spin 1/2 and length N with in-

homongeneity parameters ξl, l = 1, . . . , N . To define local L-matrices, let

us introduce the 2× 2 matrix L(u) = (Lij(u))i,j=1,2 of the 2× 2 blocks

L11(u) = a(u)
1 + σ3

2
+ b(u)

1− σ3

2
, L12(u) = c(u)σ−,

L21(u) = c(u)σ+, L22(u) = b(u)
1 + σ3

2
+ a(u)

1− σ3

2
,

where σ± and σ3 are the Pauli matrices

σ+ =

(
0 1

0 0

)
, σ− =

(
0 0

1 0

)
, σ3 =

(
1 0

0 −1

)
.

These 2× 2 blocks are understood to act on the single spin space C
2. The

structure functions a(u), b(u), c(u) are the same as the weight functions (17)

for the 6-vertex model, and built into the R-matrix

R(u− v) =




a(u− v) 0 0 0

0 b(u− v) c(u− v) 0

0 c(u− v) b(u− v) 0

0 0 0 a(u− v)


 .
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Let L(l)(u − ξl) = (L
(l)
ij (u− ξ))i,j=1,2 be the local L-matrix at the l-th

site,

L
(l)
ij (u− ξl) = · · · ⊗ 1⊗ Lij(u− ξl)⊗ 1⊗ · · · ,

and define the T -matrix as

T (u) =

(
A(u) B(u)

C(u) D(u)

)
= L(1)(u− ξ1) · · ·L

(N)(u− ξN ).

The matrix elements of these matrices, hence the trace of the T -matrix

T (u) = TrT (u) = A(u) + D(u)

as well, are operators on the full spin space V =
⊗N

l=1 C
2. The L-matrices

satisfy the local intertwining relations

R(u− v)(L(l)(u)⊗ I)(I ⊗ L(m)(v))

= (I ⊗ L(m)(v))(L(l)(u)⊗ I)R(u− v), (32)

where R(u − v), L(l)(u) ⊗ I and I ⊗K(m)(v) are understood to be 4 × 4

matrices (of scalars or of spin operators on V ) acting on the tensor product

C
2 ⊗C

2 of two copies of the auxiliary space C
2. These local intertwining

relations lead to the global intertwining relation

R(u− v)(T (u)⊗ I)(I ⊗ T (v)) = (I ⊗ T (v))(T (u)⊗ I)R(u− v) (33)

for the T -matrix. This is a compact expression of many bilinear relations

among the matrix elements of T (u) and T (v), such as

A(u)B(v) = f(u− v)B(v)A(u) − g(u− v)B(u)A(v),

D(u)B(v) = f(u− v)B(v)D(u) − g(u− v)B(u)D(v),

C(u)B(v) = g(u− v)(A(u)D(v) −A(v)D(u))

(34)

and

[A(u), A(v)] = 0, [B(u), B(v)] = 0,

[C(u), C(v)] = 0, [D(u), D(v)] = 0,
(35)

where

f(u) =
a(u)

b(u)
=

sinh(u + γ)

sinh u
, g(u) =

c(u)

b(u)
=

sinh γ

sinh u
.

A consequence of those relations is the fact that T (u) and T (v) commute

for any values of u, v:

[T (u), T (v)] = 0. (36)

The algebraic Bethe ansatz is a method for constructing simultaneous eigen-

states (called “Bethe states”) of T (u) for all values of u.
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4.2. Algebraic Bethe ansatz

Let us introduce the pseudo-vacuum 0〉 and its dual 〈0|:

〈0| =
N⊗

l=1

(
1 0
)
∈ V ∗, |0〉 =

N⊗

l=1

(
1

0

)
∈ V.

They indeed satisfy the vacuum conditions

〈0|B(u) = 0, C(u)|0〉 = 0,

A(u)|0〉 = α(u)|0〉, D(u)|0〉 = δ(u)|0〉,

〈0|A(u) = α(u)〈0|, 〈0|D(u) = δ(u)〈0|,

(37)

where

α(u) =

N∏

l=1

sinh(u− ξl + γ), δ(u) =

N∏

l=1

sinh(u− ξl).

For notational convenience, we introduce the reflection coefficients

r(u) =
α(u)

δ(u)
.

Bethe states are generated from |0〉 by the action of B(vj)’s. Suppose

that vj ’s satisfy the Bethe equations

r(vi)
∏

j 6=i

sinh(vi − vj − γ)

sinh(vi − vj + γ)
= 1, i = 1, . . . , n. (38)

The state
∏n

i=1 B(vi)|0〉 then becomes an eigenstate of T (u):

T (u)

n∏

i=1

B(vi)|0〉

=

(
α(u)

n∏

i=1

f(vi − u) + δ(u)

n∏

i=1

f(u− vi)

)
n∏

i=1

B(vi)|0〉. (39)

Let us remark that the operators A(u), B(u), C(u), D(u) are related to

a row-to-row transfer matrix of the 6-vertex model on the square lattice.

One can thereby derive the identities10

〈0|

N∏

i=1

C(ui) = 〈0̄|ZN (u1, . . . , uN , ξ1, . . . , ξN ),

N∏

i=1

B(ui)|0〉 = ZN (u1, . . . , uN , ξ1, . . . , ξN )|0̄〉,
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where ui’s are free (namely, not required to satisfy the Bethe equations)

variables, and |0̄〉 and 〈0̄| denote the “anti-pseudo-vacuum” and its dual:

〈0̄| =
N⊗

l=1

(
0 1
)
∈ V ∗, |0̄〉 =

N⊗

l=1

(
0

1

)
∈ V.

4.3. Slavnov formula for scalar product

Let u = (u1, . . . , un) be free variables and v = (v1, . . . , vn) satisfy the Bethe

equations (38). The Slavnov formula11,12 for the scalar product

Sn(u, v) = 〈0|

n∏

i=1

C(ui)

n∏

i=1

B(vi)|0〉

reads

Sn(u, v) =

∏n

i=1 δ(ui)δ(vi)
∏n

i,j=1 sinh(ui − vj + γ)
∏

1≤i<j≤n sinh(ui − uj) sinh(vj − vi)
det(Hij)

n
i,j=1, (40)

where

Hij =
sinh γ

sinh(ui − vj + γ) sinh(ui − vj)



1− r(ui)
∏

k 6=i

sinh(ui − vk − γ)

sinh(ui − vk + γ)



 .

One can rewrite this formula as

Sn(u, v) =
sinhn γ

∏n

i=1 δ(vi)∏
1≤i<j≤n sinh(ui − uj) sinh(vj − vi)

det(Kij)
n
i,j=1, (41)

where

Kij =

δ(ui)
∏

k 6=j

sinh(ui − vk + γ)− α(ui)
∏

k 6=j

sinh(ui − vk − γ)

sinh(ui − vj)
.

4.4. KP tau function hidden in Sn(u, v)

If we introduce the new variables and parameters4

xi := e2ui , yi := e2vi , zi := e2ξi , q := e−γ ,

the Slavnov formula can be converted to the almost rational form

Sn(u, v) =
Cn sinhn γ

∏n

i=1 δ(vi)

∆(y)

det(fj(xi))
n
i,j=1

∆(x)
, (42)
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where Cn = Cn(u, v) is an exponential function of a linear combination of

ui’s and vi’s, and

fj(x) =

N∏

l=1

(x − zl)
∏

k 6=j

(q−1x− qyk)−

N∏

l=1

(q−1x− qzl)
∏

k 6=j

(qx− q−1yk)

x− yj

.

Thus, as pointed out by Foda et al.,4 a KP tau function of the form (9)

is hidden in S(u, v). Moreover, since the Bethe equations (38) imply the

equations

N∏

l=1

(yi − zl)
∏

k 6=j

(q−1yi − qyk)

=

N∏

l=1

(q−1yi − qzl)
∏

k 6=j

(qyi − q−1yk) (i = 1, . . . , n)

for yi’s, the numerator of fj(x) can be factored out by the denominator

x− yj . Thus fj(x)’s turn out to be polynomials in x.

5. Scalar product of states in models at q = 0

A class of solvable models, such as the phase model13 and and the totally

asymmetric simple exclusion process (TASEP) model,26 can be formulated

by a set of 2×2 L-matrices L(l)(u), l = 1, 2, . . . , N , and an R-matrix of the

form

R(u− v) =




f(u− v) 0 0 0

0 1 g(u− v) 0

0 g(u− v) 0 0

0 0 0 f(u− v)


 ,

where

f(u− v) =
u2

u2 − v2
, g(u− v) =

uv

u2 − v2
.

This R-matrix is obtained as a “crystal” (namely, q → 0) limit of the R-

matrix of the 6-vertex model and the XXZ spin chain. Unlike the XXZ chain

of spin 1/2, the L-matrices are not given by 2 × 2 blocks of the R-matrix

and take a model-dependent form. We define the T -matrix as

T (u)T (u) =

(
A(u) B(u)

C(u) D(u)

)
= L(1)(u) · · ·L(N)(u)
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and consider the scalar product

Sn(u, v) = 〈0|

n∏

i=1

C(ui)

n∏

i=1

B(vi)|0〉.

Remarkably, even if both u = (u1, . . . , un) and v = (v1, . . . , vn) are free

variables, the scalar product for those models has a determinant formula14

of the form

Sn(u, v) = (simple factor)
∏

1≤i<j≤n

uiuj

u2
i − u2

j

vjvi

v2
j − v2

i

det(Kij)
n
i,j=1, (43)

where

Kij =
α(ui)δ(vj)(vj/ui)

n−1 − δ(ui)α(vj )(ui/vj)
n−1

(u2
i − v2

j )/uivj

,

α(u) and δ(u) being determined by the action of A(u) and D(u) on the

pseudo-vacuum. If α(u) and δ(u) are given explicitly, we will be able to

obtain a KP tau function (and hopefully a 2-KP tau function as well).

Such an interpretation can be found most clearly in the cases of the

phase model27–29 and the 4-vertex model,30 both of which are related to

enumeration of boxed plane partitions. The scalar product of Bethe states

in these cases becomes, up to a simple factor, a sum of products of two

Schur functions:

S(u, v) = (simple factor)
∑

λ⊆(Nn)

sλ(u2
1, . . . , u

2
n)sλ(v−2

1 , . . . , v−2
n ). (44)

By the same reasoning as the interpretation of (31), one can see that this

sum is a tau function of the 2-KP hierarchy (or, rather, the 2D Toda hier-

archy as Zuparic argued6) with respect to the time variables

tn =
1

n

n∑

i=1

u2n
i , t̄n = −

1

n

n∑

i=1

v−2n
i .

Actually, this case admits yet another interpretation. In the course of

deriving (44), the scalar product is shown to be a generating function for

counting plane partitions in a box of size n× n×N . It is more or less well

known16 that the Schur function s(Nn) gives such a generating function.

Thus, in terms of this Schur function, the scalar product can be expressed

as

S(u, v) = (simple factor)s(Nn)(u
2
1, . . . , u

2
N , v2

1 , . . . , v
2
N ). (45)
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This is similar to the formula (26) of the partition function of the 6-vertex

model for q = eπi/3; one can thereby find an interpretation as a KP or 2-KP

tau function with respect to the time variables

tn =
1

n

n∑

i=1

u2n
i , t̄n =

1

n

n∑

i=1

v2n
i .
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We introduce middle convolution for systems of linear differential equations

with irregular singular points, and we present a tentative definition of the index

of rigidity for them. Under some assumption, we show a list of terminal patterns

of irreducible systems of linear differential equations by iterated application of

middle convolution when the index is positive or zero.

Keywords: Middle convolution; irregular singularity; Euler’s integral transfor-

mation; index of rigidity.

1. Introduction

Middle convolution was originally introduced by N. Katz in his book ”Rigid

local systems”,7 and several others studied and reformulated it. Dettweiler

and Reiter3,4 defined middle convolution for systems of Fuchsian differential

equations written as

dY

dz
=

(
r∑

i=1

A(i)

z − ti

)
Y. (1)

Note that Eq.(1) has singularities at {t1, . . . , tr,∞} and they are all reg-

ular. On the theory of middle convolution, the index of rigidity plays im-

portant roles and it is preserved by two operation, addition and middle

convolution. Addition is related to multiplying a function to solutions of

∗Current address: Department of Mathematics, Faculty of Science and Technology, Chuo

University, 1-13-27 Kasuga, Bunkyo-ku Tokyo 112-8551, Japan.

E-mail: takemura@math.chuo-u.ac.jp
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differential equations, and middle convolution is related to applying Euler’s

integral transformation to them. Middle convolution may change the size

of differential equations. It was essentially established by Katz7 that every

irreducible system of Fuchsian differential equations whose index of rigid-

ity is two is reduced to the system of rank one. The procedure to obtain

rank one system is called Katz’ algorithm. Subsequently it is shown that

the system has integral representations of solutions which are calculated by

following Katz’ algorithm.

In this paper we study middle convolution for systems of linear differ-

ential equations with irregular singularities, which are written as

dY

dz
=


−

m0∑

j=1

A
(0)
j zj−1 +

r∑

i=1

mi∑

j=0

A
(i)
j

(z − ti)j+1


Y. (2)

If mi = 0 (i 6= 0) (resp. m0 = 0), then the point z = ti (resp. the point

z =∞) is regular singularity. In particular if m0 = · · · = mr = 0, then the

system is Fuchsian. There are several important linear differential equations

which are not Fuchsian, e.g., Kummer’s confluent hypergeometric equation

and Bessel’s equation. We want to extend the theory of middle convolution

to include those equations.

A pioneering work on middle convolution with irregular singularities

was carried out by Kawakami.8 He focused on the differential equations

(zIn − T )
dΨ

dz
= AΨ, (3)

which is called Okubo normal form if T is a diagonal matrix. Eq.(3) is called

generalized Okubo normal form, if T may not be diagonalizable. Kawakami

constructed a map from generalized Okubo normal forms to linear differ-

ential equations with irregular singularities with the condition m0 = 0, and

he showed that the map is surjective, i.e. every irreducible equation written

as Eq.(2) with the condition m0 = 0 corresponds to an irreducible equa-

tion of generalized Okubo normal form. He considered middle convolution

by using generalized Okubo normal forms, because Euler’s integral trans-

formation is on well with (generalized) Okubo normal forms. Yamakawa13

gave a geometric interpretation to Kawakami’s map and investigated mid-

dle convolution with irregular singularities with the condition m0 ≤ 1 by

Harnad duality.

In this paper, we construct middle convolution including the case m0 6= 0

directly, i.e. without generalized Okubo normal forms nor Harnad duality.

Our construction is explicit as we will discuss in sections 2 and 3.



September 3, 2010 16:42 WSPC - Proceedings Trim Size: 9in x 6in 020˙takemura

Middle convolution with irregular singularities 395

We firstly define convolution matrices, which are compatible with Eu-

ler’s integral transformation (see Theorem 2.1). The size of convolution

matrices is nM , where n is the size of given matrices A
(i)
j in Eq.(2) and

M = r +
∑r

i=0 mi. The module defined by convolution matrices may not

be irreducible. We consider a quotient of convolution matrices to obtain

irreducible modules in section 3, which leads to the definition of middle

convolution. We can describe the quotient spaces explicitly, and it is an ad-

vantage of our construction. We propose a tentative definition of the index

of rigidity, which is expected to be preserved by middle convolution.

We study middle convolution further on the case that mi ≤ 1 and A
(i)
1

is semi-simple for all i in section 4. In particular, we show that the index of

rigidity is preserved by middle convolution on this case. By applying middle

convolutions and additions appropriately, the size of differential equations

may be possibly decreased. Under the assumption of this section, we show

that if the index of rigidity is positive and the system of differential equa-

tions is irreducible, then the size of differential equations can be decreased

to one by iterated application of middle convolution and addition. More-

over we show a list of terminal patterns obtained by iterated application of

middle convolution and addition for the case that the index of rigidity is

zero.

We give some comments for future reference in section 5.

2. Convolution

Let A = (A
(0)
m0 , . . . , A

(0)
1 , A

(1)
m1 , . . . , A

(r)
0 ) be a tuple of matrices acting on the

finite-dimensional vector space V (dim V = n). The tuple A is attached

with the system of differential equations (2). We denote by 〈A〉 the algebra

generalted by A
(i)
j (i = 0, . . . , r, j = δi,0, . . .mi). The 〈A〉-module V (or

〈A〉) is called irreducible if there is no proper subspace W (⊂ V ) such that

A
(i)
j W ⊂W for any i, j.

Set

M = r +

r∑

i=0

mi, V ′ =

r⊕

i=0

V (i) = CnM , (4)

V (0) = V ⊕m0 , V (i) = V ⊕(mi+1), (i ≥ 1).

We fix µ ∈ C and define convolution matrices Ã
(i)
j (i = 0, . . . , r, j =
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δi,0, . . .mi) acting on V ′ by



u
(0)
m0

...

u
(0)
1

u
(1)
m1

...

u
(r)
0




= Ã
(i)
j




v
(0)
m0

...

v
(0)
1

v
(1)
m1

...

v
(r)
0




, (5)

where v
(i′)
j′ , u

(i′)
j′ ∈ V (i′ = 0, . . . , r, j′ = δi′,0, . . . mi′) and u

(i′)
j′ are given by

u
(i′)
j′ =






µv
(i′)
j′−j i′ = i, j′ > j,

r∑

i′′=0

mi′′∑

j′′=δi′′,0

A
(i′′)
j′′ v

(i′′)
j′′ i = 0, i′ = i, j′ = j,

µv
(i′)
0 +

r∑

i′′=0

mi′′∑

j′′=δi′′,0

A
(i′′)
j′′ v

(i′′)
j′′ i 6= 0, i′ = i, j′ = j,

0 otherwise.

(6)

Namely

Ã
(0)
j =




µIn

. . .

µIn





m0−j

A
(0)
m0 · · · A

(0)
2 A

(0)
1 A

(1)
m1 · · · A

(1)
0 A

(2)
m2 · · · A

(r)
0




, (7)

Ã
(i)
j =

(i ≥ 1)






m0+(m1+1)+···+(mi−1+1)

µIn

. . .

µIn





mi−j

A
(0)
m0 · · · A

(i−1)
δi,0

A
(i)
mi
· · · A

(i)
1 A

(i)
0 + µIn A

(i+1)
mi+1 · · · A

(r)
0




, (8)
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where In is the unit matrix of size n. We denote the tuple of convolution

matrices by Ã = (Ã
(0)
m0 , . . . , Ã

(0)
1 , Ã

(1)
m1 , . . . , Ã

(r)
0 ). Note that the definition of

convolution matrices is a straightforward generalization of Dettweiler and

Reiter.3 Then we can show that the convolution corresponds to Euler’s inte-

gral transformation on linear differential equations, which is also analogous

to Dettweiler and Reiter.4

Theorem 2.1. Assume that Y =




y1(z)
...

yn(z)


 is a solution of

dY

dz
=


−

m0∑

j=1

A
(0)
j zj−1 +

r∑

i=1

mi∑

j=0

A
(i)
j

(z − ti)j+1


Y. (9)

Let γ be a cycle such that
∫

γ
d

dw
(r(w)yj (w)(z − w)µ)dw = 0 for any j and

any rational function r(w). Then the function U defined by

U =




U
(0)
m0 (z)

...

U
(0)
1 (z)

U
(1)
m1 (z)

...

U
(r)
0 (z)




, U
(0)
j (z) = −




∫
γ

wj−1y1(w)(z − w)µdw

...∫
γ

wj−1yn(w)(z − w)µdw


 , (10)

U
(i)
j (z) =

(i 6= 0)




∫
γ
(w − ti)

−j−1y1(w)(z − w)µdw

...∫
γ
(w − ti)

−j−1yn(w)(z − w)µdw


 (11)

satisfies

dU

dz
=



−
m0∑

j=1

Ã
(0)
j zj−1 +

r∑

i=1

mi∑

j=0

Ã
(i)
j

(z − ti)j+1



U. (12)

The proof will be given in our forthcoming paper.12

Let γt is a cycle turning the point w = t anti-clockwise. Then the

contour [γz , γti
] = γzγti

γ−1
z γ−1

ti
for i = 0, . . . , r (t0 = ∞) satisfies the

condition of Theorem 2.1. We should also consider cycles which reflect the

Stokes phenomena if there exists an irregular singularity.
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3. Middle convolution and the index of rigidity

3.1. Middle convolution

We have defined convolution in section 2, although convolution may not

preserve irreducibility. We now consider a quotient of convolution. We define

the subspaces K, L′(µ) and L(µ) of V ′ = V ⊕M by

K(i) =

(i ≥ 1)









v
(i)
mi

v
(i)
mi−1

...

v
(i)
0



∈ V (i)




A
(i)
mi

A
(i)
mi−1 . . . A

(i)
0

0 A
(i)
mi

. . . A
(i)
1

0 0
. . .

...

0 · · · 0 A
(i)
mi







v
(i)
mi

v
(i)
mi−1
...

v
(i)
0




=




0

0
...

0









,

(13)

K(0) = {0}(⊂ V (0)), K =

r⊕

i=0

K(i),

L′(µ) =









v
(0)
m0

...

v
(0)
1

v
(1)
m1

...

v
(r)
0




v
(i)
j = 0, (i 6= 0, j 6= 0),

v
(1)
0 = · · · = v

(r)
0 = −`,



A
(0)
m0 . . . A

(0)
1 A

(0)
0 − µIn

0 A
(0)
m0 . . . A

(0)
1

0 0
. . .

...

0 · · · 0 A
(0)
m0







v
(0)
m0

...

v
(0)
1

`




=




0
...

0

0









,

L(µ) = L′(µ),

(µ 6= 0)

L(0) =









v
(0)
m0

...

v
(0)
1

v
(1)
m1

...

v
(r)
0




r∑

i=0

mi∑

j=δi,0

A
(i)
j v

(i)
j = 0






,

where A
(0)
0 = −(A

(1)
0 + · · ·+ A

(r)
0 ).

Proposition 3.1. We have Ã
(i)
j K ⊂ K, Ã

(i)
j L(µ) ⊂ L(µ) and Ã

(i)
j L

′(µ) ⊂

L′(µ) for all i, j.

Proof. We show that Ã
(i)
j L

′(µ) ⊂ L′(µ). Assume that v = (v
(0)
m0 . . . v

(0)
1 v

(1)
m1

. . . v
(r)
0 )T ∈ L′(µ). Then v

(i)
j = 0 (i 6= 0, j 6= 0), v

(1)
0 = · · · = v

(r)
0 = −` and
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(v
(0)
mi . . . v

(0)
1 `)T satisfies the definition of L′(µ). In particular we have

r∑

i′=0

mi′∑

j′=δi′,0

A
(i′)
j′ v

(i′)
j′ =

m0∑

j′=1

A
(0)
j′ v

(0)
j′ −

r∑

i=1

A
(i)
0 ` (14)

=

m0∑

j′=1

A
(0)
j′ v

(0)
j′ + A

(0)
0 ` = µ`.

Then Ã
(0)
j v (j 6= 0) is written as

Ã
(0)
j v =




µv
(0)
m0−j

...

µv
(0)
1∑m0

j=1 A
(0)
j v

(0)
j +

∑r

i=1 A
(i)
0 v

(i)
0

0
...




= µ




v
(0)
m0−j

...

v
(0)
1

`

0
...




, (15)

and (v
(0)
m0−j . . . v

(0)
1 ` 0 . . . )T satisfies the definition of L′(µ). Hence Ã

(0)
j v ∈

L′(µ) for j = 1, . . . , m0. We also have Ã
(i)
j v = 0 for i 6= 0, because v

(i)
mi

=

· · · = v
(i)
1 = 0 and µv

(i)
0 +

∑r

i′=0

∑mi′

j′=δi′,0
A

(i′)
j′ v

(i′)
j′ = −µ` + µ` = 0.

The other cases are shown similarly.

We define mcµ(V ) to be the 〈mcµ(A)〉-module V ⊕M/(K + L(µ)) where

mcµ(A) is the tuple of matrices on V ⊕M/(K + L(µ)) whose actions are

determined by Ã, and we call it the middle convolution of V with the

parameter µ. The following propositions are analogues to Dettweiler and

Reiter,3 which will be shown in our forthcoming paper.12

Proposition 3.2. (i) If µ 6= 0, then K ∩ L(µ) = {0}.

(ii) If µ = 0, then K + L′(0) ⊂ L(0).

(iii) If the 〈A〉-module V is irreducible and µ = 0, then K ∩ L′(0) = {0}

and dimK + dimL′(0) ≤ n(M − 1).

Proposition 3.3. Assume that the 〈A〉-module V is irreducible.

(i) mc0(V ) ' V as 〈A〉-modules.

(ii) The 〈mcµ(A)〉-module mcµ(V ) is irreducible and V ' mc−µ(mcµ(V ))

for any µ.
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3.2. Addition

Let Y be a solution of Eq.(2). Then the function

Y ′ = exp


−

m0∑

j=1

µ
(0)
j

j
zj −

r∑

i=1

mi∑

j=1

µ
(i)
j

j(z − ti)j+1




r∏

i=1

(z − ti)
µ

(i)
0 Y (16)

satisfies the equation

dY ′

dz
=



−
m0∑

j=1

(A
(0)
j + µ

(0)
j In)zj−1 +

r∑

i=1

mi∑

j=0

A
(i)
j + µ

(i)
j In

(z − ti)j+1



Y ′. (17)

We now define addition for the tuple A = (A
(0)
m0 , . . . , A

(0)
1 , A

(1)
m1 , . . . , A

(r)
0 )

by

Mµ(A) = A + µIn = (A(0)
m0

+ µ(0)
m0

In, . . . , A
(r)
0 + µ

(r)
0 In), (18)

where µ = (µ
(0)
m0 , . . . , µ

(0)
1 , µ

(1)
m1 , . . . , µ

(r)
0 ) ∈ CM .

3.3. Index of rigidity

Let A = (A
(0)
m0 , . . . , A

(0)
1 , A

(1)
m1 , . . . , A

(r)
0 ) be a tuple of matrices acting on V .

Set

A(i) =




A
(i)
mi A

(i)
mi−1 . . . A

(i)
0

0 A
(i)
mi . . . A

(i)
1

0 0
. . .

...

0 · · · 0 A
(i)
mi



∈ End(V ⊕(mi+1))

(i = 0, . . . , r)
, (19)

and

C(i) =






C(i) =




C
(i)
mi C

(i)
mi−1 . . . C

(i)
0

0 C
(i)
mi . . . C

(i)
1

0 0
. . .

...

0 · · · 0 C
(i)
mi




∣∣∣∣∣∣∣∣∣∣

A(i)C(i) = C(i)A(i)






. (20)

We define the index of rigidity by

idx(A) =

r∑

i=0

dim(C(i))− (M − 1) (dim(V ))2, (21)

where M = r +
∑r

i=0 mi. The condition A(i)C(i) = C(i)A(i) is equivalent

to
k∑

j=0

(
A

(i)
mi−jC

(i)
mi−k+j − C

(i)
mi−k+jA

(i)
mi−j

)
= 0, k = 0, . . . , mi. (22)
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The following proposition is readily obtained by Eq.(22):

Proposition 3.4. The index of rigidity is preserved by addition, i.e.

idx(Mµ(A)) = idx(A).

Conjecture 3.1. If the 〈A〉-module V is irreducible, then the index of

rigidity is preserved by middle convolution, i.e. idx(mcµ(A)) = idx(A).

We will prove the conjecture for a special case in section 4 (see Proposition

4.2).

We define the local index of rigidity by

idxi(A) = idxi[A
(i)
mi

, . . . , A
(i)
0 ] = dim(C(i))− (mi + 1) (dim(V ))2. (23)

Then we have

idx(A) =

r∑

i=0

idxi(A) + 2(dim(V ))2. (24)

3.4. Example

We consider irreducible systems of differential equations of size two written

as

dY

dz
=

(
−A

(0)
1 +

A
(1)
0

z

)
Y, Y =

(
y1(z)

y2(z)

)
. (25)

It has an irregular singularity at z =∞ and a regular singularity at z = 0.

First we consider the case that A
(0)
1 is semi-simple. It follows from ir-

reducibility that A
(0)
1 is not scalar. By applying addition (i.e. multiplying

eν′zzα′ to the solution Y ) and gauge transformation (i.e. multiplying a

constant matrix to the solution Y ), we may assume that A
(0)
1 is a diagonal

matrix with the eigenvalues 0 and −ν(6= 0) and A
(1)
0 has the eigenvalues 0

and −γ. Then we may set

A
(0)
1 =

(
0 0

0 −ν

)
, A

(1)
0 =

(
−α k
α(γ−α)

k
α− γ

)
. (26)

It follows from irreducibility that k 6= 0 and α 6= 0. By eliminating y2(z) in

Eq.(25), we have a second order linear differential equation,

z
d2y1

dz2
+ (γ − νz)

dy1

dz
− ανy1 = 0. (27)

If ν = 1, then Eq.(27) represents the confluent hypergeometric differential

equation. Eq.(27) for the case ν 6= 0 reduces to the confluent hypergeometric
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differential equation by changing the variable z′ = νz. The index of rigidity

for Eq.(25) is two, because dim(C(0)) = 4 and dim(C(1)) = 2 which follows

from ν 6= 0 and k 6= 0.

We investigate middle convolution mcµ for the matrices in Eq.(26). Con-

volution matrices are given as

Ã
(0)
1 =

(
A

(0)
1 A

(1)
0

0 0

)
=




0 0 −α k

0 −ν
α(γ−α)

k
α− γ

0 0 0 0

0 0 0 0


 , (28)

Ã
(1)
0 =

(
0 0

A
(0)
1 A

(1)
0 + µI2

)
=




0 0 0 0

0 0 0 0

0 0 −α + µ k

0 −ν
α(γ−α)

k
α− γ + µ


 .

The dimension of the space K(' K1) is one and the space is described as

K =

(
0

Ker(A
(1)
0 )

)
= C




0

0

k

α


 . (29)

The space L(µ) (µ 6= 0) is described as

L(µ) =

{(
v
(0)
1

−`

) (
A

(0)
1 −A

(1)
0 − µ

0 A
(0)
1

)(
v
(0)
1

`

)
=

(
0

0

)}
(30)

= Ker




0 0 −α + µ k

0 −ν
α(γ−α)

k
α− γ + µ

0 0 0 0

0 0 0 −ν


 .

Hence the dimension of the space L(α) for the case µ 6= α (resp. µ = α)

is one (resp. two). We concentrate on the case µ = α(6= 0). A basis of the

space L(α) is given by




1

0

0

0


 ,




0

α(γ − α)

kν

0


 . (31)
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Set

S =




0 1 0 0

1 0 α(γ − α) 0

0 0 kν k

0 0 0 α


 . (32)

Then we have

S−1Ã
(0)
1 S =




−ν 0 0 0

0 0 −kνα 0

0 0 0 0

0 0 0 0


 , S−1Ã

(1)
0 S =




α− γ 0 0 0

0 0 0 0

1/α 0 0 0

−ν/α 0 0 α


 . (33)

Since the second, the third and the fourth columns of the matrix S are

divisors of the quotient space mcα(C2) = (C2)⊕2/(K + L(α)), the ma-

trix elements of Ã
(1)
0 and Ã

(0)
1 appear as (1, 1)-elements of Eq.(33). Hence

Eq.(25) is transformed to

dy

dz
=

(
ν +

α− γ

z

)
y (34)

by the middle convolution mcα. The solutions of Eq.(34) is given by y =

c exp(νz)zα−γ (c: a constant).

We are going to recover Eq.(25) from Eq.(34) and obtain integral repre-

sentations of solutions of Eq.(25), which arise from the equality mc−αmcα =

id. We apply middle convolution mc−α to Eq.(34). Then we have

dW

dz
=

(
−

(
−ν α− γ

0 0

)
+

1

z

(
0 0

−ν −γ

))
W. (35)

It follows from Theorem 2.1 that the function

W =

(∫
C

exp(νw)wα−γ (z − w)−αdw∫
C

exp(νw)wα−γ−1(z − w)−αdw

)
, (36)

is a solution of Eq.(35) by choosing a cycle C appropriately. For simplicity

we assume ν ∈ R>0. Then we can take cycles C which start from w = −∞,

move along a real axis, turn the point w = z or w = 0 and come back to

w = −∞. By setting

W =

(
α− γ −k

ν 0

)
W̃ , (37)

we recover the matrices in Eq.(26) such as the function W̃ satisfies Eq.(25).

Consequently we obtain integral representations of solutions of Eq.(25)
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which are expressed as

W̃ =
1

kν

(
0 k

−ν α− γ

)(∫
C

exp(νw)wα−γ (z − w)−αdw∫
C

exp(νw)wα−γ−1(z − w)−αdw

)
. (38)

In particular, the function

y(z) =

∫

C

exp(νw)wα−γ−1(z − w)−αdw (39)

satisfies Eq.(27), and we obtain integral representations of solutions of the

confluent hypergeometric differential equation.

Next we consider the case that A
(0)
1 is nilpotent. Set

A
(0)
1 =

(
0 −1

0 0

)
, A

(1)
0 =

(
a1,1 a1,2

a2,1 a2,2

)
. (40)

Then it follows from irreducibility that a2,1 6= 0. The index of rigidity is

also two. But we cannot reduce to rank one case by applying additions

A
(0)
1 → A

(0)
1 +αI2, A

(1)
0 → A

(1)
0 +βI2 and middle convolution mcµ, because

dim(L′(µ)) ≤ 1 for any α, β, µ, which follows from a2,1 6= 0. Note that

solutions of the differential equations determined by Eq.(40) are expressed

in terms of Bessel’s function by setting z = x2.

4. The case mi ≤ 1 for all i

In this section, we investigate the index of rigidity and middle convolution

for the case mi ≤ 1 for all i (see Eq.(2)). The case mi = 0 is included to

the case mi = 1 by setting A
(i)
1 = 0. We assume that A

(i)
1 is semi-simple

for all i and V (= Cn) is irreducible as 〈A〉-module.

4.1. Index of rigidity

To study the index of rigidity, we investigate Eq.(22) for the case mi = 1.

We ignore the superscript (i). Then Eq.(22) is written as

A1C1 = C1A1, A1C0 − C0A1 + A0C1 − C1A0 = 0. (41)

By the assumption that A1 is semi-simple, we diagonalize A1 as

P−1A1P =




d1In1 0 . . . 0

0 d2In2 . . . 0

0 0
. . .

...

0 · · · 0 dkInk


 , di 6= dj (i 6= j). (42)
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Write

P−1A0P =




A
[1,1]
0 A

[1,2]
0 . . . A

[1,k]
0

A
[2,1]
0 A

[2,2]
0 . . . A

[2,k]
0

...
...

. . .
...

A
[k,1]
0 A

[k,2]
0 . . . A

[k,k]
0




, (43)

where A
[i,j]
0 is a ni × nj matrix. It follows from A1C1 = C1A1 that C1 is

written as

P−1C1P =




C
[1]
1 0 . . . 0

0 C
[2]
1 . . . 0

0 0
. . .

...

0 · · · 0 C
[k]
1




, (44)

where C
[l]
1 is a nl × nl matrix. Then

P−1(A0C1 − C1A0)P = (45)



A
[1,1]
0 C

[1]
1 − C

[1]
1 A

[1,1]
0 A

[1,2]
0 C

[2]
1 − C

[1]
1 A

[1,2]
0 . . . A

[1,k]
0 C

[k]
1 − C

[1]
1 A

[1,k]
0

A
[2,1]
0 C

[1]
1 − C

[2]
1 A

[2,1]
0 A

[2,2]
0 C

[2]
1 − C

[2]
1 A

[2,2]
0 . . . A

[2,k]
0 C

[k]
1 − C

[2]
1 A

[2,k]
0

...
...

. . .
...

A
[k,1]
0 C

[1]
1 − C

[k]
1 A

[k,1]
0 A

[k,2]
0 C

[2]
1 − C

[k]
1 A

[k,2]
0 . . . A

[k,k]
0 C

[k]
1 − C

[k]
1 A

[k,k]
0




.

By writing

P−1C0P =




C
[1,1]
0 C

[1,2]
0 . . . C

[1,k]
0

C
[2,1]
0 C

[2,2]
0 . . . C

[2,k]
0

...
...

. . .
...

C
[k,1]
0 C

[k,2]
0 . . . C

[k,k]
0




, (46)

we have

P−1(A1C0 − C0A1)P = (47)



0 (d1 − d2)C
[1,2]
0 . . . (d1 − dk)C

[1,k]
0

(d2 − d1)C
[2,1]
0 0 . . . (d2 − dk)C

[2,k]
0

...
...

. . .
...

(dk − d1)C
[k,1]
0 (dk − d2)C

[k,2]
0 . . . 0




.

It follows from A1C0 −C0A1 + A0C1 −C1A0 = 0 that A
[i,i]
0 C

[i]
1 = C

[i]
1 A

[i,i]
0

and C
[i,j]
0 (i 6= j) is determined as C

[i,j]
0 = −(A

[i,j]
0 C

[j]
1 −C

[i]
1 A

[i,j]
0 )/(di−dj).
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Elements of C
[i,i]
0 are not restricted by relations. Hence the dimension of

solutions of Eq.(41) is

k∑

l=1

{(nl)
2 + dim Z(A

[l,l]
0 )}, (48)

where Z(A
[l,l]
0 ) = {X ∈ Cnl×nl |XA

[l,l]
0 = A

[l,l]
0 X}. Let Ia,b be the a × b

matrix whose (i, j)-element is given by δi,j , q = (q1, . . . , qp) ∈ Zp (q1 + · · ·+

qp = n, q1 ≥ · · · ≥ qp ≥ 1), λ = (λ1, . . . , λp) ∈ Cp. Following Oshima,10 set

L(q; λ) =




λ1Iq1 Iq1,q2 0 · · ·

0 λ2Iq2 Iq2,q3

. . .

0 0 λ3Iq3

. . .
...

. . .
. . .

. . .




. (49)

Every matrix is conjugate to L(q; λ) for some q, λ. Note that if λi 6= λj

(i 6= j) then the matrix L(q; λ) is conjugate to the diagonal matrix whose

multiplicity of the eigenvalue λi is qi. If the matrix A
[l,l]
0 is conjugate to

L(nl,1, . . . , nl,pl
; dl,1, . . . , dl,pl

), then the dimension of solutions of Eq.(41)

is given by

k∑

l=1




(nl)
2 +

pl∑

j=1

(nl,j)
2




 . (50)

We denote the type of multiplicities of the matrices (A1, A0) which

are expressed as Eqs.(42), (43) and A
[l,l]
0 (l = 1, . . . , k) is conjugate to

L(nl,1, . . . , nl,pl
; λl,1, . . . , λl,pl

) by

(n1, n2, . . . , nk)− ((n1,1, . . . , n1,p1), (n2,1, . . . , n2,p2), . . . , (nk,1, . . . , nk,pk
)).

(51)

Note that nl = nl,1 + · · · + nl,pl
(l = 1, . . . , k). Then the local index of

rigidity of the matrices (A1, A0) is calculated as

2n2 −

k∑

l=1



(nl)

2 +

pl∑

j=1

(nl,j)
2



 . (52)

If A1 = 0, then k = 1, n1 = n and we simplify the notation

(n1) − ((n1,1, . . . , n1,p1)) by (n1,1, . . . , n1,p1). Note that the notation

(n1,1, . . . , n1,p1) was already adapted by Kostov9 and Oshima10 for the case

of regular singularity.

By combining Eq.(52) with Eq.(24) we have the following proposition:
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Proposition 4.1. We assume that m0 = · · · = mr = 1, A
(i)
1 are semi-

simple for i = 0, . . . , r and Cn is irreducible as 〈A〉-module. Let

(n
(i)
1 , n

(i)
2 , . . . , n

(i)

k(i) )− (53)

((n
(i)
1,1, . . . , n

(i)

1,p
(i)
1

), (n
(i)
2,1, . . . , n

(i)

2,p
(i)
2

), . . . , (n
(i)

k(i) ,1
, . . . , n

(i)

k(i) ,p
(i)

k(i)

)),

(n
(i)
1 ≥ n

(i)
2 ≥ · · · ≥ n

(i)

k(i) , n
(i)
j,1 ≥ · · · ≥ n

(i)

j,p
(i)
j

(j = 1, . . . , k(i))) be the type

of multiplicities of (A
(i)
1 , A

(i)
0 ). Then the index of rigidity is equal to

idx(A) =
r∑

i=0

k
(i)∑

j=1


(n

(i)
j )2 +

p
(i)
j∑

j′=1

(n
(i)
j,j′ )

2


− 2rn2. (54)

4.2. Subspace

Next we investigate solutions of the equations

A1v0 = 0, A1v1 + A0v0 = 0, (55)

for the case that the matrices A1 and A0 are expressed as Eqs.(42), (43)

and d1 = 0 to understand the subspaces K(i) and L′(λ). Write

v1 = P−1




v
[1]
1
...

v
[n]
1


 , v0 = P−1




v
[1]
0
...

v
[n]
0


 , (v

[l]
1 , v

[l]
0 ∈ Cnl). (56)

It follows from A1v0 = 0 that v
[i]
0 = 0 (i ≥ 2). Hence

P−1(A0v0 + A1v1) =




A
[1,1]
0 v

[1]
0

A
[1,2]
0 v

[1]
0 + d2v

[2]
1

...

A
[1,k]
0 v

[1]
0 + dkv

[k]
1




= 0, (57)

v
[1]
0 ∈ Ker(A

[1,1]
0 ) and v

[l]
1 (l ≥ 2) is determined as −A

[1,l]
0 v

[l]
0 /dl. The

elements of v
[1]
1 are independent. Hence the dimension of solutions of

Eq.(55) is n1 + dim(Ker(A
[1,1]
0 )). If the matrix A

[1,1]
0 is conjugate to

L(n1,1, . . . , n1,p1 ; d1,1, . . . , d1,p1) and d1,1 = 0, then the dimension of so-

lutions of Eq.(55) is n1 + n1,1.
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4.3. Middle convolution

We now study the matrices for which the middle convolution is applied.

Let i ∈ {1, . . . , r} and mi = 1. We investigate the matrices Ã
(i)
1 and Ã

(i)
0

for the case that the matrices A
(i)
1 and A

(i)
0 are expressed as Eqs.(42), (43),

d1 = 0 and Cn is irreducible as 〈A〉-module. By changing the order of the

direct sum V ′ = (Cn)⊕M , the matrices Ã
(i)
1 and Ã

(i)
0 are expressed as

(QP⊕M )−1Ã
(i)
1 QP⊕M =




P−1A1P P−1A0P + µIn P−1AP⊕(M−2)

0 0 0

0 0 0


 ,

(58)

(QP⊕M )−1Ã
(i)
0 QP⊕M =




µ 0 0

P−1A1P P−1A0P + µIn P−1AP⊕(M−2)

0 0 0


 ,

where A =
(
A

(0)
m0 . . . A

(i−1)
δi,1

A
(i+1)
mi+1 . . .

)
and Q represents the change of the

order of the direct sum (Cn)⊕M . Set

A
#
1 = P




0 · In1 0 . . . 0

0 (d2)
−1In2 . . . 0

0 0
. . .

...

0 · · · 0 (dk)−1Ink


P−1, (59)

X = −P−1A
#
1

(
A0 + µIn A

)
P⊕(M−1),

R = −P−1A
#
1 (A0 + µIn)P.

Since the j−th row blocks of the matrix P−1(A1A
#
1 − In)P zero for

j ≥ 2, the j−th row blocks of the matrix X ′ = P−1A1PX +

P−1
(
A0 + µIn A

)
P⊕(M−1) and P−1A1PR + P−1(A0 + µIn)P are also

zero for j ≥ 2. We denote the size of the matrices Ã
(i)
1 , Ã

(i)
0 on the space

M = mcµ(Cn) by ñ(= nM −
∑r

i=1 dimK(i) − dimL(µ)). Restrictions of

the matrices Ã
(i)
1 and Ã

(i)
0 to the space K(j) (j 6= i) and L(µ) are zero,

which follow from the definitions of the spaces. Thus the matrix Ã
(i)
1 onM
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is diagonalized as

(
I X

0 I

)−1

(QP⊕M )−1Ã
(i)
1 QP⊕M

(
I X

0 I

)∣∣∣∣∣
M′

(60)

=

(
P−1A1P X ′

0 0

)∣∣∣∣
M′

=




d2In2 0 · · · 0

0
. . .

. . . 0
...

. . . dkInk
0

0 · · · 0 0




,

whereM′ =

(
I X

0 I

)−1

(QP⊕M )−1M, I is a unit matrix of the suitable size

and the dimension of the kernel of Ã
(i)
1 |M is ñ − n + n1. Since the matrix

P−1A1P is diagonal, the [l, l]-block of RP−1A1P coincides with that of

P−1A1PR, and it is equal to the [l, l]-block of −P−1(A0 + µIn)P , if l ≥ 2.

Hence

(
I X

0 I

)−1

(QP⊕M )−1Ã
(i)
0 QP⊕M

(
I X

0 I

)∣∣∣∣∣
M′

(61)

=

(
µ−RP−1A1P µX −XX ′

P−1A1P X ′

)∣∣∣∣
M′

=




A
[2,2]
0 + 2µIn2 ∗ · · · ∗

∗
. . .

. . . ∗
... ∗ A

[k,k]
0 + 2µInk

∗
...

. . . ∗ X
′




,

where X
′
is expressed as

X
′
=

(
A

[1,1]

0 + µI X
′′

0 0

)
,

A
[1,1]

0 is the matrix obtained by replacing the domain and the range of A
[1,1]
0

to Cn1/KerA
[1,1]
0 . It follows from irreducibility that the rank of X

′
is equal

to the size of A
[1,1]

0 . Thus, if the matrix A
[1,1]
0 is conjugate to

L(n
〈0〉
1 , . . . , n〈0〉p〈0〉

; 0, . . . , 0)⊕ L(n
〈−µ〉
1 , . . . , n〈−µ〉

p〈−µ〉
;−µ, . . . ,−µ) (62)

⊕ L(m1,1, . . . , m1,p′1
; λ1,1, . . . , λ1,p′1

) (λ1,j 6= 0,−µ),
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then we have ñ− n + n
〈0〉
1 ≥ n

〈−µ〉
1 and the matrix X

′
is conjugate to

L(ñ− n + n
〈0〉
1 , n

〈−µ〉
1 , . . . , n〈−µ〉

p〈−µ〉
; 0, . . . , 0) (63)

⊕ L(n
〈0〉
2 , . . . , n〈0〉p〈0〉

; µ, . . . , µ)⊕ L(m1,1, . . . , m1,p′1
; λ1,1 + µ, . . . , λ1,p′1

+ µ).

If the matrix A
[l,l]
0 (l ≥ 2) is conjugate to L(ml,1, . . . , ml,pl

; λl,1, . . . , λl,pl
),

then the matrix A
[l,l]
0 + 2µInl

is conjugate to L(ml,1, . . . , ml,pl
; λl,1 +

2µ, . . . , λl,pl
+ 2µ). Hence

idxi(mcµ(A))− idxi(A) = (ñ− n + n1)
2 +

k∑

j=2

(nj)
2 (64)

+ (dim Z(A
[1,1]

0 + µ))2 + (ñ− n + n1,1)
2 +

k∑

j=2

(dim Z(A
[j,j]
0 + 2µ))2 − 2ñ2

−




k∑

j=1

(nj)
2 + (dim Z(A

[1,1]

0 ))2 + n2
1,1 +

k∑

j=2

(dim Z(A
[j,j]
0 ))2 − 2n2




= 2(n− ñ)(2n− n1 − n1,1) = 2(n− ñ)(2n− dimK(i)),

where n1,1 = dim(KerA
[1,1]
0 ).

We investigate the matrices Ã
(0)
1 and Ã

(0)
0 for the case that m0 = 1,

the matrices A
(0)
1 and A

(0)
0 are expressed as Eqs.(42), (43) and d1 = 0. By

changing the order of the direct sum V ′ = (Cn)⊕M , the matrices Ã
(0)
1 and

Ã
(0)
0 + µI are simultaneously conjugate to

Ã
(0)
1 ∼




P−1A1P P−1A0P P−1AP⊕(M−2)

0 0 0

0 0 0



 , (65)

Ã
(0)
0 + µI ∼




µ 0 0

P−1A1P P−1A0P P−1AP⊕(M−2)

0 0 0



 ,

where A =
(
A

(1)
m1 . . . A

(1)
1 A

(2)
m2 . . .

)
. It follows from similar argument to the
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case Ã
(i)
1 , Ã

(i)
0 (i 6= 0) that Ã

(0)
1 and Ã

(0)
0 are simultaneously conjugate to

Ã
(0)
1

∣∣∣
M
∼




d2In2 0 · · · 0

0
. . .

. . . 0
...

. . . dkInk
0

0 · · · 0 0




, (66)

Ã
(0)
0

∣∣∣
M
∼




A
[2,2]
0 ∗ · · · ∗

∗
. . .

. . . ∗
... ∗ A

[k,k]
0 ∗

...
. . . ∗ X

′




, (67)

where X
′
is expressed as

X
′
=

(
A

[1,1]

0 − µI X
′′

0 −µI

)
,

A
[1,1]

0 is the matrix obtained by replacing the domain and the range of A
[1,1]
0

to Cn1/Ker(A
[1,1]
0 − µI). If the matrix A

[1,1]
0 is conjugate to

L(n
〈µ〉
1 , . . . , n〈µ〉p〈µ〉

; µ, . . . , µ)⊕ L(n
〈0〉
1 , . . . , n〈0〉p〈0〉

; 0, . . . , 0) (68)

⊕ L(m1,1, . . . , m1,p′1
; λ1,1, . . . , λ1,p′1

), (λ1,j 6= 0, µ),

then we have ñ− n + n
〈µ〉
1 ≥ n

〈0〉
1 and the matrix X

′
is conjugate to

L(ñ− n + n
〈µ〉
1 , n

〈0〉
1 , . . . , n〈0〉p〈0〉

;−µ, . . . ,−µ) (69)

⊕ L(n
〈µ〉
2 , . . . , n〈µ〉p〈µ〉

; 0, . . . , 0)⊕ L(m1,1, . . . , m1,p′1
; λ1,1 − µ, . . . , λ1,p′1

− µ).

Hence we also have

idx0(mcµ(A))− idx0(A) = 2(n− ñ)(2n− dimL(µ)). (70)

We include the case mi = 0 to the case mi = 1 by setting A
(i)
1 = 0 and we

have ñ = n(2r + 1) −
∑r

i=1 dimK(i) − dimL(µ). It follows from Eqs.(64),
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(70) that

idx(mcµ(A)) − idx(A) = 2ñ2 − 2n2 +

r∑

i=0

{idxi(mcµ(A)) − idxi(A)}

(71)

= 2ñ2 − 2n2 + 2(n− ñ)

(
2(r + 1)n−

r∑

i=1

dimK(i) − dimL(µ)

)

= 2ñ2 − 2n2 + 2(n− ñ)(n + ñ) = 0.

Hence the index of rigidity is preserved by application of middle convolu-

tion, i.e. idx(mcµ(A)) = idx(A). Namely we obtain the following proposi-

tion.

Proposition 4.2. If mi ≤ 1, the matrices A
(i)
1 are semi-simple for all i

and 〈A〉 is irreducible, then the index of rigidity is preserved by application

of middle convolution, i.e. idx(mcµ(A)) = idx(A) for all µ ∈ C.

4.4. Classification

Proposition 4.3. Assume that mi ≤ 1 (i = 0, . . . , r), A
(i)
1 are semi-simple

for all i and 〈A〉 is irreducible. We identify the case mi = 0 with the case

mi = 1 and A
(i)
1 = 0.

(i) If idx(A) = 2, then A is transformed to the rank one matrices by ap-

plying addition and middle convolution repeatedly.

(ii) If idx(A) = 0, then A is transformed to one of the following cases by

applying middle convolution and addition repeatedly, where d ∈ Z≥1.

Four singularities : {(d, d), (d, d), (d, d), (d, d)}, (72)

Three singularities : {(d, d, d), (d, d, d), (d, d, d)},

{(2d, 2d), (d, d, d, d), (d, d, d, d)},

{(3d, 3d), (2d, 2d, 2d), (d, d, d, d, d, d)},

{(d, d)− ((d), (d)), (d, d), (d, d)},
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Two singularities : {(d, d)− ((d), (d)), (d, d)− ((d), (d))},

{(d, d, d)− ((d), (d), (d)), (d, d, d)},

{(d, d, d, d)− ((d), (d), (d), (d)), (2d, 2d)},

{(2d, 2d)− ((d, d), (d, d)), (d, d, d, d)},

{(3d, 2d)− ((d, d, d), (2d)), (d, d, d, d, d)},

{(2d, 2d, 2d)− ((d, d), (d, d), (d, d)), (3d, 3d)},

{(3d, 3d, 2d)− ((d, d, d), (d, d, d), (2d)), (4d, 4d)},

{(5d, 4d, 3d)− ((d, d, d, d, d), (2d, 2d), (3d)), (6d, 6d)},

{(5d, 4d)− ((d, d, d, d, d), (2d, 2d)), (3d, 3d, 3d)},

{(3d, 3d)− ((d, d, d), (d, d, d)), (2d, 2d, 2d)},

{(5d, 3d)− ((d, d, d, d, d), (3d)), (2d, 2d, 2d, 2d)},

{(4d, 3d)− ((2d, 2d), (3d)), (d, d, d, d, d, d, d)}.

Proof. (i) It is enough to show that the size of matrices can be decreased

by appropriate application of addition and middle convolution, because the

size of matrices is reduced to one by applying many times.

Let

(n
(i)
1 , n

(i)
2 , . . . , n

(i)

k(i) )− (73)

((n
(i)
1,1, . . . , n

(i)

1,p
(i)
1

), (n
(i)
2,1, . . . , n

(i)

2,p
(i)
2

), . . . , (n
(i)

k(i) ,1
, . . . , n

(i)

k(i) ,p
(i)

k(i)

)),

(n
(i)
1 ≥ n

(i)
2 ≥ · · · ≥ n

(i)

k(i) , n
(i)
j,1 ≥ · · · ≥ n

(i)

j,p
(i)
j

) be the type of multiplicities

of (A
(i)
1 , A

(i)
0 ). Note that n

(i)
j,1 + · · ·+ n

(i)

j,p
(i)
j

= n
(i)
j . Then

(n
(i)
j )2 +

∑

j′

(n
(i)
j,j′ )

2 ≤ (n
(i)
j )2 + n

(i)
j,1

∑

j′

n
(i)
j,j′ = n

(i)
j (n

(i)
j + n

(i)
j,1). (74)

There exists a number l(i) such that

n

n
(i)

l(i)



(n
(i)

l(i)
)2 +

∑

j

(n
(i)

l(i),j
)2



 ≥
∑

j

(n
(i)
j )2 +

∑

j

∑

j′

(n
(i)
j,j′ )

2, (75)
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because if not we have contradiction as

∑

l


(n

(i)
l )2 +

∑

j′

(n
(i)
l,j′ )

2


 (76)

<
∑

l

n
(i)
l

n





∑

j

(n
(i)
j )2 +

∑

j

∑

j′

(n
(i)
j,j′ )

2




 =
∑

j

(n
(i)
j )2 +

∑

j

∑

j′

(n
(i)
j,j′)

2.

By combining with Eq.(74), we have

n(n
(i)

l(i)
+ n

(i)

l(i) ,1
) ≥

∑

j

(n
(i)
j )2 +

∑

j

∑

j′

(n
(i)
j,j′ )

2. (77)

Recall that the index of rigidity is calculated as

idx(A) =
r∑

i=0




∑

j

(n
(i)
j )2 +

∑

j

∑

j′

(n
(i)
j,j′)

2



− 2rn2. (78)

If
∑r

i=0 n
(i)

l(i)
+ n

(i)

l(i) ,1
≤ 2rn, then

r∑

i=0




∑

j

(n
(i)
j )2 +

∑

j

∑

j′

(n
(i)
j,j′ )

2



 ≤
r∑

i=0

n(n
(i)

l(i)
+ n

(i)

l(i) ,1
) ≤ 2rn2, (79)

which contradicts to idx(A) = 2. Hence

r∑

i=0

(n
(i)

l(i)
+ n

(i)

l(i),1
) ≥ 2rn + 1. (80)

We apply addition in order that dimK(i) = n
(i)

l(i)
+n

(i)

l(i) ,1
for i = 1, . . . , r

and the dimension of the kernel of A
(0)
1 is n

(0)

l(0)
. Let µ be the value such

that dimL(µ) = n
(0)

l(0)
+ n

(0)

l(0),1
. If µ = 0, then it follows from Eq.(80) that

dimK + dimL′(0) − n(M − 1) =
∑r

i=0(n
(i)

l(i)
+ n

(i)

l(i),1
) − 2nr < 0 and it

contradicts to Proposition 3.2 (iii). Thus µ 6= 0, the size of matrices obtained

by middle convolution is

(2r + 1)n−

r∑

i=0

(n
(i)

l(i)
+ n

(i)

l(i),1
), (81)

and it is no more than n − 1, which follows from Eq.(80). Hence the size

can be decreased by addition and middle convolution.

(ii) It is sufficient to consider the case that the size of matrices cannot

be decreased by addition and middle convolution. Let l(i) be the number
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which satisfies Eq.(75). If
∑r

i=0(n
(i)

l(i)
+ n

(i)

l(i),1
) > 2rn, then the size is de-

creased by middle convolution (see Eq.(81)) or the system is reducible (the

case µ = 0). Hence
∑r

i=0(n
(i)

l(i)
+n

(i)

l(i),1
) ≤ 2rn. If

∑r

i=0(n
(i)

l(i)
+n

(i)

l(i),1
) < 2rn,

then we have
∑r

i=0

(∑
j(n

(i)
j )2 +

∑
j

∑
j′ (n

(i)
j,j′)

2
)

< 2rn2 as Eq.(79) and

it contradicts to idx(A) = 0. Thus
∑r

i=0(n
(i)

l(i)
+ n

(i)

l(i),1
) = 2rn. Since

idx(A) = 0, all inequalities in Eqs.(77), (79) are equalities. In particu-

lar we have (n
(i)

l(i)
)2 +

∑
j′(n

(i)

l(i) ,j′
)2 = n

(i)

l(i)
(n

(i)

l(i)
+ n

(i)

l(i),1
), which leads to

n
(i)

l(i),j′
= n

(i)

l(i) ,1
for 1 ≤ j′ ≤ p

(i)

l(i)
. Then ((n

(i)

l(i)
)2 +

∑
j(n

(i)

l(i) ,j
)2)n/n

(i)

l(i)
=

n(n
(i)

l(i)
+ n

(i)

l(i),1
) =

∑
j(n

(i)
j )2 +

∑
j

∑
j′(n

(i)
j,j′ )

2. Hence if Eq.(75) is sat-

isfied, then the inequality in Eq.(75) is replaced by equality. Therefore

n((n
(i)
l )2 +

∑
j(n

(i)
l,j )

2) ≤ n
(i)
l (
∑

j(n
(i)
j )2 +

∑
j

∑
j′(n

(i)
j,j′ )

2) for all l. It fol-

lows from summing up with respect to l that ((n
(i)
l )2 +

∑
j(n

(i)
l,j )

2)n/n
(i)
l =

∑
j(n

(i)
j )2 +

∑
j

∑
j′ (n

(i)
j,j′)

2 for all l. By setting l = l(i) and repeating the

discussion above, we have

n
(i)
l,j = n

(i)
l,1 =

n
(i)
l

p
(i)
l

, n
(i)
l,1(p

(i)
l + 1) = n

(i)
1,1(p

(i)
1 + 1), (82)

for all j ∈ {1, . . . , p
(i)
l } and l ∈ {1, . . . , k(i)}. Since

∑r

i=0(n
(i)
1 +n

(i)
1,1) = 2rn,

we have

r∑

i=0

(
2−

n
(i)
1 + n

(i)
1,1

n

)
= 2. (83)

Hence r ≥ 1.

If n
(i)
1 = n and p

(i)
1 = 1, then the matrices A

(i)
1 and A

(i)
0 are scalar, and

we may omit the singularity corresponding to A
(i)
1 and A

(i)
0 , because they

are transformed to A
(i)
1 = A

(i)
0 = 0 by applying addition. If n

(i)
1 = n and

p
(i)
1 ≥ 2, then we have k(i) = 1, n

(i)
1,1 = · · · = n

(i)

1,p
(i)
1

and 2−(n
(i)
1 +n

(i)
1,1)/n =

1 − 1/p
(i)
1 . Thus 1/2 ≤ 2 − (n

(i)
1 + n

(i)
1,1)/n < 1 and the equality holds iff

p
(i)
1 = 2. Since the matrix A

(i)
1 is scalar, this case can be regarded as mi = 0

by applying addition.

If n
(i)
1 6= n, then k(i) ≥ 2 and we have n = n

(i)
1 + · · ·+ n

(i)

k(i) ≥ k(i)n
(i)

k(i) ,

n
(i)

k(i) ,1
≤ n

(i)

k(i) and

2−
n

(i)
1 + n

(i)
1,1

n
= 2−

n
(i)

k(i) + n
(i)

k(i) ,1

n
≥ 2−

2n
(i)

k(i)

n
≥ 2−

2

k(i)
. (84)
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Hence we have 2 − (n
(i)
1 + n

(i)
1,1)/n ≥ 1 and the equality holds iff k(i) = 2,

p
(i)
1 = p

(i)
2 = 1 and n

(i)
1 = n

(i)
2 = n/2.

We consider the case k(i) = 1 for all i. Then
∑r

i=0(1− 1/p
(i)
1 ) = 2 and

we have solution for the cases r = 3 and r = 2. If r = 3, then p
(0)
1 = p

(1)
1 =

p
(2)
1 = p

(3)
1 = 2, i.e. the case {(d, d), (d, d), (d, d), (d, d)} (d = n/2). If r = 2,

then (p
(0)
1 , p

(1)
1 , p

(2)
1 ) = (3, 3, 3), (2, 4, 4), (2, 3, 6) or their permutations,

i.e. the cases {(d, d, d), (d, d, d), (d, d, d)} (d = n/3), {(2d, 2d), (d, d, d, d),

(d, d, d, d)} (d = n/4) or {(3d, 3d), (2d, 2d, 2d), (d, d, d, d, d, d)} (d = n/6).

We consider the case #{i | k(i) ≥ 2} ≥ 2. Then it follows from Eq.(84)

that #{i | k(i) ≥ 2} = 2, k(0) = k(1) = 2, p
(i)
1 = p

(i)
2 = 1 and n

(i)
1 = n

(i)
2 =

n/2 (i = 0, 1). Hence we obtain the case {(d, d)−((d), (d)), (d, d)−((d), (d))}

(d = n/2).

We consider the case #{i | k(i) ≥ 2} = 1 and r ≥ 2. We set k(0) ≥ 2,

k(1) = · · · = k(r) = 1 for simplicity. It follows from Eq.(83), 2 − (n
(0)
1 +

n
(0)
1,1)/n ≥ 1 and 2−(n+n

(i)
1,1)/n ≥ 1/2 (i ≥ 1) that r = 2, n

(0)
1 = n

(0)
2 = n/2,

p
(1)
1 = p

(2)
1 = 2 and n

(i)
1,1 = n

(i)
1,2 = n/2 (i = 1, 2). It corresponds to the case

{(d, d)− ((d), (d)), (d, d), (d, d)} (d = n/2).

The remaining case is #{i | k(i) ≥ 2} = 1 and r = 1. We set k(0) ≥ 2,

k(1) = 1 for simplicity. By Eq.(83), we have

n
(0)
1 + n

(0)
1,1

n
= 1−

1

p
(1)
1

. (85)

It follows from p
(1)
1 ≥ 2 and Eq.(84) that 2 − (n

(0)
1 + n

(0)
1,1)/n ≤ 3/2 and

k(0) ≤ 4.

If k(0) = 4, then inequalities in Eq.(84) must be equalities, p
(0)
1 = p

(0)
2 =

p
(0)
3 = p

(0)
4 = 1 and n

(0)
1 = n

(0)
2 = n

(0)
3 = n

(0)
4 = n/4. We have p

(1)
1 = 2 and

n
(1)
1 = n

(1)
2 = n/2. Hence we obtain the case {(d, d, d, d) − ((d), (d), (d),

(d)), (2d, 2d)} (d = n/4).

If k(0) = 3, then we have (n
(0)
1 + n

(0)
1,1)/n ≤ 2/3. Since (n

(0)
1 + n

(0)
1,1)/n +

1/p
(1)
1 = 1, we have p

(1)
1 = 3 or 2, i.e. (n

(0)
1 + n

(0)
1,1)/n = 2/3 or 1/2. If

(n
(0)
1 + n

(0)
1,1)/n = 2/3, then p

(0)
1 = p

(0)
2 = p

(0)
3 = 1, n

(0)
i = n

(0)
i,1 = n/3 (i =

1, 2, 3), p
(1)
1 = 3 and n

(1)
1 = n

(1)
2 = n

(1)
3 = n/3, i.e. the case {(d, d, d)− ((d),

(d), (d)), (d, d, d)} (d = n/3). If (n
(0)
1 + n

(0)
1,1)/n = 1/2, then we have

2n
(0)
1,1(p

(0)
1 + 1) = 2n

(0)
2,1(p

(0)
2 + 1) = 2n

(0)
3,1(p

(0)
3 + 1) = n (86)

= n
(0)
1 + n

(0)
2 + n

(0)
3 = n

(0)
1,1p

(0)
1 + n

(0)
2,1p

(0)
2 + n

(0)
3,1p

(0)
3 .
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By summing up, we have 2(n
(0)
1,1+n

(0)
2,1+n

(0)
3,1) = n

(0)
1,1p

(0)
1 +n

(0)
2,1p

(0)
2 +n

(0)
3,1p

(0)
3 .

Since n
(0)
1 ≥ n

(0)
2 ≥ n

(0)
3 , we have n

(0)
1,1 ≤ n

(0)
2,1 ≤ n

(0)
3,1, p

(0)
1 ≥ p

(0)
2 ≥ p

(0)
3 and

p
(0)
3 ≤ 2. If p

(0)
3 = 2, then p

(0)
1 = p

(0)
2 = 2. If p

(0)
3 = 1, then we have

2n
(0)
3,1 = n

(0)
1,1(p

(0)
1 + 1) = n

(0)
2,1(p

(0)
2 + 1) and 3n

(0)
3,1 = n

(0)
1,1p

(0)
1 + n

(0)
2,1p

(0)
2 .

Hence n
(0)
3,1 = n

(0)
1,1 + n

(0)
2,1 and 1/(p

(0)
1 + 1) + 1/(p

(0)
2 + 1) = 1/2. Therefore

(p
(0)
1 + 1, p

(0)
2 + 1, p

(0)
3 + 1) = (3, 3, 3), (6, 3, 2) or (4, 4, 2). If (p

(0)
1 + 1, p

(0)
2 +

1, p
(0)
3 +1) = (3, 3, 3), then n

(0)
1,1 = n

(0)
2,1 = n

(0)
3,1 = n/3 and we obtain the case

{(2d, 2d, 2d)− ((d, d), (d, d), (d, d)), (3d, 3d)} (d = n/6). If (p
(0)
1 + 1, p

(0)
2 +

1, p
(0)
3 +1) = (6, 3, 2), n

(0)
1,1 = n/12, n

(0)
2,1 = n/6 and n

(0)
3,1 = n/4 and we obtain

the case {(5d, 4d, 3d) − ((d, d, d, d, d), (2d, 2d), (3d)), (6d, 6d)} (d = n/12).

If (p
(0)
1 +1, p

(0)
2 +1, p

(0)
3 +1) = (4, 4, 2), then n

(0)
1,1 = n

(0)
2,1 = n/8, n

(0)
3,1 = n/4,

and we obtain the case {(3d, 3d, 2d) − ((d, d, d), (d, d, d), (2d)), (4d, 4d)}

(d = n/8).

We investigate the case k(0) = 2. It follows from Eq.(83) and n =

n
(0)
1,1p

(0)
1 + n

(0)
2,1p

(0)
2 that

n
(0)
1,1(p

(0)
1 + 1) = n

(0)
2,1(p

(0)
2 + 1) =

(
1−

1

p
(1)
1

)
(n

(0)
1,1p

(0)
1 + n

(0)
2,1p

(0)
2 ). (87)

By erasing the term p
(0)
1 , we obtain

n
(0)
2,1 + (p

(1)
1 − 1)n

(0)
1,1 = (p

(1)
1 − 2)n

(0)
2,1p

(0)
2 . (88)

Hence p
(1)
1 ≥ 3. It follows from n

(0)
1 ≥ n

(0)
2 that n

(0)
1,1 ≤ n

(0)
2,1, p

(0)
1 ≥ p

(0)
2 ,

p
(1)
1 ≥ 1 + (p

(1)
1 − 1)n

(0)
1,1/n

(0)
2,1 = (p

(1)
1 − 2)p

(0)
2 and p

(0)
2 ≤ p

(1)
1 /(p

(1)
1 − 2).

We consider the case p
(1)
1 = 3. Then p

(0)
2 ≤ 3. If p

(0)
2 = 1, then n

(0)
1,1 =

0 and it cannot occur. If p
(0)
2 = 2, then n

(0)
2,1 = 2n

(0)
1,1 and p

(0)
1 = 5. It

corresponds to the case {(5d, 4d)−((d, d, d, d, d), (2d, 2d)), (3d, 3d, 3d)} (d =

n/9). If p
(0)
2 = 3, then n

(0)
1,1 = n

(0)
2,1 and p

(0)
1 = 3. It corresponds to the

case {(3d, 3d) − ((d, d, d), (d, d, d)), (2d, 2d, 2d)} (d = n/6). We consider

the case p
(1)
1 ≥ 4. Then p

(0)
2 ≤ p

(1)
1 /(p

(1)
1 − 2) ≤ 2. If p

(0)
2 = 2, then

p
(1)
1 = 4, n

(0)
1,1 = n

(0)
2,1 and p

(0)
1 = 2. It corresponds to the case {(2d, 2d) −

((d, d), (d, d)), (d, d, d, d)} (d = n/4). If p
(0)
2 = 1, then n

(0)
1,1 = n

(0)
2,1(p

(1)
1 −

3)/(p
(1)
1 − 1) and p

(0)
1 = 1 + 4/(p

(1)
1 − 3). Hence 4 is divisible by p

(1)
1 − 3

and we have p
(1)
1 = 4, 5 or 7. If p

(1)
1 = 4, then p

(0)
1 = 5 and 3n

(0)
1,1 = n

(0)
2,1.

It corresponds to the case {(5d, 3d) − ((d, d, d, d, d), (3d)), (2d, 2d, 2d, 2d)}

(d = n/8). If p
(1)
1 = 5, then p

(0)
1 = 3 and 2n

(0)
1,1 = n

(0)
2,1. It corresponds to

the case {(3d, 2d) − ((d, d, d), (2d)), (d, d, d, d, d)} (d = n/5). If p
(1)
1 = 7,
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then p
(0)
1 = 2 and 3n

(0)
1,1 = 2n

(0)
2,1. It corresponds to the case {(4d, 3d) −

((2d, 2d), (3d)), (d, d, d, d, d, d, d)} (d = n/7).

Thus we have exhausted all the cases.

Remark that some patterns in the list of Proposition 4.3 may not be real-

ized as an irreducible system of differential equations. In fact the patterns

corresponding to Fuchsian systems as

{(d, d), (d, d), (d, d), (d, d)}, (89)

{(d, d, d), (d, d, d), (d, d, d)},

{(2d, 2d), (d, d, d, d), (d, d, d, d)},

{(3d, 3d), (2d, 2d, 2d), (d, d, d, d, d, d)},

for the case d ≥ 2 (resp. d = 1) cannot be realized (resp. can be realized)

as irreducible systems, which was established by Kostov9 and Crawley-

Boevey.2

5. Concluding remarks

We give comments for future reference.

In this paper we gave a tentative definition of the index of rigidity

for systems of linear differential equations which may have irregular sin-

gularities, and we should clarify the correctness (or incorrectness) of our

definition. A key point would be Conjecture 3.1, which is compatible with

Proposition 4.2, and we should consider the case that the coefficient matri-

ces are not semi-simple.

Crawley-Boevey2 made a correspondence between systems of Fuchsian

differential equations and roots of Kac-Moody root systems, which was

applied for solving additive Deligne-Simpson problem. Boalch1 gave a gen-

eralization of Crawley-Boevey’s work to the cases which include an irregular

singularity. It would be hopeful to develop studies on this direction to un-

derstand several properties of differential equations.

Laplace transformation (or Fourier transformation) has been a powerful

tool for analysis of differential equations. It is known that Okubo normal

form fits well with Laplace transformation. In fact, Okubo normal form

(xIn − T )
dΨ

dx
= AΨ, (90)

is transformed to

dV

dz
=

(
T −

A + In

z

)
V, (91)
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which is Birkhoff canonical form of Poincaré rank one by Laplace transfor-

mation

V (z) =

∫

C

exp(zx)Ψ(x)dx. (92)

Assume that the matrices T and A are written as

T =




t1In1 0 . . . 0

0 t2In2 . . . 0

0 0
. . .

...

0 · · · 0 tkInk


 , A =




A[1,1] A[1,2] . . . A[1,k]

A[2,1] A[2,2] . . . A[2,k]

...
...

. . .
...

A[k,1] A[k,2] . . . A[k,k]


 , (93)

where ti 6= tj (i 6= j) and A[i,j] is a ni × nj matrix, and we further assume

that A, A[i,i] (i = 1, . . . , k) are semi-simple and Eq.(90) is irreducible. Then

the index of rigidity for Okubo normal form (Eq.(90)) is equal to

k∑

j=1

(
(nj)

2 + dim(Z(A[j,j]))
)

+ dim(Z(A)) − n2, (94)

which was described by Haraoka5 and Yokoyama.14 On the other hand, the

index of rigidity of Eq.(91) can be calculated as a special case of section 4

(see Eq.(54)), and it is equal to Eq.(94). Hence the index of rigidity in this

paper fits well with Laplace transformation.

We now observe an example of Laplace transformation. Set

T =

(
0 1

0 0

)
, A = −

(
a1,1 + 1 a1,2

a2,1 a2,2 + 1

)
, (95)

in Eq.(91), which corresponds to Eq.(40). It follows from irreducibility that

a2,1 6= 0. By (inverse) Laplace transformation, we obtain Eq.(90), which is

rewritten as

dΨ

dx
=

{
−

1

x2

(
a2,1 a2,2 + 1

0 0

)
−

1

x

(
a1,1 + 1 a1,2

a2,1 a2,2 + 1

)}
Ψ, (96)

and it can be reduced to a scalar differential equation by middle convolution

as the example in section 3.4. Therefore we should develop a theory of

Laplace transformation as well as the theory of middle convolution which

is based on Euler’s integral transformation (Theorem 2.1).

Several important functions are written as a solution of single differential

equations of higher order

y(n) + a1(z)y(n−1) + · · ·+ an−1(z)y′ + an(z)y = 0, (97)

where ai(z) (i = 1, . . . , n) are rational functions which may have poles

at prescribed points {t1, . . . , tr}. Note that we need to treat delicately on
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writing Eq.(97) into the form of systems of differential equations (2) to

reflect the depth of the singularities. Oshima11 formulated middle convo-

lution (Euler’s transformation) for single differential equations of higher

order, and Hiroe6 studied it for the case that the differential equation has

an irregular singularity at z = ∞ and regular singularities. Hiroe’s result

includes a part of the content of section 4 in this paper with a different sit-

uation. Moreover he clarified a structure of Kac-Moody root system, which

is based on Boalch’s study.1 Studies on this direction should be developed

further.
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We give differential equations compatible with the rational qKZ equation with

boundary reflection. The total system contains the trigonometric degeneration

of the bispectral qKZ equation of type (C∨
n

, Cn) which in the case of type GLn

was studied by van Meer and Stokman. We construct an integral formula for

solutions to our compatible system in a special case.

Keywords: Boundary rational qKZ equation; bispectral qKZ equation; double

affine Hecke algebra.

1. Introduction

In this paper we give differential equations compatible with the rational ver-

sion of the quantum Knizhnik-Zamolodchikov (qKZ) equation8 with bound-

ary reflection, which we call the boundary rational qKZ equation.

Let V = C2N be a vector space of even dimension. The boundary ra-

tional qKZ equation is the following system of difference equations for an

unknown function f(x | y) on (C×)N × Cn taking values in V ⊗n:

f(x | . . . , ym − c, . . .)

= Rm,m−1(ym − ym−1 − c) · · ·Rm,1(ym − y1 − c)Km(ym − c/2 |x, β)

×R1,m(y1 + ym) · · ·Rm−1,m(ym−1 + ym)

×Rm,m+1(ym + ym+1) · · ·Rm,n(ym + yn)

×Km(ym | 1, α) Rm,n(ym − yn) · · ·Rm,m+1(ym − ym+1)f(x | . . . , ym, . . .)

for 1 ≤ m ≤ n, where c, α and β are parameters and 1 = (1, . . . , 1) ∈

(C×)N . The linear operator R(λ) on V ⊗2 is the rational R-matrix, and
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K(λ |x, β) ∈ End(V ) is the boundary K-matrix which is a linear sum of the

identity and the reflection of the basis of V with exponent x = (x1, . . . , xN )

(see Eq. (2) below). The indices of R and K in the right hand side signify

the position of the components of V ⊗n on which they act. The boundary

rational qKZ equation can be regarded as a slight generalization of an ad-

ditive degeneration of Cherednik’s trigonometric qKZ equation2 associated

with the root system of type Cn. Such equation was also derived as that for

correlation functions of the integrable spin chains with a boundary.3,10 Re-

cently combinatorial aspects of a special polynomial solution have attracted

attention.1,5,9

In this paper we give commuting differential operators in the form

Da(x | y) = cxa

∂

∂xa

+ La(x | y) (1 ≤ a ≤ N),

where La(x | y) (1 ≤ a ≤ N) are commuting linear operators acting on

V ⊗n, and prove that the system consisting of the boundary rational qKZ

equation and the differential equations Da(x | y)f(x | y) = 0 (1 ≤ a ≤ N) is

compatible (see Theorem 3.1 below). Such compatible system is obtained

for the differential KZ or the qKZ equations without boundary reflection

by Etingof, Felder, Markov, Tarasov and Varchenko in more general set-

tings.6,7,15,16

In Ref. 11 van Meer and Stokman constructed a consistent system of

q-difference equations, which they call the bispectral qKZ equation, using

the double affine Hecke algebra (DAHA)4 of type GLn. The key ingredients

are Cherednik’s intertwiners and the dual anti-involution. As mentioned in

Ref. 11, their construction can be extended to arbitrary root system. In this

paper we consider the case of type (C∨n , Cn). The DAHA of this type also

has intertwiners and dual anti-involution,14 and hence we can construct the

bispectral qKZ equation. Now recall that the DAHA has a trigonometric

degeneration.4 In this degeneration the bispectral qKZ equation turns into

a system of differential equations called the affine KZ equation (see Section

1.1.3 of Ref. 4) and additive difference equations. We prove that the system

is contained in our compatible system of differential equations and the

boundary rational qKZ equation with N = n restricted to a subspace of

V ⊗n isomorphic to the group algebra of the Weyl group of type Cn. As

will be seen in Sec. 4.6 the differential operator Da(x | y) does not literally

appear in the affine KZ equation because some of its parts act by zero on

the subspace. Thus our compatible system gives a non-trivial generalization

of the trigonometric degeneration of the bispectral qKZ equation of type

(C∨n , Cn).
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As previously mentioned the boundary rational qKZ equation can be

regarded as an additive degeneration of the qKZ equation on the root sys-

tem of type Cn. For the qKZ equation of type Cn, Mimachi obtained an

integral formula for solutions in a special case.12 Similar construction works

for the boundary rational qKZ equation with α = β = k/2, where k is a

parameter contained in the R-matrix, and the exponent x restricted to the

hyperplane x2 = · · · = xN = 1. We prove that the solutions obtained in

this way satisfy the differential equation D1(x1, 1, . . . , 1 | y)f = 0. Thus we

get solutions of our compatible system in a special case.

The rest of this paper is organized as follows. In Sec. 2 we give the def-

inition of the boundary rational qKZ equation. In Sec. 3 we construct the

commuting differential operators and prove that they are compatible with

the boundary rational qKZ equation. In Sec. 4 we calculate the trigono-

metric degeneration of the bispectral qKZ equation of type (C∨n , Cn) and

prove that it is contained in our compatible system. In Sec. 5 we give an

integral formula for solutions of our compatible system with α = β = k/2

and x = (x1, 1, . . . , 1).

2. Boundary rational qKZ equation

Let n and N be positive integers, and c, k, α and β be generic non-zero

complex numbers. Let V = ⊕N
a=1 (Cva ⊕ Cva) be a vector space with the

basis {vl}l=1,...,N,1̄,...,N̄ .

The rational R-matrix acting on V ⊗2 is defined by

R(λ) :=
λ + kP

λ + k
,

where P is the transposition P (u⊗ v) := v ⊗ u. It is a rational solution of

the Yang-Baxter equation

R12(λ1 − λ2)R13(λ1 − λ3)R23(λ2 − λ3)

= R23(λ2 − λ3)R13(λ1 − λ3)R12(λ1 − λ2) (1)

on V ⊗3, where Rij(λ) is the linear operator acting on the tensor product

of the i-th and the j-th component of V ⊗3 as R(λ).

For x = (x1, . . . , xN ) ∈ (C×)N we define the reflection operator T (x) ∈

End(V ) by

T (x)(va) := x−1
a va, T (x)(va) := xava (1 ≤ a ≤ N)

and set

K(λ |x, β) :=
λ T (x) + β

λ + β
. (2)
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Then the operator K(λ |x, β) satisfies the boundary Yang-Baxter equation:

R12(λ1 − λ2)K1(λ1 |x, β)R21(λ1 + λ2)K2(λ2 |x, β)

= K2(λ2 |x, β)R21(λ1 + λ2)K1(λ1 |x, β)R12(λ1 − λ2) (3)

on V ⊗2, where Kj(λ |x, β) is the linear operator acting on the j-th compo-

nent of V ⊗2 as K(λ |x, β).

For x = (x1, . . . , xN ) ∈ (C×)N and y = (y1, . . . , yn) ∈ Cn, we define the

linear operator Qm(x | y) (1 ≤ m ≤ n) acting on V ⊗n by

Qm(x | y)

:= Rm,m−1(ym − ym−1 − c) · · ·Rm,1(ym − y1 − c)Km(ym − c/2 |x, β)

×R1,m(y1 + ym) · · ·Rm−1,m(ym−1 + ym)

×Rm,m+1(ym + ym+1) · · ·Rm,n(ym + yn)

×Km(ym | 1, α) Rm,n(ym − yn) · · ·Rm,m+1(ym − ym+1),

where 1 := (1, . . . , 1) and the lower indices of R and K in the right hand

side signify the position of the components in V ⊗n on which they act.

Proposition 2.1. For 1 ≤ l, m ≤ n we have

Qm(x | . . . , yl − c, . . .)Ql(x | y) = Ql(x | . . . , ym − c, . . .)Qm(x | y).

Proof. It follows from Eq. (1) and Eq. (3).

Let f(x | y) be a function on (C⊗N ) × Cn taking values in V ⊗n. We

denote by ∆m (1 ≤ m ≤ n) the shift operator with respect to ym:

∆mf(x | y) := f(x | y1, . . . , ym − c, . . . , yn).

From Proposition 2.1 the following system of difference equations is consis-

tent:

∆mf(x | y) = Qm(x | y)f(x | y) (m = 1, . . . , n). (4)

Definition 2.1. We call the system (4) of difference equations the boundary

rational qKZ equation.

3. Compatible differential equations

3.1. Commuting differential operators

We denote by eab ∈ End(V ) (a, b ∈ {1, . . . , N, 1̄, . . . , N̄}) the matrix unit

acting by eabvp = δbpva. In this section, for u ∈ End(V ) and 1 ≤ j ≤
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n, we denote by u(j) ∈ End(V ⊗n) the linear operator acting on the j-th

component of V ⊗n as u. For 1 ≤ a, b ≤ N we set

Eab := eab + e
ab

, Eab := e
ab

+ eab,

and define Xab,Yab,Zab ∈ End(V ⊗n) by

Xab :=
∑

1≤i<j≤n

(
e
(i)
ab E

(j)
ba + e

(i)

ba
E

(j)
ab

)
,

Yab :=
∑

1≤i<j≤n

(
e
(i)

ab
E

(j)

ba + e
(i)
ba E

(j)

ab

)
,

Zab :=
∑

1≤i<j≤n

(
e
(i)
ab E

(j)

ba + e
(i)

ba
E

(j)

ab

)
.

Note that Yab = Yba and Zab = Zba.

Define the linear operators Aa(y) and Ba(x) (1 ≤ a ≤ N) on V ⊗n by

Aa(y) :=

n∑

j=1

yj(e
(j)
aa − e

(j)
aa ) + 2α

n∑

j=1

e
(j)
aa

+ k

(
−

a−1∑

p=1

Xpa +

N∑

p=a+1

Xap +

N∑

p=1

Yap

)

and

Ba(x) := 2
α + βxa

x2
a − 1

n∑

j=1

E
(j)

aa + k

{a−1∑

p=1

xa

xa − xp

(Xap + Xpa)

+

N∑

p=a+1

xp

xa − xp

(Xap + Xpa) +

N∑

p=1

1

xaxp − 1
(Yap + Zap)

}
.

Set

La(x | y) := Aa(y) + Ba(x) (1 ≤ a ≤ N).

By direct calculation we can check the commutativity:

Lemma 3.1. For 1 ≤ a, b ≤ N we have

[Aa(y), Ab(y)] = 0, [La(x | y), Lb(x | y)] = 0.

Now define the differential operators Da(x | y) (1 ≤ a ≤ N) by

Da(x | y) := cxa

∂

∂xa

+ La(x | y).

Proposition 3.1. The differential operators Da(x | y) (a = 1, . . . , N) com-

mute with each other.
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Proof. It follows from Lemma 3.1 and the equality xa
∂Lb

∂xa
= xb

∂La

∂xb
for

1 ≤ a, b ≤ N .

3.2. Compatibility

In this subsection we prove the main theorem:

Theorem 3.1. For 1 ≤ a ≤ N and 1 ≤ m ≤ n we have

[Da(x | y), ∆−1
m Qm(x | y)] = 0. (5)

Hence the system of equations




∆mf(x | y) = Qm(x | y)f(x | y) (1 ≤ m ≤ n),

Da(x | y)f(x | y) = 0 (1 ≤ a ≤ N)

(6)

is compatible.

To prove Theorem 3.1 we rewrite the linear operators La(x | y) (1 ≤ a ≤

N) as follows. For λ ∈ C× and γ ∈ C, we define Ia(λ | γ) ∈ End(V ) by

Ia(λ | γ) := γ(eaa − eaa) + 2
α + βλ

λ2 − 1
eaa + 2

α + βλ−1

1− λ−2
eaa (1 ≤ a ≤ N).

For x = (x1, . . . , xN ) ∈ (C×)N we define Ma(x) ∈ End(V ⊗2) (1 ≤ a ≤ N)

by

Ma(x) :=
2k

xa − x−1
a

(xaeaa + x−1
a eaa)⊗ (eaa + eaa)

+ k

N∑

p=1
p6=a

(
xa

xa − xp

Uap +
xp

xa − xp

Upa +
xaxp

xaxp − 1
Jap +

1

xaxp − 1
Kap

)
,

where

Uab := eab ⊗Eba + e
ba
⊗Eab, Jab := e

ab
⊗Eba + eba ⊗ Eab,

Kab := eab ⊗ Eba + e
ba
⊗Eab.

Note that Jab = Jba and Kab = Kba. Then we have

La(x | y) =

n∑

j=1

Ia(xa | yj)
(j) +

∑

1≤i<j≤n

Ma(x)(i,j)

for 1 ≤ a ≤ N , where Ma(x)(i,j) is the linear operator acting on the tensor

product of the i-th and the j-th component of V ⊗n as Ma(x).
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Lemma 3.2. For x = (x1, . . . , xN ) and 1 ≤ a ≤ N we have

R12(y1 − y2)
(
Ia(xa|y1)

(1) + Ia(xa|y2)
(2) + Ma(x)(1,2)

)
R12(y1 − y2)

−1

= Ia(xa|y1)
(1) + Ia(xa|y2)

(2) + Ma(x)(2,1)

on V ⊗2, where Ma(x)(2,1) = PMa(x)P .

Proof. Note that if h ∈ End(V ⊗2) is symmetric, i.e. PhP = h, then h

commutes with the R-matrix. We extract symmetric parts from the oper-

ator Ia(xa|y1)
(1) + Ia(xa|y2)

(2) + Ma(x)(1,2) as follows. In the following we

enclose symmetric parts in a square bracket [ ]. First we have

Ia(xa|y1)
(1) + Ia(xa|y2)

(2)

=


y1

2∑

j=1

(e(j)
aa − e

(j)
āā ) + 2

α + βxa

x2
a − 1

2∑

j=1

e
(j)
āa + 2

α + βx−1
a

1− x−2
a

2∑

j=1

e
(j)
aā




+ (y2 − y1)(e
(2)
aa − e

(2)
āā ).

Note that Uap + Upa and Jap + Kap are symmetric. Using

Uap =
[
e
(1)
p̄ā e(2)

ap + e(1)
ap e

(2)
p̄ā

]
+ e

(1)
p̄ā e

(2)
āp̄ + e(1)

ap e(2)
pa ,

Jap =
[
e
(1)
pā e

(2)
ap̄ + e

(1)
ap̄ e

(2)
pā

]
+ e

(1)
pā e

(2)
āp + e

(1)
ap̄ e

(2)
p̄a ,

we divide Ma(x)(1,2) as

Ma(x)(1,2) =
2k

xa − x−1
a

[
xae

(1)
aā e

(2)
aā + x−1

a e
(1)
āa e

(2)
āa + x−1

a (e
(1)
aā e

(2)
āa + e

(1)
āa e

(2)
aā )
]

+ k

N∑

p=1
p6=a

[
xp

xa − xp

(Uap + Upa) +
1

xaxp − 1
(Jap + Kap)

]

+ k




N∑

p=1
p6=a

(e
(1)
p̄ā e(2)

ap + e(1)
ap e

(2)
p̄ā + e

(1)
pā e

(2)
ap̄ + e

(1)
ap̄ e

(2)
pā )− (e(1)

aa e(2)
aa + e

(1)
āā e

(2)
āā )




+ k
∑′

p

(e(1)
ap e(2)

pa + e
(1)
pā e

(2)
āp ),

where
∑′

p is a sum over all indices p ∈ {1, . . . , N, 1̄, . . . , N̄}. Thus we find

Ia(xa|y1)
(1) + Ia(xa|y2)

(2) + Ma(x)(1,2) = [(symmetric part)]

+ (y2 − y1)(e
(2)
aa − e

(2)
āā ) + k

∑′

p

(e(1)
ap e(2)

pa + e
(1)
pā e

(2)
āp ). (7)
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Now we make use of the intertwining property of the R-matrix:

R(λ)

(
λ · 1⊗ elm + k

∑′

p

epm ⊗ elp

)

=

(
λ · 1⊗ elm + k

∑′

p

elp ⊗ epm

)
R(λ),

R(λ)

(
λ · 1⊗ elm − k

∑′

p

elp ⊗ epm

)

=

(
λ · 1⊗ elm − k

∑′

p

epm ⊗ elp

)
R(λ)

for any l, m ∈ {1, . . . , N, 1̄, . . . , N̄}. For g ∈ GL(V ⊗2) we denote by Ad(g)

the adjoint action h 7→ ghg−1 on End(V ⊗2). Then we see that

Ad(R12(y1 − y2))

(
(y2 − y1)(e

(2)
aa − e

(2)
āā ) + k

∑′

p

(e(1)
ap e(2)

pa + e
(1)
pā e

(2)
āp )

)

= (y2 − y1)(e
(2)
aa − e

(2)
āā ) + k

∑′

p

(e(1)
pa e(2)

ap + e
(1)
āp e

(2)
pā )

= (y2 − y1)(e
(2)
aa − e

(2)
āā ) + 2k e

(1)
āa e

(2)
aā

+ k

{ N∑

p=1
p6=a

(e(1)
pa e(2)

ap + e
(1)
p̄a e

(2)
ap̄ + e

(1)
āp e

(2)
pā + e

(1)
āp̄ e

(2)
p̄ā ) + (e(1)

aa e(2)
aa + e

(1)
āā e

(2)
āā )

}
.

Adding this to the symmetric part in Eq. (7) we obtain Ia(xa|y1)
(1) +

Ia(xa|y2)
(2) + Ma(x)(2,1).

Proof of Theorem 3.1. We split the operator Qm(x | y) into three parts:

Qm(x | y) = Q′m(y) Km(ym − c/2 |x, β) Q′′m(y), (8)

where

Q′m(y) := Rm,m−1(ym − ym−1 − c) · · ·Rm,1(ym − y1 − c)

and Q′′m(y) is determined by Eq. (8). Then the equality (5) is equivalent to

cxa

(
∂

∂xa

Km(ym − c/2 |x, β)

)
Km(ym − c/2 |x, β)−1

+ Ad(Q′m(y))(La(x | . . . , ym − c, . . .))

−Ad (Km(ym − c/2 |x, β)Q′′m(y)) (La(x | . . . , ym, . . .)) = 0. (9)
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The first term of Eq. (9) is equal to

c(ym − c/2)

(ym − c/2)2 − β2

{
(ym − c/2)(e(m)

aa − e
(m)
āā )− β(xae

(m)
aā − x−1

a e
(m)
āa )

}
. (10)

From Lemma 3.2 we see that the second term is equal to
n∑

j=1
j 6=m

Ia(xa | yj)
(j) + Ia(xa | ym − c)(m) +

n∑

j=1
j 6=m

Ma(x)(m,j)

+
n∑

1≤i<j≤n
i,j 6=m

Ma(x)(i,j). (11)

Let us calculate the third term. Using Lemma 3.2 and

Ad(K(γ | 1, α))(Ia(λ | γ)) = Ia(λ | − γ),

Ad(K2(γ | 1, α))(Ma(x)(1,2)) = Ma(x)(1,2),

we obtain

Ad(Q′′m(y))(La(x | y)) =
n∑

j=1
j 6=m

Ia(xa | yj)
(j) + Ia(xa | − ym)(m)

+
n∑

j=1
j 6=m

Ma(x)(m,j) +
n∑

1≤i<j≤n
i,j 6=m

Ma(x)(i,j).

What remains is to calculate the image of the second and the third term

above by the operator Ad(Km(ym − c/2 |x, β)). By direct calculation we

find

Ad(K(γ − c/2 |x, β))(Ia(xa | − γ))

= Ia(xa | γ) +
cβ

(γ − c/2)2 − β2

{
β(eaa − eāā) + (γ − c/2)(x−1

a eāa − xaeaā)
}

and

Ad(K1(γ |x, β))(Ma(x)(1,2)) = Ma(x)(1,2).

Using these formulas we see that the third term of Eq. (9) is equal to

(−1)×

( n∑

j=1

Ia(xa | yj)
(j) +

n∑

j=1
j 6=m

Ma(x)(m,j) +

n∑

1≤i<j≤n
i,j 6=m

Ma(x)(i,j)

+
cβ

(ym − c/2)2 − β2

{
β(e(m)

aa − e
(m)
āā ) + (ym − c/2)(x−1

a e
(m)
āa − xae

(m)
aā )

})
.

(12)



September 7, 2010 18:14 WSPC - Proceedings Trim Size: 9in x 6in 021˙takeyama

430 Y. Takeyama

The sum of (10), (11) and (12) is zero and this completes the proof.

4. The bispectral qKZ equation and its degeneration

4.1. The double affine Hecke algebra of type (C∨
n

, Cn)

Here we recall the definition and some properties of the dou-

ble affine Hecke algebra of type (C∨n , Cn).14 We denote by F :=

C(q1/2, t1/2, t
1/2
0 , t

1/2
n , u

1/2
0 , u

1/2
n ) the coefficient field.

Definition 4.1. The double affine Hecke algebra H of type (C∨n , Cn) is the

unital associative F-algebra generated by X±1
i (1 ≤ i ≤ n) and Ti (0 ≤ i ≤

n) satisfying the following relations:

(i) quadratic Hecke relations

(Ti − t
1/2
i )(Ti + t

−1/2
i ) = 0 (0 ≤ i ≤ n),

where t
1/2
i := t1/2 for 1 ≤ i < n.

(ii) braid relations

TiTi+1TiTi+1 = Ti+1TiTi+1Ti (i = 0, n− 1),

TiTi+1Ti = Ti+1TiTi+1 (1 ≤ i < n), TiTj = TjTi (|i− j| ≥ 2).

(iii) relations between X and T

XiXj = XjXi (∀i, j), TiXj = XjTi (|i− j| ≥ 2 or (i, j) = (n, n− 1)),

TiXiTi = Xi+1 (1 ≤ i ≤ n− 1), X−1
n T−1

n = TnXn + (u1/2
n − u−1/2

n ),

q−1/2T−1
0 X1 = q1/2X−1

1 T0 + (u
1/2
0 − u

−1/2
0 ).

Noumi found the polynomial representation of H given as follows.13 Let

W = 〈s0, . . . , sn〉 be the affine Weyl group of type Cn. The group W acts

on the Laurent polynomial ring F[X±1] = F[X±1
1 , . . . , X±1

n ] by

(s0f)(X) = f(qX−1
1 , X2, . . . , Xn), (13)

(sif)(X) = f(. . . , Xi+1, Xi, . . .) (1 ≤ i < n), (14)

(snf)(X) = f(X1, . . . , Xn−1, X
−1
n ). (15)
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Define the F-linear operators T̂i (0 ≤ i ≤ n) on F[X±1]:

T̂0 := t
1/2
0 + t

−1/2
0

(1− q1/2t
1/2
0 u

1/2
0 X−1

1 )(1 + q1/2t
1/2
0 u

−1/2
0 X−1

1 )

1− qX−2
1

(s0 − 1),

T̂i := t1/2 + t−1/2 1− tXi/Xi+1

1−Xi/Xi+1
(si − 1) (1 ≤ i < n),

T̂n := t1/2
n + t−1/2

n

(1− t
1/2
n u

1/2
n Xn)(1 + t

1/2
n u

−1/2
n Xn)

1−X2
n

(sn − 1).

Then the map Ti 7→ T̂i and Xi 7→ Xi (left multiplication) gives a rep-

resentation of H on F[X±1]. It is faithful and hence H is isomorphic to

the F-subalgebra of the smashed product algebra F(X)#W generated by

the difference operators T̂i (0 ≤ i ≤ n) and the multiplication operators

f(X) ∈ F[X±1] (see, e.g., Sec. 2.1 in Ref. 11 for the definition of the smashed

product algebra). Hereafter we identify H with the subalgebra of F(X)#W .

The subalgebra H0 generated by Ti (1 ≤ i ≤ n) is isomorphic to the

Hecke algebra of type Cn. Denote by W0 := 〈s1, . . . , sn〉 the finite Weyl

group of type Cn. Let w = sj1 · · · sjr
be a reduced expression of w ∈ W0.

Then the element Tw := Tj1 · · ·Tjr
is well-defined for w ∈ W0. The set

{Tw}w∈W0 gives a basis of H0.

Set

Yi := Ti · · ·Tn−1(Tn · · ·T0)T
−1
1 · · ·T−1

i−1 (1 ≤ i ≤ n).

They satisfy

YiYj = YjYi (∀i, j), TiYj = YjTi (|i− j| ≥ 2 or (i, j) = (n, n− 1)),

TiYi+1Ti = Yi (1 ≤ i ≤ n− 1), T−1
n Yn = Y −1

n Tn + (t
1/2
0 − t

−1/2
0 )

and

q−1/2Y −1
1 U−1

n = q1/2UnY1 + (u
1/2
0 − u

−1/2
0 ),

where Un := X−1
1 T0Y

−1
1 . The subalgebra H generated by Ti (1 ≤ i ≤ n)

and Y ±1
i (1 ≤ i ≤ n) is called the affine Hecke algebra of type Cn.

Let ∗ : F→ F be the C-algebra involution defined by (t
1/2
0 )∗ = u

1/2
n and

the other parameters q1/2, t1/2, t
1/2
n , u

1/2
0 are fixed. It uniquely extends to

the C-algebra anti-involution on H such that

T ∗0 = Un, T ∗i = Ti, X∗i = Y −1
i , Y ∗i = X−1

i (1 ≤ i ≤ n).

The anti-involution ∗ is called duality anti-involution. For a Laurent polyno-

mial f of n-variables with the coefficients in F, we define f � by the equality

f�(Y ) = (f(X))∗.
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Define the elements S̃i (0 ≤ i ≤ n) in F(X)#W by

S̃0 := t
−1/2
0 (1− q1/2t

1/2
0 u

1/2
0 X−1

1 )(1 + q1/2t
1/2
0 u

−1/2
0 X−1

1 )s0,

S̃i := t−1/2(1− tXi/Xi+1)si (1 ≤ i < n),

S̃n := t−1/2
n (1− t1/2

n u1/2
n Xn)(1 + t1/2

n u−1/2
n Xn)sn.

In fact they belong to the subalgebra H since we have

S̃0 = (1− qX−2
1 )T0 − (t

1/2
0 − t

−1/2
0 )− (u

1/2
0 − u

−1/2
0 )q1/2X−1

1 ,

S̃i = (1−Xi/Xi+1)Ti − (t1/2 − t−1/2) (1 ≤ i < n), (16)

S̃n = (1−X2
n)Tn − (t1/2

n − t−1/2
n )− (u1/2

n − u−1/2
n )Xn.

The elements S̃i and their dual S̃∗i (0 ≤ i ≤ n) will play a fundamental role

in the construction of the bispectral qKZ equation.

4.2. The bispectral qKZ equation

Here we construct the bispectral qKZ equation of type (C∨n , Cn). See Ref. 11

for the details in the case of type GLn.

Hereafter we set the parameters q1/2, t1/2, . . . to generic complex values

and consider H as a C-algebra. Then we have the Poincaré-Birkhoff-Witt

(PBW) decomposition of H0 and H as C-vector spaces:

H ' H0 ⊗ C[Y ±1], H ' C[X±1]⊗H0 ⊗ C[Y ±1].

Set L := C[X±1] ⊗ C[Y ±1]. The DAHA H has L-module structure de-

fined by

(f ⊗ g).h = f(x) h g(y) (f ⊗ g ∈ L, h ∈ H). (17)

We consider L as the ring of regular functions on T × T , where T is the n-

dimensional torus T := (C×)n. From the PBW decomposition, any element

of H can be regarded as an H0-valued regular function on T × T . Let K

be the field of meromorphic functions on T × T . Then HK
0 := K⊗L H is a

left K-module of H0-valued meromorphic functions on T × T . Any element

F ∈ HK
0 is uniquely written in the form F =

∑
w∈W0

fw.Tw (fw ∈ K).

Denote the translations in W by

εi := si · · · sn−1(sn · · · s0)s1 · · · si−1 (1 ≤ i ≤ n).

Then W is a semi-direct product W 'W0nΓ of the finite Weyl group W0 :=

〈s1, . . . , sn〉 and the lattice Γ ' Zn generated by εi (1 ≤ i ≤ n). Define the

involution � : W → W by w�0 = w0 for w0 ∈ W0 and ε�i = ε−1
i (1 ≤ i ≤ n).
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Then W×W acts on L by (w, w′)(f(X)⊗g(Y )) = (wf)(X)⊗(w′�g)(Y ). The

action naturally extends to that on K. Now we define the action of W×W on

HK
0 by (w, w′)(F ) :=

∑
w∈W0

(w, w′)(fw).Tw for F =
∑

w∈W0
fw.Tw ∈ HK

0 .

Let w = sj1 · · · sjl
be a reduced expression of w ∈ W . Then the element

S̃w := S̃j1 · · · S̃jl
∈ H is well-defined. We denote by dw(X) the Laurent poly-

nomial uniquely determined by the equality S̃w = dw(X)w in F(X)#W .

For (w, w′) ∈ W ×W , consider the C-linear endomorphism σ̃(w,w′) on

H defined by

σ̃(w,w′)(h) := S̃w h S̃∗w′ .

Then we have

σ̃(w,w′)(f.h) = (w, w′)(f).σ̃(w,w′)(h) (f ∈ L, h ∈ H). (18)

The map σ̃(w,w′) extends to the C-linear endomorphism on HK
0 satisfying

Eq. (18) for all f ∈ K and h ∈ H.

We define τ(w, w′) ∈ EndC(HK
0 ) (w, w′ ∈W ) by

τ(w, w′)(F ) := dw(X)−1d�w′(Y )−1.σ̃(w,w′)(F ) (F ∈ HK

0 ).

Using the equality

dw1(X)−1(w1dw2)(X)−1S̃w1 S̃w2 = w1w2 = dw1w2(X)−1S̃w1w2 ,

we see that τ is a group homomorphism τ : W ×W → GLC(HK
0 ). From the

definition of τ , the operator

C(w, w′) := τ(w, w′) · (w, w′)−1

acting on HK
0 is K-linear.

Now consider the equation

τ(µ, ν)(F ) = F (∀µ, ν ∈ Γ)

for F ∈ HK
0 . It is rewritten as

C(µ, ν)F (µX | ν−1Y ) = F (X |Y ) (∀µ, ν ∈ Γ), (19)

where µZ := (qµ1Z1, . . . , q
µnZn) for Z = (Z1, . . . , Zn) and µ = ε

µ1

1 · · · ε
µn
n ∈

Γ. Thus Eq. (19) is a system of linear q-difference equations. Since τ is a

group homomorphism, the system is holonomic.

Definition 4.2. We call the holonomic system of q-difference equations

(19) the bispectral qKZ equation of type (C∨n , Cn).
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The bispectral qKZ equation (19) essentially consists of the two systems:

C(εa, 1)F (. . . , qXa, . . . |Y ) = F (. . . , Xa, . . . |Y ) (1 ≤ a ≤ n), (20)

C(1, εm)F (X | . . . , q−1Ym, . . .) = F (X | . . . , Ym, . . .) (1 ≤ m ≤ n). (21)

The system (20) is called the quantum affine Knizhnik-Zamolodchikov

(QAKZ) equation of type Cn. See Section 1.3.6 of Ref. 4 for construction

of the QAKZ equation associated with arbitrary root system. The system

(21) is dual of (20). In the rest of this subsection we compute the operator

C(1, εm) (1 ≤ m ≤ n) explicitly.

Denote by H∗ the subalgebra of H generated by X±1
i (1 ≤ i ≤ n)

and Ti (1 ≤ i ≤ n). The duality anti-involution ∗ gives the isomorphism

H ' H∗. We define the anti-algebra homomorphism ηR : H∗ → EndK(HK
0 )

by

ηR(A)

(
∑

w∈W0

fw.Tw

)
:=

∑

w∈W0

fw.(TwA),

where A ∈ H∗ and fw ∈ K (w ∈ W0). Applying the dual anti-involution to

(16), we obtain explicit formulas for S̃∗i in terms of Ti (1 ≤ i ≤ n), Un and

Y ±1
i (1 ≤ i ≤ n). Then we see that C(1, si) (0 ≤ i ≤ n) are given by

C(1, si) =






K0(Y1) (i = 0),

Ri(Yi+1/Yi) (1 ≤ i < n),

Kn(Yn) (i = n),

where K0(Y ),Ri(Y ) (1 ≤ i < n) and Kn(Y ) are defined by

K0(Y ) :=
u

1/2
n

(1− q1/2u
1/2
0 u

1/2
n Y )(1 + q1/2u

−1/2
0 u

1/2
n Y )

×
{
(1− qY 2) ηR(Un)− (u1/2

n − u−1/2
n )− (u

1/2
0 − u

−1/2
0 )q1/2 Y

}
,

Ri(Y ) :=
t1/2

1− tY

{
(1− Y )ηR(Ti)− (t1/2 − t−1/2)

}
(1 ≤ i < n),

Kn(Y ) :=
t
1/2
n

(1− t
1/2
0 t

1/2
n Y −1)(1 + t

−1/2
0 t

1/2
n Y −1)

×
{
(1− Y −2) ηR(Tn)− (t1/2

n − t−1/2
n )− (t

1/2
0 − t

−1/2
0 )Y −1

}
.
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Then we have

C(1, εm) = Rm(Ym+1/Ym) · · ·Rn−1(Yn/Ym)Kn(Ym)

×Rn−1(Y
−1
m Y −1

n ) · · · Rm(Y −1
m Y −1

m+1)

×Rm−1(Y
−1
m−1Y

−1
m ) · · · R1(Y

−1
1 Y −1

m )

×K0(Y
−1
m )R1(qY1/Ym) · · ·Rm−1(qYm−1/Ym). (22)

4.3. The degenerate double affine Hecke algebra

In this subsection we consider the trigonometric degeneration of the DAHA

of type (C∨n , Cn). We refer to Ref. 4 for the general theory on degeneration

of the DAHA.

In the following we make use of Xi, Ti, Yi (1 ≤ i ≤ n) as generators of H.

Note that T0 is recovered from them by T0 = T−1
1 · · ·T−1

n−1 · T
−1
n · · ·T−1

1 Y1.

Let ~ be a small parameter. We set

q1/2 = e~c/2, t1/2 = e~k/2, (23)

t
1/2
0 = e~k0/2, t1/2

n = e~kn/2, u
1/2
0 = e~k∗0/2, u1/2

n = e~k∗n/2,

Xi = xi, Ti = si + ~T̃i + o(~), Yi = e~yi (1 ≤ i ≤ n) (24)

and take the limit ~ → 0. In Eq. (24) we introduced accessory generators

T̃i (1 ≤ i ≤ n) to avoid rewriting formulas in the form of Lusztig’s relations.

For example, substitute Eq. (23) and Eq. (24) into the relations

(Ti − t1/2)(Ti + t−1/2) = 0, TiYi+1Ti = Yi (1 ≤ i ≤ n)

and expand them into power series of ~. Taking the zeroth and the first

order terms we obtain

s2
i = 1, siT̃i + T̃isi = ksi, T̃isi + siyi+1si + siT̃i = yi.

Eliminating T̃i, we find yisi = siyi+1 + k. Thus we get closed relations

among xi, si and yi (1 ≤ i ≤ n). The parameters k0, kn, k∗0 and k∗n appear

only in the form of k0 + kn and k∗0 + k∗n. Setting α := (k0 + kn)/2 and

β := (k∗0 + k∗n)/2, we obtain the trigonometric degeneration of H:

Definition 4.3. The degenerate double affine Hecke algebra H of type

(C∨n , Cn) is the unital associative algebra generated by xi, si and yi (1 ≤
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i ≤ n) satisfying the following relations:

s2
i = 1 (1 ≤ i ≤ n), sisi+1si = si+1sisi+1 (1 ≤ i < n),

sn−1snsn−1sn = snsn−1snsn−1,

sixisi = xi+1 (1 ≤ i < n), snxnsn = x−1
n ,

yisi = siyi+1 + k (1 ≤ i < n), ynsn = −snyn + 2α,

[si, xj ] = 0 = [si, yj ] (|i− j| > 1 or (i, j) = (n, n− 1)),

[yi, xj ] =





k(s̃ji − sji)xj (i > j)

cxi + 2(αx−1
i + β)ri

+ k(
∑

1≤l<i slixl +
∑

i<l≤n silxi +
∑

l(6=i) s̃ilxi) (i = j)

k(s̃ijxj − sijxi) (i < j),

where

sij = sji := (si · · · sj−1)(sj−2 · · · si) (i < j),

ri := (si · · · sn)(sn−1 · · · si) (1 ≤ i ≤ n), s̃ij := rirjsij .

The subalgebra generated by si (1 ≤ i < n) is isomorphic to the

group algebra C[W0]. The subalgebra H generated by si (1 ≤ i < n) and

yi (1 ≤ i ≤ n) is called the degenerate affine Hecke algebra of type Cn.

The subalgebra generated by xi (1 ≤ i ≤ n) and si (1 ≤ i < n) is isomor-

phic to the group algebra C[W ] of the affine Weyl group through the map

x−1
1 r1 7→ s0 and si 7→ si (1 ≤ i ≤ n). Hereafter we identify them. We have

the PBW decomposition:

C[W ] ' C[x±1]⊗ C[W0], H ' C[W0]⊗ C[y],

H ' C[x±1]⊗ C[W0]⊗ C[y],

where C[x±1] := C[x±1
1 , . . . , x±1

n ] and C[y] := C[y1, . . . , yn].

We regard L := C[x±1]⊗C[y] as the ring of regular functions on (C×)n×

Cn. Denote by K the field of meromorphic functions on (C×)n × Cn. We

give L-module structure to H in the same way as Eq. (17). Then C[W0]
K :=

K ⊗
L

H is the vector space of C[W0]-valued meromorphic functions. Any

element G ∈ C[W0]
K is uniquely represented in the form G =

∑
w∈W0

gw.w

where gw ∈ K.

We define two maps

ηL : H → End
K
(C[W0]

K), ηR : C[W ]→ End
K
(C[W0]

K) (25)
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by

ηL(h)

(
∑

w∈W0

gw.w

)
:=

∑

w∈W0

gw.(hw),

ηR(ξ)

(
∑

w∈W0

gw.w

)
:=

∑

w∈W0

gw.(wξ).

Then the map ηL (resp. ηR) is an algebra (resp. anti-algebra) homomor-

phism. Hence they determine (H, C[W ])-bimodule structure on C[W0]
K.

4.4. Degeneration of the bispectral qKZ equation (Y -side)

In the following two subsections, we consider the trigonometric degeneration

of the bispectral qKZ equation (20) and (21).

First we consider Eq. (21). Recall that the operator C(1, εm) is explicitly

given by (22). Denote by K0(y),Ri(y),Kn(y) the zeroth order term of the

power series expansion of K0(e
~y),Ri(e

~y),Kn(e~y) as ~→ 0. We have

K0(y) =
1

y + β + c/2

(
(y + c/2) ηR(x−1

1 r1) + β
)
,

Ri(y) =
1

y + k
(y ηR(si) + k) (1 ≤ i < n),

Kn(y) =
1

y − α
(y ηR(sn)− α) .

Suppose that F = F (X |Y ) ∈ HK
0 is expanded as

F = ~M
(
G + o(1)

)
(~→ 0) (26)

for some M ∈ Z and G ∈ C[W0]
K \{0}. Taking the lowest degree term with

respect to ~, we obtain the trigonometric degeneration of Eq. (21):

C(1, εm)∆mG = G (1 ≤ m ≤ n), (27)

where

C(1, εm) := Rm(ym+1 − ym) · · ·Rn−1(yn − ym)Kn(ym)

×Rn−1(−ym − yn) · · ·Rm(−ym − ym+1)

×Rm−1(−ym−1 − ym) · · ·R1(−y1 − ym)

×K0(−ym)R1(y1 − ym + c) · · ·Rm−1(ym−1 − ym + c). (28)



September 7, 2010 18:14 WSPC - Proceedings Trim Size: 9in x 6in 021˙takeyama

438 Y. Takeyama

4.5. Degeneration of the bispectral qKZ equation (X-side)

Next we consider the trigonometric degeneration of Eq. (20). One can cal-

culate it by rewriting the operator C(εa, 1) into the form of Eq. (22) and

taking the limit as ~→ 0. Here we calculate the limit more directly.

The QAKZ equation (20) is equivalent to τ(εa, 1)(F ) = F (1 ≤ a ≤ n),

which is explicitly given by
∑

w∈W0

((εa, 1)(fw) · dεa
(X)−1).S̃εa

Tw =
∑

w∈W0

fw.Tw, (29)

where F =
∑

w∈W0
fw.Tw (fw ∈ K). By direct calculation we have

dεa
(X) = d(0)

εa
(x)
(
1− ~ d†εa

(x) + o(~)
)
,

where

d(0)
εa

(x) := (1− x2
a)2

∏

p(6=a)

(1− xa/xp)(1− xaxp)

and

d†εa
(x) := α

1 + x2
a

1− x2
a

+ 2β
xa

1− x2
a

+ c

(
x2

a

1− x2
a

−

a−1∑

p=1

xa

xa − xp

)
+ k

∑

p(6=a)

(
1

1− xaxp

−
xa

xa − xp

)
.

To calculate the limit of S̃εa
as ~ → 0, we use the accessory generators

T̃i (1 ≤ i ≤ n) and the relations

siT̃i + T̃isi = ksi (1 ≤ i < n), snT̃n + T̃nsn = knsn,

T̃ixi = xi+1(T̃i − k), xiT̃i = (T̃i − k)xi+1 (1 ≤ i < n),

T̃nxn = x−1
n (T̃i − kn)− k∗n

derived from (i) and (iii) in Definition 4.3. Then we obtain

S̃εa
= d(0)

εa
(x)
(
1 + ~ S̃†εa

+ o(~)
)

,

where

S̃†εa
:= Φa − c

(
x2

a

1− x2
a

−
a−1∑

p=1

xa

xa − xp

)
,

Φa := ya + 2
α + βxa

x2
a − 1

ra

+ k




a−1∑

p=1

xa

xa − xp

spa +

n∑

p=a+1

xp

xa − xp

sap +
∑

p(6=a)

1

xaxp − 1
s̃ap


 .
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Note that

d†εa
(x) + S̃†εa

= Φa + cxa

∂ log U(x)

∂xa

,

where

U(x) :=
n∏

p=1

(
x

k(n−1)+α

c
p (1 + xp)

β−α

c (1− xp)
− β+α

c

)

×
∏

1≤p<l≤n

(
(1− xpxl)(xp − xl)

)− k
c . (30)

Suppose that F = F (X |Y ) ∈ HK
0 is expanded as in Eq. (26). Then we

have

(εa, 1)F − F = ~M+1(cxa

∂G

∂xa

+ o(1)).

Hence the trigonometric degeneration of Eq. (29) is given by
(

cxa

∂

∂xa

+ La + cxa

∂ log U(x)

∂xa

)
G = 0, (31)

where

La := ηL(ya) + 2
α + βxa

x2
a − 1

ηL(ra)

+ k




a−1∑

p=1

xa

xa − xp

ηL(spa) +
n∑

p=a+1

xp

xa − xp

ηL(sap) +
∑

p(6=a)

1

xaxp − 1
ηL(s̃ap)



 .

Remark 4.1. The equation (31) is the semi-classical limit of the QAKZ

equation (20), and hence it could be regarded as the affine KZ equation of

type (C∨n , Cn). See Section 1.3.2 of Ref. 4 for details of such correspondence

in the GLn case.

4.6. Embedding into the compatible system

As was seen in Sec. 4.4 and Sec. 4.5, the trigonometric degeneration of

the bispectral qKZ equation is the system of equations (27) and (31) for

G ∈ C[W0]
K. Compatibility of the system formally follows from the relation

τ(1, εm)(τ(εa, 1) − 1) = (τ(εa, 1) − 1)τ(1, εm). In this subsection we prove

that the system is contained in our compatible one (6).

Define G ∈ C[W0]
K by

G(x | y) = U(x)G(x | y), (32)
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where U(x) is given by Eq. (30). Note that the operator C(1, εm)∆m com-

mutes with multiplication by any function in x. Hence the modified func-

tion G also satisfies Eq. (27). Thus the system of equations (27) and (31)

is equivalent to

C(1, εm)∆mG = G (1 ≤ m ≤ n), (33)
(

cxa

∂

∂xa

+ La

)
G = 0 (1 ≤ a ≤ n) (34)

for G ∈ C[W0]K.

We realize the (H, C[W ])-bimodule C[W0]
K in the scalar extension

(V ⊗n)K := K ⊗C V ⊗n as follows. First we define the left action of W0

on V by

si(va) = vσi(a), si(va) = v
σi(a) (1 ≤ i < n),

where σi := (i, i + 1) is the transposition, and

sn(va) =

{
vn (a = n)

va (a 6= n),
sn(va) =

{
vn (a = n)

va (a 6= n).

View V ⊗n as a tensor representation of W0. We extend it to the K-linear

action on (V ⊗n)K. Let (V ⊗n)0 := C[W0](v1 ⊗ · · · ⊗ vn) be the cyclic sub-

module and (V ⊗n)K
0 := K⊗C (V ⊗n)0. Denote the left action on (V ⊗n)K

0 by

ρL : C[W0]→ End
K
(V ⊗n)K

0 .

Note that the operators Aa(y), Ba(x) and Qm(x | y) are K-linear, and

hence belong to End
K
(V ⊗n)K

0 .

Lemma 4.1. The following relations hold on (V ⊗n)K
0 :

Ai(y)ρL(si) = ρL(si)Ai+1(y) + k (1 ≤ i < n),

An(y)ρL(sn) = −ρL(sn)An(y) + 2α,

[Ai(y), ρL(sj)] = 0 (|i− j| > 1 or (i, j) = (n− 1, n)).

From Lemma 4.1 the action ρL is extended to that of H which maps

ya 7→ Aa(y). We also denote it by ρL. Now consider the K-linear map

φ : C[W0]
K → (V ⊗n)K

0 , w 7→ ρL(w)(v1 ⊗ · · · ⊗ vn) (w ∈ W0).

Proposition 4.1. The map φ gives an isomorphism between the

left H-modules (ηL, C[W0]
K) and (ρL, (V ⊗n)K

0 ). In particular we have

φ ηL(ya)φ−1 = Aa(y).
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Proof. It is clear that φ commutes with the left action of C[W0]. From

Aa(y)(v1 ⊗ · · · ⊗ vn) = yav1 ⊗ · · · ⊗ vn and Lemma 4.1, φ commutes also

with the action of ya ∈ H (1 ≤ a ≤ n).

Recall that C[W0]
K is a right C[W ]-module with the action ηR (see

Eq. (25)). Now we define a right action of C[W ] on (V ⊗n)K
0 :

Lemma 4.2. There exists an anti-algebra homomorphism ρR : C[W ] →

End
K
(V ⊗n)K

0 such that

ρR(s0) = T1(x), ρR(si) = Pi,i+1 (1 ≤ i < n), ρR(sn) = Tn(1).

Lemma 4.2 follows from T (x)2 = 1 and the braid relation

Pi,i+1Pi+1,i+2Pi,i+1 = Pi+1,i+2Pi,i+1Pi+1,i+2 (1 ≤ i ≤ n − 2). We denote

the right action of C[W ] on (V ⊗n)K
0 by ρR.

Proposition 4.2. The map φ commutes with the right action of C[W ] on

C[W0]
K and (V ⊗n)K

0 . Therefore φ is an isomorphism between (H, C[W ])-

bimodules.

Proof. Set v† := v1 ⊗ · · · ⊗ vn. For w ∈ W0 we have

φ(wsi) = ρL(w)ρL(si)v
† = ρL(w)Pi,i+1v

† = Pi,i+1ρL(w)v† = Pi,i+1φ(w)

for 1 ≤ i < n, and

φ(wsn) = ρL(w)ρL(sn)v† = ρL(w)Tn(1)v† = Tn(1)ρL(w)v† = Tn(1)φ(w).

If wx−1
1 is equal to x−1

j w (resp. xjw) in C[W ], the first component of

ρL(wr1)v
† ∈ V ⊗n is vj̄ (resp. vj). Hence we get

φ(ws0) = φ(wx−1
1 r1) = φ(x−1

j wr1) = x−1
j φ(wr1)

= T1(x)ρL(w)v† = T1(x)φ(w).

Now we send the equations (33) and (34) on C[W0] by φ. First consider

Eq. (33). From Eq. (28) and Proposition 4.2 we find

φC(1, εm)φ−1

= pm(y)−1
(
(ym − ym+1)Pm,m+1 − k

)
· · ·
(
(ym − yn)Pn−1,n − k

)

×
(
ymTn(1)− α

)(
(ym + yn)Pn−1,n − k

)
· · ·
(
(ym + ym+1)Pm,m+1 − k

)

×
(
(ym + ym−1)Pm−1,m − k

)
· · ·
(
(ym + y1)P1,2 − k

)(
(ym − c/2)T1(x)− β

)

×
(
(ym − y1 − c)P1,2 − k

)
· · ·
(
(ym − ym−1 − c)Pm−1,m − k

)
,
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where

pm(y) := (ym − α)(ym − β − c/2)

×

m−1∏

j=1

(ym − yj − c− k)

n∏

j=m+1

(ym − yj − k)
∏

j(6=m)

(ym + yj − k).

Using

λP − k = (λ − k)PR(λ)−1, λT (x)− β = (λ− β)K(λ |x, β)−1,

we obtain

φC(1, εm)φ−1 = Qm(x | y)−1.

Hence, sending Eq. (33) by φ, we get the boundary rational qKZ equation

∆mφ(G) = Qm(x | y)φ(G) (1 ≤ m ≤ n)

on (V ⊗n)0.

Next let us consider Eq. (34). Note that the following equalities hold on

(V ⊗n)0:

n∑

j=1

E
(j)

aa = ρL(ra), Yaa + Zaa = 0,

Xab + Xba = ρL(sab), Yab + Zab = ρL(s̃ab) (a 6= b).

Therefore we have

φLaφ−1 = Aa(y) + Ba(x) = La(x | y).

The Euler operator xa
∂

∂xa
commutes with φ. Consequently, sending Eq. (34)

by φ, we obtain the differential equation

Da(x | y)φ(G) = 0 (1 ≤ a ≤ n).

As a result we find

Proposition 4.3. The trigonometric degeneration (27) and (31) of the

bispectral qKZ equation of type (C∨n , Cn) is equivalent to the compatible

system (6) with N = n restricted to (V ⊗n)0 through the gauge transform

(32).
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5. Integral formula for solutions in a special case

We construct an integral formula for solutions to the compatible system (6)

with

α = β = k/2

and the variable x restricted to the hyperplane

x = (x1, 1, . . . , 1).

Hence only one differential operator D1(x | y) enters in the system. In the

following we set

x1 = e2πiλ

and assume that

Im c > 0, Im k > 0

for simplicity’s sake.

Our solutions take values in the 2n-dimensional subspace of V ⊗n de-

termined as follows. Denote by Ṽ the subspace of V spanned by va and

vā (2 ≤ a ≤ N). We fix a non-zero vector ṽ ∈ Ṽ ⊗(n−1) satisfying

Pi,i+1ṽ = ṽ (1 ≤ ∀i ≤ n− 2), Tn−1(1) ṽ = ṽ.

Now define the vectors uj ∈ V ⊗n (1 ≤ j ≤ 2n) by

uj := P1,j(v1 ⊗ ṽ), u2n+1−j := Pj,n(ṽ ⊗ v1̄) (1 ≤ j ≤ n),

where P1,1 = Pn,n = id. Our solutions take values in the subspace V :=

⊕2n
j=1Cuj .

Define the rational functions gj(t) = gj(t |y) (1 ≤ j ≤ 2n) by

gj(t) :=
1

t− yj

j−1∏

p=1

t− yp − k

t− yp

,

g2n+1−j(t) :=
1

t + yj

n∏

p=j+1

t + yp − k

t + yp

n∏

p=1

t− yp − k

t− yp

,

for 1 ≤ j ≤ n. Set G :=
∑2n

j=1 Cgj(t).

Denote by W the C-vector space spanned by the functions in the form

P (e2πit/c)∏n

p=1(1− e2πi(t−yp)/c)(1− e2πi(t+yp)/c)
, (35)

where P is a polynomial whose coefficients are entire and periodic functions

in y1, . . . , yn with period c.
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Now we define a pairing I between G and W by

I(g, W ) :=

∫

C(y)

ϕ(t | y)g(t)W (e2πit/c) dt (g ∈ G, W ∈ W), (36)

where the kernel function ϕ is defined by

ϕ(t | y) := e−
2πiλ

c
t

n∏

p=1

Γ
(

t−yp−k

−c

)
Γ
(

t+yp−k

−c

)

Γ
(

t−yp

−c

)
Γ
(

t+yp

−c

) .

The contour C(y) is a deformation of the real line (−∞,+∞) such that

the poles at ±yp + k + cZ≥0 (1 ≤ p ≤ n) are above C(y) and the poles

at ±yp + cZ≤0 (1 ≤ p ≤ n) are below C(y). Suppose that W (e2πit/c) is

given by Eq. (35). From the Stirling formula we see that the integral (36)

converges if

Re λ < deg P < Re λ + 2n. (37)

For W ∈ W satisfying the degree condition (37) we set

f(λ | y) :=
2n∑

j=1

I(gj , W )uj . (38)

Proposition 5.1. The function f satisfies the boundary rational qKZ equa-

tion (4) with α = β = k/2 and x = (e2πiλ, 1, . . . , 1).

Proof. In the proof below we need to signify the dependence of W ∈ W

on y. For that purpose we set

g̃(t | y′) =

2n∑

j=1

gj(t | y
′)uj ,

f̃(λ | y′ | y) =

∫

C(y′)

ϕ(t | y′)g̃(t | y′)W (e2πit/c | y)dt,

for y′ = (y′1, . . . , y
′
n) such that each coordinate y′j belongs to the set {±ya +

cl | 1 ≤ a ≤ n, l ∈ Z}.

By direct calculation we get

Pl,l+1Rl,l+1(yl − yl+1) g̃(t | . . . , yl, yl+1, . . .) = g̃(t | . . . , yl+1, yl, . . .)

for 1 ≤ l ≤ n− 1, and

Kn(yn | 1, k/2) g̃(t | y1, . . . , yn−1, yn) = g̃(t | y1, . . . , yn−1,−yn).

Since ϕ(t | y) and C(y) are invariant under the transposition yl ↔ yl+1 and

the reflection yn → −yn, the above equalities where g̃(t | . . .) is replaced by
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f̃(λ | . . . | y) also hold. From this fact and the periodicity of W in y, it is

enough to prove that

K1(y1 − c/2 |x, k/2)f̃(λ | − y1, y2, . . . , yn | y) = f̃(λ | y1 − c, y2, . . . , yn | y)

(39)

with x = (e2πiλ, 1, . . . , 1). We abbreviate y(1) = (−y1, y2, . . . , yn) and y(2) =

(y1 − c, y2, . . . , yn). Taking the coefficients of uj (1 ≤ j ≤ 2n) in Eq. (39)

we have the equalities to prove:
∫

C(y(1))

ϕ(t | y(1))gj(t | y
(1))W (e2πit/c)dt

=

∫

C(y(2))

ϕ(t | y(2))gj(t | y
(2))W (e2πit/c)dt (j 6= 1, 2n), (40)

∫

C(y(1))

ϕ(t | y(1))
e2πiλ(y1 − c/2)g2n(t | y(1)) + (k/2)g1(t | y

(1))

y1 − c/2 + k/2
W (e2πit/c)dt

=

∫

C(y(2))

ϕ(t | y(2))g1(t | y
(2))W (e2πit/c)dt, (41)

∫

C(y(1))

ϕ(t | y(1))
e−2πiλ(y1 − c/2)g1(t | y

(1)) + (k/2)g2n(t | y(1))

y1 − c/2 + k/2
W (e2πit/c)dt

=

∫

C(y(2))

ϕ(t | y(2))g2n(t | y(2))W (e2πit/c)dt. (42)

First we prove Eq. (40). If j 6= 1, 2n, we have

gj(t | y
(1))

gj(t | y(2))
=

t + y1 − k

t + y1

t− y1 + c

t− y1 − k + c
. (43)

Note that ϕ(t | y(1)) = ϕ(t | y) and

ϕ(t | y(2))

ϕ(t | y)
=

t + y1 − k

t + y1

t− y1 + c

t− y1 − k + c
. (44)

It is equal to the right hand side of Eq. (43), and hence

ϕ(t | y(1))gj(t | y
(1)) = ϕ(t | y(2))gj(t | y

(2)) (j 6= 1, 2n).

Thus the integrands in the both hand sides of Eq. (40) are the same. Since

the integrand has no poles at −y1 + k,−y1 + c, y1 and y1 + k − c, we can

deform C(y(1)) to C(y(2)) without crossing poles. Thus we obtain Eq. (40).

In the rest we only prove Eq. (41). The proof of Eq. (42) is similar. We

separate the integrand in the left hand side and first consider

y1 − c/2

y1 − c/2 + k/2

∫

C(y(1))

ϕ(t | y(1)) e2πiλg2n(t | y(1))W (e2πit/c)dt. (45)
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We have

ϕ(t | y(1)) e2πiλg2n(t | y(1)) = ϕ(t− c | y)
1

t− y1 − k
.

Changing t→ t + c we see that the integral (45) is equal to

y1 − c/2

y1 − c/2 + k/2

∫

C(y(1))−c

ϕ(t | y)
1

t + c− y1 − k
W (e2πit/c)dt.

Since the integrand has no poles at ±yj (1 ≤ j ≤ n), the contour C(y(1))−c

can be deformed to the contour C ′, which is a deformation of the real

line such that the points −y1 + k + cZ≥0, y1 + k + cZ≥−1 and ±yj + k +

cZ≥0 (2 ≤ j ≤ n) are above C ′, and the points −y1 + cZ≤0, y1 + cZ≤−1 and

±yj + cZ≤0 (2 ≤ j ≤ n) are below C ′. The integrand of the rest part of the

left hand side of Eq. (41) has no pole at y1, hence the contour C(y(1)) can

be deformed to C ′. As a result the left hand side becomes

∫

C′
ϕ(t | y)

(
y1 − c/2

y1 − c/2 + k/2

1

t + c− y1 − k
+

k/2

y1 − c/2 + k/2

1

t + y1

)

×W (e2πit/c)dt

=

∫

C′
ϕ(t | y)

1

t + c− y1 − k

t + y1 − k

t + y1
W (e2πit/c)dt.

On the other hand, using Eq. (44) we see that the right hand side of Eq. (41)

is equal to

∫

C(y(2))

ϕ(t | y)
1

t + c− y1 − k

t + y1 − k

t + y1
W (e2πit/c)dt.

Since the integrand is regular at t = −y1 + c, the contour C(y(2)) can be

deformed to C ′ without crossing poles. Thus we get the equality (41).

Proposition 5.2. If α = β = k/2 and x = (e2πiλ, 1, . . . , 1), we have

D1(x | y)f(λ | y) = −
ke2πiλ

e2πiλ − 1
f(λ | y).
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Proof. Since Y11 and Z11 act as zero on V , we find

D1(x | y)|V =
c

2πi

∂

∂λ
+

n∑

j=1

yj(e
(j)
11 − e

(j)

1̄1̄
)

+
k

e2πiλ − 1




n∑

j=1

e
(j)

1̄1
+

N∑

p=2

(Xp1 + Z1p)




+
ke2πiλ

e2πiλ − 1




n∑

j=1

e
(j)

11̄
+

N∑

p=2

(X1p + Y1p)




if x = (e2πiλ, 1, . . . , 1) and α = β = k/2. For 1 ≤ j ≤ n we have

N∑

p=2

(Xp1 + Z1p)vj =

2n−j∑

l=j+1

vl +

2n∑

l=2n+2−j

vl,

N∑

p=2

(X1p + Y1p)vj =

j−1∑

l=1

vl

and

N∑

p=2

(Xp1 + Z1p)v2n+1−j =

2n∑

l=2n+2−j

vl,

N∑

p=2

(X1p + Y1p)v2n+1−j =

j−1∑

l=1

vl +

2n−j∑

l=j+1

vl.

From the calculation above we obtain

D1(x | y)f(λ | y) =

2n∑

j=1

I(hj , W )uj ,

where the rational functions hj (1 ≤ j ≤ 2n) are given by

hj(t | y) = −(t− yj)gj(t | y) +
k

e2πiλ − 1

j−1∑

l=1

gl(t | y)

+
ke2πiλ

e2πiλ − 1

2n∑

l=j+1

gl(t | y),

h2n+1−j(t | y) = −(t + yj)gj(t | y) +
k

e2πiλ − 1

2n−j∑

l=1

gl(t | y)

+
ke2πiλ

e2πiλ − 1

2n∑

l=2n+2−j

gl(t | y)

for 1 ≤ j ≤ n.
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Note that

gj(t | y) =
1

k

(
j−1∏

l=1

t− yl − k

t− yl

−

j∏

l=1

t− yl − k

t− yl

)
,

g2n+1−j(t | y) =
1

k




n∏

l=j+1

t + yl − k

t + yl

−

n∏

l=j

t + yl − k

t + yl




n∏

l=1

t− yl − k

t− yl

for 1 ≤ j ≤ n. Using these formulas we get

hj(t | y) = −
ke2πiλ

e2πiλ − 1
gj(t | y)

+
1

1− e2πiλ

(
1− e2πiλ

n∏

l=1

t− yl − k

t− yl

t + yl − k

t + yl

)

for 1 ≤ j ≤ 2n. The last term in the right hand side is related to the kernel

function ϕ by

e2πiλ

n∏

l=1

t− yl − k

t− yl

t + yl − k

t + yl

=
ϕ(t− c | y)

ϕ(t | y)
.

Therefore we have

∫

C(y)

ϕ(t | y)

(
1− e2πiλ

n∏

l=1

t− yl − k

t− yl

t + yl − k

t + yl

)
W (e2πit/c)dt

=

∫

C(y)

(ϕ(t | y)− ϕ(t− c | y)) W (e2πit/c)dt

=

(∫

C(y)

−

∫

C(y)−c

)
ϕ(t | y)W (e2πit/c)dt. (46)

Since the integrand ϕ(t | y)W (e2πit/c) is regular at t = ±yj (1 ≤ j ≤ n), the

integral (46) is equal to zero. Therefore we obtain

D1(x | y)f(e2πiλ | y) =
2n∑

j=1

I(hj , W )uj

= −
ke2πiλ

e2πiλ − 1

2n∑

j=1

I(gj , W )uj = −
ke2πiλ

e2πiλ − 1
f(λ | y).

The linear operator L1(x | y) commutes with multiplication by any func-

tion in x. Hence, from Proposition 5.1 and Proposition 5.2, we finally get



September 7, 2010 18:14 WSPC - Proceedings Trim Size: 9in x 6in 021˙takeyama

Differential equations compatible with boundary rational qKZ equation 449

Theorem 5.1. Set

f̃(λ | y) := (e2πiλ − 1)k/cf(λ | y),

where f is defined by Eq. (38). Then the function f̃ is a solution to the

compatible system (6) with α = β = k/2 and x = (e2πiλ, 1, . . . , 1) for any

W ∈ W satisfying the degree condition (37).
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We classify and list up all the meromorphic solutions K(z) to the reflection

equation associated to the critical ZN -symmetric vertex model under two as-

sumptions that none of the diagonal elements is constantly zero and that there

is at least a pair of elements K
a

b
(z)Kb

a
(z) 6= 0 We make explicit the matrix

elements of K(z), parameters they have and the relations among parameters.

Keywords: Yang-Baxter equation; reflection equation.

1. Introduction

The Yang-Baxter equation

R01(z1)R
02(z1z2)R

12(z2)

= R12(z2)R
02(z1z2)R

01(z1) ∈ End(CN ⊗C
N ⊗C

N ),

guarantees the commutativity among the transfer matrices T (z)

T (z1)T (z2) = T (z2)T (z1)

under the cyclic boundary condition

T (z) := tr0
(
R01(z)R02(z) · · ·R0l(z)

)

∈ End(CN ⊗

l times︷ ︸︸ ︷
C

N ⊗ · · · ⊗C
N ).

Sklyanin1 proposed the reflection equation

R12(z1z
−1
2 )K1(z1)R

21(z1z2)K
2(z2)

= K2(z2)R
12(z1z2)K

1(z1)R
21(z1z

−1
2 ) ∈ End(CN ⊗C

N ), (1)
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which in turn guarantees the commutativity among the transfer matrices

TK(z) with a fixed boundary condition specified by K(z), a solution to the

reflection equation (1),

TK(z) := tr0
(
K+(z)T (z−1)−1K(z)T (z)

)
,

K+(z) = K
(
z−1q−N/2

)
,

TK(z1)TK(z2) = TK(z2)TK(z1).

They constitutes another commutative family of transfer matrices TK(z)

corresponding to a solution K(z) to (1) beside T (z).

We classify meromorphic solutions K(z) to the reflection equation (1) in

this paper under two assumptions,

(∗) none of the diagonal elements of the K-matrix K(z) is zero, (2)

(∗∗) the existence of a pair (a, b) such that Ka
b (z)Kb

a(z) 6= 0

and a 6= b, where K(z) =
(
Ki

j(z)
)
ij

.

(3)

All the discussions are done under these assumptions even when not men-

tioned explicitly throughout except examples in Section 10. The solutions

are completely classified in four classes in Theorem 10.1 according to the

numbers of the elements of the sets P , S and T specified in Definition

7.1 and Proposition 7.3. There are
1

2
n(n + 1) solutions for each N ≥ 2

(N = 2n or N = 2n + 1), and we make explicit all the elements of solu-

tions, parameters they have and the relations among these parameters in

Theorem 10.1. The investigations on more degenerate cases, which do not

satisfy the assumptions (2) and (3), are left to the subsequent paper.10

The organization of this paper is as follows. In Section 2 and Section 3,

we describe the R-matrix R(z) and the reflection equation we deal with, and

define the notion of similarities among solutions to the reflection equation.

We review the necessary results from our previous paper8 in Section 4. The

notations we employ in this paper are also fixed there. The components

of the reflection equations are divided into fifteen groups. Important is

Proposition 4.1 which states that the reflection equation is equivalent to a

part of them, the components of type I, VI, X, XIII and XIV, and Lemma

4.4. We prove some consequences of Lemma 4.4 in Section 5. We analyze

the components of type I in Section 6, and derive Proposition 6.1, the

equivalent conditions to the type I components. The diagonal elements of

K(z) are determined in Section 7 upto similarities in Definition 3.2. This

part may be the core part of the classifying procedure. Proposition 6.1 is
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invoked to pull out the information of the off-diagonal elements from the

diagonal ones in Section 8. In Section 9, we write down the off-diagonal

elements explicitly, and obtain the relations among parameters in K(z).

The classification is written down in Theorem 10.1, and we end up Section

10 with some examples.

2. Critical ZN -symmetric vertex model

We fix the standard orthonormal basis {e0, e1, · · · , eN−1} of the vector

space C
N , and extend their indices to all integers by defining ej+N = ej .

We define the matrix elements M i
j of a matrix M ∈ End(CN ) with respect

to this basis by

Mej =

N−1∑

i=0

eiM
i
j ,

and two matrices g and h by

gej = ωjej , hej = ej+1,

where ω = e2
√
−1π/N . They satisfy gh = ωhg.

The R-matrix of the critical ZN -symmetric vertex model of Belavin

R(z) ∈ End(CN ⊗C
N ), R(z)ek ⊗ el =

N−1∑

i,j=0

ei ⊗ ejR
ij

kl(z)

is defined by

Definition 2.1 (critical Zn-symmetric R-matrices).

R
ij

kl(z) =: δi+j,k+l · S
i−k,j−k(z), (4)

where q 6= ±1 is a parameter in C and

Sab(z) =





q2z2 − 1

q2 − 1
for a ≡ b ≡ 0

z(N−a∗) for a ≡ 1, 2, · · · , N − 1, b ≡ 0

q(b∗−N) ·
zN − 1

q2 − 1
for a ≡ 0, b ≡ 1, 2, · · · , N − 1

0 for a, b ≡ 1, 2, · · · , N − 1

(5)

with a∗ := a−N
[ a

N

]
, a∗ being the integer a in the interval [0, N) congruent

to a modulo N .
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The following symmetries of critical ZN -symmetric R-matrices are imme-

diate from the definition above.

Proposition 2.1. The critical ZN -symmetric vertex model of Belavin R(z)

has two symmetries,

ZN − symmetry : R
ij

kl(z) = R
i+β,j+β

k+β,l+β(z) for β ∈ Z/NZ

conservation law : R
ij

kl(z) = δi+j,k+lR
ij

kl(z),

which are equivalent to

(h⊗ h)−1R(z)(h⊗ h) = (g ⊗ g)−1R(z)(g ⊗ g) = R(z).

It satisfies the Yang-Baxter equation.

Theorem 2.1 (Refs. 4–6). The critical ZN -symmetric vertex model of

Belavin R(u) satisfies the Yang-Baxter equation

R01(z1)R
02(z1z2)R

12(z2)

= R12(z2)R
02(z1z2)R

01(z1) ∈ End(CN ⊗C
N ⊗C

N ),

and the unitary relation

PR01(z)PR01(z−1) = ρR(z)IdCN⊗CN ∈ End(CN ⊗C
N ),

ρR(z) = S00(z)S00(z−1),

where, for example, R02(z) acts as R(z) on the 0th and the 2nd component

of C
N ⊗C

N ⊗C
N and as an identity on the 1st component (We are now

counting from zero), and P ∈ End(CN⊗C
N ) is the permutation, P (x⊗y) =

y ⊗ x.

3. Reflection equation

In this paper, we will consider solutions K(z) ∈ End(CN ) to the reflection

equation associated to the critical ZN -symmetric vertex model R(z) defined

in (4) and (5).

Definition 3.1 (reflection equation). The reflection equation is

R12(z1z
−1
2 )K1(z1)R

21(z1z2)K
2(z2)

= K2(z2)R
12(z1z2)K

1(z1)R
21(z1z

−1
2 ) ∈ End(CN ⊗C

N ), (6)

where R(z) is the critical ZN -symmetric vertex model defined in Definition

2.1 and

R12(z) = R(z), R21(z) = PR(z)P,

K1(z) = K(z)⊗ Id, K2(z) = Id⊗K(z).
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The K-matrices inherits the symmetries of the R-matrices in Proposition

2.1 in the following sense.

Proposition 3.1. If K(z) is a solution to the reflection equation (6), then

Kαβ(z) = g−αh−βK(z)hβgα (α, β ∈ {0, 1, 2, · · · , N − 1})

is also a solution.

The proof is obtained by Proposition 2.1 and Definition 3.1.

Definition 3.2. If two solutions K(z) and K ′(z) to the reflection equation

satisfy

K ′(z) = f(z)g−αh−βK(z)hβgα

with some not identically zero function f(z), then we say that K ′(z) is

similar to K(z).

4. Summary of results in the previous paper
8

and notations

In this section, we summarize several results in the previous paper.8 The re-

flection equation is a matrix equation in End(CN⊗C
N ), whose components

are represented by four indices in {0, 1, 2, · · · , N − 1}.

Definition 4.1 (matrix elements for the reflection equation).

We denote the (ab|cd)-element of the reflection equation associated to the

critical ZN -symmetric vertex model R(z) by (ab|cd).

(ab|cd) :=

(
R12(z1z

−1
2 )K1(z1)R

21(z1z2)K
2(z2)

−K2(z2)R
12(z1z2)K

1(z1)R
21(z1z

−1
2 )

)ab

cd

,

(a, b, c, d ∈ {0, 1, 2, · · · , N − 1}) .

The reflection equation consists of N 4 scaler equations. We divide them

into 15 groups according to the situation of the coincidence of these four

indices a, b, c, d ∈ Z/NZ.

Lemma 4.1. If we suppose that a, b, c, d denote mutually different numbers

in {0, 1, 2, · · · , N − 1}, the N4 components of the reflection equation are

divided into non-intersecting 15 groups as follows
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I (ab|cd) IX (ab|ab)

II (ab|cc) X (ab|ba)

III (aa|bc) XI (ab|aa)

IV (ab|ac) XII (aa|ab)

V (ab|cb) XIII (aa|ba)

VI (ab|bc) XIV (ab|bb)

VII (ab|ba) XV (aa|aa)

VIII (aa|bb)

For example, the equations of type I above consists of N(N−1)(N−2)(N−

3) equations. The explicit forms of type I, VI, X, XIII and XIV are written

in Proposition 4.1. We prepare some notations.

Definition 4.2 (matrix elements of K-matrix).

Let K(z) be a solution to the reflection equation (6). We define κa
b (w) for

a, b ∈ {0, 1, 2, · · · , N − 1} by

w := zN and κa
b (w) := za+bKa

b (z).

We can write the components (ab|cd) of the reflection equations only in

w’s and κa
b (w)’s. Because the reflection equation is homogeneous quadratic

equation in κa1

b1
(w1)’s and κa2

b2
(w2)’s, (w1 = zN

1 ,w2 = zN
2 ), we often meet

terms of the type κa
b (w1)κ

c
d(w2).

Definition 4.3. We abbreviate κa
b (w1)κ

c
d(w2) simply to κa

b
c
d.

κa
b

c
d := κa

b (w1)κ
c
d(w2).

We have defined α∗ by α−N [α/N ], which is the integer in {0, 1, 2, · · · , N−

1} equivalent to α modulo N in Definition 2.1. If K ′(z) = h−1K(z)h, then

K ′(z) =
(
K

(a−1)∗

(b−1)∗ (z)
)

a,b=0,1,··· ,N−1

= z2
(
z−(a−1)∗−(b−1)∗−2 κ

(a−1)∗

(b−1)∗ (w)
)

a,b=0,1,··· ,N−1
.

Remarking that

(a− 1)∗ + (b− 1)∗ + 2 =






2N a = 0, b = 0

N + b a = 0, 1 ≤ b < N

N + a 1 ≤ a < N, b = 0

a + b 1 ≤ a < N, 1 ≤ b < N

,

we have
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Lemma 4.2. If K ′(z) =
(
z−a−bκ′ab (w)

)
a,b=0,1,··· ,N−1

is defined by

κ′ab (w) =






w−2κN−1
N−1(w) a = 0, b = 0

w−1κN−1
b−1 (w) a = 0, 1 ≤ b < N

w−1κa−1
N−1(w) 1 ≤ a < N, b = 0

κa−1
b−1 (w) 1 ≤ a < N, 1 ≤ b < N

,

where K(z) =
(
z−a−bκa

b (w)
)

a,b=0,1,··· ,N−1
, then K ′(z) is similar to K(z)

in the sense in Definition 3.2.

Definition 4.4. For two functions f(w) and g(w), we define 〈f, g〉w,w′ by

〈f, g〉w,w′ := f(w)g(w′)− f(w′)g(w).

When the variables are explicit, we omit them and simply write 〈f, g〉.

Definition 4.5. Three mutually different integers a1, a2 and a3 uniquely

determine the element σ in the symmetric group S3 such that aσ(1) <

aσ(2) < aσ(3). We define P (a1, a2, a3) by

P (a1, a2, a3) =

{
1 when sgn(σ) = 1

0 when sgn(σ) = −1
.

Definition 4.6. We define δ(Q) for a proposition Q by

δ(Q) =

{
1 when a proposition Q is true

0 when a proposition Q is false
.

Definition 4.7. Let fj and gj (j = 1, 2, · · · , l) be meromorphic functions

in w. If two functions f1 and g1 satisfy

f1(w1)g1(w2) = f1(w2)g1(w1)

for arbitrary w1 and w2, then we write

f1 ∼ g1.

If fj(w1)gj(w2) = fj(w2)gj(w1) hold for j = 1, 2, · · · , l and arbitrary

w1, w2, then we write

(f1, f2, · · · , fl) ∼ (g1, g2, · · · , gl) .

We remark that the relation “∼” is not an equivalence one.

Example 4.1.

(i) If f is the identically zero, then f ∼ g holds for any function g; 0 ∼ g.
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(ii) (1, w, w2) ∼ (0, w, w2), (1, w, w2) ∼ (1, 0, w2), (1, w, w2) ∼ (1, w, 0),

(1, w, w2) ∼ (1, 0, 0), (1, w, w2) ∼ (0, w, 0), (1, w, w2) ∼ (0, 0, w2),

(1, w, w2) ∼ (0, 0, 0).

We often invoke the following lemma.

Lemma 4.3. If two meromorphic functions f(w) and g(w) satisfy

〈f, g〉w,w′ = f(w)g(w′) − f(w′)g(w) = 0 for arbitrary w1 and w2 in

C, namely f ∼ g, then there exist two constants C and C ′ such that

Cf(w) = C ′g(w). If f(w)g(w) 6= 0, then two constants can be taken as

CC ′ 6= 0.

The following Lemma 4.4 and Proposition 4.1 constitute the main part in

our previous paper.8

Definition 4.8. Let a, b, c ∈ {0, 1, 2, · · · , N − 1} be a < b < c. Then there

are six elements of K(z) whose indices are a, b or c. We define a set Cabc

by Cabc :=
{
κa

b (w), κa
c (w), κb

c(w), κb
a(w), κc

a(w), κc
b(w)

}
.

Lemma 4.4. There are only three possibilities for maximal subsets in Cabc

consisting of only non-zero elements,
{
κa

b (w), κa
c (w), κb

c(w), κb
a(w)

}
,

{κa
b (w), κa

c (w), κc
a(w), κc

b(w)},
{
κb

c(w), κb
a(w), κc

a(w), κc
b(w)

}
, and they sat-

isfy
(
κa

b (w), κa
c (w), κb

c(w), κb
a(w)

)
∼ (f(w), f(w), wf(w), f(w)) ,

(κa
b (w), κa

c (w), κc
a(w), κc

b(w)) ∼ (f(w), f(w), f(w), f(w)) ,
(
κb

c(w), κb
a(w), κc

a(w), κc
b(w)

)
∼

(
f(w), w−1f(w), f(w), f(w)

)

for some non-zero function f(w).

Proposition 4.1. The reflection equation (6), which consists of N 4 scalar

equations with the N2 unknown functions κa
b (w) is equivalent to Lemma

4.4 and five components I, VI, X, XIII and XIV,

I(a, b, c, d) :

[
(P (a, c, b)− P (a, c, d))

(
1− w−1

1 w2

)
κa

c
b
d

+(w1w
−1
2 )−δ(a<b)κb

c
a
d − (w1w

−1
2 )−δ(c<d)κa

d
b
c

]
= 0, (7)

VI(a, b, c) :




(w1 − w−1
2 )

(
(w1w

−1
2 )−δ(a<b)κb

b
a
c

−(w1w
−1
2 )−δ(b<c)κa

c
b
b

)

−P (b, c, a)(w1 − w2)(1− w−1
1 w−1

2 )κa
b

b
c

+(w1 − w2)

N−1∑

j=0

(w1w2)
−δ(b<j)κa

j
j
c




= 0, (8)
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X(a, b) :




(w1 − w−1
2 )

(
(w1w

−1
2 )−δ(b<a)κa

a
b
b

−(w1w
−1
2 )−δ(a<b)κb

b
a
a

)

+(w1 − w2)




N−1∑

j=0

(w1w2)
−δ(a<j)κb

j
j

b

−

N−1∑

j=0

(w1w2)
−δ(b<j)κj

a
a
j







= 0, (9)

XIII(a, b) :




(w1 − w−1
2 )

(
κa

b
a
a − (w1w

−1
2 )−δ(b<a)κa

a
a
b

)

−(w1 − w2)

N−1∑

j=0

(w1w2)
−δ(a<j)κ

j

b
a
j


 = 0, (10)

XIV(a, b) :




(w1 − w−1
2 )

(
κa

b
b
b − (w1w

−1
2 )−δ(a<b)κb

b
a
b

)

−(w1 − w2)

N−1∑

j=0

(w1w2)
−δ(b<j)κa

j
j

b


 = 0, (11)

where roman letter number I,VI,X,XIII and XIV are corresponding to the

grouping in Lemma 4.1. We are assuming that a, b, c, d ∈ {0, 1, 2, · · · , N−1}

are all different. We consider X(a, b) only for a < b because X(a, b) and

X(b, a) are equivalent to each other.

5. Consequences of Lemma 4.4

We prove some consequences of Lemma 4.4, which are important in the

latter discussions.

Lemma 5.1. Except the diagonal elements, the number of nonzero ele-

ments in one column of K(z) is at most two.

This Lemma is directly derived from the following Lemma.

Lemma 5.2. One of (κβ
α(w), κγ

α(w), κδ
α(w)) is zero for mutually different

α, β, γ, δ ∈ {0, 1, 2, · · · , N − 1}.

Proof. By Lemma 4.4, we know that, for a < b < c < d,

κa
b κa

c κb
c κb

a κc
a κc

b

(i) 1 1 w 1 0 0

(ii) 1 1 0 0 1 1

(iii) 0 0 1 w−1 1 1
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κa
b κa

d κb
d κb

a κd
a κd

b

(iv) 1 1 w 1 0 0

(v) 1 1 0 0 1 1

(vi) 0 0 1 w−1 1 1

κa
c κa

d κc
d κc

a κd
a κd

c

(vii) 1 1 w 1 0 0

(viii) 1 1 0 0 1 1

(ix) 0 0 1 w−1 1 1

κb
c κb

d κc
d κc

b κd
b κd

c

(x) 1 1 w 1 0 0

(xi) 1 1 0 0 1 1

(xii) 0 0 1 w−1 1 1

upto a common constant and a common factor.

Concerning the elements in the a-th column, we have, where the asterisk ∗

κb
a κc

a κd
a

(i) 1 0 ∗

(ii) 0 1 ∗

(iii) w−1 1 ∗

(iv) 1 ∗ 0

(v) 0 ∗ 1

(vi) w−1 ∗ 1

(vii) ∗ 1 0

(viii) ∗ 0 1

(ix) ∗ w−1 1

means that we do not know whether the element there is zero or not. We

will first show that one of (κb
a, κc

a, κd
a) has to be zero. We remark that at

least one of (i), (ii) and (iii) always holds. Similarly, one of (iv), (v) and

(vi), and one of (vii), (viii) and (ix) always hold, respectively.

• If (i) holds, Lemma 5.2 is true because κc
a = 0.

• If (ii) holds, it is true because κb
a = 0.

• If (iii) and (iv) hold, it is true because κd
a = 0.

• If (iii) and (v) hold, it is true because κb
a = 0.

• If (iii), (vi) and (vii) hold, it is true because κd
a = 0.

• If (iii), (vi) and (viii) hold, it is true because κc
a = 0.
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The case left to investigate here is the case when (iii), (vi) and (ix) hold. If

(iii), (vi) and (ix) hold, then

κb
a κc

a κd
a

(iii) w−1 1 ∗

(vi) w−1 ∗ 1

(ix) ∗ w−1 1

.

There are only three possible cases of nonzero elements which satisfy (iii),

(vi) and (ix) simultaneously. They are

(κb
a, κc

a, κd
a) =






(w−1, 1, 0)

(w−1, 0, 1)

(0, w−1, 1)

up to a common factor and a common constant. We can find that Lemma

5.2 is true about the a-th column. The proofs for the b-th, c-th and d-th

column are all the same. We omit them.

Lemma 5.3. If there are mutually different p, q ∈ {0, 1, 2, · · · , N−1} such

that κpq
qp 6= 0, then

κj
p = 0 for any j 6= p, and κk

q = 0 for any k 6= q.

Proof. By Lemma 4.4, we know that, for mutually different a <

b < c, that there are only three possibilities among the six elements

κa
b , κa

c , κb
c, κ

b
a, κc

a, κc
b, that are

κa
b κa

c κb
c κb

a κc
a κc

b

(i) 1 1 w 1 0 0

(ii) 1 1 0 0 1 1

(iii) 0 0 1 w−1 1 1

,

upto a common constant and a common factor.

We will study the cases when a set {a, b, c} ⊂ {0, 1, 2, · · · , N − 1} (a, b, c

are mutually different) contains p and q, where κp
qκ

q
p 6= 0 and p < q.

• If a < p < q, namely the case (iii) above

κa
p κa

q κp
q κp

a κq
a κq

p

(iii) 0 0 1 w−1 1 1
,

then κa
p(w) = 0.
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• If p < b < q, namely the case (ii) above,

κ
p

b κp
q κb

q κb
p κq

p κ
q

b

(ii) 1 1 0 0 1 1
,

then κb
p(w) = 0.

• If p < q < c, namely the case (i) above,

κp
q κp

c κq
c κq

p κc
p κc

q

(i) 1 1 w 1 0 0
,

then κc
p(w) = 0.

We proved that κj
p = κj

q = 0 for j 6= p, q if κp
qκ

q
p 6= 0.

6. Type I components of the reflection equation

We consider the type I components (7) of the reflection equation in this

section. When we fix a < b < c < d in {0, 1, 2, · · · , N − 1}, there are 24

type I components. We divide them into 6 subgroups;

(i) I(a, b, c, d), I(a, b, d, c), I(b, a, c, d), I(b, a, d, c),

(ii) I(c, d, a, b), I(c, d, b, a), I(d, c, a, b), I(d, c, b, a),

(iii) I(a, c, b, d), I(a, c, d, b), I(c, a, b, d), I(c, a, d, b),

(iv) I(b, d, a, c), I(b, d, c, a), I(d, b, a, c), I(d, b, c, a),

(v) I(a, d, b, c), I(a, d, c, b), I(d, a, b, c), I(d, a, c, b),

(vi) I(b, c, a, d), I(b, c, d, a), I(c, b, a, d), I(c, b, d, a).

In each subgroup, only the two equations are independent of the four. We

write them down explicitly.

(i) 〈wκa
c (w), κb

d(w)〉 = 0,

(w1 − w2)w
−1
1 κb

d
a
c = 〈κb

c(w), κa
d(w)〉,

(ii) 〈wκc
a(w), κd

b(w)〉 = 0,

(w1 − w2)w
−1
1 κd c

b a = 〈κd
a(w), κc

b(w)〉,

(iii) 〈wκa
b (w), κc

d(w)〉 = 0,

〈κa
d(w), κc

b(w)〉 = 0,

(iv) 〈wκb
a(w), κd

c(w)〉 = 0,

〈κb
c(w), κd

a(w)〉 = 0,

(v) 〈κa
c (w), κd

b(w)〉 = 0,

(w1 − w2)κ
a d
c b = 〈wκa

b (w), κd
c(w)〉,

(vi) 〈κb
d(w), κc

a(w)〉 = 0,

(w1 − w2)κ
c b
a d = 〈κc

d(w), wκb
a(w)〉.
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For example, the relation w1κ
a b
c d−w2κ

b a
d c = 0 can be written in wκa

c (w) ∼

κb
d(w) in the notation in Definition 4.7. We have proved the following

Lemma.

Lemma 6.1. The type I components of the reflection equation in Lemma

4.1, which consists of N(N − 1)(N − 2)(N − 3) scalar equations, is equiv-

alent to that the following 12 relations hold for any a < b < c < d in

{0, 1, 2, · · · , N − 1};

wκa
c (w) ∼ κb

d(w) (12)

wκc
a(w) ∼ κd

b(w) (13)

wκa
b (w) ∼ κc

d(w) (14)

wκb
a(w) ∼ κd

c(w) (15)

κa
d(w) ∼ κc

b(w) (16)

κb
c(w) ∼ κd

a(w) (17)

κa
c (w) ∼ κd

b (w) (18)

κb
d(w) ∼ κc

a(w) (19)

(w1 − w2)w
−1
1 κb a

d c = 〈κb
c(w), κa

d(w)〉 (20)

(w1 − w2)w
−1
1 κd c

b a = 〈κd
a(w), κc

b(w)〉 (21)

(w1 − w2)κ
a d
c b = 〈wκa

b (w), κd
c(w)〉 (22)

(w1 − w2)κ
c b
a d = 〈κc

d(w), wκb
a(w)〉 (23)

For example, the equation (20) above gives us the information about the

relation between κa
d(w) and κb

c(w). If κb
d

a
c = 0, we have κa

d(w) ∼ κb
c(w).

If κb
d

a
c 6= 0, then κa

d
b
c 6= 0. Because κa

d
b
d 6= 0, the first case of Lemma

4.4 implies the existence of the nonzero constants C1 and C2 such that

C1wκa
d(w) = C2κ

b
d(w). Because κa

c
b
c 6= 0, also the first case of Lemma

4.4 implies the existence of the nonzero constants C3 and C4 such that

C3wκa
c (w) = C4κ

b
c(w). Because κb

c
b
d 6= 0, also the first case of Lemma

4.4 implies the existence of the nonzero constants C5 and C6 such that

C5κ
b
c(w) = C6κ

b
d(w). So we have wκa

d(w) ∼ κb
d(w), κa

d(w) ∼ κa
c (w) and

wκa
c (w) ∼ κb

c(w). The similar arguments for (21), (22) and (23) lead to

Lemma 6.2. For any a < b < c < d ∈ {0, 1, 2, · · · , N − 1}, we obtain

(i) If κb
d

a
c = 0, then κb

c(w) ∼ κa
d(w).

If κb
d
a
c 6= 0, then κa

d
b
c 6= 0, κb

c(w) ∼ wκa
d(w), κa

c (w) ∼ κa
d(w) and

κb
d(w) ∼ wκa

d(w).



September 3, 2010 18:14 WSPC - Proceedings Trim Size: 9in x 6in 022˙yamada

464 Y. Yamada

(ii) If κd
b
c
a = 0, then κc

b(w) ∼ κd
a(w).

If κd
b

c
a 6= 0, then κc

b
d
a 6= 0, κd

a(w) ∼ wκc
b(w), κc

a(w) ∼ κc
b(w) and

κd
b(w) ∼ wκc

b(w).

(iii) If κa
c

d
b = 0, then κd

c(w) ∼ wκa
b (w).

If κa
c

d
b 6= 0, then κd

c
a
b 6= 0, κd

c(w) ∼ κa
b (w), κa

c (w) ∼ κa
b (w) and κd

c(w) ∼

κa
b (w).

(iv) If κc
a

b
d = 0, then wκb

a(w) ∼ κc
d(w).

If κc
a

b
d 6= 0, then κb

a
c
d 6= 0, κc

d(w) ∼ w2κb
a(w), κc

a(w) ∼ wκb
a(w) and

κb
d(w) ∼ wκb

a(w).

6.1. Relations between diagonal and non-diagonal elements

of K-matrix

In this subsection, we derive formulas that express

κa
b

b
c (a, b and c are mutually different)

by

κa
c

b′

b′ and κb′

b′
a
c (b′ = 0, 1, 2, · · · , N − 1)

from type VI, XIII and XIV components in Lemma 4.1.

By interchanging w1 and w2 in (10), we have

XIII′(a, b) :




(w2 − w−1
1 )

(
(w1w

−1
2 )δ(c<a)κa

c
a
a − κa

a
a
c

)

−(w1 − w2)

N−1∑

j=0

(w1w2)
−δ(a<j)κa

j
j
c


 = 0.

When we fix two different integers a, c ∈ {0, 1, 2, · · · , N−1}, we can consider

that N equations; XIII′(a, c), VI(a, b, c) (b 6= a, c) and XIV(a, c) are the

simultaneous equations for κa
b

b
c (b = 0, 1, 2, · · · , N − 1).

We write down these equations and solve them after defining some notation.

Definition 6.1.

Ac
a := w2(w1w

−1
2 )δ(c<a)κa

c
a
a − w2κ

a
a

a
c

Bac
b := w1(w1w

−1
2 )−δ(b<c)κa

c
b
b − w1(w1w

−1
2 )−δ(a<b)κb

b
a
c

+P (a, b, c)(w1 − w2)κ
a
b

b
c

Ca
c := w1κ

a
c

c
c − w1(w1w

−1
2 )−δ(a<c)κc

c
a
c
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With the notation above, XIII′(a, c), VI(a, b, c) (b 6= a, c) and XIV(a, c) are

written as

XIII′(a, c) : (w1 − w2)
N−1∑

j=0

(w1w2)
−δ(a<j)κa

j
j
c = (1− w−1

1 w−1
2 )Ac

a, (24)

VI(a, b, c) : (w1 − w2)

N−1∑

j=0

(w1w2)
−δ(b<j)κa

j
j
c = (1− w−1

1 w−1
2 )Bac

b , (25)

XIV(a, c) : (w1 − w2)
N−1∑

j=0

(w1w2)
−δ(c<j)κa

j
j
c = (1− w−1

1 w−1
2 )Ca

c . (26)

We will write (24), (25) and (26) in a matrix form.

Definition 6.2.

M :=
(
(w1w2)

−δ(i<j)
)

i,j=0,1,2··· ,N−1

=




1 w−1
1 w−1

2 w−1
1 w−1

2 · · · w−1
1 w−1

2

1 1 w−1
1 w−1

2 · · · w−1
1 w−1

2
...

...
. . .

...

1 1 · · · 1 w−1
1 w−1

2

1 1 · · · 1 1




,

k(a, c) := t
(
κa

0
0
c , κ

a
1
1
c , · · · , κ

a
N−1

N−1
c

)
,

v(a, c)

:=





t
(
Bac

0 , · · · , Bac
a−1, A

c
a, Bac

a+1, · · · , B
ac
c−1, C

a
c , Bac

c+1, · · · , B
ac
N−1

)

(a < c)
t
(
Bac

0 , · · · , Bac
c−1, C

a
c , Bac

c+1, · · · , B
ac
a−1, A

c
a, Bac

a+1, · · · , B
ac
N−1

)

(c < a)

.

Then the simultaneous equations, (24), (25) and (26), turn into one N -by-N

matrix equation

(w1 − w2)Mk(a, c) = (1− w−1
1 w−1

2 )v(a, c). (27)
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Because the inverse of the matrix M is

M−1 = =
1

1− w−1
1 w−1

2




1 0 0 · · · 0 −w−1
1 w−1

2

−1 1 0 0 · · · 0

0 −1 1 0
...

...
. . .

. . .
. . . 0

0 · · · −1 1 0

0 0 · · · 0 −1 1




,

the equation (27) is solved as

(w1 − w2)k(a, c)0 = (w1 − w2)κ
a
0
0
c = v(a, c)0 − w−1

1 w−1
2 v(a, c)N−1,

(w1 − w2)k(a, c)b = (w1 − w2)κ
a
b

b
c = −v(a, c)b−1 + v(a, c)b

for b = 1, 2, · · · , N − 1.

With some care about the order of a, b, and c involved in Aa
c , Bac

b and Ca
c ,

we have the equivalent conditions to all of the components of types VI, XIII

and XIV.

Proposition 6.1. The following conditions are equivalent to the N 2(N−1)

components VI (8), XIII (10) and XIV (11) of the reflection equation (3.1).

(i) If 0 < a < c ≤ N − 1, then

0 = 〈κa
c , w(κa

a − κa−1
a−1)〉w1w2 ,

0 = 〈κa
c , κa+1

a+1 − κa
a〉w1w2 ,

(w1 − w2)κ
a
0
0
c = 〈κa

c , wκ0
0 − w−1κN−1

N−1〉w1w2 ,

(w1 − w2)κ
a
b

b
c = 〈κa

c , w(κb
b − κb−1

b−1)〉w1w2 for 1 ≤ b ≤ a− 1,

(w1 − w2)κ
a
b

b
c = w2〈κ

a
c , κb+1

b+1 − κb
b)〉w1w2 for a + 1 ≤ b ≤ c− 1,

(w1 − w2)κ
a
b

b
c = 〈wκa

c , κb
b − κb−1

b−1)〉w1w2 for c + 1 ≤ b ≤ N − 1.

(ii) If a = 0 < c ≤ N − 1, then

0 = 〈κ0
c , wκ0

0 − w−1κN−1
N−1〉w1w2 ,

0 = 〈κ0
c , κ

1
1 − κ0

0〉w1w2

(w1 − w2)κ
0
b
b
c = w2〈κ

0
c , κ

b+1
b+1 − κb

b)〉w1w2 for 1 ≤ b ≤ c− 1

(w1 − w2)κ
0
b
b
c = 〈wκ0

c , κ
b
b − κb−1

b−1)〉w1w2 for c + 1 ≤ b ≤ N − 1
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(iii) If 0 ≤ c < a < N − 1, then

0 = 〈κa
c , κa

a − κa−1
a−1〉w1w2 ,

0 = 〈wκa
c , κa+1

a+1 − κa
a〉w1w2 ,

(w1−w2)κ
a
b

b
c = 〈κa

c , w(κb+1
b+1−κb

b)〉w1w2 for 0≤ b≤ c−1,

(w1−w2)κ
a
b

b
c = w1〈κ

a
c , κb

b−κb−1
b−1)〉w1w2 for c+1≤ b≤ a−1,

(w1−w2)κ
a
b

b
c = 〈wκa

c , κb+1
b+1−κb

b)〉w1w2 for a+1≤ b≤N−2,

(w1 − w2)κ
a
N−1

N−1
c = 〈wκa

c , w(wκ0
0 − w−1κN−1

N−1)〉w1w2 .

(iv) If 0 ≤ c < N − 1 = a, then

0 = 〈κN−1
c , wκ0

0 − w−1κN−1
N−1〉w1w2 ,

0 = 〈κN−1
c , κN−1

N−1 − κN−2
N−2〉w1w2 ,

(w1 − w2)κ
N−1
b

b
c = 〈κN−1

c , w(κb+1
b+1 − κb

b)〉w1w2 for 0 ≤ b ≤ c− 1,

(w1−w2)κ
N−1
b

b
c = w1〈κ

N−1
c , κb

b−κb−1
b−1)〉w1w2 for c+1≤ b≤N−2.

7. Determination of the diagonal elements

In this section, we determine the diagonal elements of the K(z) under the

assumptions (2) and (3), in the case that there exist integers p < q such that

κp
q
q
p 6= 0. We remark that, when we specify an integer p ∈ {0, 1, 2, · · · , N −

1}, the integer q such that κp
q
q
p 6= 0 is uniquely determined by Lemma 5.3.

Definition 7.1. For a solution to the reflection equation K(z) :=(
z−a−bκa

b (w)
)

a,b=0,1,2,···
, we define three sets P, Q, R ⊂ {0, 1, 2 · · · , N − 1}

by

P :=
{
p

∣∣∣ there exists an integer q such that κp
q
q
p 6= 0 and p < q

}
,

Q :=
{
q

∣∣∣ there exists an integer p such that κp
q
q
p 6= 0 and p < q

}
,

R = S ∪ T := {0, 1, 2, · · · , N − 1} \ (P ∪Q),

S :=

{
s

∣∣∣κ
s
r
r
s = 0 for any r 6= s,

and there exists an element q ∈ Q such that s < q

}
,

T :=
{
t

∣∣∣κt
r
t
s = 0 for any r 6= t, and q < t for any q ∈ Q

}
.

The elements of P are denoted by p1 < p2 < · · · < pl, and qj ∈ Q denotes

the corresponding element pj ∈ P , which satisfies κ
pj

qj

qj

pj
6= 0. We call such

an element q ∈ Q the corresponding element to p ∈ P . We remark that p1

is the least element in P ∪Q. The elements of S and T are also denoted by

s1 < s2 < · · · < sm and t1 < t2 < · · · < tm′ (m′ = N−2l−m), respectively.
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The goal of this section is to prove the following theorem.

Theorem 7.1. If a solution K(z) to the reflection equation (3.1) satisfies

the assumptions (2) and (3), then there are integers L and m such that

1 < l < [N/2] and 0 ≤ m < N − 2l, and K(z) is similar to the solution

K ′(z) =
(
z−a−bκ(w)

)
a,b=0,1,2,··· ,N−1

which has the following properties

(i) The subsets P , S, Q and T defined in Definition 7.1 for K ′(z) are

P = {0, 1, 2, · · · , l − 1}, S = {l, l + 1, · · · , l + m− 1},

Q = {l + m, l + m + 1, · · · , 2l + m− 1}, T = {2l + m, · · · , N − 1},

and the corresponding element to p ∈ P is q = 2l + m− p− 1 ∈ Q.

(ii) The diagonal elements of K ′(z) are described by at most four param-

eters in C,

A0, A1 (A1 exists if ](S) = m > 0),

A2 (A2 exists if ](T ) = N − 2l−m > 0), A3,

and some not constantly zero function f(w) as follows,

κp
p(w) = f(w)

[
(A0 −A1)w

−1 −A2 + A3

]
for 0 ≤ p ≤ l − 1,

κs
s(w) = f(w)

[
A0w

−1 −A2 + A3 −A1w
]

for l ≤ s ≤ l + m− 1,

κq
q(w) = f(w) [−A2 + A3 + (A0 −A1)w] for l + m ≤ q ≤ 2l + m− 1,

κt
t(w) = f(w)

[
A3 + (A0 −A1)w −A2w

2
]
for 2l + m ≤ t ≤ N − 1.

(iii) For 0 ≤ p ≤ l − 1 and the corresponding q ∈ Q, κp
q(w) and κq

p(w) has

the forms

κp
q(w) = upf(w)(w − w−1), κq

p(w) = vpf(w)(w − w−1),

where up and vp are parameters in C.

(iv) Among the parameters there are relations,

upvp = up′vp′ (p, p′ = 0, 1, · · · , l − 1)

A0A1 = A2A3 (if m > 0)

A0A1 = upvp (p = 0, 1, · · · , l − 1 and if m > 0)

A2A3 = upvp (p = 0, 1, · · · , l − 1 and if N − 2l −m > 0)

for any p ∈ P . None of up, vp, A0, A1, A2 and A3 is zero if it exists

because of the assumption (3); κ
pj

qj

qj

pj
6= 0 for j = 1, 2, · · · l.

And the solution K ′(z) which has the properties specified above satisfies all

the components of type X (9) of the reflection equation.
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We will prove Theorem 7.1 step by step.

Proposition 7.1. There exist four parameters Bp, Dp, up, vp and a not

constantly zero function fp(w) such that

κp
p(w) = fp(w)(Bpw−1 −Dp), κq

q(w) = fp(w)(Bpw −Dp),

κp
q(w) = upfp(w)(w − w−1), κq

p(w) = vpfp(w)(w − w−1).

Proof. Because of Lemma 5.3, (9) is equivalent to

X(p, q) :




(w1 − w−1
2 )

(
(w1w

−1
2 )−δ(q<p)κp

p
q
q − (w1w

−1
2 )−δ(p<q)κq

q
p
p

)

+(w1 − w2)




N−1∑

j=0

(w1w2)
−δ(p<j)κ

q
j
j
q −

N−1∑

j=0

(w1w2)
−δ(q<j)dj

p
p
j








=

[
(w1 − w−1

2 )
(
κp

p
q
q − (w1w

−1
2 )−1κq

q
p
p

)

+(w1 − w2)
(
κq

p
p
q + (w1w2)

−1κq
q
q
q − dp

p
p
p − κq

p
p
q

)
]

=

[
(w1 − w−1

2 )
(
κp

p
q
q − (w1w

−1
2 )−1κq

q
p
p

)

+(w1 − w2)
(
(w1w2)

−1κq
q
q
q − κp

p
p
p

)
]

=

[(
κp

p(w1)− κq
q(w1)

) (
w2κ

p
p(w2)− w−1

2 κq
q(w2)

)

−
(
w1κ

p
p(w1)− w−1

1 κq
q(z1)

) (
κp

p(w2)− κq
q(w2)

)
]

= 0

in this case. By Lemma 4.3 we have

κp
p(w) = fp(w)(Bpw−1 −Dp), κq

q(w) = fp(w)(Bpw −Dp),

where Bp, Dp and fp(w) are constants and a not constantly zero function

by the assumption (2). We remark q ∈ Q is uniquely determined by p ∈ P .

We substitute above into XIII(p, q) and XIII(q, p),

XIII(p, q) :




(w1 − w−1
2 )

(
κp

q
p
p − (w1w

−1
2 )−δ(q<p)κp

p
p
q

)

−(w1 − w2)

N−1∑

j=0

(w1w2)
−δ(p<j)κj

q
p
j




=

[
(w1 − w−1

2 )
(
κp

q
p
p − κp

p
p
q

)

−(w1 − w2)
(
κp

q
p
p + (w1w2)

−1κq
q
p
q

)
]

= 0,

XIII(q, p) :




(w1 − w−1
2 )

(
κq

p
q
q − (w1w

−1
2 )−δ(p<q)κq

q
q
p

)

−(w1 − w2)

N−1∑

j=0

(w1w2)
−δ(q<j)κj

p
q
j




=

[
(w1 − w−1

2 )
(
κq

p
q
q − (w1w

−1
2 )−1κq

q
q
p

)

−(w1 − w2)
(
κp

p
q
p + κq

p
q
q

)
]

= 0,
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then we obtain

κp
p(w2)

[
κp

q(w1) · fp(w2)(w2 − w−1
2 )− fp(w1)(w1 − w−1

1 ) · κp
q(w2)

]
= 0,

κq
q(w2)

[
κq

p(w1) · fp(w2)(w2 − w−1
2 )− fp(w1)(w1 − w−1

1 ) · κq
p(w2)

]
= 0,

respectively. Because κp
p(w) and κq

q(w) are not constantly zero by the as-

sumption (2), we can show the existence of the constants up, vp ∈ C which

satisfy

κp
q(w) = upfp(w)(w − w−1), κq

p(w) = vpfp(w)(w − w−1).

By invoking Lemma 6.1, we will obtain a kind of ”exclusion rule” for el-

ements in P and Q. It helps to decrease the number of cases to study in

the subsequent discussion. We remark that, if p 6= p′, κp
q

q
p 6= 0 (p < q) and

κ
p′

q′
q′

p′ 6= 0 (p′ < q′), then p, q, p′ and q′ are different from each other owing

to Lemma 5.3.

Lemma 7.1. If i < j, then pi < pj < qj < qi or pi < qi < pj < qj .

Proof. It is enough for us to prove that the case of pi < pj < qi < qj

cannot happen. If a1 < a2 < b1 < b2, (12) and (13) in Lemma 6.1 say that

C1w1w2κ
a1

b1
b1
a1

(w) = C2κ
a2

b2
b2
a2

for some constants C1 and C2, and (18) and

(19) say that C3κ
a1

b1

b1
a1

= C4κ
a2

b2

b2
a2

for some constants C3 and C4. One of

κa1

b1

b1
a1

or κa2

b2

b2
a2

must be zero.

Lemma 7.2. If i < j < k, then pi < pj < qj < qi < pk < qk, pi < qi <

pj < pk < qk < qj , or pi < pj < pk < qk < qj < qi.

Proof. According to Lemma 7.1, it is enough for us to show that the

cases pi < qi < pj < qj < pk < qk and pi < pj < qj < pk < qk < qi

are impossible. If a < b < a′ < b′, then C1w1w2κ
a
b

b
a(w) = C2κ

a′

b′
b′

a′ for

some constants C1 and C2. by (14) and (15). If a < a′ < b′ < b, then

C3κ
a
b

b
a = C4κ

a′

b′
b′

a′ for some constants C3 and C4. by (16) and (17). We

therefore have, for a1 < a2 < b2 < a3 < b3 < b1,

C5κ
a1

b1

b1
a1

= C6κ
a2

b2

b2
a2

,

C7κ
a1

b1

b1
a1

= C8κ
a3

b3

b3
a3

,

C9w1w2κ
a2

b2

b2
a2

= C10κ
a3

b3

b3
a3

.
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We similarly have, for a1 < b1 < a2 < b2 < a3 < b3,

C11w1w2κ
a1

b1

b1
a1

= C12κ
a2

b2

b2
a2

,

C13w1w2κ
a1

b1

b1
a1

= C14κ
a3

b3

b3
a3

,

C15w1w2κ
a2

b2

b2
a2

= C16κ
a3

b3

b3
a3

.

In both cases above, at least one of the three; κa1

b1
b1
a1

, κa2

b2
b2
a2

, or κa3

b3
b3
a3

, must

be zero.

Lemma 7.3. For a solution K(z) to the reflection equation (6), there is

an integer l′ (1 ≤ l′ ≤ l) such that

p1 < p2 < · · · < pl′ < ql′ < ql−1 < · · · < q1

< pl′+1 < pl′+2 < · · · < pl < ql < ql−1 < · · · < ql′+1,

where pj and qj are elements in P and Q in Definition 7.1, respectively.

Proof. The proof is done by induction on l.

(i) When l = 1, it is trivial because we are assuming the existence of p < q

such that κp
q
q
p 6= 0.

(ii) When l = 2, it is true because of Lemma 7.1.

(iii) When the Lemma is true for l ≤ k, then there is an integer m such

that

p1 < p2 < · · · < pm < qm < qm−1 < · · · < q1

< pm+1 < pm+2 < · · · < pk < qk < qk−1 < · · · < qm.

By Lemma 7.2, we also have that pm < pk+1 < qk+1 < qm or pl′′ <

ql′′ < pk+1 < qk+1. In the former this Lemma is true with l′ = m + 1.

In the latter case, we know that p1 < q1 < pk < qk < pk+1 < qk+1 is

impossible by Lemma 7.2. This Lemma is true with l′ = m because

pk < pk+1 < qk+1 < qk by Lemma 7.1.

Corollary 7.1. For a solution K(z) to the reflection equation (6) there is

a similar solution K ′(z) to K(z), whose P and Q defined in Definition 7.1

become

P = {pj |1 = p1 < p2 < · · · < pl},

Q = {qj |ql < ql−1 < · · · < q1},

p1 < p2 < · · · < pl < ql < ql−1 < · · · < q1,

ql − pl ≤ (N − 1)− q1.
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Proof. For any solution K(z), there is an integer l such that

p1 < p2 < · · · < pl′ < ql′ < ql′−1 < · · · < q1

< pl′+1 < pl′+2 < · · · < pl < ql < ql−1 < · · · < ql′+1

by Lemma 7.3. We define

α =

{
p1 when ql′ − pi′ ≤ N − 1− q1 + p1,

p1 + l + ql′ − pl′ when ql′ − pi′ ≤ N − 1− q1 + p1,
.

Then h−αK(z)hα has the desired property.

Remark 7.1. If p < p′, κp
q
q
p 6= 0 and κ

p′

q′
q′

p′ 6= 0, then it is enough for us to

consider only the case p < p′ < q′ < q owing to Corollary 7.1.

From now on, we only deal with K(z), satisfying Corollary 7.1.

We will show that the function fp(w) and the constants Bp and Dp are

independent of p ∈ P .

Lemma 7.4. If p < p′ < q′ < q, κp
q

q
p 6= 0 and κ

p
′

q′
q
′

p′ 6= 0, then

κp
p(w) = κ

p′

p′(w) = f(w)(Bw−1 −D), κq
q(w) = κ

q′

q′(w) = f(w)(Bw −D).

κp
q(w) = upf(w)(w − w−1), κq

p(w) = vpf(w)(w − w−1),

κ
p
′

q′ (w) = up′f(w)(w − w−1), κ
q
′

p′(w) = vp′f(w)(w − w−1).

Proof. In Proposition 7.1 we obtained, for p, p′ ∈ P (p < p′)

κp
q(w) = upfp(w)(w − w−1), κq

p(w) = vpfp(w)(w − w−1),

κ
p′

q′ (w) = up′fp′(w)(w − w−1), κ
q′

p′(w) = vp′fp′(w)(w − w−1),

where q, q′ ∈ Q are the corresponding elements to p and p′, respectively.

Because p < p′, we only have to consider the case of p < p′ < q′ < q.

The equations (16) and (17) in Lemma 6.1 implies the existence of nonzero

constants C and C ′ such that

Cκp
q(w1)κ

q
p(w2) = C ′κ

p′

q′ (w1)κ
q′

p′(w2).

Cupvpfp(w1)fp(w2) = C ′up′vp′fp′(w1)fp′(w2).

Without any loss of generalities we can retake the constants upCvp, up′ and

vp′ to satisfy Cupvp = C ′up′vp′ , then we obtain f(w) := fp(w) = fp′(w) for
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any p, p′ ∈ P . When we substitute κp
p(w), κq

q(w), κ
p′

p′(w), κ
q′

q′(w) and κ
p′

q′ (w)

in Proposition 7.1 into VI(p′, p, q′)

VI(p′, p, q′) :




(w1 − w−1
2 )

(
(w1w

−1
2 )−δ(p<p′)κp

p
p′

q′ − (w1w
−1
2 )−δ(p<q′)κ

p′

q′
p
p

)

+(w1 − w2)

N−1∑

j=0

(w1w2)
−δ(p<j)κ

p′

j
j

q′




=


 (w1 − w−1

2 )
(
w−1

1 w2κ
p
p
p′

q′ − w−1
1 w2κ

p′

q′
p
p

)

+(w1 − w2)
(
(w1w2)

−1κ
p′

p′
p′

q′ + (w1w2)
−1κ

p′

q′
q′

q′

)



=
up′fp(w1)fp(w2)(1− w1w2)(w1 − w2)

w2
1w

2
2

× [(Bp −Bp′)(w1w2 + 1)− (Dp −Dp′)(w1 + w2)] = 0,

we have

B := Bp = Bp′ , D := Dp = Dp′ .

because we are assuming that κ
p′

q′
q′

p′ 6= 0, namely up′vp′ 6= 0.

We determine κr
r(w) for r ∈ R = S ∪ T in Definition 7.1 by VI(p, r, q) (8).

Since κa
q (w) = 0 for a 6= q ∈ Q by Lemma 5.3, we obtain

VI(p, r, q) :




(w1 − w−1
2 )

(
(w1w

−1
2 )−δ(p<r)κr

r
p
q

−(w1w
−1
2 )−δ(r<q)κp

q
r
r

)

+(w1 − w2)

(
(w1w2)

−δ(r<p)κp
p

p
q

+(w1w2)
−δ(r<q)κp

q
q
q

)


 = 0. (28)

When we substitute the results of Lemma 7.4 into (28), we have the follow-

ing Lemma.

Lemma 7.5. If κp
q

q
p 6= 0 and r ∈ R, then

κr
r(w) =





f(w)
(
Bw −D + Erw(w − w−1)

)
(p < q < r),

f(w)
(
Bw−1 −D + Er(w − w−1)

)
(p < r < q),

f(w)
(
Bw−1 −Dw−2 + Erw

−1(w − w−1)
)

(r < p < q),

(29)

where B, D and f(w) are specified in Lemma 7.4, and where Er (r ∈ R) is

a constant.

Proof. The proof will be done by case-by-case study according to the order

among p, q and r.
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(proof for the case p < q < r) After substituting the results in Lemma

7.4 and κr
r(w) = f(w)er(w) with er(w) meromorphic into (28), we have

upw
−1
1 w−1

2 f(w1)f(w2)

×




(w2
1 − 1)

[
−w1 (w2er(w2)−B + Dw2)

+
(
er(w2)−Bw2 + Dw2

2

)
]

+

[
w2 (w1er(w1)−B + Dw1)

−
(
er(w1)−Bw1 + Dw2

1

)
]

(w2
2 − 1).


 = 0 (30)

Because κp
q
q
p 6= 0, we have upf(w) 6= 0. The equation (30) becomes

(w2
1 − 1)

[
w1 (w2er(w2)−B + Dw2)

−
(
er(w2)−Bw2 + Dw2

2

)
]

=

[
w2 (w1er(w1)−B + Dw1)

−
(
er(w1)−Bw1 + Dw2

1

)
]

(w2
2 − 1). (31)

Since the right-hand side of (31) is holomorphic in w2, the left-hand side

of (31) is holomorphic in w2. Furthermore, because the right-hand side of

(31) is a polynomial of degree 3 in w2, the left-hand side of (31) is also a

polynomial of degree 3 in w2. We especially know that w2er(w2) and er(w2)

contained in the left-hand side of (31) are polynomials of degree 3 in w2.

This in turn implies that er(w) has the form

er(w) = Erw
2 + Frw + Gr, Er, Fr, Gr ∈ C.

By (31), both of w2er(w2) − B + Dw2 and er(w2) − Bw2 + Dw2
2 in the

left-hand side must have the factor w2
2 − 1 in the right-hand side. It leads

to that Fr −B = 0 and Er + Gr + D = 0. Then we obtain

κr
r(w) = f(w)er(w) = f(w)

(
Erw

2 + Bw −D −Er

)

= Erf(w)w(w − w−1) + κq
q(w).

It is easy to check that this er(w) satisfies (31).

(proof for the case p < r < q) The equation VI(p, r, q) (28) turns into

(w2
1 − 1)

[
w1(w

2
2er(w)−Bw2 + D)

−(w2er(w2)−Bw2
2 + Dw2)

]

=

[
w2(w1er(w1)−Bw1 + Dw2

1)

−(w1er(w1)−Bw2
1 + Dw3

1)

]
(w2

2 − 1) (32)

Because the right-hand side is a polynomial in w2 of degree 4, we know that

both of w2
2er(w2) and w2er(w2) in the left-hand side are also polynomials

of degree 3. It implies that er(w) must have the form

er(w) = Erw + Fr + Grw
−1, Er, Fr, Gr ∈ C.
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Since both of w2
2er(w2) and w2er(w2) in the left-hand side have the factor

w2
2 − 1 contained in the right-hand side, we finally have the result that

κr
r(w) = f(w)er(w) = f(w)

(
Erw −D + (B −Er)w

−1
)

= Erf(w)(w − w−1) + κp
p(w).

It is easy to check that this er(w) satisfies (32).

(proof for the case r < p < q) The discussion is similar to above two

cases. The equation VI(p, r, q) (28) turns into

(w2
1 − 1)

[
w1(w

3
2er(w) −Bw2

2 + Dw2)

−(w2
2er(w2)−Bw3

2 + Dw2
2)

]

=

[
w2(w

3
1er(w1)−B + Dw1)

−(w2
1er(w1)−Bw1 + Dw2

1)

]
(w2

2 − 1) (33)

Because the right-hand side of (33) is a polynomial in w2 of degree 3, both

of w3
2er(w) and w2

2er(w) in the left-hand side are also polynomials in w2 of

degree 3. It implies that er(w) must have the form

er(w) = Er + Frw
−1 + Grw

−2, Er, Fr, Gr ∈ C.

Since w3
2er(w)−Bw2

2 + Dw2 and w2
2er(w2)−Bw3

2 + Dw2
2 in the left-hand

side of (33) have the factor w2
2 − 1, we have

κr
r(z) = f(w)

(
Er + Bw−1 − (D + Er)w

−2
)

= Erf(w)w−1(w − w−1) + w−2κq
q(w).

It is easy to check that this er(w) satisfies (33).

We have used X(p, q) (p ∈ P and q ∈ Q is the corresponding element to p)

to prove Proposition 7.1. Other components of type X (9) yield relations

among the parameters B, D, up, vp (p ∈ P ) and Er (r ∈ R = S ∪ T ).

Proposition 7.2. For p ∈ P , corresponding q ∈ Q and r ∈ R = S ∪ T ,

X(p, r), X(q, r), X(r, p) and X(r, q) are equivalent to the following condi-

tions.

(i) If p < q < r or r < p < q, then (D + Er)Er − upvp = 0.

(ii) If p < r < q, then (Er −B)Er − upvp = 0.

Proof. The proof is done separately in each three cases p < q < r, p < r <

q and r < p < q. We remark again that we only have to consider X(a, b)

with a < b (Proposition 4.1).
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(i) In the case of p < q < r, substituting

κp
p(w) = f(w)(Bw−1 −D), κp

p(w) = f(w)(Bw−1 −D),

κr
r(w) = f(w)

(
Bw −D + Erw(w − w−1)

)
,

κp
q(w) = upf(w)(w − w−1), κq

p(w) = vpf(w)(w − w−1),

into X(p, r) and X(q, r)

X(p, r) :

[
(w1 − w−1

2 )
[
κp

p
r
r − w−1

12 κr
r
p
p

]

+(w1 − w2)
[
w−1

1 w−1
2 κr

r
r
r − κp

p
p
p − κq

p
p
q

]
]

= f(w1)f(w2)(w1 − w2)(w1 − w−1
1 )(w2 − w−1

2 )

× [(D + E)E − upvp] = 0,

X(q, r) :

[
(w1 − w−1

2 )
[
κq

q
r
r − w−1

12 κr
r
q
q

]

+(w1 − w2)
[
w−1

1 w−1
2 κr

r
r
r − κq

q
q
q − κp

q
q
p

]
]

= f(w1)f(w2)(w1 − w2)(w1 − w−1
1 )(w2 − w−1

2 )

× [(D + Er)Er − upvp] = 0,

we obtain (D + Er)Er − upvp = 0.

(ii) In the case of p < r < q, substituting

κp
p(w) = f(w)(Bw−1 −D), κp

p(w) = f(w)(Bw−1 −D),

κr
r(w) = f(w)

(
Bw−1 −D + E(w − w−1)

)
,

κp
q(w) = xpqf(w)(w − w−1), κq

p(w) = xqpf(w)(w − w−1),

into

X(p, r) :

[
(w1 − w−1

2 )
[
κp

p
r
r − w−1

12 κr
r
p
p

]

+(w1 − w2)
[
w−1

1 w−1
2 κr

r
r
r − κp

p
p
p − w−1

1 w−1
2 κq

p
p
q

]
]

= f(w1)f(w2)(w1 − w2)(w1 − w−1
1 )(w2 − w−1

2 )

× [(Er −B)Er − upvp] = 0,

X(r, q) :

[
(w1 − w−1

2 )
[
κr

r
q
q − w−1

12 κq
q
r
r

]

+(w1 − w2)
[
κq

p
p
q + w−1

1 w−1
2 κq

q
q
q − κr

r
r
r

]
]

= −f(w1)f(w2)(w1 − w2)(w1 − w−1
1 )(w2 − w−1

2 )

× [(Er −B)Er − upvp] = 0,

we obtain (Er −B)Er − upvp = 0.

(iii) In the case of r < p < q, substituting

κp
p(w) = f(w)(Bw−1 −D), κp

p(w) = f(w)(Bw−1 −D),

κr
r(w) = f(w)

(
w−2(Bw −D) + Erw

−1(w − w−1)
)
,

κp
q(w) = upf(w)(w − w−1), κq

p(w) = vpf(w)(w − w−1),
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into

X(r, p) :

[
(w1 − w−1

2 )
[
κr

r
p
p − w−1

12 κp
p
r
r

]

+(w1 − w2)
[
w−1

1 w−1
2 κp

p
p
p + w−1

1 w−1
2 κp

q
q
p − κr

r
r
r

]
]

= −f(w1)f(w2)(w1 − w2)(w1 − w−1
1 )(w2 − w−1

2 )

× [(D + Er)Er − upvp] = 0,

X(r, q) :

[
(w1 − w−1

2 )
[
κr

r
q
q − w−1

12 κq
q
r
r

]

+(w1 − w2)
[
w−1

1 w−1
2 κq

q
q
q + w−1

1 w−1
2 κp

q
q
p − κr

r
r
r

]
]

= −f(w1)f(w2)(w1 − w2)(w1 − w−1
1 )(w2 − w−1

2 )

× [(D + Er)Er − upvp] = 0,

we obtain (D + Er)Er − upvp = 0.

We will have another ”exclusion rule” for elements in P , Q and R = S ∪ T

by Lemma 7.5 and Proposition 7.2.

Lemma 7.6. If 1 ≤ i < j ≤ l and r ∈ R, then pi < pj < r < qj < qi or

pi < pj < qj < qi < r, where pi, pj ∈ P , qi, qj ∈ Q and R are specified in

Corollary 7.1.

Proof. It is enough for us to show that neither pi < r < pj < qj < qi

nor pi < pj < qj < r < qi occurs. If pi < r < pj < qj < qi, then both

pi < r < qi and r < pj < qj hold. Lemma 7.5 tells us that

κr
r(w) = f(w)

[
Bw−1 −D + Er(w − w−1)

]

= f(w)
[
Bw−1 −Dw−2 + Erw

−1(w − w−1)
]
,

namely that D = 0 and Er = 0 because f(w) 6= 0 by the assumption (2).

By Proposition 7.2, Er = 0 implies upi
vpi

= 0, but it is in contradiction

with κpi
qi

qi
pi

= 0. The proof that pi < pj < qj < r < qi is impossible is all

the same.

We can now have the elaborate version of Corollary 7.1.

Proposition 7.3. For any solution K(z) to the reflection equation (6)

there is a similar solution K ′(z) to K(z), whose P , Q, S and T in Definition
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7.1 are characterized by two integers l and m such that

1 ≤ l ≤ [N/2] , 0 ≤ m ≤ N − 2l−m,

P = {pj , 1 ≤ j ≤ l | pj = j − 1},

S = {sj , 1 ≤ j ≤ m | sj = l + j − 1},

Q = {qj , 1 ≤ j ≤ l | qj = 2l + m− j},

T = {tj , 1 ≤ j ≤ N − 2l −m | tj = 2l + m + j − 1}.

We remark that 0 ≤ m ≤ N − 2l−m implies ](S) ≤ ](T ).

Proof. The proof is directly obtained from Definition 7.1, Lemma 7.3 and

Lemma 7.6.

By invoking Lemma 7.5, Proposition 7.3 restricts the forms of κr
r(w) for

r ∈ R = S ∪ T .

Lemma 7.7.

(i) κs
s(w) = f(w)

[
Bw−1 −D + Es(w − w−1)

]
for s ∈ S.

(ii) κt
t(w) = f(w)

[
Bw −D + Etw(w − w−1)

]
for t ∈ T .

Concerning the type X components (9) of the reflection equation (6), we

have used

• X(p, q) (q ∈ Q is the corresponding element to p ∈ P ) in Proposition

7.1.

• X(p, r), X(q, r), X(r, q) (p ∈ P , q ∈ Q and r ∈ R) in Proposition 7.2.

Other type X components, X(r, r′), X(p, p′), X(p, q′) and X(q, q′) for p <

p′ ∈ P , q′ < q ∈ Q and r < r′ ∈ R. yield relations among parameters B, D

up, vp, (p ∈ P ) and Er (r ∈ R = S ∪ T ).

Lemma 7.8.

(i) If m = ](S) ≥ 1, then F := Es = Es′ for s, s′ ∈ S.

(ii) If N − 2l−m = ](T ) ≥ 1, then G := Et = Et′ for t, t′ ∈ T .

(iii) If m = ](S) ≥ 1 and N − 2l −m = ](T ) ≥ 1,

then (F −B)F − (G + D)G = 0 for s ∈ S and t ∈ T .

(iv) If l = ](P ) ≥ 2, then upvp − up′vp′ = 0 for p, p′ ∈ P .
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Proof. We first consider X(r, r′) (9) for r, r′ ∈ R = S ∪ T (r < r′). If

r < r′, then X(r, r′) (9) becomes



 (w1 − w−1
2 )

(
κr

r
r′

r′ − w−1
12 κr′

r′
r
r

)

+(w1 − w2)
(
w−1

1 w−1
2 κr′

r′
r′

r′ − κr
r
r
r

)



 = 0 (34)

because κs
a

a
s = κa

s
s
a = 0 for a 6= a.

(i) If s < s′ ∈ S, then

κs
s(w) = f(w)

[
Bw−1 −D + Es(w − w−1)

]
,

κs
s(w) = f(w)

[
Bw−1 −D + Es(w − w−1)

]
,

by Lemma 7.7. When we substitute them into (34), we obtain

f(w1)f(w2)
(w1 − w2)(w1 − w−1

1 )(w2 − w−1
2 )

w1w2

×(Es −Es′ )(B −Es′ −Esw1w2) = 0.

Because the function f(w) is not constantly zero by the assumption

(2), we have (Es−Es′)(B−Es′−Esw1w2) = 0. If B−Es′−Esw1w2 = 0,

namely B−Es = Es = 0, then upvp = 0 by Proposition 7.2. But it is in

contradiction with κp
q

q
p 6= 0 for p ∈ P . We conclude that F := Es = Es′

for any s, s′ ∈ S.

(ii) If t < t′ ∈ S, then

κt
t(w) = f(w)

[
Bw −D + Etw(w − w−1)

]
,

κt′

t′(w) = f(w)
[
Bw −D + Et′w(w − w−1)

]
,

by Lemma 7.7. When we substitute them into (34), we obtain

f(w1)f(w2)
(w1 − w2)(w1 − w−1

1 )(w2 − w−1
2 )

w1w2

×(Et −Et′)(Et′w1w2 + Et + D) = 0.

The similar arguments just above leads us to that G := Et = Et′ for

any t, t′ ∈ T .

(iii) If s ∈ S and t ∈ T , then (34) becomes

f(w1)f(w2)(w1−w2)(w1−w−1
1 )(w2−w−1

2 )((G+D)G−(F−B)F ) = 0
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(iv) When we substitute

κp
p(w) = κ

p′

p′ = f(w)(Bw−1 −D)

κq
q(w) = κ

q′

q′ = f(w)(Bw −D)

κp
q(w) = upf(w)(w − w−1), κq

p(w) = vpf(w)(w − w−1),

κ
p′

q′ (w) = up′f(w)(w − w−1), κ
q′

p′(w) = vp′f(w)(w − w−1)

into X(p, p′), X(p, q′), X(q, q′), the terms contained the diagonal ele-

ments all vanish. We obtain upvp − up′vp′ = 0.

Proof of Theorem 7.1.

(i) Proposition 7.3.

(ii) We define A0 := B − F , A1 := −F , A2 := −G, and A3 := −D − G.

Lemma 7.4, Lemma 7.7 and Lemma 7.8 give the results.

(iii) Lemma 7.4.

(iv) Proposition 7.2 and Lemma 7.8.

And we have checked at each step, the diagonal elements together with

κp
q(w) and κq

p(w) satisfies X(a, b) (a, b ∈ {0, 1, 2, · · · , N−1} = P ∪S∪Q∪T ,

a < b);

• for a = p ∈ P and b = q ∈ Q, where q is the corresponding element to

p, at Proposition 7.1,

• for a = p ∈ P and b = q′ ∈ Q at Lemma 7.8,

• for (a = p ∈ P and b = p′ ∈ P ) and (a = q ∈ Q and b = q′ ∈ Q) at

Lemma 7.8,

• for (a = p ∈ P and b = r ∈ R = S ∪ T ), (a = q ∈ P and b = t ∈ T )

and (a = s ∈ S and b = r ∈ Q) at Proposition 7.2,

• for (a = r ∈ R = S ∪ T and b = r′ ∈ R = S ∪ T ) at Lemma 7.8.

8. Determination of the off diagonal elements

We prove the following theorem in this section.

Theorem 8.1. Let K(z) be a solution to the reflection equation (6) whose

diagonal elements are specified in Theorem 7.1. If a, b, c ∈ {0, 1, 2, · · · , N −

1} be three different integers, then

κa
b

b
c ≡ 0

except the cases
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(i) (a, b, c) = (p1, q1, t) for t ∈ T ,

(ii) (a, b, c) = (pl, ql, s) for s ∈ S,

(iii) (a, b, c) = (q1, p1, t) for t ∈ T ,

(iv) (a, b, c) = (ql, pl, s) for s ∈ S,

where the integer l = ](P ) is specified in Theorem 7.1.

Lemma 5.3 restrict the range for us to study.

Lemma 8.1. If a, b, c ∈ {0, 1, 2, · · · , N−1} be three different integers, then

κa
b

b
c ≡ 0

except the cases

(i) (a, b, c) = (pj , qj , r
′′) for r′′ ∈ S ∪ T .

(ii) (a, b, c) = (qj , pj , r
′′) for r′′ ∈ S ∪ T ,

(iii) (a, b, c) = (r, r′, r′′) for r, r′, r′′ ∈ T ,

(iv) (a, b, c) = (p, r′, r′′) for p ∈ P and r′, r′′ ∈ S ∪ T ,

(v) (a, b, c) = (q, r′, r′′) for q ∈ Q and r′, r′′ ∈ S ∪ T ,

where qj ∈ Q is the corresponding to pj ∈ P .

Proof.

(i) We will show that κa
b

b
c ≡ 0 when c ∈ P ∪ Q. If c = pj ∈ P , then

κb
pj

(w) 6= 0 (b 6= pj) only when b = qj by Lemma 5.3. If a 6= pj , qj , then

κa
qj

(w) ≡ 0 also by Lemma 5.3, namely, that κa
b

b
p ≡ 0 for p ∈ P . We

can prove that κa
b

b
q ≡ 0 for q ∈ Q in a similar way.

(ii) The cases left to consider are

κr
p′

p′

r′′ , κ
r
q′

q′

r′′ , κ
p

p′
p′

r′′ , κ
q

q′
q′

r′′ , κ
p

q′
q′

r′′ , κ
q

p′
p′

r′′ , κ
r
r′

r′

r′′ , κ
p

r′
r′

r′′ , κ
q

r′
r′

r′′ ,

for p, p′ ∈ P (p 6= p′), q 6= q′ ∈ Q (q 6= q′) and mutually different

r, r′, r′′ ∈ S ∪ T . The first four cases are zero because κr
p′(w), κr

q′ ,

κ
p

p′(w) and κ
q

q′(w) are zero by Lemma 5.3. The fifth and the sixth cases

are not zero only when p and q′, or p′ and q′ are corresponding to each

other.

We prepare one Lemma which is derived from Lemmas 6.1 and 6.2

Lemma 8.2. If κp
q
q
p 6= 0 for p < q, then κa

b (w) ≡ 0 for any a < p < b < q,

p < a < q < b, b < p < a < q and p < b < q < a.

Proof. We first recall that κp
q ∼ κq

p(w) by Theorem 7.1.
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(i) If a < p < b < q and κa
b (w) 6= 0, then κp

q(w) ∼ wκa
b (w) by (12). By

Lemma 6.2-iii, that κa
b

q
p 6= 0 implies that κq

p(w) ∼ κa
b (w). Because this

is in contradiction to κp
q ∼ κq

p(w), κa
b (w) must be zero.

(ii) If p < a < q < b and κa
b (w) 6= 0, then wκp

q(w) ∼ κa
b (w) by (12). By

Lemma 6.2-iv, that κa
b

q
p 6= 0 implies that κq

p(w) ∼ κa
b (w). Because this

is in contradiction to κp
q ∼ κq

p(w), κa
b (w) must be zero.

(iii) If b < p < a < q and κa
b (w) 6= 0, then κq

p(w) ∼ wκa
b (w) by (13). By

Lemma 6.2-iv, that κa
b

p
q 6= 0 implies that κp

q(w) ∼ κa
b (w). Because this

is in contradiction to κp
q ∼ κq

p(w), κa
b (w) must be zero.

(iv) If p < b < q < a and κa
b (w) 6= 0, then wκq

p(w) ∼ κa
b (w) by (13). By

Lemma 6.2-iii, that κa
b

p
q 6= 0 implies that κp

q(w) ∼ κa
b (w). Because this

is in contradiction to κp
q ∼ κq

p(w), κa
b (w) must be zero.

We can directly show that some of non-diagonal elements of K(z) are con-

stantly zero by Lemma 8.2 above.

Proposition 8.1.

κs
t (w) ≡ 0, κt

s(w) ≡ 0 for s ∈ S and t ∈ T , (35)

κ
p
t (w) ≡ 0, κt

p(w) ≡ 0 for p ∈ P (p 6= p1) and t ∈ T , (36)

κp
s(w) ≡ 0, κs

p(w) ≡ 0 for p ∈ P (p 6= pl) and s ∈ S, (37)

κ
q
t (w) ≡ 0, κt

q(w) ≡ 0 for q ∈ Q (q 6= q1) and t ∈ T , (38)

κq
s(w) ≡ 0, κs

q(w) ≡ 0 for q ∈ Q (q 6= ql) and s ∈ S, (39)

where l = ](P ).

Proof. Because κp1
q1

q1
p1
6= 0 and

p1 < s < q1 < t for s ∈ S and t ∈ T ,

p1 < pj < q1 < t for 1 < j ≤ l and t ∈ T ,

p1 < qj < q1 < t for 1 < j ≤ l and t ∈ T ,

we obtain (35), (36) and (38) by Lemma 8.2. Also Because κpl
ql

ql
pl
6= 0 and

pj < pl < s < ql for 1 ≤ j < l and s ∈ S,

pl < s < ql < qj for 1 ≤ j < l and s ∈ S,

we obtain (37) and (39).

We will determine the nonzero cases among specified in Lemma 8.1.

Lemma 8.3. κr
r′

r′

r′′ ≡ 0 for mutually different r, r′, r′′ ∈ S ∪ T .
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Proof. If {r, r′, r′′} contains both elements in S and T , then κr
r′

r′

r′′ ≡ 0

because κs
t (w) and κt

s(w) are zero for s ∈ S and t ∈ T by Proposition 8.1.

We only have to determine that κs
s′

s′

s′′ = 0 for mutually different s, s′, s′′ ∈ S

and that κt
t′

t′

t′′ = 0 for mutually different t, t′, t′′ ∈ T . We first show that

κs
s′

s′

s′′ = 0 by dividing cases according to the order among s, s′ and s′′.

(i) If s < s′ < s′′, then

(w1 − w2)κ
s
s′

s′

s′′ = w2〈κ
s
s′′(w), κs′+1

s′+1(w) − κs′

s′(w)〉 (40)

by Proposition 6.1. We know s′+ 1 ∈ S because s′ < s′′ ∈ S, and that

κs′+1
s′+1(w)− κs′

s′(w) = 0 by Theorem 7.1. We obtain κs
s′

s′

s′′ = 0 by (40).

(ii) If s < s′′ < s′, then

(w1 − w2)κ
s
s′

s′

s′′ = 〈κs
s′′(w), κs′

s′(w) − κs′−1
s′−1(w)〉 (41)

by Proposition 6.1. We know s′− 1 ∈ S because s′ > s′′ ∈ S, and that

κs′

s′(w)− κs′−1
s′−1(w) = 0 by Theorem 7.1. We obtain κs

s′
s′

s′′ = 0 by (41).

(iii) If s′ < s < s′′, then wκs′

s′′(w) ∼ κs
s′′(w) by Lemma 4.4, and

(w1 − w2)κ
s
s′

s′

s′′ = 〈κs
s′′(w), w(κs′

s′(w) − κs′−1
s′−1(w))〉 (42)

by Proposition 6.1. We also have that κs′

s′′(w) ∼ κq1
p1

(w) and κs
s′′(w) ∼

κq1
p1

(w) by (17) because p1 < s′ < s′′ < q1 and p1 < s < s′′ <

q1, respectively. Because κq1
p1

(w) 6= 0 by Theorem 7.1, we have that

κs′

s′′(w) = 0 or κs
s′′(w) = 0. We obtain κs

s′
s′

s′′ = 0 by (42).

(iv) If s′ < s′′ < s, then

(w1 − w2)κ
s
s′

s′

s′′ = 〈κs
s′′ (w), w(κs′+1

s′+1(w)− κs′

s′(w))〉 (43)

by Proposition 6.1. We know s′+ 1 ∈ S because s′ < s′′ ∈ S, and that

κs
′+1

s′+1(w)− κs′

s′(w) = 0 by Theorem 7.1. We obtain κs
s′

s′

s′′ = 0 by (43).

(v) If s′′ < s < s′, then wκs′

s′′ (w) ∼ κs
s′(w) by Lemma 4.4. We also have

that κs
s′(w) ∼ κq1

p1
(w) and κs′

s′′(w) ∼ κp1
q1

(w) by (17) and (16) because

p1 < s < s′ < q1 and p1 < s′′ < s′ < q1, respectively. Because κp1
q1

q1
p1
6=

0 and κp1
q1

(w) ∼ κq1
p1

(w) by Theorem 7.1, we have that κs′

s′′(w) = 0 or

κs
s′(w) = 0. We obtain κs

s′
s′

s′′ = 0.

(vi) If s′′ < s′ < s, then

(w1 − w2)κ
s
s′

s′

s′′ = w1〈κ
s
s′′ (w), κs′

s′(w)− κs′−1
s′−1(w)〉 (44)

by Proposition 6.1. We know s′− 1 ∈ S because s′ > s′′ ∈ S, and that

κs′

s′(w)− κs′−1
s′−1(w) = 0 by Theorem 7.1. We obtain κs

s′
s′

s′′ = 0 by (44).
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The proof that κt
t′

t′

t′′ = 0 (t, t′, t′′ ∈ T ) is done in a similar way. In the cases

t < t′ < t′′, t < t′′ < t′, t′ < t′′ < t and t′′ < t′ < t, we obtain κt
t′

t′

t′′ = 0

because κt′+1
t′+1(w) − κt′

t′(w) = 0 or κt′

t′(w)− κt′−1
t′−1(w) = 0.

If t′ < t < t′′, then wκt′

t′′ (w) ∼ κt
t′′(w) by Lemma 4.4, and

(w1 − w2)κ
t
t′

t′

t′′ = 〈κt
t′′(w), w(κt′

t′ (w)− κt′−1
t′−1(w))〉 (45)

by Proposition 6.1. We also have that κs′

s′′(w) ∼ wκp1
q1

(w) and κs
s′′(w) ∼

wκq1
p1

(w) by (14) because p1 < q1 < t′ < t′′ and p1 < q1 < s < s′′,

respectively. Because κp1
q1

(w) 6= 0 by Theorem 7.1, we have κt′

t′′(w) = 0 or

κt
t′′(w) = 0. We obtain κt

t′
t′

t′′ = 0 by (45).

If t′′ < t′ < t, then κt
t′(w) ∼ wκt′

t′′(w) by Lemma 4.4. κt
t′(w) ∼ wκq1

p1
(w) and

κt′

t′′(w) ∼ wκq1
p1

(w) by (15) because p1 < q1 < t′ < t and p1 < q1 < t′′ < t′,

respectively. Because κq1
p1

(w) 6= 0 by Theorem 7.1, we have κt
t′(w) = 0 or

κt′

t′′(w) = 0. We obtain κt
t′

t′

t′′ = 0.

Lemma 8.4. κ
p

r′
r′

r′′ ≡ 0 for p ∈ P and r′, r′′ ∈ S ∪ T (r′ 6= r′′).

Proof. Because κp
s(w) ≡ 0 for pl 6= p ∈ P and κ

p
t (w) ≡ 0 for p1 6= p ∈ P

by Proposition 8.1 we only have to consider κ
p1

t′
t′

r′′ (t′ ∈ T , r′′ ∈ S∪T ) and

κ
pl

s′
s′

r′′ (s′ ∈ S , r′′ ∈ S ∪ T ). Furthermore since κs
t (w) ≡ 0 and κt

s(w) ≡ 0

for s ∈ S and t ∈ T by Proposition 8.1, it is enough for us to study κ
p1

t′
t′

t′′

(t′, t′′ ∈ T t′ 6= t′′) and κ
pl

s′
s′

s′′ (s′, s′′ ∈ S s′ 6= s′′).

If p1 < s′ < s′′, then

(w1 − w2)κ
pl

s′
s′

s′′ = w2〈κ
pl

s′′ (w), κs′+1
s′+1(w) − κs′

s′(w)〉. (46)

by Proposition 6.1. Because s′ < s′′ ∈ S, s′ + 1 ∈ S. We have κs′+1
s′+1(w) −

κs′

s′(w) = 0 by Theorem 7.1 and κ
pl

s′
s′

s′′ ≡ 0 by (46).

If pl < s′′ < s′, then

(w1 − w2)κ
pl

s′
s′

s′′ = 〈wκ
pl

s′′ (w), κs′

s′(w)− κs′−1
s′−1(w)〉. (47)

Because s′ > s′′ ∈ S, s′−1 ∈ S. We have κs′

s′(w)−κs′−1
s′−1(w) = 0 by Theorem

7.1 and κ
pl

s′
s′

s′′ ≡ 0 by (47).

The proof that κ
p1

t′
t′

t′′ ≡ 0 (t′, t′′ ∈ T t′ 6= t′′) is all the same.

Lemma 8.5. κ
q

r′
r′

r′′ ≡ 0 for q ∈ Q and r′, r′′ ∈ S ∪ T (r′ 6= r′′).

Proof. Because κq
s(w) ≡ 0 for ql 6= q ∈ Q and κ

q
t (w) ≡ 0 for q1 6= q ∈ P

by Proposition 8.1 we only have to consider κ
q1

t′
t′

r′′ (t′ ∈ T , r′′ ∈ S ∪T ) and

κ
ql

s′
s′

r′′ (s′ ∈ S , r′′ ∈ S ∪ T ). Furthermore since κs
t (w) ≡ 0 and κt

s(w) ≡ 0
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for s ∈ S and t ∈ T by Proposition 8.1, it is enough for us to study κ
q1

t′
t′

t′′

(t′, t′′ ∈ T t′ 6= t′′) and κ
ql

s′
s′

s′′ (s′, s′′ ∈ S s′ 6= s′′).

If q1 < t′ < t′′, then

(w1 − w2)κ
q1

t′
t′

t′′ = w2〈κ
q1

t′′(w), κt
′+1

t′+1(w) − κt′

t′(w)〉, (48)

by Proposition 6.1. Because t′ < t′′ ∈ T , t′ + 1 ∈ T . We have κt′+1
t′+1(w) −

κt′

t′(w) = 0 by Theorem 7.1 and κ
q1

t′
t′

t′′ ≡ 0 by (48).

If q1 < t′′ < t′, then

(w1 − w2)κ
q1

t′
t′

t′′ = 〈wκ
q1

t′′ (w), κt′

t′(w) − κt′−1
t′−1(w)〉, (49)

by Proposition 6.1. Because t′ > t′′ ∈ T , t′ − 1 ∈ T . We have κt
′

t′(w) −

κt′−1
t′−1(w) = 0 by Theorem 7.1 and κ

q1

t′
t′

t′′ ≡ 0 by (49).

If s′ < s′′ < ql, then

(w1 − w2)κ
ql

s′
s′

s′′ = 〈κql

s′′(w), w(κs′+1
s′+1(w) − κs′

s′(w))〉, (50)

by Proposition 6.1. Because s′ < s′′ ∈ T , s′ + 1 ∈ S. We have κs′+1
s′+1(w) −

κs′

s′(w) = 0 by Theorem 7.1 and κ
ql

s′
s′

s′′ ≡ 0 by (50).

If s′′ < s′ < ql, then

(w1 − w2)κ
ql

s′
s′

s′′ = w1〈κ
ql

s′′(w), κs′

s′(w) − κs′−1
s′−1(w)〉, (51)

by Proposition 6.1. Because s′ > s′′ ∈ T , s′ − 1 ∈ S. We have κs′

s′(w) −

κs′−1
s′−1(w) = 0 by Theorem 7.1 and κ

ql

s′
s′

s′′ ≡ 0 by (51).

Lemma 8.6. κ
pj

qj

qj

r ≡ 0 (r ∈ S∪T ) except κp1
q1

q1

t (t ∈ T ) and κpl
ql

ql
s (s ∈ S),

and κ
qj

pj

pj

r ≡ 0 (r ∈ S ∪ T ) except κq1
p1

p1

t (t ∈ T ) and κql
pl

pl
s (s ∈ S).

Proof. Because κq
r(w) ≡ 0 except κq1

s (w) (s ∈ S) and κ
ql

t (w) (t ∈ T ) by

Proposition 8.1, we have κ
pj

qj

qj

r ≡ 0 (r ∈ S ∪ T ) except κp1
q1

q1

t (t ∈ T ) and

κpl
ql

ql
s (s ∈ S). Because κp

r(w) ≡ 0 except κ
p1

t (w) (t ∈ T ) and κpl
s (w) (s ∈ S)

by Proposition 8.1, we have κ
qj

pj

pj

r ≡ 0 (r ∈ S ∪T ) except κq1
p1

p1

t (t ∈ T ) and

κql
pl

pl
s (s ∈ S).

Proof of Theorem 8.1. Theorem 8.1 is proved by Lemma 8.1, Lemma

8.3, Lemma 8.4, Lemma 8.5 and Lemma 8.6.
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9. Relations among parameters

We first prove the following theorem in this section.

Theorem 9.1. Let K(z) be a solution to the reflection equation (6) whose

diagonal elements are specified in Theorem 7.1. If a, b ∈ {0, 1, 2, · · · , N−1}

be two different integers, then

κa
b (w) ≡ 0

except the cases

(i) (a, b) = (pj , qj), (qj , pj) for j = 1, 2, · · · , l

(ii) (a, b) = (p1, t) for t ∈ T ,

(iii) (a, b) = (pl, s) for s ∈ S,

(iv) (a, b) = (q1, t) for t ∈ T ,

(v) (a, b) = (s, ql) for s ∈ S,

where the integer l = ](P ) is specified in Theorem 7.1.

Proof. Except the cases specified above, we will show

(i) κp
a ≡ 0 for p ∈ P and a 6= p,

(ii) κs
a ≡ 0 for s ∈ S and a 6= s,

(iii) κq
a ≡ 0 for q ∈ Q and a 6= q,

(iv) κt
a ≡ 0 for t ∈ T and a 6= t,

in the followings.

(i)(a) κpi
pj

(w) ≡ 0 and κpi
qj

(w) ≡ 0 (i 6= j) by Lemma 5.3.

(b) If κ
pj

s (w) 6= (j 6= l, s ∈ S), then κ
pj

pl
(w) 6= 0 by Lemma 6.2 because

that κ
pj

s
ql
pl
6= 0 and that pj < pl < s < ql. This is in contradiction

to κ
pj

pl
(w) ≡ 0.

(c) If κ
pj

t (w) 6= (j 6= 1, t ∈ T ), then κ
pj

p1(w) 6= 0 by Lemma 6.2 because

that κ
pj

t
q1
p1
6= 0 and that p1 < pj < q1 < t. This is in contradiction

to κ
pj

p1(w) ≡ 0.

(ii) (a) κs
p(w) ≡ 0 (s ∈ S, p ∈ P ) by Lemma 5.3.

(b) If κs
s′(w) 6= 0 (s, s′ ∈ S s < s′), then

0 = (w1 − w2)κ
s
0
0
s′ = 〈κs

s′(w), wκ0
0(w) − w−1κN−1

N−1(w)〉

= A3f(w)〈κs
s′ (w), w − w−1〉 (52)

because of that 0 < s < s′ and of Proposition 6.1 and Theorem

7.1. We remark that the set T in Theorem 7.1 in not empty in

this case because 1 ≤ ](S) ≤ ](T ). It implies that N − 1 ∈ T and
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that wκ0
0(w) − w−1κN−1

N−1(w) = A3f(w)(w − w−1). Moreover we

also have

0 = (w1 − w2)κ
s
ql

ql

s′ = 〈wκs
s′ (w), κql

ql
(w) − κ

ql−1
ql−1(w)〉

= A0f(w)〈wκs
s′ (w), w − w−1〉 (53)

because of that s < s′ < ql, Proposition 6.1 and Theorem 7.1.

We remark that κql
ql

(w) − κ
ql−1
ql−1(w) = A0f(w)(w − w−1) because

ql − 1 ∈ S. We obtain κs
s′(w) ≡ 0 by (52) and (53). If κs

s′(w) 6= 0

(s, s′ ∈ S s > s′), then

0 = (w1 − w2)κ
s
N−1

N−1
s′ = 〈wκs

s′ (w), w(wκ0
0(w) − w−1κN−1

N−1(w))〉

= A3f(w)〈wκs
s′ (w), w(w − w−1)〉 (54)

0 = (w1 − w2)κ
s
pl

pl

s′ = 〈κs
s′(w), w(κpl+1

pl+1(w) − κpl

pl
(w))〉

= −A1f(w)〈κs
s′ (w), w(w − w−1)〉 (55)

because of that s′ < s < N − 1 and pl < s′ < s, respectively,

Proposition 6.1 and Theorem 7.1. We obtain κs
s′(w) ≡ 0 by (54)

and (55).

(c) κs
q(w) ≡ 0 (s ∈ S, q ∈ Q) by Lemma 5.3.

(d) κs
t (w) ≡ 0 (s ∈ S, t ∈ T ) by Proposition 8.1.

(iii) (a) κqi
pj

(w) ≡ 0 and κqi
qj

(w) ≡ 0 (i 6= j) by Lemma 5.3.

(b) If κ
qj

s (w) 6= (j 6= l, s ∈ S), then κql
qj

(w) 6= 0 by Lemma 6.2 because

that κpl
ql

qj

s 6= 0 and that pl < s < ql < qj . This is in contradiction

to κql
qj

(w) ≡ 0.

(c) If κ
qj

t (w) 6= (j 6= 1, t ∈ T ), then κ
qj

q1(w) 6= 0 by Lemma 6.2 because

that κp1
q1

qj

t 6= 0 and that p1 < qj < q1 < t. This is in contradiction

to κ
qj

q1(w) ≡ 0.

(iv) (a) κt
p(w) ≡ 0 (t ∈ T , p ∈ P ) by Lemma 5.3.

(b) κt
s(w) ≡ 0 (t ∈ T , s ∈ S) by Proposition 8.1.

(c) κt
q(w) ≡ 0 (t ∈ T , q ∈ Q) by Lemma 5.3.

(d) If κt
t′(w) 6= 0 (t, t′ ∈ T t < t′), then

0 = (w1 − w2)κ
t
0
0
t′ = 〈κt

t′(w), wκ0
0(w)− w−1κN−1

N−1(w)〉

= A3f(w)〈κt
t′ (w), w − w−1〉

because of that 0 < t < t′ and N − 1 ∈ T , Proposition 6.1 and

Theorem 7.1. It implies κt
t′(w) ∼ (w − w−1). On the other hand,

we have κt
t′(w) ∼ wκp1

q1
(w) = upwf(w)(w−w−1) because of (14) in

Lemma 6.1. We obtain κt
t′(w) ≡ 0. If κt

t′(w) 6= 0 (t, t′ ∈ T t > t′),
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then

0 = (w1 − w2)κ
t
q1

q1

t′ = 〈κs
s′(w), w(κq1+1

q1+1(w) − κq1
q1

(w))〉

= A2f(w)〈wκs
s′ (w), w2(w − w−1)〉

because of that q1 < t′ < t , Proposition 6.1 and Theorem 7.1. On

the other hand, we have κt
t′(w) ∼ wκq1

p1
(w) = vpwf(w)(w − w−1)

because of (15) in Lemma 6.1. We obtain κt
t′(w) ≡ 0.

Lemma 4.4 determine the possible form of the non-diagonal elements.

Proposition 9.1. Let K(z) be a solution to the reflection equation

(6) whose diagonal elements are specified in Theorem 7.1. If a, b ∈

{0, 1, 2, · · · , N − 1} be two different integers, then

(i) κ
pj

qj (w) = upj
f(w)(w − w−1) and κ

qj

pj (w) = upj
f(w)(w − w−1) for

j = 1, 2, · · · , l,

(ii) κpl
s (w) = xsf(w)(w −w−1) and κs

ql
(w) = xsf(w)(w −w−1) for s ∈ S,

(iii) κ
p1

t (w) = ytf(w)(w−w−1) and κ
q1

t (w) = ytwf(w)(w−w−1) for t ∈ T ,

where the integer l = ](P ) = ](Q) and m = ](S) are specified in Theorem

7.1 and where xs, xs (s ∈ S) and yt, yt (t ∈ T ) are parameters in C. Other

off-diagonal elements K(z) not specified above are constantly zero. These

off-diagonal elements satisfy Lemma 4.4.

Proof. We have to consider Cabc in Definition 4.8 only when one of a, b and

c, say α, has two integers β and γ in {0, 1, 2, · · · , N−1} such that κα
β

α
γ 6= 0,

κβ
α

α
γ 6= 0 or κβ

α
γ
α 6= 0, and −beta and γ are also members of {a, b, c}. If it

is not the case, Cabc has at most one element, and Lemma 4.4 is trivially

fulfilled.

The elements α in {0, 1, 2, · · · , N − 1} which has two integers β and γ such

that κα
β

α
γ 6= 0, κβ

α
α
γ 6= 0 or κβ

α
γ
α 6= 0 are p1, s ∈ S, pl, ql, q1 and t ∈ T . The

relevant Cabc are only Cp1q1t (t ∈ T ) and Cplsql
(s ∈ S).

In Cp1q1t (t ∈ T ),

κp1
q1

(w) = up1f(w)(w − w−1) 6= 0,

κq1
p1

(w) = vp1f(w)(w − w−1) 6= 0,

and p1 < q1 < t, we obtain

κ
p1

t (w) = ytf(w)(w − w−1),

κ
q1

t (w) = ytf(w)(w − w−1),

for some parameters yt, yt.
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In Cplsql
(s ∈ S),

κpl

ql
(w) = upl

f(w)(w − w−1) 6= 0,

κql

pl
(w) = vpl

f(w)(w − w−1) 6= 0,

and pl < s < ql, we obtain

κpl

s (w) = xsf(w)(w − w−1),

κs
ql

(w) = xsf(w)(w − w−1),

for some parameters xs, xs.

These parameters have to satisfy the conditions in Proposition 6.1 and

Lemma 6.1. The proof of the following is straightforward from Theorem

7.1.

Lemma 9.1.

wκ0
0(w) − w−1κN−1

N−1(w) = A3(w − w−1),

κ1
1(w) − κ0

0(w) =







0 if l = ](P ) > 1

A0(w − w−1) if l = ](P ) = 1 and m = ](S) = 0

−A1(w − w−1) if l = ](P ) = 1 and m = ](S) > 0

,

κpl+1
pl+1(w) − κpl

pl
(w) =

{
(A0 − A1)(w − w−1) if m = ](S) = 0

−A1(w − w−1) if m = ](S) > 0

κql
ql

(w) − κql−1
ql−1(w) = A0(w − w−1),

κq1+1
q1+1(w) − κq1

q1
(w) = −A2w(w − w−1) if ](T ) > 0

κN−1
N−1(w) − κN−2

N−2(w) =







0 if ](T ) = 0

−A2w(w − w−1) if ](T ) = 1
0 if ](T ) > 1

Corollary 9.1.

wκ0
0(w) − w−1κN−1

N−1(w) ∼ w − w−1,

κ1
1(w)− κ0

0(w) ∼ w − w−1,

κ
pl+1
pl+1(w) − κpl

pl
(w) ∼ w − w−1,

κql

ql
(w) − κ

ql−1
ql−1(w) ∼ w − w−1,

κN−1
N−1(w) − κN−2

N−2(w) ∼ w(w − w−1).
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Proposition 9.2. Let K(z) be a solution to the reflection equation (6),

whose elements are specified in Theorem 7.1 and Proposition 9.1. The nec-

essary and sufficient conditions for K(z) to satisfy the conditions in Propo-

sition 6.1 is that the parameters A0, A1, A2, A3, up1 , vp1 , upl
, vpl

satisfy
{

upl
xs = xsA0

vpl
xs = xsA1

(s ∈ S),

{
up1yt = ytA2

vp1yt = ytA3
(t ∈ T ).

Proof. If κa
b

b
c = 0 and κa

c (w) = 0, then the conditions in Proposition 6.1

are trivially satisfied as 0 = 〈0, g〉, where g is a function of w. If κa
b

b
c = 0 and

κa
c (w) 6= 0, then the conditions in Proposition 6.1 are satisfied as 0 = 〈g, g〉

or 0 = 〈g, 0〉 by Corollary 9.1. The relation among the parameters arise

when κa
b

b
c 6= 0 and κa

c (w) 6= 0. Such case are specified in Theorem 8.1. We

will study them.

(i) In the case of (a, b, c) = (p1, q1, t) (t ∈ T ), we have

(w1 − w2)κ
p1
q1

q1

t = w2〈κ
p1

t (w), κq1+1
q1+1(w)− κq1

q1
(w)〉

by Proposition 6.1 because p1 < q1 < t. Substituting the results for

κp1
q1

(w), κ
q1

t (w) and κ
p1

t (w), in Proposition 9.1, we obtain

(w1 − w2) · up1(w1 − w−1
1 ) · ytw2(w2 − w−1

2 )

= w2〈yt(w − w−1),−A2w(w − w−1)〉,

= −ytA2w2(w2 − w1)(w1 − w−1
1 )(w2 − w−1

2 ),

up1yt = ytA2.

(ii) In the case of (a, b, c) = (pl, ql, s) (s ∈ S), we have

(w1 − w2)κ
pl

ql

ql

s = 〈wκpl

s (w), κql

ql
(w) − κ

q1−1
q1−1(w)〉

by Proposition 6.1 because pl < s < ql. Substituting the results for

κpl
ql

(w), κql
s (w) and κpl

s (w), in Proposition 9.1, we obtain

(w1 − w2) · upl
(w1 − w−1

1 ) · xs(w2 − w−1
2 )

= 〈xsw(w − w−1), A0(w − w−1)〉,

= xsA0(w1 − w2)(w1 − w−1
1 )(w2 − w−1

2 ),

upl
xs = xsA0.

(iii) In the case of (a, b, c) = (q1, p1, t) (t ∈ T ), we have

(w1 − w2)κ
q1
p1

p1

t = (w1 − w2)κ
q1

0
0
t = 〈κq1

t (w), wκ0
0(w)− w−1κN−1

N−1(w)〉
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by Proposition 6.1 because 0 = p1 < q1 < t. Substituting the results

for κq1
p1

(w), κ
p1

t (w) and κ
q1

t (w), in Proposition 9.1, we obtain

(w1 − w2) · vp1(w1 − w−1
1 ) · yt(w2 − w−1

2 )

= 〈ytw(w − w−1), A3(w − w−1)〉,

= ytA3(w1 − w2)(w1 − w−1
1 )(w2 − w−1

2 ),

vp1yt = ytA3.

(iv) In the case of (a, b, c) = (ql, pl, s) (s ∈ S), we have

(w1 − w2)κ
ql

pl

pl

s = 〈κql

s (w), w(κpl+1
pl+1(w) − κpl

pl
(w))〉

by Proposition 6.1 because 0 = p1 < s < q1. Substituting the results

for κql
pl

(w), κpl
s (w) and κql

s (w), in Proposition 9.1, we obtain

(w1 − w2) · vpl
(w1 − w−1

1 ) · xs(w2 − w−1
2 )

= 〈xsw(w − w−1),−A1w(w − w−1)〉,

= −xsA1(w2 − w1)(w1 − w−1
1 )(w2 − w−1

2 ),

vpl
xs = xsA1.

Proposition 9.3. Let K(z) be a solution to the reflection equation (6)

whose elements are specified in Theorem 7.1 and Proposition 9.1. The nec-

essary and sufficient conditions for K(z) to satisfy the conditions in Lemma

6.1 is that the parameters xs, xs (s ∈ S), yt, yt (t ∈ T ), satisfy

xsxs′ = xsxs′ (s, s′ ∈ S),

ytyt′ = ytyt′ (t, t′ ∈ T ).

Proof. The conditions in Lemma 6.1 we have to consider are

(i) (20) for (a, b, c, d) = (p1, q1, t, t
′) (t, t′ ∈ T ),

(w1 − w2)w
−1
1 κ

q1

t′
p1

t = 〈κq1

t (w), κp1

t′ (w)〉,

(ii) (22) for (a, b, c, d) = (pl, s, s
′, ql) (s, s′ ∈ S),

(w1 − w2)κ
pl

s′
ql

s = 〈wκpl

s (w), κql

s′(w)〉.

We can check that the other conditions are fulfilled with ease. Substitut-

ing the results of Proposition 9.1 into above, we obtain the results in the

statement.
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10. Main results

We summarized briefly what we have proved so far.

• Proposition 4.1, which states that, that

K(z) =
(
z−a−bκa

b (w)
)

a,b=0,1,··· ,N−1
(w = zN )

is a solution to the reflection equation is equivalent to that K(z) satisfy

the conditions in Lemma 4.4 and type I, type VI, type X, type XIII

and type XIV components of the reflection equation,

• Theorem 7.1, which determines the diagonal elements of K(z) by

Lemma 4.4 and type X components of the reflection equation, and

the results inevitably satisfy the type X components.

• Theorem 9.1, which determines the non-zero off-diagonal elements of

K(z),

• Proposition 9.1, Proposition 9.2 and Proposition 9.3, which describe

the necessary and sufficient conditions for K(z) to satisfy Lemma 4.4,

type VI, VI, VI components, and type I components, respectively.

We already have proved the main theorem for us. We write it down explicitly

below according to the cases

(i) S = ∅ and T = ∅,

(ii) S = ∅ and T 6= ∅,

(iii) ](P ) = 1, S 6= ∅ and T 6= ∅,

(iv) ](P ) > 1, S 6= ∅ and T 6= ∅,

where P, Q, R ⊂ {0, 1, 2, · · · } are in Definition 7.1 and Proposition 7.3. We

remark that the case S 6= ∅ and T = ∅ does not occur because ](S) = m ≤

N − 2l −m = ](T ).

Theorem 10.1. If K(z) =
(
z−a−bκa

b (w)
)

a,b=0,1,··· ,N−1
is a solution to the

reflection equation (6), which satisfies the assumptions (2) and (3), then

there exist two integers 1 ≤ l ≤ [N/2] and 0 ≤ m ≤ [(N − 2l)/2] and K(z)

is similar to only one of (i), (ii), (iii) and (iv) below.

(i) When S = ∅ and T = ∅, namely when N is even and N = 2l, K(z)

has two parameters

A0, A3

for the diagonal elements, and N parameters

ul, vl (l = 0, 1, · · · , N/2− 1)
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for the off-diagonal elements, which satisfy the relations

upvp = up′vp′ (p, p′ = 0, 1, 2, · · ·N/2− 1).

The non-zero elements of K(z) are

κp
p(w) = A0w

−1 + A3 (p = 0, 1, 2, · · ·N/2− 1),

κq
q(w) = A0w + A3 (q = N/2, N/2 + 1, · · · , N − 1),

κ
p

N−p−1(w) = up(w − w−1) (p = 0, 1, 2, · · ·N/2− 1),

κ
q

N−q−1(w) = vp(w − w−1) (q = N/2, N/2 + 1, · · · , N − 1).

(ii) When S = ∅ and T 6= ∅, namely when N > 2, 1 ≤ l ≤ [(N − 1)/2] and

m = 0, K(z) has three parameters

A0, A2, A3

for the diagonal elements, and 2N − 2l parameters

up, vp (p = 0, 1, · · · l − 1)

yt, yt (t = 2l, 2l + 1, · · · , N − 1)

for the off-diagonal elements, which satisfy the relations

upvp = A2A3 (p = 0, 1, · · · , l− 1)

ytyt′ = ytyt′ (t, t′ = 2l, 2l + 1, · · · , N − 1),

u0yt = ytA2 (t = 2l, 2l + 1, · · · , N − 1),

v0yt = ytA3 (t = 2l, 2l + 1, · · · , N − 1).

The non-zero elements of K(z) are

κp
p(w) = A0w

−1 −A2 + A3 (p = 0, 1, 2, · · · l − 1),

κq
q(w) = A0w −A2 + A3 (q = l, l + 1, · · · , 2l− 1),

κt
t(w) = A3 + A0w −A2w

2 (t = 2l, 2l + 1, · · · , N − 1),

κ
p

2l−p−1(w) = up(w − w−1) (p = 0, 1, 2, · · · l − 1),

κ
q

2l−q−1(w) = vp(w − w−1) (q = l, l + 1, · · · , 2l− 1),

κ0
t (w) = yt(w − w−1) (t = 2l, 2l + 1, · · · , N − 1),

κ2l−1
t (w) = ytw(w − w−1) (t = 2l, 2l + 1, · · · , N − 1),

(iii) When ](P ) = 1, S 6= ∅ and T 6= ∅, namely when N > 2, l = 1 and

0 < m ≤ [N/2− 1], K(z) has four parameters

A0, A1, A2, A3
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for the diagonal elements, and 2N − 2 parameters

u0, v0

xs, xs (s = 1, 2, · · · , m)

yt, yt (t = m + 2, m + 3, · · · , N − 1)

for the off-diagonal elements, which satisfy the relations

u0v0 = A0A1

u0v0 = A2A3

xsxs′ = xsxs′ (s, s′ = 1, 2, · · · , m),

u0xs = xsA0 (s = 1, 2, · · · , m),

v0xs = xsA1 (s = 1, 2, · · · , m).

ytyt′ = ytyt′ (t, t′ = m + 2, m + 3, · · · , N − 1),

u0yt = ytA2 (t = m + 2, m + 3, · · · , N − 1),

v0yt = ytA3 (t = m + 2, m + 3, · · · , N − 1).

The non-zero elements of K(z) are

κ0
0(w) = (A0 −A1)w

−1 −A2 + A3,

κs
s(w) = A0w

−1 −A2 + A3 −A1w (s = 1, 2, · · · , m),

κm+1
m+1(w) = (A0 −A1)w −A2 + A3,

κt
t(w) = A3 + (A0 −A1)w −A2w

2 (t = m + 2, m + 3, · · · , N − 1),

κ0
m+1(w) = u0(w − w−1),

κm+1
0 (w) = v0(w − w−1),

κ0
s(w) = xs(w − w−1), (s = 1, 2, · · · , m),

κm+1
s (w) = xs(w − w−1) (s = 1, 2, · · · , m),

κ0
t (w) = yt(w − w−1) (t = m + 2, m + 3, · · · , N − 1),

κm+1
t (w) = ytw(w − w−1) (t = m + 2, m + 3, · · · , N − 1),

(iv) When ](P ) > 1, S 6= ∅ and T 6= ∅, namely when N > 2, 1 < l < [N/2]

and 0 < m ≤ [(N − 2l)/2], K(z) has four parameters

A0, A1, A2, A3

for the diagonal elements, and 2N − 2l parameters

up, vp (p = 0, 1, · · · , l − 1)

xs, xs (s = l, l + 1, · · · , l + m− 1)

yt, yt (t = 2l + m, 2l + m + 1, · · · , N − 1)
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for the off-diagonal elements, which satisfy the relations

upvp = A0A1 (p = 0, 1, · · · , l − 1)

upvp = A2A3 (p = 0, 1, · · · , l − 1)

xsxs′ = xsxs′ (s, s′ = l, l + 1, · · · , l + m− 1),

ul−1xs = xsA0 (s = l, l + 1, · · · , l + m− 1),

vl−1xs = xsA1 (s = l, l + 1, · · · , l + m− 1).

ytyt′ = ytyt′ (t, t′ = 2l + m, 2l + m + 1, · · · , N − 1),

u0yt = ytA2 (t = 2l + m, 2l + m + 1, · · · , N − 1),

v0yt = ytA3 (t = 2l + m, 2l + m + 1, · · · , N − 1).

The non-zero elements of K(z) are

κp
p(w) = (A0 −A1)w

−1 −A2 + A3

(p = 0, 1, · · · , l − 1),

κs
s(w) = A0w

−1 −A2 + A3 −A1w,

(s = l, l + 1, · · · , l + m− 1),

κq
q(w) = (A0 −A1)w −A2 + A3,

(q = l + m, l + m + 1, · · · , 2l + m− 1),

κt
t(w) = A3 + (A0 −A1)w −A2w

2,

(t = 2l + m, 2l + m + 1, · · · , N − 1),

κ
p

2l+m−p−1(w) = up(w − w−1) (p = 0, 1, · · · , l − 1),

κ2l+m−p+1
p (w) = vp(w − w−1) (p = 0, 1, · · · , l − 1),

κl−1
s (w) = xs(w − w−1), (s = l, l + 1, · · · , l + m− 1),

κ2l+m−1
s (w) = xs(w − w−1) (s = l, l + 1, · · · , l + m− 1),

κ0
t (w) = yt(w − w−1) (t = 2l + m, 2l + m + 1, · · · , N − 1),

κ2l+m−1
t (w) = ytw(w − w−1) (t = 2l + m, 2l + m + 1, · · · , N − 1),

We can check with the direct calculation that K(z) in Theorem 10.1 satisfies

the initial condition K(1) = ρ0IdCN and the unitarity K(z)K(z−1) =

ρK(z)IdCN⊗CN

Proposition 10.1. The K-matrix K(z) in Theorem 10.1 satisfies the ini-

tial condition and the unitarity

K(1) = ρ0IdCN ,

K(z)K(z−1) = ρK(z)IdCN⊗CN ,
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where ρ0 and ρk(z) are

(1) When S = ∅ and T = ∅, namely when N is even and N = 2l,

ρ0 = A0 + A3,

ρK(z) = (A0w
−1 + A3)(A0w + A3)− u0v0(w − w−1)2.

(2) When S = ∅ and T 6= ∅, namely when N > 2, 1 ≤ l ≤ [(N − 1)/2] and

m = 0,

ρ0 = A0 −A2 + A3,

ρK(z) = (A0w
−1 −A2w

−2 + A3)(A0w −A2w
2 + A3).

(3) When ](P ) = 1, S 6= ∅ and T 6= ∅, namely when N > 2, l = 1 and

0 < m ≤ [N/2− 1],

ρ0 = A0 −A1 −A2 + A3

ρK(z) = (A0w
−1 −A1w

−1 −A2w
−2 + A3)(A0w −A1w −A2w

2 + A3).

(4) When ](P ) > 1, S 6= ∅ and T 6= ∅, namely when N > 2, 1 < l < [N/2]

and 0 < m ≤ [(N − 2l)/2],

ρ0 = A0 −A1 −A2 + A3

ρK(z) = (A0w
−1 −A1w

−1 −A2w
−2 + A3)(A0w −A1w −A2w

2 + A3).

We can count the number of solutions.

Corollary 10.1. The number of solutions NN for N ≥ 2 to the reflection

equation (6) classified in Theorem10.1 is

NN =
1

2
n(n + 1) (N = 2n, N = 2n + 1).

Proof.

(i) If N = 2n, S = ∅ and T = ∅, the number of solution of this case is 1.

(ii) If N = 2n, S = ∅ and T 6= ∅, the number of solution of this case is

n− 1 because l = 1, 2, · · · , n− 1.

(iii) If N = 2n, ](P ) = 1, S 6= ∅ and T 6= ∅, the number of solution of this

case is n− 1 because m = 1, 2, · · · , n− 1.

(iv) If N = 2n, ](P ) > 1, S 6= ∅ and T 6= ∅, the number of solution of this

case is
n−1∑

l=2

n−l∑

m=1

1 =
1

2
n2 −

3

2
n + 1,

because l = 2, 3 · · · , n− 1 and m = 1, 2, · · · , n− l.
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We have

N2n = 1 + (n− 1) + (n− 1) +

(
1

2
n2 −

3

2
n + 1

)
=

1

2
n(n + 1).

We can count the number of each kind of solutions.

(i) If N = 2n + 1, S = ∅ and T = ∅, the number of solution of this case is

0.

(ii) If N = 2n + 1, S = ∅ and T 6= ∅, the number of solution of this case is

n because l = 1, 2, · · · , n.

(iii) If N = 2n, ](P ) = 1, S 6= ∅ and T 6= ∅, the number of solution of this

case is n− 1 because m = 1, 2, · · · , n− 1.

(iv) If N = 2n, ](P ) > 1, S 6= ∅ and T 6= ∅, the number of solution of this

case is
n−1∑

l=2

n−l∑

m=1

1 =
1

2
n2 −

3

2
n + 1,

because l = 1, 2, · · · , n and m = 1, 2, · · · , n− l.

We have

N2n+1 = 0 + n + (n− 1) +

(
1

2
n2 −

3

2
n + 1

)
=

1

2
n(n + 1).

We define an N -by-N diagonal matrix D(z) to express some example.

Definition 10.1.

D(z) := diag(1, z, z2, · · · , zN−1).

Example 10.1. When N = 2, the solution in Theorem 10.1 is well-

known1.3 That is

D(z)K(z)D(z) =

(
A0w

−1 + A3 u0(w − w−1)

v0(w − w−1) A0w + A3

)
,

where there is no relation among parameters.

Example 10.2.
9 When N = 3, there is only one solution upto the similar-

ity, which is corresponding to the case (N = 3, l = 1, m = 0) in Theorem

10.1. That is

D(z)K(z)D(z)

=




A0w
−1 −A2 + A3 u0(w − w−1) y2(w − w−1)

v0(w − w−1) A0w −A2 + A3 y2w(w − w−1)

0 0 A3 −A1w −A2w
2


 ,
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where there are relations among parameters,

u0v0 = A2A3,

u0y2 = y2A2,

v0y2 = y2A3

The relations above can be rewritten in the determinant form,

rank

[
u0 A3 y2

A2 v0 y2

]
= 1,

by which the parameter space is isomorphic to C ⊕
(
P

1 ⊗P
2
)
, and bira-

tionally to C⊕P
3. (The space C corresponds to the parameter A0.)

Example 10.3. In the case of l = 1 and m = 0, the relations are rewritten

rank

[
u0 A3 y2 y3 · · · yN−1

A2 v0 y2 y3 · · · yN−1

]
= 1,

which implies that the parameter space is isomorphic to C⊕
(
P

1 ⊗P
N−1

)
,

and birationally to C⊕P
N .

References

1. E. K. Sklyanin, ”Boundary conditions for integrable quantum systems”,
J. Phys. A: Math. Gen. 21, pp2375-2389, (1988)

2. A.A. Belavin, ”Dynamical symmetries of integrable quantum system”,
Nucl. Phys. B180 [FS21], pp189-200, (1981)

3. P.P. Kulish and E. K. Sklyanin, ”The general Uq(sl(2)) invariant XXZ inte-
grable quantum spin chain”, J. Phys. A: Math. Gen. 24, L435-L439”, (1991)

4. I.V. Cherednik, ”On the properties of factorized S-matrices in elliptic func-
tions”, Sov. J. Nucl. Phys. 36, pp320-324, (1982)

5. A. Bovier, ”Factorized S-matrices and generalized Baxter model”,
J. Math. Phys. 24, pp631-641, (1983)

6. C.A. Tracy, ”Embedded elliptic curve and Yang-Baxter equations”,
Phisica 16D, pp203-222, (1985)

7. M.P. Richey and C.A. Tracy, ”Zn Baxter model: Symmetries and the
Belavin’s parameterization”, J. Stat. Phys. 42, pp311-348, (1986)

8. Y. Yamada, ”A remark on solutions of reflection equation for the critical
ZN -symmetric vertex model”, J. Phys. A: Math. Gen. 37, pp521-535, (2004)

9. Y. Yamada, ”Segre threefold and N = 3 reflection equation”,
Phys. Lett. A. 298, pp350-360, (2002)

10. Y.Yamada, in preparation.



The present volume is me result e* me international wcckshcp on New 
Trends ft Quantum fntefrabls Systems that was held In Kyoto. Japan, 

I from 27 to 31 July 2009. As a contruatwi of me RIMS Research 
Prefect 'Method of Wgebrafc Analysis in Integrate Systems" In 2004. 
the wurtahop's aim was to cover exciting new developments that have 
emerged during me recent yean 

Collected here are research articles based on Ihe tafcs presented al the 
workshop, including the latest results obtained thereafter. The subjects 
discussoi range across diverse areas such as cemtobon functions of 
solvable nodds. bntegrable models in quantum field theory, corrlrxmal 
field metfy. mathematical aspects of Beme ansatt, specif functions 
and Inttyable ditftfrentiatfdifference equatfons. representation theory of 
infinite dmenaonal algebras, <nlegrat*e modete and combinatcrics* 

Through these topics, the reader can learn aboul me most recent 
deteiopiTcnts n the field of Quantum integrate systems find related 
areas of rathema&cal physics. 

NEW TRENDS IN 

QUANTUM INTEGRABLE 
SYSTEMS 

World Scientific 
www.worWscientiicxom 
7231 be 

HjjmyjyyTm 
/ a w 4 j ^ 4 j q o 1 H W M H . I H 

tttff Ml « ■ » - * 
rat icwi * 

I n iitit i 


	CONTENTS
	PREFACE
	WORKSHOP PROGRAM
	LIST OF PARTICIPANTS
	PROPERTIES OF LINEAR INTEGRAL EQUATIONS RELATED TO THE SIX-VERTEX MODEL WITH DISORDER PARAMETER
	1. Introduction
	2. Linear integral equations
	3. Conclusions
	Acknowledgment
	References

	ALGEBRAIC ASPECTS OF THE CORRELATION FUNCTIONS OF THE INTEGRABLE HIGHER-SPIN XXZ SPIN CHAINS WITH ARBITRARY ENTRIES
	1. Introduction
	2. Symmetric and asymmetric R-matrices
	2.1. R-matrix and the monodromy matrix of type (1, 1⊗L)
	2.2. Gauge transformations
	2.3. Monodromy matrices
	2.4. Operator R: Another form of the R-matrix

	3. The quantum group invariance
	3.1. Quantum group Uq(sl2)
	3.2. Temperley-Lieb algebra
	3.3. Basis vectors of spin-l=2 representation of Uq(sl2)
	3.4. Conjugate vectors
	3.5. Hermitian elementary matrices
	3.6. Projection operators

	4. Fusion construction
	4.1. Higher-spin monodromy matrix of type (l, (2s)⊗Ns)
	4.2. Integrable spin-s Hamiltonians

	5. Spin-l=2 massless XXZ correlation functions
	5.1. Spin-s local operators in terms of global operators
	5.2. Symbols for expressing sequences
	5.3. Conjecture of the spin-s ground-state solution
	5.4. Correlation functions of the integrable spin-s XXZ model on a long finite chain

	5.5. Multiple-integral representations of spin-s XXZ correlation function for arbitrary matrix elements

	6. Derivation of finite-sum expression of spin-s XXZ correlation functions with arbitrary entries

	6.1. Fundamental commutation relations
	6.2. Finite-sum expression of correlation functions for a finite chain

	Acknowledgments
	References

	CHARACTERS OF COINVARIANTS IN (1, p) LOGARITHMIC MODELS
	1. Introduction
	1.1. Coinvariants
	1.2. Representation categories
	1.3. The main statement

	2. General facts about (1, p) models
	2.1. The doublet algebra
	2.2. Irreducible modules of A(p)

	3. Structure of the category A
	3.1. Linkage classes and indecomposable modules
	3.2. Quasitensor structure

	4. Characters of induced modules
	4.1. Induced modules of A(p)
	4.2. Decompositions of induced A(p)-modules
	4.3. Characters of induced modules
	4.4. Abelianization

	5. Characters of multiplicity spaces
	5.1. Multiplicity spaces as coinvariants

	5.2. Felder resolution

	6. Conclusions
	Acknowledgments
	References

	XXZ SCALAR PRODUCTS, MIWA VARIABLES AND DISCRETE KP
	1. Introduction
	2. Symmetric functions and Casoratians
	3. The XXZ spin-1/2 chain and the Algebraic Bethe Ansatz
	4. Continuous KP, Miwa variables and discrete KP
	5. Bethe scalar products are discrete KP τ-functions
	6. Remarks
	Acknowledgements
	References

	QUANTUM SPIN CHAINS AT FINITE TEMPERATURES
	1. Introduction
	2. The QTM formulation
	2.1. The problem
	2.2. The Baxter-Luscher formula
	2.3. A summary of results for bulk quantities
	2.4. The 1D quantum partition function as a 2D classical partition function
	2.5. Commuting QTM

	3. Diagonalization and NLIE
	3.1. Bethe roots
	3.2. Non-linear Integral Equation (NLIE)

	4. DME (density matrix elements) at finite temperatures
	5. Summary and discussion
	Acknowledgments
	References

	TROPICAL SPECTRAL CURVES, FAY'S TRISECANT IDENTITY, AND GENERALIZED ULTRADISCRETE TODA LATTICE
	1. Introduction
	2. Tropical curves and Riemann's theta function
	2.1. Good tropicalization of algebraic curves
	2.2. Smoothness of tropical curves
	2.3. Tropical Riemann's theta function
	2.4. Tropical analogue of Fay's trisecant identity
	2.5. Tropical Jacobian

	3. Discrete and ultradiscrete generalized Toda lattice
	3.1. Generalized discrete periodic Toda lattice T(M,N)
	3.2. Generalized ultradiscrete periodic Toda lattice T(M,N)
	3.3. Spectral curves for T(M,N) and good tropicalization

	4. General solutions to T(M,N)
	4.1. Bilinear equation
	4.2. Example: T(3, 2)
	4.3. Conjectures on T(M,N)

	Acknowledgements
	References

	ON ONE-POINT FUNCTIONS OF DESCENDANTS IN SINE-GORDON MODEL
	1. Introduction
	2. Two scaling limits of the XXZ model and two chiralities
	3. Inhomogeneous six vertex model and sine-Gordon model
	References

	PERFECT CRYSTALS FOR THE QUANTUM AFFINE ALGEBRA Uq(C(1)n)
	Introduction
	1. Quantum affine algebras and perfect crystals

	2. The adjoint crystals of type C(1)n
	3. Kirillov-Reshetikhin crystals B1,2lA(2)2n+1 and B1,2lC(1)n
	4. Main Theorem
	References

	BOUNDARY QUANTUM KNIZHNIK-ZAMOLODCHIKOV EQUATION
	1. Introduction
	2. Boundary quantum Knizhnik-Zamolodchikov equation
	3. Eigenvalue problem
	3.1. Affine Hecke algebra and Noumi representation

	3.2. qKZ family
	3.3. Eigenvalue problem

	4. Special solutions
	4.1. Non-symmetric Koornwinder polynomials
	4.2. Generic case
	4.3. Specialized case 1
	4.4. Specialized case 2

	Acknowledgements

	References

	A PENTAGON OF IDENTITIES, GRADED TENSOR PRODUCTS, AND THE KIRILLOV-RESHETIKHIN CONJECTURE
	1. Introduction
	1.1. The objects of interest
	1.1.1. Kirillov-Reshetikhin modules
	1.1.2. Chari's graded g[t]-modules
	1.1.3. Decomposition of tensor products
	1.1.4. The combinatorial KR-conjecture: The M-sum formula
	1.1.5. The HKOTY N-sum formula
	1.1.6. Feigin-Loktev fusion products

	1.2. A pentagon of identities
	1.3. Plan of the paper

	2. Definitions

	2.1. Finite-dimensional g[t]-modules and the fusion action
	2.2. Chari's KR-modules of g[t]
	2.3. Fusion products and the Fegin-Loktev conjecture

	3. Functional realization of fusion spaces
	3.1. Characterization of functions in Cλ,n
	3.2. Filtration of the space of functions

	4. Proof of the M = N conjecture
	4.1. The case of sl2
	4.2. The simply-laced case
	4.3. The non-simply laced case

	5. Summary
	6. Acknowlegments
	References

	TBA FOR THE TODA CHAIN
	1. Introduction
	2. Separation of variables approach to the Toda chain
	2.1. Integrability of the Toda chain
	2.2. Separation of variables

	3. Quantization conditions
	3.1. Gutzwiller's formulation of the quantization conditions
	3.2. Reformulation in terms of solutions to a nonlinear integral equation
	3.3. Solutions to the Baxter equation from the solutions to a NLIE
	3.4. Definition of Yang's potential


	Appendix A. Properties of Gutzwiller's solutions
	Appendix A.1. Analytic properties of Gutzwiller's solution
	Appendix A.2. Bounds for K+

	Appendix B. Existence and uniqueness of solutions to the non-linear integral equation
	Appendix C. Baxter Equation and quantization conditions from TBA
	Appendix C.1. Analytic properties of Q±δ

	Appendix C.2. Baxter equation
	Appendix C.3. The quantization conditions

	References

	GENERALIZED ENERGIES AND INTEGRABLE D(1)n CELLULAR AUTOMATON
	1. Introduction
	2. Generalized energies for D(1)n crystal
	2.1. Crystals and combinatorial R
	2.2. Generalized local energies
	2.3. Generalized energies

	3. Integrable D(1)n cellular automaton
	3.1. States and time evolution
	3.2. Counting particles and anti-particles

	4. Main result
	4.1. Counting functions and generalized energies
	4.2. *-transformed correspondence

	5. Connection with combinatorial Bethe ansatz
	5.1. Inverse scattering formalism
	5.2. Conjecture on ultradiscrete tau functions

	Acknowledgments
	References

	DYSON'S CONSTANT FOR THE HYPERGEOMETRIC KERNEL
	1. Introduction
	2. Painleve VI and JMU τ-function
	3. Hypergeometric kernel determinant
	4. PBT τ-function
	5. Painleve VI from Tracy-Widom equations
	5.1. Basic notation
	5.2. Derivation

	6. Jimbo's asymptotic formula
	7. Asymptotics of D(t) as t → 1
	8. Numerics
	9. Special solutions check
	10. Limiting kernels
	10.1. Flat space limit: PVI → PV
	10.2. Zero field limit: PV → PIII


	Appendix A

	References

	REPRESENTATION THEORY OF A SMALL RAMIFIED PARTITION ALGEBRA
	1. Introduction
	2. Definitions
	3. Representation theory of Pxn
	3.1. Shapes and combinatorics
	3.2. On representations of wreaths
	3.3. Useful decompositions of ΛΛ*
	3.4. Decomposing the regular Pxn-module
	3.5. Examples and combinatorial restriction
	3.6. Discussion

	Acknowledgements

	References

	THE SAGA OF THE ISING SUSCEPTIBILITY
	1. Introduction
	2. Form factor expansion and the λ extension
	3. Leading divergence as T → Tc
	4. The singularities of Nickel
	5. The theta function expressions of Orrick, Nickel, Guttmann and Perk
	6. Linear differential equations
	7. Diagonal form factors
	8. Nome q-representation versus modulus k-representation
	8.1. f(2n)0,0
	8.2. f(2n+1)0,0
	8.3. f(n)1,1

	9. The λ generalized correlations

	10. Diagonal susceptibility
	11. Natural boundary
	12. Conclusion
	Acknowledgments
	References

	BETHE ALGEBRA OF THE glN+1 GAUDIN MODEL AND ALGEBRA OF FUNCTIONS ON THE CRITICAL SET OF THE MASTER FUNCTION
	1. Introduction
	2. Algebra AФ 
	2.1. Lie algebra glN+1
	2.2. Master function
	2.3. Generators of the local algebra of a critical point
	2.4. Polynomials hi

	3. Algebra AGr
	3.1. Algebra Oλ(∞)
	3.2. Intersection of Schubert cells
	3.3. Isomorphism of algebras
	3.4. Proof of Theorem 2.1

	4. Bethe algebra
	4.1. Lie algebra glN+1[t]
	4.2. Definition of row determinant
	4.3. Definition of Bethe algebra

	4.4. Bethe algebra of Sing LΛ[λ(∞)]
	4.5. Shapovalov Form

	5. Weight function
	5.1. Definition of the weight function
	5.2. Grothendieck residue and Hessian
	5.3. Projection of the weight function
	5.4. Bethe ansatz
	5.5. Main result

	6. Proof of Theorem 5.5
	6.1. Proof of part (i) of Theorem 5.5
	6.2. Bilinear form (,)S
	6.3. Auxiliary lemmas
	6.4. Proof of Theorem 5.5 and Corollary 5.6

	7. Concluding remarks
	References

	T-SYSTEMS, Y-SYSTEMS, AND CLUSTER ALGEBRAS: TAMELY LACED CASE
	1. Introduction
	2. T and Y-systems
	3. Cluster algebra with coeffcients
	4. Cluster algebraic formulation: The case |I| = 2; t is odd

	4.1. Cartan matrix Mt
	4.2. Parity decompositions of T and Y-systems
	4.3. Quiver Ql(Mt)
	4.4. Embedding maps
	4.5. T-system and cluster algebra
	4.6. Y-system and cluster algebra

	5. Cluster algebraic formulation: The case |I| = 2; t is even

	5.1. Parity decompositions of T and Y-systems
	5.2. Quiver Ql(Mt)
	5.3. Embedding maps
	5.4. T-system, Y-system, and cluster algebra

	6. Cluster algebraic formulation: Tree case
	6.1. Parity decompositions of T and Y-systems
	6.2. Construction of quiver Ql(C)
	6.3. Mutation sequence
	6.4. T-system, Y-system, and cluster algebra

	7. Cluster algebraic formulation: General case
	7.1. The case X'(C) is bipartite
	7.2. The case X'(C) is nonbipartite

	Acknowledgments
	References

	PERIODIC BENJAMIN-ONO EQUATION WITH DISCRETE  LAPLACIAN AND 2D-TODA HIERARCHY
	1. Introduction
	1.1. Periodic Benjamin-Ono equation with discrete Laplacian
	1.2. Poisson algebra and Toda field equation

	2. Hirota-Miwa equation for 2D Toda hierarchy
	2.1. Hirota-Miwa equation

	3. Poisson algebra and 2D Toda hierarchy
	3.1. elementary and power sum symmetric functions
	3.2. Integrals of motion from Ding-Iohara algebra
	3.3. Integrals of motion associated with t and t
	3.4. Formulas for M2 and M3
	3.5. Main conjecture and equations with respect to t2, t3

	Acknowledgments
	References

	KP AND TODA TAU FUNCTIONS IN BETHE ANSATZ
	1. Introduction
	2. Tau functions
	2.1. Schur functions
	2.2. Tau functions of KP hierarchy
	2.3. Tau functions of 2-KP hierarchy
	2.4. Tau function of 2D Toda hierarchy

	3. 6-vertex model with DWBC
	3.1. Setup of model
	3.2. Izergin-Korepin formula for ZN
	3.3. KP and 2-KP tau functions hidden in ZN

	4. Scalar product of states in fnite XXZ spin chain
	4.1. L- and T-matrices for spin 1/2 chain
	4.2. Algebraic Bethe ansatz
	4.3. Slavnov formula for scalar product
	4.4. KP tau function hidden in Sn(u, v)

	5. Scalar product of states in models at q = 0
	Acknowledgments
	References

	INTRODUCTION TO MIDDLE CONVOLUTION FOR DIFFERENTIAL EQUATIONS WITH IRREGULAR SINGULARITIES
	1. Introduction
	2. Convolution
	3. Middle convolution and the index of rigidity
	3.1. Middle convolution
	3.2. Addition
	3.3. Index of rigidity
	3.4. Example

	4. The case mi ≤ 1 for all i
	4.1. Index of rigidity
	4.2. Subspace
	4.3. Middle convolution
	4.4. Classification

	5. Concluding remarks
	Acknowledgments
	References

	DIFFERENTIAL EQUATIONS COMPATIBLE WITH BOUNDARY RATIONAL qKZ EQUATION
	1. Introduction
	2. Boundary rational qKZ equation
	3. Compatible differential equations

	3.1. Commuting di�erential operators
	3.2. Compatibility

	4. The bispectral qKZ equation and its degeneration
	4.1. The double affine Hecke algebra of type (Cvn, Cn)

	4.2. The bispectral qKZ equation
	4.3. The degenerate double affine Hecke algebra
	4.4. Degeneration of the bispectral qKZ equation (Y-side)

	4.5. Degeneration of the bispectral qKZ equation (X-side)
	4.6. Embedding into the compatible system

	5. Integral formula for solutions in a special case
	Acknowledgments
	References

	CLASSIFICATION OF SOLUTIONS TO THE REFLECTION EQUATION FOR THE CRITICAL ZN-SYMMETRIC VERTEX MODEL I
	1. Introduction
	2. Critical ZN-symmetric vertex model
	3. Reection equation
	4. Summary of results in the previous paper and notations
	5. Consequences of Lemma 4.4
	6. Type I components of the reection equation
	6.1. Relations between diagonal and non-diagonal elements of K-matrix

	7. Determination of the diagonal elements
	8. Determination of the off diagonal elements
	9. Relations among parameters
	10. Main results
	References


